From double-scaled SYK correlators to Weil-Petersson volumes
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Abstract. Okuyama introduced a family of polynomials, whose coefficients depend on a parameter ¢, in his
study of correlators in the double-scaled SYK model. He verified in small cases that their coefficients can be
expressed in terms of certain g-zeta values and that the polynomials recover the Weil-Petersson volumes of
moduli spaces studied by Mirzakhani under a certain ¢ — 1 limit. In this paper, we provide mathematically
rigorous proofs of these two phenomena. The authors previously defined natural g-deformations of the
Weil-Petersson volumes of moduli spaces of curves. We prove that these polynomials appear as the top
degree part of Okuyama’s polynomials. Our work provides a link between the two topics of the title, which
hints at a “quantum” Weil-Petersson geometry and a combinatorial-geometric approach to double-scaled
SYK correlators.
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1 Introduction

Motivated by the calculation of correlators in the double-scaled SYK model, Okuyama defined certain discrete
Weil—Petersson volumes N g,n(bh ..., by), where g is a non-negative integer, by, ..., b, are positive integers, and
q = e~ for \ a natural parameter in the model [44]. Okuyama’s paper includes some illustrative examples,
such as the following.
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Here, (,(s) represents the following g-analogue of the Riemann zeta function.
4
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Okuyama verified in the cases (g,n) = (0,3), (1,1), (1,2) and (2, 1) that N7, (b1, ..., b, ) is a quasi-polynomial
in b2, ...,b2 with coefficients that are polynomial in the even g-zeta values (,(2),(,(4),(,(6), .. .. Here and
throughout, we use the term gquasi-polynomial to refer to a function on tuples of positive integers that is
polynomial when restricted to residue classes modulo 2. Okuyama furthermore verified in these cases that a
certain ¢ — 1 limit of N, (b1, ..., by) recovers the Weil-Petersson volume V, (L1, ..., Ly) of the moduli
space Mg (L1, ..., Ly) of hyperbolic surfaces with genus g and n labelled geodesic boundaries of lengths
Li,...,Ly,. These were famously studied by Mirzakhani, who showed that they are polynomial in L?,..., L2
and that the coeflicients are intersection numbers on the Deligne-Mumford compactification Mg,n of the
moduli space of curves [38].

In the present work, we provide mathematically rigorous proofs of the two aforementioned phenomena, which
we state as the following theorems. Define the degree map deg : Q[b1, b2, . .., (4(2),(,(4),{4(6),...] = N by
assigning

degb; =1 and deg (,(2k) = 2k,

and extending in the usual way to monomials using additivity across products and then to polynomials by
taking a maximum over monomials. This combines the usual notion of degree of a monomial in by, by, ...
with a notion of degree for its coefficient as an element of Q[(,(2), (;(4),(,(6),...] to form a graded ring.
One can furthermore extend this definition of degree to a quasi-polynomial in by, bs, ... by considering it as
a collection of polynomials and taking the maximal degree of these.

Theorem 1.1. For (g,n) # (0,1) or (0,2), Okuyama’s discrete volume N{ ,, (b1, ..., b,) is a quasi-polynomial in
b3, ..., b2 with coefficients in Q[C,(2),y(4),y(6),...] of degree 6g — 6 + 2n, using the degree defined above.

Theorem 1.2. For (g,n) # (0,1) or (0,2), Okuyama’s discrete volume NJ ,, (b1, ..., by,) recovers the Weil-Petersson
volume Vy (L1, ..., Ly) via the limit

lim A%9~6+2n N¢

(T
A—0

S ) — 9320y (Ly,..., Ly).

Okuyama’s definition of the discrete Weil-Petersson volumes uses the topological recursion of Chekhov—
Eynard—Orantin [11,23]. The topological recursion takes as input the data of a spectral curve and produces
a family of correlation differentials w, ,, for ¢ > 0 and n > 1. For various choices of spectral curve,
these correlation differentials store interesting enumerative information in their expansion coefficients. See
Section 2.1 for further information on the topological recursion. More precisely, Okuyama defines the spectral
curve

ﬁ l—q (l—q" )

z(z) =2+ 21 and z (z — 2~ ,

where 2 € CP', and expands the corresponding correlation differentials thus:

Won (21, 2n) = Z Ng, (b1, .. by Hbz ~1dz;. 2)
biyeebp=1
Given this definition of the discrete Weil-Petersson volume N{, (b1, .. .,b,), it is natural that the proofs of

Theorems 1.1 and 1.2 fundamentally use the topological recursion. The proof of Theorem 1.1 is via an
analysis of the recursion kernel appearing in the topological recursion, while the proof of Theorem 1.2 relates
Okuyama’s spectral curve with the spectral curve known to store the Weil-Petersson volumes, first stated by
Eynard and Orantin [27].

A proof of Theorem 1.2 appeared in the recent work of Giacchetto, Maity and Mazenc [30]. They analyse so-
called pruned correlators of the Gaussian Unitary Ensemble (GUE) with even potential, of which Okuyama’s



discrete volumes constitute an example. Their approach is different from ours in that it uses the Kontsevich—
Soibelman framework for topological recursion, in which the initial data are encapsulated in a quantum Airy
structure [2, 36].

In recent work of the authors, we defined a g-analogue of Mirzakhani’s recursion for Weil-Petersson
volumes [18]. This recursion produces g-deformations of the Weil-Petersson volumes, given by polynomials
Vi, (Ly,...,Ly) € Q[q]][L3, ..., L2]. It was conjectured that these polynomials agree with the top degree
part of Okuyama’s quasi-polynomials and we prove this here.

Theorem 1.3. For (g,n) # (0,1) or (0,2), Okuyama’s discrete volume N ,, (b1, ..., b,) satisfifes

N (b1 bn) = 23-29-n VL (b1, ... by) + [ lower degree terms].

Theorem 1.3 immediately implies that the top degree terms of Okuyama’s quasi-polynomials are in fact
polynomials. The proof of Theorem 1.3 involves an analysis of Okuyama’s spectral curve, which leads to a
spectral curve that produces the polynomials V%, (L1, ..., L,) € Q[[¢]][L7, ..., L3] via topological recursion.
The relationship between topological recursion and tautological intersection numbers on moduli spaces
of stable curves then allows us to define g-deformations of the classical Weil-Petersson volumes that were
not defined previously. This produces a sequence V2(q), V3(q), Va(q), ... € Q[[¢]] with the property that
;i_rg(l —q)%7%V,(q) = VoI (M,), the classical Weil-Petersson volume of the moduli space of genus g

curves. For the simplest case g = 2, we have

191 13 35
Va(q) = qu(Q)3 + ng(Q)Cq(‘l) + ngq(GX
which satisfies
4 6
lim (1= 4)° Va(q) = 5 €2 + 52 + 20(6) = 5o = VoI (M),

A particularly appealing aspect of Okuyama’s discrete volumes is that they store: the geometric information
of Weil-Petersson volumes through the ¢ — 1 limit of Theorem 1.2 [27, 37, 38]; the combinatorial information
of enumerating lattice points in moduli spaces of curves in the ¢ — 0 limit [39,40]; and the algebro-geometric
information of psi-class intersection numbers on moduli spaces of curves in the coefficients of its leading
order terms [23, 35, 46].

Okuyama’s empirical observations demonstrate a direct link between DS-SYK correlators and Weil-Petersson
volumes that we prove in the present work. Such a link hints at a “quantum” Weil-Petersson geometry, which
should underpin the g-analogue of the Weil-Petersson volumes recently introduced by the authors [18]. It
also hints at a combinatorial-geometric approach to double-scaled SYK correlators, which may arise through
interpreting them in the context of map enumeration [19].

