A NEW COHOMOLOGY CLASS ON THE MODULI SPACE OF CURVES

PAUL NORBURY

ABSTRACT. We define a collection Og € HA4s—4+2n (Hg,n, Q) for2¢—2+n>0
of cohomology classes that restrict naturally to boundary divisors. We prove that
the intersection numbers fmw Ogu T t,b?” can be recursively calculated. We

conjecture that a generating function for these intersection numbers is a tau function

of the KdV hierarchy. This is analogous to the conjecture of Witten proven by

Kontsevich that a generating function for the intersection numbers [ v
an

is a tau function of the KdV hierarchy.
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Let Mg, be the moduli space of genus g stable curves—curves with only nodal
singularities and finite automorphism group—with »n labeled points disjoint from
nodes. Define ¢; = ¢;(L;) € H? (ﬂgln,Q) to be the first Chern class of the line
bundle L; — M, with fibre above [(C, py, ..., pu)] given by T}, C. Consider the

natural maps given by the forgetful map which forgets the last point
(1) ﬂg,n-i—l i> mg,n
and the gluing maps which glue the last two points

- Pier, 5 -— - 1 =
2) Mg,1,n+2 — Mg,n/ Mh,\l\-H X Mg—h,m-i-l —l> Mg,n/ Iuj= {1,...,1’1}
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In this paper we construct cohomology classes @, € H* (M, Q) for g > 0,
n > 0and 2g — 2 + n > 0 satisfying the following four properties:

(i) Ogn € H* (Mg, Q) is of pure degree,
(ii) ¢5Ogn = Og—1n12, P}, Ogn = MO 1111 - 5Oy 141,
(iii) Ogn+1 = Put1 - " Ogn,
(iv) @11 #0
where 71; is projection onto the ith factor of ﬂh,‘ I]41 X ﬂg_ 1)j|+1- We prove below
that the properties (i)-(iv) uniquely define intersection numbers of the classes
Oy, with the classes 1; and more generally with classes in the tautological ring

RH*(Mg,n) C H* (Mg, Q).
Remark 1.1. One can replace (ii) by the equivalent property

for any stable graph I, defined in Section 3, of genus g with n external edges. Here

¢r : Mr = H mg(v),n(v) — Mg,nr Or = H n;®g(v),n(v) € H* (ﬂr,Q)
veV(T) veV(T)

where 71, is projection onto the factor ﬂg(v)m(v). This generalises (ii) from 1-edge
stable graphs given by ¢r, = ¢ir and or,,; = Pn,1-

Remark 1.2. The sequence of classes O , satisfies many properties of a cohomo-
logical field theory (CohFT). It is essentially a 1-dimensional CohFT with vanishing
genus zero classes, not to be confused with Hodge classes which are trivial in
genus zero but do not vanish there. The trivial cohomology class 1 € H?(M,,,, Q),
which is a trivial example of a CohFT known as a topological field theory, sat-
isfies conditions (i) and (ii), while the forgetful map property (iii) is replaced by
®g,7’l+l = 7T*®g,n-

Theorem 1. There exists a class Oy, satisfying (i) - (iv) and furthermore any such class
satisfies the following properties.

() Ogy € HE 4120 (M, ., Q).
(I) ®p,, = 0 for all n and ¢r@g , = 0 for any T with a genus 0 vertex.
(I Og,n € H*(mg,n,Q)S”, i.e. it is symmetric under the S, action.
(IV) ©1,1 = 31. x
(V) Foranyn € RH8™Y(Mg,,), the intersection number /7®g,n17 € Q is uniquely
determined by (i) - (iii) and (IV). M