In Section 2, we provide minimal introductions to topological recursion, the double-scaled SYK model,
Okuyama’s spectral curve, and Weil-Petersson volumes. Readers familiar with any of these topics are invited
to skip the corresponding subsections. In Section 3, we present the proofs of Theorems 1.1 and 1.2, and in
Section 4, we present the proof of Theorem 1.3.

2 Background

2.1 Topological recursion

The topological recursion of Chekhov—Eynard-Orantin formalises and generalises the notion of loop equations
from the theory of matrix models [11,23]. In its original formulation, the topological recursion takes as input
a spectral curve (C,z,y, B) consisting of a compact Riemann surface C, a symmetric bidifferential B on C x C,
and two meromorphic functions z,y : C — C, which are required to satisfy some technical assumptions.
From this data, the topological recursion produces a collection of correlation differentials wy ,(p1,- .., pn) for
pi € C, where g > 0 and n > 1 are integers.



* Base cases. The unstable correlation differentials are defined from the spectral curve as follows.
wo,1(p1) = y(p1) dz(p1) wo,2(P1,p2) = B(p1,p2)

* Recursion kernel. The branch points of the spectral curve are the points at which dz = 0 and we assume
that the order of vanishing is one. Thus, at a branch point «, there is a locally defined non-trivial
holomorphic involution o, such that z(p) = (0, (p)) for all points p in a neighbourhood of a € C.
Define the recursion kernel in a neighbourhood of a branch point a € C to be

1P woa(p,p)

Ka(p1,p) =5 . 3)
PP = 5 i) — e ()

* Recursion. Every other wg ,,(p1,...,pn) is known as a stable correlation differential and satisfies the
following recursion. Here, we use the notation S = {2,3,...,n} and write p; = (ps,, Piys- - -, i, ) for
I ={iy,io, ... im}

wg,n(phps) = Zz}}’:egK(php) wg—l,n-i—l(pa U(x(p)vps)
«@
+ D Wou 11410, P1) Wga 17151 (0a(P), P1) (4)

g1tg2=g

11J=8
The sum is over the branch points « of the spectral curve and the o over the inner summation indicates
that we exclude terms that involve wy ;.

In the present work, we only consider rational spectral curves, in which the underlying compact Riemann
surface is C = CP'. This leads to the symmetric bidifferential being given by

dzy dzo

B(z1,22) = ma

()
where we take z; to be the usual coordinate on CP'. Thus, a rational spectral curve is essentially specified by
the two meromorphic functions x,y : CP' — C. The topological recursion produces correlation differentials
that satisfy many interesting properties, but we state only the most fundamental ones in the following.

Proposition 2.1. The stable correlation differential wg ,, is a symmetric meromorphic multidifferential on C with
poles only at the branch points. At each branch point, the order of the pole is at most 6g — 4 + 2n and the residue is
equal to O.

One can consult the seminal papers of Eynard and Orantin for further details [23,28], keeping in mind that
the notion of a spectral curve has been relaxed in subsequent works, while the technical assumptions have
become more refined. In particular, a spectral curve need not be compact and the order of vanishing of
dz at the branch points may be arbitrary. Furthermore, there is a more algebraic approach to topological
recursion by Kontsevich and Soibelman, which uses as input the notion of an Airy structure [36].

Since its inception, topological recursion has found widespread application to topics beyond matrix models
such as: map enumeration [17,21, 33], Weil-Petersson volumes of moduli spaces [27], Hurwitz numbers
and their variations [1, 6, 8, 10, 15, 16, 26], Gromov—Witen theory of the sphere [43], topological string
theory [9, 24, 29], cohomological field theory [20], free probability [5], Jackiw—Teitelboim gravity [25], and
conjecturally quantum knot invariants [7,13, 31].

2.2 The double-scaled SYK model

The Sachdev-Ye—Kitaev (SYK) model has attracted attention as an exactly solvable toy model for various
physical phenomena, such as quantum chaos, strange metals and holography [34, 45]. It is a quantum
mechanical model that describes the p-local interaction of N Majorana fermions. These Majorana fermions
11,12, ...,¥N obey the anti-commutation relation {t;,1;} = 24, ; and naturally act on the vector space



with basis vectors ;, 1, - - -1, | 0), where 1 <4y < iz < -+ < iy < N and |0) denotes the vacuum vector.
The Hamiltonian for the SYK model is given by the following expression, where 1 < p < N is assumed to be
even.

H=ir/? Z Jivigewip Vis Vig -+ Vi,

1< <ip < <ip <N
Here, {J;, 4,5, | 1 <141 <1y < --- < i, < N} are random couplings drawn from independent Gaussian

ensembles with mean 0 and variance (]Z ) - Thus, if we use (-); to denote the average over the Gaussians
and I, I;, I, denote cardinality p subsets of {1,2,..., N}, then

N —1
<JI>J - 0 and <J11 J12>J = 6]1,[2 <p) . (6)

There has been a great deal of recent interest in the double-scaled Sachdev-Ye-Kitaev (DS-SYK) model, in
which the parameters IV and p approach infinity with A = % approaching a fixed limit [12]. As usual, one is
interested in computing the moments, the correlators and the partition function for the DS-SYK model. An
initial observation is that the odd moments vanish since the expectation of a product of an odd number of
Gaussians with mean zero vanishes. For the even moments, we have the following elegant result established
by invoking the Wick-Isserlis theorem, where we introduce the parameter
g=¢e = e~ /N
Proposition 2.2 (Berkooz, Isachenkov, Narovlansky and Torrents [4]). The even moments of the DS-SYK model
in the large N limit are given by
<TI‘ H2k >,] — Z q#intersections.
k-chord diagrams

A k-chord diagram is a pairing of 2k points around a circle using k chords. An intersection is produced by two chords
whose endpoints alternate around the circle. For example, { Tr H® ) ; = ¢3 + 3¢* + 6q + 5, with contributions coming
Jfrom the fifteen 3-chord diagrams, as shown in Figure 1.
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Figure 1: The fifteen 3-chord diagrams, which contribute to the calculation of { Tr H®); = ¢3 + 3¢® + 6q + 5.

Proposition 2.2 suggests that there may be interesting combinatorics underlying DS-SYK correlators that
may propagate to their large N expansions. However, such combinatorics is yet to be well understood [3].

2.3 Okuyama’s spectral curve

Jafferis, Kolchmeyer, Mukhametzhanov and Sonner introduced an N X N Hermitian one-matrix model
whose moments match those of the DS-SYK model described by Proposition 2.2 [32]. They furthermore
argued that the connected correlators for these two models agree to leading order — that is, at genus zero
in the large N expansion. The potential for the matrix model has the following explicit form, where T,
denotes the Chebyshev polynomial of the first kind.

S
V(l‘) _ (qn(n—‘rl)/Q + qn(n—l)/Q) T2n<\/12qu)
n

n=1



Hermitian one-matrix models are known to be governed by the topological recursion when the potential
is polynomial and conjecturally in many other cases [28]. Thus, Okuyama was motivated to introduce the
following rational spectral curve! to compute the correlators of the matrix model [44].

- Loy =) (")
_ 1 _ 1
2(z) =2+ 2 y(2) = 5= ]] =7 (7)
k=1
Okuyama applies the topological recursion to this spectral curve and expands at z; = 0 to obtain
Won (21,1 2n) = NZ (b1, by) [ [ izt das.
bi,ebp=1 i=1
The quantities N¢,, (b1, ..., b,) — which we will refer to as Okuyama’s discrete volumes — enter into the large N

expansion of connected correlators for the matrix model via the following formulas, where (¢; ¢) is a
g-Pochhammer symbol and I, denotes the modified Bessel function of the first kind.

o0
<TreﬁlM . --Tre’@"M>c = Z
g=0

1 00 n 05,
Zgn(Bus- -5 Bn) = (G o NLuOn b)) [T 1 (F55)
»4/00 by,...,bp=1 i=1

yee0n

1
N2g—2+n

Zg,n(ﬂh e 7577,)

The analogous DS-SYK connected correlators also admit a large N expansion of the following form.