The main content of Theorem 1 is the existence of @ ;;, the rigidity property (IV)
and the uniqueness property (V). The existence of O, is constructed via the push-
forward of a class over the moduli space of spin curves in Section 2. The rigidity
property (IV) is proven in Section 3 by starting with ®; ;1 = Ay and determining
constraints on A to arrive at A = 3, which does occur due to the construction of Og -
The uniqueness result (V) involving classes in the tautological ring RH* (Mg, is
non-constructive since it relies on the existence of non-explicit tautological relations.
The proofs of properties (I) - (III) are straightforward and presented in Section 3.
Section 4 describes how the classes ©g, , naturally combine with any cohomological
field theory.
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Remark 1.3. Properties (i) - (iv) uniquely define the classes ®¢ , for ¢ < 4 and all 7,
but it is not known if they uniquely define the classes O, in general. Uniqueness
would follow from injectivity of the pull-back map to the boundary

RH%72(My) — RH* (9 M)

which holds for ¢ = 2, 3 and 4. It would show that ®, € RH*~2(M,) is uniquely
determined from its restriction, and consequently ©, , would coincide with the
classes constructed in Section 2 for all n > 0.

The following conjecture allows one to recursively calculate all intersection
numbers fmg,n O¢n [T l[J;ni via relations coming out of the KdV hierarchy. Such
a recursive calculation would strengthen property (V) since intersections of @ ,
with ¢ classes determine all tautological intersections with @y ,, algorithmically.

Conjecture 1. The function

p8~1
!

Z®(h, to, t1,...) = exp Z -

n
k.
®g,n ' Hlle’ H tkj
g,n,E j=1

is the Brézin-Gross-Witten tau function of the KAV hierarchy.

Mg

The Brézin-Gross-Witten KdV tau function ZBSW was defined in [6, 30]. Con-
jecture 1 has been verified up to g = 7, i.e. the coefficients of the expansion of
the logarithm of the Brézin-Gross-Witten tau function are given by intersection
numbers of the classes @, , for ¢ < 7 and all n. Progress towards Conjecture 1,
including a purely combinatorial formulation that can be stated without reference
to the moduli space of stable curves or the KdV hierarchy is discussed in Section 6.

Acknowledgements. I would like to thank Dimitri Zvonkine for his ongoing interest in
this work which benefited immensely from many conversations together. I would
also like to thank Vincent Bouchard, Alessandro Chiodo, Alessandro Giacchetto,
Oliver Leigh, Danilo Lewanksi, Rahul Pandharipande, Johannes Schmitt, Mehdi
Tavakol, Ran Tessler, Ravi Vakil and Edward Witten for useful conversations, the
anonymous referee for comments which improved the paper, and the Institut Henri
Poincaré where part of this work was carried out.

2. EXISTENCE

The existence of a cohomology class O, € H*(M,,,, Q) satisfying (i) - (iv) is
proven here using the moduli space of stable twisted spin curves ﬂ;p;ln which
consist of pairs (X, 0) given by a twisted stable curve X equipped with an orbifold
line bundle 6 together with an isomorphism %2 = wlzo 8. See precise definitions
below. We first construct a cohomology class on ﬂ?ﬁn and then push it forward to

a cohomology class on Mg ,,.

A stable twisted curve, with group Zj, is a 1-dimensional orbifold, or stack, C
such that generic points of C have trivial isotropy group and non-trivial orbifold
points have isotropy group Z,. A stable twisted curve is equipped with a map
which forgets the orbifold structure p : C — C where C is a stable curve known
as the coarse curve of C. We say that C is smooth if its coarse curve C is smooth.
Each nodal point of C (corresponding to a nodal point of C) has non-trivial isotropy
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group, the local picture at each node is {xy = 0}/Z, with Z,-action given by
(=1) - (x,y) = (—x, —y), and all other points of C with non-trivial isotropy group
are labeled points of C.

A line bundle L over C is a locally equivariant bundle over the local charts, such
that at each nodal point there is an equivariant isomorphism of fibres. Hence each
orbifold point p associates a representation of Z; on L|, acting by multiplication
by exp(27tiAp) for A, = 0 or 3. One says L is banded at p by A,. The equivariant
isomorphism at nodes guarantees that the representations agree on each local
irreducible component at the node.