— .
<T&e—61H..me—5nH>J:Zngm(ﬁl,...ﬂn)

g=0
Okuyama states that although “there is no obvious reason to expect the agreement... it is tempting to
speculate that these two computations actually agree at all genera” [44] — in other words, that for all g > 0,
we have Zg’n(ﬁl, ooy Bn) = Zgn(P1,. .., Pn). The universality and naturality of the topological recursion
could be considered as evidence towards this claim.

The spectral curve of equation (7) possesses the obvious symmetries z(z) = z(z7!) = —x(—2) and
y(z) = —y(271) = —y(—=2). This leads to the following symmetry for the stable correlation differentials.

Won (21 ey Ziyenny 2n) = —wg’n(zh...,z;l,...?zn) (8)

We furthermore have the following result, which continues to apply to the spectral curve of equation (7),
despite y(z) not being rational.

Theorem 2.3 (Norbury and Scott [42]). For a rational spectral curve with x(2) = o+ v(z + 271) and y(2) a
rational function with y'(1) # 0 and y'(—1) # 0, the stable correlation differentials satisfy

o0 n
bifl
Won(21, - 2) = > Nen(by,... b)) [J 0izd " dzi,

b1,....bp=1 i=1

where Ny ,, (b1, ..., by,) is a symmetric quasi-polynomial in b3, ... b2 of degree 3g — 3 + n.

2.4 Weil-Petersson volumes

The moduli space My (L1, ..., L,) of hyperbolic surfaces with n geodesic boundaries of lengths L1, ..., L,
carries a symplectic structure through the Weil-Petersson symplectic form wy p. Mirzakhani showed that
the corresponding Weil-Petersson volume

3g—3+n

w
V,n(Ll,...,Ln):/ W
9 My (L) (39 =3 41!

1The spectral curve presented here is actually a rescaled version of that introduced by Okuyama, which takes the form Z(z) = ﬁ z(z)

and 7(z) = v/T— q(g;q)2, y(2). Our rescaling has little bearing on the mathematics and is mainly for notational convenience.
Furthermore, observe that y(z) here is not a rational function — we will have more to say on this in Section 3.1.



is a polynomial in L?,..., L2 of degree 3g — 3 + n and that the coefficients are intersection numbers on
the Deligne-Mumford compactification My ,, of the moduli space of curves [38]. Furthermore, Mirzakhani
provided the following recursion from which one can explicitly calculate all such Weil-Petersson volumes [37].

* Base cases. The Weil-Petersson volumes for (g,n) = (0,1), (0,2),(0,3) and (1, 1) are as follows.

72
Vou(L1) =0 Voo(Li,L2) =0 Vos(L1,Lo, L) =1  Via(l1) = 48L2 + ﬁ
* Recursion. Every other Weil-Petersson volume V ,,(L1, ..., L) satisfies the following recursion. Here,

we use the notation S = {2,3,...,n} and write Ly = (L yLigy ... Ly, ) for I = {i1,i2,...,0m}. We
also define the recursion kernel H(x, y) = (1+exp Z2) =1 + (1 +exp 5¥) 71

0
S E1Van(L1,Ls) = / / ey H(z+y,L1) Vyymir (2, Is) de dy

Z / / vy H(z +y, L1) Vg, 1412, L1) Vg, 17141 (y, Ly) dz dy
9}-‘1-92 g

L] S
5 Z/ m Ly + Lg)+ H(z, Ly — Lk)} ng_l(x,Ls\{k}) dz 9)
k=

e Evaluation. The integrals appearing in the recursion above can be evaluated using the formulas

/ 2 H(z,t) do = Fopy (1)
0

00 00 . 2a + 1) (2b +
/ / PP (5 4y ) dady = A ()

(2a 4 20+ 3)!
kt1 vt 2k+2-2i
h F: t) = (2k +1)! 290 —4) ((20) ———.
where Faca(t) = (20-+ 1! 3 <) s =g
Appendix A contains a table of Weil-Petersson volumes V; ,,(L1, ..., L, ) for some small values of g and n.

For an introduction to Weil-Petersson volumes, particularly with regards to Mirzakhani’s recursion, see the
survey article from the Handbook of Moduli [14].

Mirzakhani’s recursion in equation (9) bears a strong resemblance to the topological recursion in equation (4),
with the respective terms being essentially in one-to-one correspondence. Thus, it is natural to surmise that
Mirzakhani’s recursion is an instance of the topological recursion on a particular spectral curve and this is
indeed the case.

Theorem 2.4 (Eynard and Orantin [27]). Topological recursion applied to the rational spectral curve’

1
z(t) = — and  y(t) = o sin(27t) (10)
™
produces stable correlation differentials that satisfy
tl ) 7

dt / / gnLl,..,Ln)HLie*tiLidLi.

i=1

3 Discrete volumes

In this section, we present the proofs of Theorem 1.1 concerning the appearance of g-zeta values in Okuyama’s
discrete volumes and Theorem 1.2 regarding the Weil-Petersson volumes arising in the ¢ — 1 limit.

2Although y(t) is not a ratlonal functlon, one can make sense of the topological recursion by considering the sequence of rational

functions y Z (-1 2k + 1)' t2k+1. For fixed (g, n), the correlation differential wg,n stabilises at finite M.



3.1 The appearance of g-zeta values

In its original form described in Section 2.1, the topological recursion requires two meromorphic functions
z,y : C = C as part of the input data [11,23]. Observe however that the function y appearing in Okuyama’s
spectral curve — see equation (7) — is not rational. One can still make sense of the situation in various
ways. We propose to understand Okuyama’s spectral curve as the limit of the following sequence of rational
spectral curves indexed by a positive integer M.

kZ—Q)

(11)

M k 2 1—
a(z)=z+z2"" yM(z) =5z -2 1;[ (1 )—(qk)zq

We will subsequently use the superscript M to indicate quantities derived from this rational spectral curve,
such as writing the corresponding stable correlation differentials as

n

W) (21, ) = Z NM(bl,...,b)Hbiszdzi. (12)

biyeeisbp= i=1

Truncating the product appearing in y(z) leads to expressions that involve the truncated g-zeta function

M ms/2
M= 1 __ 13
G (s) Ty 13)

m

Thus, Theorem 1.1 is a direct consequence of the following result.

Theorem 3.1. Let M be a positive integer and assume that (g,n) # (0,1) or (0, 2).
(a) Then N9 (by,...,by,) is a quasi-polynomial in b7, . .. b3,
(b) Each underlying polynomial ofN%L(bl, ..., by) is an element of the graded ring

QM (2). ¢ (1), ©),.. ][bt, ... b2]

of degree at most 6g — 6 + 2n. Here, we define the degree of b? to be 2 and the degree of(é\/I(Zk) to be 2k.

(¢c) For a fixed parity class of (b1, ..., by), the coefficient of () (2)™ (M (4)™2 (M (6)™s - - b2 p2dn i the
underlying polynomial of N} (b1, ..., by) is independent of M.

The remainder of this section will be dedicated to proving Theorem 3.1.

Recall that the principal part of a meromorphic 1-form at a particular point is the Laurent series at that point
with only the terms of negative degree retained. The following introduces the notation that we will use for
principal parts, along with an expression for the principal part as a residue.

o0 -1
w(z) = Z ak(z—a)kdz = Plw(2)].2a = Z ak(z—a)kdz:Res dz

w=a zZ — W

w(w)

k=—o0 k=—o00
Observe that a meromorphic 1-form on CP' is the sum of the principal parts at its poles.