The canonical bundle w¢ of C is generated by dz for any local coordinate z. At
an orbifold point x = z? the canonical bundle w¢ is generated by dz hence it is
banded by % i.e. dz — —dzunder z — —z. Over the coarse curve wc is generated
by dx = 2zdz. In other words p*wc 2 we however we = p.we. Moreover,
degwc =2¢ —2and

1
degwe =29 —2+ M-

1 1 1
& 5o p*wé’g = wCOg and degwgg =

1
For w,® = we(pi, ... pn), locally & = 24
29—2+n= degwéog.
Following [1], define the moduli space of stable twisted spin curves by

WZ%,“ ={(C,0,p1,. P, ) | P : 02 —> wlcog}.

Here w?g and 6 are line bundles over the stable twisted curve C with labeled
orbifold points p; and deg = ¢ — 1+ 3n. The pair (6, ¢) is a spin structure on C.

The relation 6> — w?g is possible because the representation associated to w?g at

p; is trivial—dz /z “=5° dz/z. The equivariant isomorphism of fibres over nodal
points forces the balanced condition A, = A,_ for p+ corresponding to p on each
irreducible component.

We can now define a vector bundle over sz:ln using the dual bundle 6" on each
stable twisted curve. Denote by £ the universal spin structure on the universal
stable twisted spin curve over ﬂ:f:ln. Givenamap S — ﬂ;’;“, & pulls back to
6 giving a family (C,0, p1,..., pu,¢) where 1 : C — S has stable twisted curve

fibres, p; : S — C are sections with orbifold isotropy Z; and ¢ : 6> — wéo/gs =

we/s(p1, - pn). Consider the push-forward sheaf 71,.£Y over ﬂ;p;n We have
deg 6" :1—g—%n < 0.

Furthermore, for any irreducible component C’ - C, the pole structure on sections

of the log canonical bundle at nodes yields i*wéo/gs = “’lc?’% - Hence ¢’ : CIDE =

a)lco,g/ ¢ Where ¢/ = i* o ¢|¢r. Since the irreducible component C’ is stable its log

canonical bundle has negative degree and
deg 6 | o <0.

Negative degree of 8" restricted to any irreducible component implies R%7.£Y = 0
and the following definition makes sense.
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Definition 2.1. Define a bundle E; , = —Rm,E" over ﬂzp,in with fibre H'(6Y).

Represent the band of 6 at the labeled points by ¢ = (¢, ...,0,) € {0,1}" so that
at each labeled point p; the representation of Z; on 6|, is given by multiplication
by exp(2miAy,) for Ay, = $0; € {0,1}. The number of p; with A,, = 0 is even
due to evenness of the degree of the push-forward sheaf |0] := p.O¢(6) on the
coarse curve C, [31]. In the smooth case, the boundary type of a spin structure is
determined by an associated quadratic form applied to each of the n boundary
classes which vanishes since it is a homological invariant, again implying that the
number of p; with A, = 0 is even. The moduli space of stable twisted spin curves
decomposes into components determined by the band ¢

Mspin _ Uﬂspin
81
o

&mn,o

where MZP ;n?r consists of those spin curves with 6 banded by ¢, and the union is
n

over the 2"~ functions ¢ satisfying |¢| +n = )_(0; + 1) € 2Z. Each component

i=1
ﬂzp,f‘ & is connected except when |¢| = 7, in which case there are two connected
components determined by their Arf invariant, and known as even and odd spin

structures. This follows from the case of smooth spin curves proven in [43].

Restricted to ﬂ;p;nﬁ, the bundle Eg , has rank

©) rank Eg, = 2¢g — 2+ 2 (n + |7)
by the following Riemann-Roch calculation. Orbifold Riemann-Roch takes into
account the representation information

1

HW@OV)—h'(0Y)=1-g+degd’ =Y Ay =1—-g+1—g—In— 1|7

n
i=1
=225 J(n+)).