Proposition 3.2 (Do, Leigh and Norbury [16]). For a rational spectral curve, the topological recursion of equation (4)
expresses the correlation differential wgy (21, ..., 2n) as the sum of its principal parts with respect to z1 via the equation

1
z ZP _ z
Wy,n 217 S Wo 1 Zl — wal(aa (Zl)) (wg 1,n+1(31; Ua(zl); S)

+ Z wgl,|1|+1(217 ZI) wg2,\(l\+1(0a(21), ZJ)>‘|

g1+g92=9g
IuJj=



In the case of the spectral curve of equation (11), the branch points are at o = +1 and the local involutions
are given by 011(z) = 0_1(2) = 1. Given Proposition 3.2, it is natural to consider the Laurent expansions
at the points z = %1 of the expression

1 B 1 1
Wiy (2) —wih(0a(2)) — 2yM(2)2'(2) dz’

Lemma 3.3. For every positive integer M, we have the expansions

1 23
T () 7 () = = 5 exp {Z Z Ak Cq (2k) (z —1)™ ] for|z —1] < 1,
Yy m=2 k=1
1 .3 oo |m/2]
ST T - (B exp[z > bk (N (2k) (z+ 1) ] for|z+1] < 1,
Yy m=2 k=1
where a,y; is the coefficient of t™ 2% in %(2 —t+ 2 —t3 42 — )2k and by, is the coefficient of t™ % in

e e o A S A TR

Proof: We compute as follows, directly using the definition of the spectral curve of equation (11).

2 1\2 M _gis2 a2
log (24 (2)#'(2)) = log E 2 4+ 3" 10g Lm0 L a2

_ a2
~ (1-4q")
M .
(2% — 1) q —1y2
M oo ik
_ (22 - 1>2 1 qzk —1\2k
=log——3— -~ ng(z—z )
i=1 k=1
22—-1)7? N1 _
:log( = ) Z%Chj(2k)< 1)2k
k=1
Now use ¢ = z — 1 to write, for [¢| < 1,
1
=t - —— =ttt -t — ).
z + o t( + + )
Substituting this into the expression above yields, for |z — 1| < 1,
M / _ (22—1)2_0011\4 2k (o 2 43, 44 2k
log (2y (z)gc(z))—logiz3 k(q k)2 —t 4+t =P+t — )
k=1
oo |m/2]
(22 — 1)2 M m
= log s — Z amik G (2k)t
m=2 k=1
The desired expansion at z = 1 then follows by negating both sides, applying the exponential, and using
t = 2z — 1. The desired expansion at z = —1 can be obtained by similar means. u
Introduce the vector space Agj (21, ..., 2n), which contains the multidifferentials that can be expressed in
the form d d
A1 yenesQn (M M 21 Zn
Z Ckll,...,kn (Cq (2)7Cq (4), - ) (21 — ap)F1+2 (2n — Q)27
kla“wkn}O
ko ki <d
A1,ye.ny anp==%1

where Cp' 0" (¢M(2),¢M(4),...) is a polynomial of (-degree at most d — Y k;. So A} (z1,...,z,) is

,,,,,

spanned by terms of the form

d dz,
(¢ (2, 4),...) (1 — jll)k1+2 s ;)knw

of total degree at most d, where we define the total degree of such a term to be k; + - - - + k,, plus the (-degree
of C(¢}(2),¢(4), ... ).



Proposition 3.4. The stable correlation differentials computed by topological recursion on the spectral curve of
equation (11) satisfy

AT .,Zn) S Aé\g76+2n(217 .. ~7Zn)~

Proof. From Lemma 3.3, there exist polynomials A%, A", Af AT,...and A=y, A", Ay, A, ... such that

Mi ZA G),...) (z—1™

2y m=—2
2y7 ZAm CA[ ())(Z+1)m
m=—2

In fact, Lemma 3.3 is rather explicit and it follows that for m > 2, the (-degree of A}, and A, is even and at
most m + 2.

We now proceed to prove the proposition by induction on 2g — 2 4+ n. The base cases can be calculated
explicitly and are given by

1 d21 dZQ ng } le dZQ ng

2(z1 = 1)2 (22 —=1)2 (23— 1)2  2(21+1)2(22+1)2(23+1)2

w(])\g(zlv 22, 23) =

, 1 dz 1 dz 1 1 dz
M 1 1 M 1
= — —_— _— 2 PR — S —
“l) = i T e — 1 T (4@ 2) 32) (21— 1)2
1 le 1 le 1 M 1 le
- il “(aeMy - ) A 14
16z + 1) 16 (s 17 <4<q @) 32) EETE 14

Now consider w !, with 29 — 2 4+ n > 2. By Proposition 3.2, we can express the topological recursion
applied to the spectral curve of equatlon (11) in the following way. Here, we have separated out the wy o
terms, used the symmetry of the stable correlation differentials appearing in equation (8), and written out
wo2(21,22) = % explicitly. The word “stable” over the inner summation on the second line means

that we exclude terms that include wy; or wp 2.

M _ -1 w%11n+1(217z17zs)
wg,n(ZhZS) - Z PleM(Zl)x'(zq) dz,

a==%1

zZ1=«
. stable W) Gz Wil (2 2)
+ Z 2yM (1) 2/ (z1) (21) 2 (21) dzr
o—t1 g1+92 9 o
+ Z Ploai——r— ) ngywnfl(zlvzs\{j}) ( 1 2t : 2) % )
a==+1 I (Zl) j=2 ’ (Zl - Zj) (1 o lej) 1=

By the inductive hypothesis, the parenthesised term on the first line of equation (15) is an element of
Ag! _gian(21,-..,2n). (The calculation of the degree here is given by 6(g — 1) — 6 + 2(n 4 1) + 2, where the
addition of 2 comes from the fact that two of the arguments are set to z;.) Multiply this by the series

—1 m
) ) m_z_;“ LG, (1= 1)

and take the principal part at z; = 1. Since A}, has (-degree that is even and at most m + 2, the total degree
is raised by at most 2, so we have that

—1 wé\/l_ln+1(21,21,25) M
: A ey Zn).
P[?ywmx/(m( dz € Rogoran(tr 2]

21:1

The same argument applies to the principal part at z; = —1. In fact, by the inductive hypothesis, the same
argument applies to the entire second line of equation (15) as well.

10



To complete the proof, it remains to deal with the principal parts appearing on the third line of equation (15).
The inductive hypothesis implies that for j = 2,3,...,n,

M M -~
wg,n—l(zlv ZS\{j}) € A69—8+2n(zl7 RREE 7 PR 5Zn)7

where Z; denotes the fact that the argument z; has been omitted. To calculate the principal parts appearing
on the third line of equation (15) at z; = 1 and z; = —1, we multiply wéwm_l(zl, z5\{;}) by the respective
expressions

1 1 e . Z;” + (_1)m -
((z1 —e - zlzj)2> dz = Z_;H) (m+ 1) yrz (1 = D" dx

(1 —2)*  (1-=z) = (2 +1)m+2
This then produces an expression that lies in the vector space Aé\g_8+gn(zl, ..., Zn), SO the previous argument
once again applies to the third line of equation (15). This completes the induction and hence, the proof of
the proposition. u

We now present a lemma that will be required in the next section.
Lemma 3.5. Proposition 3.4 asserts that the stable correlation differentials can be expressed as

, dz dz
M _ A1yeesn (M M 1 . n
wy,n(zh . N Zk: . Ckl,...,kn (Cq (2)’Cq (4),- ) (21 —ay)kr+2 (2n — ap)knt?’

ki++k,<69g—6+2n
a1,...,ap==1

where the (-degree ofC’leZ: ((5‘4(2), (éw (4),.. ) is at most 69 — 6 + 2n — >_ k;. In fact, unless ay,aq, ..., ay
are all equal, the (-degree of C\' " (C(2), ¢ (4), - . ) is strictly less than 6g — 6 +2n — > k;.

Proof. The proof involves a slightly more detailed analysis of the argument used for Proposition 3.4, so we
provide an outline only. We proceed by induction and observe that the statement is true for the base cases
wo,3 and wy 1, by inspection of equation (14).

Now consider wy ,, for 2g — 2 + n > 2 which, following equation (15), we can express as

1 <w9_17n+1(2’1,21728)>‘| 4 (16)

WgJL(Zla ZS) =P QyM(Zl) IE/(ZI) d21

z1=1

We consider only the principal part of the first term on the right side of equation (15) at 2; = 1, as our
argument applies equally to the remaining terms and the principal parts at z; = —1.

Our aim is to prove that the total degree of a term

dz dz
C(cM(2),cM4),... o
(Cq (2),¢" (4); ) (z1 —a)P+2 " (2, — an)Fnt2
in wy ,, is 6g — 6+ 2n only if (a1, as,...,a,) = (1,1,...,1) or (—1,—1,..., —1). By the inductive hypothesis,
the total degree of a term appearing in dl?wg_l,nﬂ(zl, 21, 2g) is at most 6g — 8 4 2n with equality only if
(ar,az2,...,a,) =(1,1,...,1) or (—1,—1,...,—1). As explained in the proof of Proposition 3.4, multiplying

by WM and taking the principal part produces terms in which the total degree is raised by at most
2. This shows that the terms arising from equation (16) have total degree at most 6g — 6 + 2n with equality
only if (a1,as,...,a,) = (1,1,...,1) or (—1,—1,...,—1). The remaining terms appearing in the expression
for wy , of equation (15) can be handled in a similar way. u

We now proceed with the proof of Theorem 3.1, from which Theorem 1.1 concerning the appearance of
g-zeta values in Okuyama’s discrete volumes follows by passing to the large M limit.

11



Proof of Theorem 3.7. Part (a) of the theorem asserts that Ng]‘ffl(bl, ..., by) is quasi-polynomial in b3, ..., b2.
This is an immediate consequence of Theorem 2.3, which applies to any rational spectral curve with
r(z) =a+v(z+271).

From Proposition 3.4, we know that

dz dz
M A7 yeeeyQpy M M 1 n
WM (21, z) = > Cpreman ((M(9), ¢M(4),...) S
g,n seekn \5Q q _ k1+2 _ 42
ki, kip >0 B (21— @) (2n — an)
ki++k,<6g—6+2n
ai,...,ap==x1

where C}1 (¢21(2),¢)(4),...) is a polynomial of (-degree at most 6g — 6 + 2n — > k;. Now we simply
expand the right side using

1 )k — (b+k b1 1 - p—1 (0K 4
—_— = d —_— = -1 )
(z — 1)F+2 ;(k—i—l) me e ;( k1)
This leads to
wyh (21, 2m) = Z Z Colen (61(2), 607 (4), )
b1y bn=1 E1yeenskin >0
ki+--+k,<69—6+2n
ai,...,an==1

n bi 1 bz 2)- - bz kz —
H(_l)f(ambuki)( +1)(0i +2) (bi + )bizfl 1dZ¢7

11 (ki + 1)!

where f(1,b,k) = k and f(—1,b,k) = b — 1. Comparing with equation (12) then yields

Npo(br, - bn) = > G (@@.G"@,. )
ki, kn >0
ki4-+k,<6g—6+2n

a1,...,an==1
n 1) (b +2) - - (b )
H(_l)f(a,;,bi,ki) (bz + )(bz]:' )1 ' (bz + k’z). 17)
i=1 (ki +1)!

For fixed aq,...,a, and kq,...,ky, it is clear that the product appearing here is a quasi-polynomial in

bi,...,by, of degree 3 k;. We know that the coefficient C};!"7" (¢21(2),¢}"(4),...) has (-degree at most
6g — 6 +2n — Y ki. So N} (b1, ... ,by) is a quasi-polynomial in which each underlying polynomial is an
element of the graded ring

of degree at most 69 — 6 + 2n. By Theorem 2.3, we know that the only terms that survive the sum in

equation (17) are quasi-polynomial in b7, ..., b2, which completes the proof of part (b) of the theorem.
Finally, part (c) of the theorem follows from the fact that the polynomial C} 1“: is defined independently

of M, a consequence of the proof of Proposition 3.4. n

3.2 Weil-Petersson volumes in the limit

In the previous section, we worked with Nl%l(bl, ..., by) obtained from the spectral curve of equation (11),
in which the product in the definition of y(z) is truncated. The results of the previous section now allow us to
pass to the large M limit and work directly with N¢  (by,...,by,). Our goal in this section is to prove that one
obtains the Weil-Petersson volume V (L1, ..., Ly) in a particular A — 0 limit involving NJ (b1, ..., by).
This is essentially a consequence of the associated spectral curves of equations (7) and (10) being related.
We begin with the following observation.

Lemma 3.6. Using z = A\t + 1, we have

)\2

™
li = .
A0 2y(2)a/(2)  2tsin(2t)
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Proof. Consider the following sequence of equalities.

A2 A2\t + 1) { o lm/2]
lim = lim exp amk Cq(2k )\mtm}
A=02y(2)2’(2)  A=0 (A +1)2 —1)2 mzzg ; Hea2h)
1 oo |m/2]
= 2 lim exp [ D> amkGy(2k) Amtm}
m=2 k=1
1 o 4F 2k
= 2 &P {Zkﬁ(%)t ]
k=1
o Y
 2tsin(27t)

The first equality is a direct application of Lemma 3.3, while the second explicitly calculates the limit of the
prefactor. The third equality uses the fact that

Tim A2#¢,(2k) = ((2k),

which implies that most terms vanish in the limit, together with the evaluation agj ) = %. The fourth
equality uses the series for log (S”;M) in terms of even zeta values. |
The previous lemma relates the topological recursion kernels associated to the spectral curves of equations (7)
and (10). Naturally, one would then expect their stable correlation differentials to be related, which is the

content of the following proposition.

Proposition 3.7. Using z; = A\t; + 1, the stable correlation differentials produced by Okuyama’s spectral curve of
equation (7) are related to the stable correlation differentials produced by the spectral curve of equation (10) via

lim

6g—6+3n _ 02—2g—n , WP
A—>0)\ 9 Won (215w vy2n) = 27797 w0 (b, tn)-

Proof.: We proceed by induction on 2g — 2+ n, with the base cases given explicitly by the following calculations,
which use equation (14).

lim A3 wo 3(21, 22, 23) = lim 8Adt1 Adtz Adts _)‘73 Adty Adts Adts
A0 TOIER IR ST A0 12 (M)? (M) (M) 2 (M +2)2 (Mo + 2)2 (M + 2)2
1dty dt dts

2 12 3 3

1
= iw(\)]?/;’,P(tlatQ)tz%)

A2 Adt A% \dt A3 A3\ Adt
lim A3 w1 (21) = lim [ : =+ (4Cq(2) ) v }

e 6 (i)t T 16 (vy)? T 32) )2
3 3 3 3
+Jim { 1?5 (At/? («1?2)4 + ia(mi Ol+tlz)3 - (ZC‘J(Q) - 22) (AtAl sz]
_ 116(1’31; + i“”i?
_ %w}{Vf(tl)

13



Now consider wy ,, for 2g — 2 +n > 2 and invoke equation (15).
hm /\6g76+3n w Z = Z 7) hm 7A2 hm )\69784»377, Wg—l,n+1 (Zl7 21, ZS)
A—0 g,n\~1, S e P, 2y(21) ( 1) Jm dz1

)\2 R w 11+1(21, 21) Wy, 141 (21, 27)
i lim \69—8+3n 91,11+ ) g2, 7]+ )
Bt £ e

g1+g92=g 1=
IuJj=s

. 6g—9+3n
> P[(gﬁ 2y(z1) (1) )Z (%A ' ”9’"‘1(21’“\{”))

<;i£%>\[(z1 —1%‘)2 = i1Zj)2] dzj)]

Observe that the principal parts at z; = —1 vanish in the limit. Use Lemma 3.6, the inductive hypothesis
and the fact that (21_1%)2 + (1_211zk)2 = )\"2 ((t1_1t2)2 + (t1+1t2)2> + O()rl) to obtain the following.