Alternatively, one can use the usual Riemann-Roch calculation on the push-forward
of 6 to the underlying coarse curve C as follows. The sheaf of local sections O¢ (L)
of any line bundle L on C pushes forward to a sheaf |L| := p,.O¢(L) on C which
can be identified with the local sections of L invariant under the Z, action. Away
from nodal points |L| is locally free, hence a line bundle. At nodal points, the
push-forward |L| is locally free when L is banded by the trivial representation, and
|L| is a torsion-free sheaf that is not locally free when L is banded by the non-trivial
representation—see [25]. The pull-back bundle is given by

p*(l67]) = 0" @ Q O(—aip)
iel

since locally invariant sections must vanish when the representation is non-trivial.
Hence deg |0V| = deg 6" — 1|¢|. Hence Riemann-Roch on the coarse curve yields
the same result as above: h°(|6V|) — h(|6Y]) = 2 — 2g — 1(n + |#]). It is proven in
[25] that H' (V) = H'(]6"|) so the calculations agree.

We have h°(6V) = 0 since degf’ = 1 — g — in < 0, and the restriction of "
to any irreducible component C’, say of type (g’,n’), also has negative degree,
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deg6¥|cr =1—g' — in’ < 0. Hence h(8V) = 2¢ — 2+ 1(n + |7#]). Thus H!(6")
gives fibres of a rank 2¢ — 2 + % (1 + |#|) vector bundle.

The analogue of the boundary maps ¢;;r and ¢, ; defined in (2) are multivalued
maps defined as follows. Consider a node p € C for (C,6, p1, ..., pn, §) € WZ,P;“
Denote the normalisation by v : C — C with points p+ € C that map to the node
p = v(p4+). When C is not connected, the spin structure v*6 decomposes into two
spin structures 01 and 6,. Any two spin structures 6; and 6, with bands at p and

p— that agree can glue, but not uniquely, to give a spin structure on C. This gives
rise to a multivalued map, as described in [26, p.27], which uses the fibre product:

Wi - _ yspin ——Spin
(Mujrien X Myopjjin) ¥aq,, Maww = M

gn gn
- . 4
M 141 X Mg 141 = Mgn
and is given by
— —_— - ——spin
(Mh,m+1 x Mg—h,m+1) XMy, Men
_ as P N
7Sp1n 7Spln 4Sp1r1
M1 X Mgy - Mg

where I L] = {1,..,n}. The map 7 is given by the pull back of the spin structure

obtained from ﬂ?zn to the normalisation defined by the points of ﬂh,l 1]+1 and

Mg_ n|j|+1- The broken arrow --» represents the multiply-defined map ¢y, ; o oL

The multivalued map ¢y, ; o ! naturally restricts to components sz‘]ﬁ 1o X

ﬂ?i”,h 41, ~7? ng;na where ¢ and I uniquely determine ¢y and o7 since 6
must be banded by A, = 0 at an even number of orbifold points, which uniquely
determines the band A,, = A,,_ at the separating node.

When C is connected, a spin structure 6 on C pulls back to a spin structure
0 = v*0 on C. As above, any spin structure § with bands at p+ and p_ that agree
glues non-uniquely, to give a spin structure on C, and defines a multiply-defined
map which uses the fibre product:

wi _ rspin ——7sSpin
Mg 142 X Mg /\/lg,n — Mg,n
4 A
M g_],n+2 — M g,n
and is given by
- _ spin
Mg—l,n—l—Z XMg’” Mg,n
\/ v (Pirr \1 .
——spin ——spin
Mg—l,n+2 -2 Mg/”
Again, ¢iy 0 Pl naturally restricts to components ﬂ?j r11,n o5 T ﬂz,p;nﬁ but

unlike the case of ¢, ; o ! above, ¢ does not uniquely determine &'. The map ?
now depends on 0 and there are two cases corresponding to the decomposition of

the fibre product Mg_1 42 X Mg ﬂ;p;nﬁ into two components which depend on
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the behaviour of 6 at the nodal point p... Either 0 is banded by A,, = %, or it is

banded by A,, = 0, corresponding to & = (7, 1,1), respectively ¢’ = (7,0,0).
The bundle Eg , behaves naturally with respect to the boundary divisors.