7771- 2372_(]771 w_t\]N—Pl,n—&-l(tlvtlvtS)
2t sin(2mt) dt, .
1=

stable WP WP
P - 93-29-n Z “You, \I\-i-l(tl’tf) gz,IJI-l-l(tl’tJ)
2t sin(2mt) dty

g1 +92=9
uJj=s

. n 1 1
s 23729771 WP .t i dt;
Pthsin(th) 2 “om-1 b\ e g2 ) 4

Jj=2

Z1=

zZ1=

lim \O9=6H37 (21, 25) =P

A—0

t1=0

t1=0

Applying Proposition 3.2 to the spectral curve of equation (10), in which z(t) = and y(t) = 5= sin(27t),
equates the right side of the equation above with 22729—" WP ' (t1,...,tn). This completes the 1nduct10n and
the proof of the proposition. u

Now use Proposition 3.7 to relate Okuyama’s discrete volumes with the Weil-Petersson volumes. This allows
us to deduce Theorem 1.2, which states that for (g,n) # (0, 1) or (0, 2),

lim \69—6+2n Nq

(L1 L
A—0 i

— ., ) =28 Ly,...,Ly,).
)\a ) )\) Vq,n( 1, 5 n)

Proof of Theorem 1.2. Recall that Proposition 3.4 allows us to write

A1,...,0n le dZn
Wgn (21,5 20) = Z Ckllk (Cq(2)va(4)a . ) (21 — aq )k T2 (2 — an)knt2’ (18)
k1,....kn >0 n n

ki+-+k,<6g—6+2n
ai,...,apn==1

where C1 1™ ((4(2), ¢4(4), - .. ) is a polynomial in (4(2), (4(4), . . . of (-degree at most 6g — 6 + 2n — > k;.
Now multiply both sides of equation (18) by A\69~6+3" before taking the limit A — 0, while using z; = A¢; + 1.

)1\1_%/\69 643 g (21, - -+ s Zn)
. Adty Adt
= lim A%9~0+n i (TN ICI o )
P, kh%)@ k1,....k ( q q ) ()\tl +1-— al)kﬁ-l ()\tn +1-— an)kn,+2
ki+-+k,<6g—6+2n
aq,...,an==1
dt dt
_ 69—6+2n—3" k; 1, L n
_ Z ;13%)‘ g— > ckh Tk (gq(2),§q(4),...) it W

k1,...,kn >0
kit +kn<6g—6-+2n
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Combining this equation with Proposition 3.7 yields

WP
w (tl,...,tn) dt dt
g.n _ 69—6+2n—3 kil Lo
92g—2+n - Z )1\13%)‘ R C ----- (Cq< ) Cq( ) )tk1+2 kn+2"
k1,-..,kn 20 1 n
eyt ko <6g—6+2n

Equation (10) equates w 'P with a Laplace transform of the Weil-Petersson volumes, so we can apply the
inverse Laplace transform to the previous equation to obtain®

Vg,n(L17 ey Ln) _ . 6g76+2n72 23 n Lk'i
T ZEN lim A Chl (Go(2), G4 [ G
1ykn 2 i—

k1 kn <6g—6+2n

On the other hand, recall equation (17) from the proof of Theorem 3.1, which allows us to write

Ng, (by,...,by) = > Crrmm (6q(2),6(4), - .)
ki,....,kn>=0

ki+--+k,<6g—6+2n
ai,...,apn==1

. by (b 1) (b +2) - (b + ki
[ (1) stk (bi +1)( = +)1)! ( ),

i=1

where f(1,b,k) =k and f(—1,b,k) = b— 1. So we can now take the desired limit as follows.

L L
lim ASo-6+2n g (DL 2
AD0 ATTTTTON
n Lki
_ 1 69—6+2n—3 k; - 1) 1)/ (@isbi ki)
>, lma O (G2, 6@, ) TTED ]
K1, kin =0 i=1
ki+--+kp,<6g9g—6+2n
ai,...,ap==x1
By Lemma 3.5, the limit in the equation above is equal to zero unless we have (a1, as,...,a,) = (1,1,...,1)
or (=1,—1,...,—1). The fact that z(z) and y(z) are both odd functions of z leads to the symmetry
Wgn(21,. .., 2n) = Wgn(—21,...,—2,), which in turn implies that C’ ,‘;n (-1)X k=D 1?1’;”1’:‘1”
These observations together allow us to express the desired limit as follows
L L
6g—6+2n n7q 71 7”)
B NG (S
n Lki
=2 lim \09—0+2n=2kiy 4, ) 2
> lim A (6@ G- 1 gy (20)
K1,.oorkin >0 i=1
kit tkn <6g—6+2n
Comparing equations (19) and (20) produces the desired equality. |

4 Top degree terms

In this section, we prove that the top degree part of Okuyama’s quasi-polynomials coincide with the ¢-
deformations of the Weil-Petersson volumes previously constructed by the authors [18].

Okuyama’s quasi-polynomial has degree deg N?,, (b1, ...,b,) = 69 — 6 + 2n and we denote its top degree

g,n
part by
NEIP(by, ... by) := N& (b1, ..., by) — [terms of degree less than 6g — 6 + 2n].
A priori, N top(bl, ..., by) is a quasi-polynomial, but we will show that they are in fact polynomials, no
longer dependent on the parities of by,...,b,, which satisfy a recursion between themselves. This is a
3Since Mirzakhani proved that Vgn(L1,...,Ly) is a polynomial in L%, ..., L2, it follows that the limit in equation (19) vanishes
unless k1, ..., ky are all even [37].
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consequence of Lemma 4.1 below. We will need the Laplace transform of a polynomial P(zq,...,x,),
defined by

L{P}(z1,...,2n) :/ / P(ml,...,xn)HeXp(—zixi)dxl-~-dxn,
0 0 i=1

for Re(z;) > 0. This extends to a meromorphic function on C" that is a polynomial in z; . We will show that
the Laplace transforms of the polynomials NJ°P (b1, ..., by) arise as correlation differentials of a particular
spectral curve.

The spectral curve is constructed as follows from Okuyama’s spectral curve of equation (7), using only the top
k
coefficients ag, = % of the coefficients a,,; defined by the expansion of log(2y*!(z)z’(z)) in Lemma 3.3.

1 C dzdz’
top = = — 2 top = L A = —_—
S ((C,x 5% Y zZ exp ( E ) B= = z’)2> . (21)

It was proven by Eynard and Orantin in [28] that on a general spectral curve, the asymptotic behaviour, or
largest order principal part, of wg » near each zero of dz is given by the correlators for the local model of
the Airy curve SAY = {z =122 y=2, B= (jii,z)/z} by:

2g9—2+n, Airy
Wg,n ~ Cqy wg,n
dy - dy

. F
1z or

for some constant ¢, € C depending on the zero « of dz, precisely given by ¢, = Res
[e%

Okuyama’s spectral curve, c41 = +31.

The Airy curve has known correlators—they store intersection numbers of tautological classes over the
moduli space of stable curves:

w?i;y:%...% {/7 exp(z ZT/% }dzl

In particular, when x = z + 1/z the asymptotic Airy spectral curve behaviour around z = +1 proves that
the top degree terms of the quasipolynomials are polynomials with known coefficients. The following lemma
generalises this to the asymptotic ¢ — 1 behaviour near z = %1 of the correlators of Okuyama’s spectral
curve.