Lemma 2.2. On components where 6 is banded by A, = % at the node:
PirEgn =07 Eg1ni2, P 1Egn =07 (”TEh,IIHl @ ﬂiﬁEg—h,IIIJrl)
where 1; is projection from Wpllﬁ 4 X ﬂzp_ hl;,l J|+1 onto the ith factor,i =1,2.
Proof. A spin structure § on a connected normalisation C has
degh’ =1—(¢g—1)— %(n+2) <0

and also negative degree on all irreducible components, hence H(") = 0. By
Riemann-Roch

@) —n(0Y)=1—(g—1) +deg” — %(n +2)=2-29—n.
Hence dim H'(6") = dim H!(0") and the natural map
0— H'Y(C,0Y) — HY(C,8Y)

is an isomorphism. In other words ¢; E¢n = V' E¢ 1,12

The argument is analogous when C is not connected and A,, = 1. Again

degf’ < 0, and it has negative degree on all irreducible components, hence
H°(6Y) = 0 for i = 1,2. By Riemann-Roch

dim H(8)) + dim H(8)) = dim H!(8")
so the natural map
0— HY(C,0Y) — HY(C1,6)) ® HY(C,,6Y)
is an isomorphism. In other words ¢, ;Eg, = 7* (nikEh,mH @ n;Eg*h,UIH)' O

The pull-back of E¢ , to boundary divisors with trivial isotropy at the node is
described in the following lemma.

Lemma 2.3. On components where 6 is banded by A, = 0 at the node:

) 0= Ox,, — ¢f1Egn — 0" (ni‘Eh,qu @ ni“Eg_h,UHl) )

——spin d

fOT’ Xh,I = (Mh,\IHl X Mgfh,UHl) Xmg,n Mg,n an

(5) 0 — Ox,, = ¢irEgn = V" Eg 1042 — 0

- ——spin
fOT Xipy = Mg—l,n+2 xmg,n Mg,n .

Proof. When the bundle 6 is banded by A,, = 0, the map between sheaves of local
holomorphic sections

Oc(6,U) — OC(V*G,V*1U)
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is not surjective whenever U > p. The image consists of local sections that agree,
under an identification of fibres, at p and p_. Hence the dual bundle 6 on C is a
quotient sheaf

(6) 0—=1—=1v9" —=0" =0

7) 06" > v —-Cp—0

where Ox(1, U) is generated by the element of the dual that sends a local section
s € Og(v*0,v~1U) to s(p+) — s(p—). Note that evaluation s(p4 ) only makes sense
after a choice of trivialisation of v*0 at p+ and p_, but the ideal I is independent
of this choice. The complex (6) splits as follows. We can choose a representative ¢
upstairs of any element from the quotient space so that ¢(p+) = 0, i.e. Oc(6Y,U)
corresponds to elements of Oz (v*6",v~1U) that vanish at p.. This is achieved by
adding the appropriate multiple of s(p.) — s(p—) to a given ¢ € O(v*6¥,v~1U).
(Note that ¢(p—) is arbitrary. One could instead arrange ¢(p—) = 0 with ¢(p)
arbitrary.) In other words we can identify 6" with v*6 (—p.) in the complex:

0—v*0Y(—ps) 2 v 0 = v0Y],, —0.
Ina family 77 : C — S, RO, (v*6Y) = 0 = RO, (v*8Y(—p4)) since degv*8Y < 0,

and it has negative degree on all irreducible components. Also R' 7z, (v*6V|,, ) = 0
since p4 has relative dimension 0. Thus

®) 0 — R, (v*0Y],,) = R'm, (v*0Y(—p4)) — Rl (v*0Y) — 0.

We can identify the dual of the sequence (8) with the sequences (4) and (5) as
follows. For the first term of (8), we have v*6"|,, = C canonically via evaluation,
hence RO, (v | p.) = Os. The second and third terms of (8) are identified with
the corresponding terms of (4), respectively the second and third terms of (5), by
v (nTEh,\IHl b nﬁngh,U\H) = R'm,(v*¢") and PhiEgn = R (v*6" (= p+)),
respectively 0*Eq_1 1> = R'7.(v*6Y) and ¢}, Eg o = R'7. (v¥6Y (—p4 ). O
Remark 2.4. In Lemma 2.2, the nodal band is Api = % and we have /\}g+ + Apf =1.