Lemma 4.1. Topological recursion applied to the spectral curve S*°P produces the correlators

whop = 229*3*"i . %c{Ng;gop(bl, sy bdzy - dzy,

g.m 62:1
Proof. The highest order terms wé‘flﬁt"p(zl, . zn)a%1 e 82” E{Ng;}l"p(bl, ...ybp)}dzy -+ -dz,. Essentially
we have w)! ~ 2. (1/2)2972+74,iP where the scale ¢; = 1/2 introduces a factor of (1/2)2972" and the
M top top

factor of 2 comes from the initial cases wy’; = wy 3 and wM 1=wig -

In more detail, by homogeneity of the recursion, the top degree coefficients from the expansion from

o Cq(2ﬂ) (42 )

Lemma 3.3, given by exp (Z , produces a recursion solely between the highest order terms

Wyt P

21,0 2n) of W) (21, ,zn) which consist of highest order terms of w}? (1 + & L1t ltf"q)
as ¢ — 1. The recursion of the principal parts around z = 1 becomes the followmg. Put s; = z; — 1 and
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<4s%>j) WP (a1 s, ) ©2)

s1=0

1 — (a(29) oy M, top M, top
”’[451%(2 — (4s1)’ ggﬁg“gl,um(shSI)‘*’gz,um(Sl’SJ)
1 2=
IUJj=K

M, top

o g (56020 g ) T

(85 —s1)

81:O

51:0

Topological recursion of the spectral curve S*™P in terms of principal parts has the same form, although with
factor s7!exp(Lqy(s)) replaced by m = 35 texp(Ly(s)) for Ly(s) = Py CQ(J2J) (4s%)7. This
produces a factor of 229~2+" between the correlators. The initial cases are calculated in the beginning of the
proof of Proposition 3.7 to give wl% = 1w’y and wi), = 2w(°P, and the initial conditions calculates w(’

and w{‘ﬂ ]

4.1 g-deformation of Weil-Petersson volumes

The g-deformation of Mirzakhani’s recursion for Weil-Petersson volumes defined in [18] produce polynomials
Vi, (Ly,...,Ly) € Q[q]][L3, ..., L2] by replacing the function H(z,y) in Mirzakhani’s recursion (9) by

oo

H,y(z,y) = (_1)m—1qm2/2(qm/2 + g™ (e%<z+y>(q’"/2—q*’"/2> + e%(w—y)<q’"/2—q*”/2)) (23)

DO =

m=1

and using the same initial conditions except for V}’, (L) = 75 L*+ 3(,(2). To guarantee integrability, H,(z, y)
is to be understood as a series in y2.

The Laplace transform of the recursion (9) requires the Laplace transform of the linear transformations
given by the double and single integrals in the recursion. Such Laplace transforms appeared in [41, Lemma
6.10, 6.11] and we repeat these calculations in the following two lemmas.

Lemma 4.2. For P(z,y) be a polynomial of odd degree in x and y:

z:{/ooo/ooo dxdqu(ery,L)P(z,y)} =P |z lexp (Z C(2) )E{P}(z z)

2=0

p2i—1y2i—1
)

Proof. Choose P = W@?l)‘ which has Laplace transform £L{P}(z1, z2) = 27 e then extend by linearity.
It is proven in [18] that for each k € N,

szfl(y) /oo :L‘2k—1 ka 2n
S\ [ T goey)de =S byt
oh—1 ), roy Hel@y)de= nz;) 2k —2n)’

where by, b1, ba, ... € Q[(4(2),(4(4),...] are defined by

D by =exp ( > %"”(4%)”) = 144¢,(2)22 4+ 8(C,(2)2 + (4)) 2t + - -
n=0 m=1

A change of coordinates u = z + y, v = z, gives:

2201 2; 1 Faiinj1 itj
o L)dad :7“ b; n—
// 2 — 1)I(25 — 1)! o(@ +y, L)dady (2i +25 — 1)! Z -

Hence its Laplace transform is

i+j

21 1 2] 1 bi+j7n
{/ / % T2 ) Hq(:c—i—y,L)dxdy} =y o

n=0

17



which coincides with the principal part of

2 Lexp ( Z quim 2)m )L{P}(z z 21+2g+1 anz
m=1

where ~ means the Laurent series at z = 0. [ |

Lemma 4.3. For P(x) an odd degree polynomial:

ﬁ{; /Ofm(larq(L1 Y Loya) + Hy(Ly Lg,:c))P(x)} _p | texp (i )ﬁ{P}()

0 (22— 21)
z1=0
Proof. Choose P = m Then
1 > a2kt 1 FQk»_l(Ll + Lg) 1 FQk—l(Ll — Lg)
= [ dz(Hy(L1+ L Hy(Li—-L == -
2/0 x(Hy(L1 + Lo, x) + Hy(L1 27$))(2k_1)| 2 (2k—1)' 2 (2k — 1)!
(L L L¥LY
Z Z 1 + : 2 e =>_ mbmﬁ-.
s:i:lmO i+ji<k LLd):
Hence its Laplace transform is:
1 0 p2k—1 1
,C{QA dx(Hq(L1+L27l')+Hq(L1—Lg,x))w} = Z mbk i—j
i+j<k “1 <2
which coincides with the odd principal part in z; of
o E 2k—1
-1 Ca(2m) \ ovm {(% D } 2n—1
< eXp(Zm(4Z1) szb Ay pasen
m=1 £=0 2
where ~ means the Laurent series at z; = 0 for fixed z2, and |21| < |22]. [ ]

The following proposition is analogous to the result by Eynard and Orantin [27] that the spectral curve

in(2 ;
v=12%y= w stores the Weil-Petersson volumes.

Proposition 4.4. Topological recursion a[)plied to the spectral curve S*°P produces the correlators

0

Wop = —
SR P 3zn

E{ (L1,7Ln)}d21d2n

Proof- Take the Laplace transform of the ¢-deformation of Mirzakhani’s recursion (9) using H,(x,y).

0
E{@I/le (L1,LK} { //a?yH x+y, L) (V;_Ln_‘_l(a:,y,LK) (24)

V@ LOVE (v L) )dedy

g1,|I|+1

n [e'e]
Z / (L1 + Ly, x) + Hy(Ly — ij))Vg”,n_l(m,LK\{j})dx}
J=

:; [ (Z w2l 2] ) (E{zyvgq—l,n—i-l}(zlvzlvzi()

+ 30 LV M 2LV |} 2) )|

g1+92=g
IUJ=K

+ Z 2 exp (Z
j=2 j=1

l\D\»—t

_|_

21:0

N\ L{aVy 1}z 2ry)
Zj— 2
21:O
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which uses Lemmas 4.2 and 4.3.

Define

9 9
071 8zn

We will prove that @&, ,, and the correlators wy ,, satisfy the same recursion relations and initial values, and in
particular conclude that &g ,, = wy ».

Wgn = (=1)" —L{V,(L1,...,Ly)}dzy - - day

Take (—1)"7! 822 a(zn [(24)} dz; - -dz,, and use %E{P(zl)} = —z_lﬁ{%LlP(Ll)}, to get

o0 .
wg7n(zl,...,zn)=2 z] eXp( )wg 1,n+1(21, 21, 2K) (25)
: 21:0
1 2 (,(2
+2P[Zf2eXP(Z 1 42’1 > Z Wy, 11+1(21, 21)Wgy 7141 (21, 27) —0
J=1 g1t+g92=9 =
TUJ=K

(oo}

n
+ Z zy exp (
=2

>wg —1(21, 2K\ {5})
(zj —21)?

Zl=0

We have used 27 '[F(21)dz1].,—0 = [21 ' F(21)dz1]., —o which holds because the residue of @ (21, ..., 2,)
at z; = 0 vanishes. The factors 2y, z and y on the right hand side of (24) supply derivatives such as
E{xyV 1n+1}(21,2’1,ZK) awazﬁ{v 1n+1}(w 21, 2= 2172’[()

Topological recursion for the spectral curve S*™P is

wg.n(21,2K) = Rgg K(z1,2)F({wg n (2, 2K)})dzdz dzk

1 dZ1 le 1 —2 2 : CQ(QJ) 2\j
[ _ 227 (4 J | F (2,
E{eg ( ) ) ) z exp <j . j ( z ) ({wg, (Z ZK)})dZdZK

I P - Ga(29) o0
_—577 z 2exp(jz1 7 (42?) )f({wg/,n/(zl,zK)})dzlde

Z1:0
where F(z1, zk) is a rational function given explicitly by
stable
2
F(21, 25 )d2y dzg =wg—1n41(2,—2,20) + E Way, 11141 (25 21) Wy 17141 (=25 27)
91+92=9
IUuJ=L

n
+ (Wo,2(2: ) wyn—1 (=2, 21\ (3) + wo.2 (=25 ) wyn—1 (2, 2r\ (5)
=2
stable
= - wg—l,n+1(z7 ZapL) - Z (-’ng,\IH-l(Zv ZI) wgz,\JH—l(Za ZJ)
91+92=g

IuJ=L
n

Z wo,2(2, %) —W0,2(_ZaZj))wg,nfl(ZvZK\{j})
=2
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where we have used skew-symmetry of w, ,, under z; — —z;, except for wg 2. Hence,

1
wg,n(ZhZK) 2 z- eX <Z <q >wg 1 n+1(Zlaz17ZK)

21:0

0o . stable
11 Cq(27) NS
+ 57)[2 Zexp ( E 1 Loy ) D wgl,mﬂ(zl,zf)wgg,\JHl(Zl,ZJ)}
o

J g1+92=g
IuJj=K

Z1 =0

n

_  Ca(29) 205 Wan—1 (21, 2K\ (5
+>» Pz 2exp( = (42’2)]>
> 2

— J (27 — 21)?
]_2 ’ 21:[)

where we have used [wo 2(—2, 2;)1(2)],—¢ = —[wo,2(%, 2j)n(2)],_, for n(z) odd.

The rational differentials &, ,, and w, 5, are uniquely determined by their respective recursions and the initial

value

_ 0 L NS 11 B

Bua(1) =~ £V (L) = =5 { 22 4 5600 Jam = (g7 + 726l da = w2
which both coincide, hence @, ,, = wy , as required. |

Theorem 1.3 is an immediate consequence of Lemma 4.1 and Proposition 4.4.

4.2 g-deformations of classical Weil-Petersson volumes

In general, the correlators of a spectral curve can be expressed via intersection numbers of tautological
classes over moduli spaces of stable curves. Eynard proved that for the rational spectral curve given by

o0
and y(s) = 2+ 30 st
k=1

x(z) ==z

the correlation differentials are given by the following [22].

0 0 > 1 )
Wgn = 872'1 .. aznﬁ{ /Mgixp ( Z smnm> exp (2 ;q/;zL?) } dzy - -dzy,

m=1
Here, 51, 52, 53, ... are defined as functions of y1, y2, y3, . . . by the formula
oo o0 z2
exp | — SpA™ | =) (2k + D!y Ak = dz zy(z) e 2x.

m

For y*P(2) = zexp ( - Z Ca(2m) (422)m>, we have
m=1

exp (- i sm(q))\m> - \/% [ O; dz - 2% exp ( _ i Cq(jlm) (4%‘)7%) 5

m=1 m=1

which defines Qg (k1, k2, ...) € H*(M,n; Q[[q]]) by

oo

Qq(k1, K2,...) = Z Sm(q) Em
m=1

= 12(4(2)r1 + 24(5¢4(4) — 2¢4(2)*)m2 + 64(35C4(6) — 30¢4(4)¢q(2) + 4¢4(2)° )3 + -

Thus, we obtain the following expression for the g-deformed Weil-Petersson volume in terms of higher
Mumford volumes.

1 n
V’Jqfﬂ(Ll’ e 7Ln) = /M exp (Qq(ﬁl, K2, .. ) + 5 ZL12¢1>
i=1

g.n
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The formula above leads to the following definition of the g-deformed Weil-Petersson volumes for moduli

spaces of stable curves without marked points.

Vo(q) = /M exp (@ (k1, K, ) € Qllg]

For the simplest case g = 2, we have

19 1 3
Vala) = 5o G2 + 562G + 22,(6),
which satisfies
191 13 35 43m6
lim (1 )° Va(g) = 55-€(2)° + 5¢(2)C() + 5¢(6) = a5 = VoI (Ma).

For g = 3, we have

V3 ( ) _ 1013113241077 Cq( )

+ 3820529 ¢ (2)*¢o(4) +

+ 4520 (2)°¢e(6) + + 3H526,(2)76(3)

B35 C(2)7C (1) +

+13539801(2) ¢ (4)¢q(6) + 2522¢,(2)¢(10) + 152395, (4) + 29882¢,(4) ¢ (8) + 29220¢,(6)* + 19512¢,(12),
which satisfies
(}lﬂ(l —q)"? Va(q) = 55T C(2)° + B2229¢(2)1¢(4) + 2220¢(2)°¢(6) + 25232T¢(2)%¢C(4)* + - -
_ 176557712 _ WP
= 200600 Vol M)
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A Data

Table of ¢-Weil-Petersson volumes

The following table shows g-Weil-Petersson volumes next to Weil-Petersson volumes. In some cases, we
evaluate at L = 0. In each case the ¢ — 1 limit can be expliclty observed.

Vo' (L) = 1= Viia(L)
1
Vou (D) = 5(L3 + L3 + L3 + L3) + 27

1
V(L) = (L1 + L3 + L3 + L) +12¢,(2)

1 1
VosP (L) = §(L;1 4o+ L)+ §(L§L§ +o A+ LALH) + 302 (L2 + - + L2) + 107?
Vils(0) = 312¢,4(2)% + 120,(4)
1 w2
VS{P(L) = @L? + D)
1 1
V1q,1(L) = @L% + 5((1(2)
WP 1 4 4 1 9.9 LS 2 2 s
Vie (L) = @(L1 + L) + %Lle + E(Ll + L3) + e
1 1
Viia(L) = 75 (L1 + L2) + 5 (L1 + L3)C(2) + 7€ (2)° + 5, (4)
1 2972 13974 16976 2978
WP 8 6 4 2
L)= L L L L
Vaa' (L) 14236801 T 138240 T 230001 T 2880 1 T 102
1 29 1
q _ 8 6 2 4
1
+ 57 (191€5(2)° + 243¢,(2)¢g(4) + 70¢,(6)) L]
845 399 185 406 105
+ ﬁ(q@)él + 7@(2)2@(4) + qu(4)2 + ?gq(2)gq(6) + 7@1(8)
VIP(L) = ——— (1304 [10) 4 - (LSI2+ L§L3) + 0 —(LSLA+ LSLY) + e (LY + L5)
2,2 4423680 1 2 294912 712 T 2T T 9911840 T2 T 2L T 976480 T T T2
247429 67844 46228 13580
Vy's(0) = ch(2)5 - ch(2)34q(4) + 8525¢,(2)¢,(4) + ch(2)24q(6) + TCq(4)Cq(6)
2972 T2 1974 18174
LS12+181%) + — 414 LS+ 18 LAL2 + LA12
+69120( 1Lo 4+ La 1)+7680 1Lo + 7680( 1+ Ly) + 11520( 1Ly + LyLY)
55176 76 108578 787710
LA+ LY+ —I212+ — (L2 + 2
8640 (L1+ Lo) + 36 12T 78 (L1+L3) + 480

Vi's(0) = 312¢,(2)% + 120¢,(4)
Vile(0) = 17824, (2)* — 1920¢,(2)C4(4) + 2240(,(6)
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