We see from Lemma 2.3 that A,,, = 0 really wants one of A, to be 1 to preserve
Ap, +Ap. =1

Definition 2.5. For 2¢ — 2 + n > 0 define the Chern class

Qg,n = CZg—2+n(Eg,n) € H4gf4+2n (ﬂ??,;n,Q)

On the component ﬂ;ﬁ; of ﬂ;ﬂiln for |#| = n this defines the top Chern class,
or Euler class. The Chern class vanishes on all other components because by (3) the
rank of Eg, = 2g — 2+ 3(|¢| + n) < 2¢ — 2+ n when |#| < n. Note that g, = 0

for n > 3 because rank(Eg,,) = n — 2 is greater than dim My),," = n — 3 so its top
Chern class vanishes.
The cohomology classes () , behave well with respect to inclusion of strata.

Lemma 2.6.

* A% * oAk * %
PirQen = 0" Qg 1042, ¢ [ Qg =71 (”1 1141 - ﬂzﬁg—h,\]m) :
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Proof. When || = n and 6 is banded by 1 at the nodal point then this is an
immediate application of Lemma 2.2:
PircEgn =0 Eg_1nt2, P Egn =0 (”fEh,\I\H D ﬂﬁngh,U\ﬂ)
and the naturality of Cog—2+n = Ctop- We have
PireCrop (Egn) = ﬁ*CtOP(Eg*l,TH'Z)/
B 1t0p (Egn) = 0 (i ctop (B 11 41) - 73Ctop (Eg i 1 41) ) -

When |¢| = n and 6 is banded by 0 at the nodal point then the nodal point
is necessarily non-separating and we must consider the restriction of Q)¢ , to the
component ﬂ?ﬁ? niog Of ﬂ?frll/n 42 with |'| = n. On this component we have

the exact sequence of Lemma 2.3

0 — Eg—l,ﬂ+2 — (p{;rEgln — Oﬁspin — 0
gfl,n+2,¢?'
which implies ¢}, cag—211n(Egn) = cag—3+n(Eg-1,n125) Cl(Ow‘pin /) = 0. This
§—1,n+2,7'
vanishing result is a special case of the pull-back by ¢; since (g1 ;12 vanishes on
M for |¢'| = n.

g—1,n+2,¢

Finally, when |G| <  this is simply the pull-back of the trivial class being trivial,
since in each case the restriction to an irreducible component has at least one labeled
point with band = 0 so that the right hand side vanishes. O

The cohomology classes (), ,; also behave well with respect to the forgetful map
s My = M
which is defined on components with 6 banded by % at p,4+1 as follows. Define

7(C, 8, p1s s P, @) = (0(C), 8, 1o P, p49)
where p(C) forgets the orbifold structure at p,+1. The push-forward sheaf p.0
consists of local sections invariant under the Z; action. Since the representation at
Pn+1 is given by multiplication by —1, any invariant local section must vanish at
Pn+1- In terms of a local orbifold coordinate x = z2, an invariant section is of the
form zf(x)s for s a generator of 6 and its square

(2f(x)s)? = 22f(x)%s? = xf (x)2 5 = f(x)%dx

has no pole. In other words its square is a section of wICOg with no pole at p;, 41

and hence a section of wL‘E“é) = wy(e)(p1+ p2 + .. + pu). Furthermore, we have

00 = 0:{0(—pus1)}, p* 00 = 0(—py11) and deg p.0 = degf — 3. The forgetful
map 7t is used to denote any family 7 : C — S since Mz,p:,il is essentially the

. ——7spin
universal curve of M ;n .
——7Spin

Tautological line bundles L,, — M.,

those defined over My, as follows. Consider a family 77 : C — S with sections
pi:S—C,i=1,..n, and define

i =1,..,n are defined analogously to

——spin

Ly, :=pi(weys), i =a(ly) € H' (Mg, , Q).
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Lemma 2.7.
*
Qeni1 = —VPp,.q 7T Q.

Proof. Over a family 7t : C — S where S — ng:lil and 6 — C is the universal spin

structure (also denoted by &), tensor the exact sequence of sheaves
0 — Oc(=pn+1) = Oc = Oclp,,, — 0
with 6Y(p,11) to get:

0— 9\/ — 9v(pn+1) — Qv(pn+1) — 0.

‘pn+]

This induces a long exact sequence which simplifies to the following short exact
sequence:

0 — Rt (6¥ (pns1)lpy,y) = R'm8Y — R, (60¥(pus1)) — 0

due to the vanishing R%7t, (6" (py41)) = 0 = Rty (0¥ (pns1)lp,.,)- The first of
these vanishing results uses the identification 6V (p, ;1) = 7*6" described below
together with the vanishing R%7,6" = 0 due to negative degree on each irreducible
component described earlier. The second of these vanishing results uses the simple
dimension argument that R7t, vanishes on the image of p,,+1 which has relative
dimension 0.

Recall that the forgetful map (C, 0, p1, ..., pur1,¢) — (71(C), 710, p1, ..\ P, TT5¢p)
pushes forward 0 via 7t which forgets the orbifold structure at p,, 1. As described
earlier, 1*71,.0 = 0(—py41) since the push-forward gives the sheaf of locally invari-
ant sections which necessarily vanish as the isotropy group acts by multiplication
by —1. Hence 0" (p,,,1) = 7*0", which is used to calculate R above, and also to
give R17t, (0Y(pui1)) = Rl (7°0Y) = mw*Rl7. (6). Thus the last two terms of
the short exact sequence become Eg ;1 — 71" Eg .

For the first term of the short exact sequence, the residue map produces a
canonical isomorphism

log .
70:0e /s lpua = Os-

Thus 7, (],,,,) and 71, (6Yp,,,) define line bundles over S with square Og and
hence trivial Chern class ¢(7x (6],,.,)) =1 = c(7t« (6Y]p,,,)). The first term of the
short exact sequence R%7t, (6 (py+1)|p,,,) defines a line bundle ¢ — S with Chern
class

c(§) = c(R°7ts (Oc(pns1)lpy))
that fits into the short exact sequence:

0—¢— Egny1 — 7T Egun — 0.

The triviality of 7, (w?}gs |pn +1> implies

Lpuir = RO (@eyslp, ) = =RO (Oc(Pusa)lpn )
hence .
C(C):izl_l/}n :
C(Lerrl) Pt
The short exact sequence then gives c2¢ 21 41(Egni1) = —¥p,,q - T C2g—24n(Egn)

as required.
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Definition 2.8. For p : ﬂ;p,in — M, define
®g,n — (_1)n2g71+np*0g/n c HAs—4+2n (Mg,n/Q)-

Lemma 2.7 and the relation

1,
Yni1 = Ep Puy1

proven in [26, Prop. 2.4.1], together with the factor of 2" in the definition of Q¢ ,,
immediately gives property (iii) of O,

®g,n+1 = Ppy1- 7T*®g,n'

Property (iv) of Oy , is given by the following calculation.
Proposition 2.9. @1 = 3y € H2(M;1,Q).

Proof. A one-pointed twisted elliptic curve (&, p) is a one-pointed elliptic curve
(E, p) such that p has isotropy Z,. The degree of the divisor p in £ is % and the
degree of every other point in £ is 1. If dz is a holomorphic differential on E (where
E = C/A and z is the identity function on the universal cover C) then locally near
p we have z = ? so dz = 2tdt vanishes at p. In particular, the canonical divisor
(wg) = p has degree 1 and (wlgog) = (wg(p)) = 2p has degree 1.

A spin structure on € is a degree 3 line bundle £ satisfying £? = w?g . Line
bundles on £ correspond to divisors on £ up to linear equivalence. Note that
meromorphic functions on £ are exactly the meromorphic functions on E. The four
spin structures on £ are given by the divisors 6y = pand 0, = q; —p,i = 1,2,3,
where g; is a non-trivial order 2 element in the group E with identity p. Clearly
02 =2p = w?g. Fori = 1,2,3, 6% = 2q; — 2p ~ 2p since there is a meromorphic
function p(z) — p(g;) on E with a double pole at p and a double zero at g;. Its
divisor on £ is 2q; — 4p, since p has isotropy Z,, hence 2q; — 2p ~ 2p.

Since H2(Mj 1, Q) is generated by ¥ it is enough to calculate fﬂ” ©1,1. The
Chern character of the push-forward bundle E ; is calculated via the Grothendieck-
Riemann-Roch theorem

Ch(Rm.£Y) = m.(Ch(EY)Td(wy)).

In fact we need to use the orbifold Grothendieck-Riemann-Roch theorem [54]. The
calculation we need is a variant of the calculation in [26, Theorem 6.3.3] which

applies to £ such that £2 = a)lCOg instead of £V. Importantly, this means that the
Todd class has been worked out, and it remains to adjust the Ch(£") term. We get

/7 p«c1(E11) = —Ch(Rm.EY)
Mi,
11 1 1 1 1 )
-2 /mm [247(1 T ts <—24 + 12) (lr)*(l)]

(1 11y
242 242 "2 24 2] 16

which agrees with
3 1 1

T

3
I, 21T 2
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Hence pyc1(E11) = _%lpl and @11 = —2psc1(E11) = 311. One can also calculate
this using Chiodo’s formula [10] given by (42) in Section 5. O

Proposition 2.10. The classes Oy, € H8 412" (M ,, Q) satisfy property (ii).

Proof. The two properties (ii) of ©g ,, follow from the analogous properties for Qg ;.
This uses the relationship between compositions of pull-backs and push-forwards
in the following diagrams:

Mg_],n_l,_z _— Mg,n

. . n—1
——spin ——spin ()bi_l,{ ov ——spin
Mijija X Mgopjin 772 M

| |

N - (Ph,l R
Mh,|1|+1 X Mgfh,|]\+1 — My,

where the broken arrows signify multiply-defined maps which are defined above
using fibre products.

On cohomology, we have ¢;, p. = 2p.0.¢;, and ¢, ;p« = 2p.0+¢;, ; where the
factor of 2 is due to the degree of 7 ramification of p and the isotropy of the orbifold
divisor—see (39) in [31]. Hence

P Ogn = ‘Pi*rrP*(_l)nzg_Han,n = zp*ﬁ*q’f;r(_l)nzg_lﬁﬂg,n
= P12 0 = Og 110
and similarly ¢; |Og, = 77Oy, |11 - 15O, |71+1 which uses
7. (_1)n2g—1+n _ (_1)n2g+n _ (_1)\1\+12h—1+\1\+1(_1)|]|+12g—h—1+\]|+1_

O

Remark 2.11. The construction of Q)¢ , should also follow from the cosection con-
struction in [7] using the moduli space of spin curves with fields

Myn(Z5)? = {(C,8,p) | (C,0) € My, p € H(6)}.

A cosection of the pull-back of Eg, to Mg, (Z5)P is given by p~ since it pairs
well with H!'(6)—we have p=3 € H?((6V)?) while H!(9) = H(w ®6Y)" =
H°((8Y)3)V. Using the cosection p~2 a virtual fundamental class is constructed in
[7] that likely gives rise to Qg ,, € H*~ 42" (M;p:ln, Q). The virtual fundamental
class is constructed away from the zero set of p.
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3. UNIQUENESS

The degree property (I) of Theorem 1, @, , € HAg—4+2n (Mg,n,Q), proven below,
implies the initial value
O =AY, A Q.

n N
It leads leads to uniqueness of intersection numbers /ﬂ Ogn H P H K¢, via
& =1 j=1
a reduction argument, and consequently property (V) of Theorem 1. The proofs
in this section of properties (II), (IIl) and (V) apply for any A # 0. We finish the
section with a rigidity result given by Theorem 2 proving that necessarily A = 3.
We first prove the following lemma which will be needed later.

Lemma 3.1. Properties (i)-(iv) imply that @, # 0 for ¢ > 0 and all n.
Proof. We have ©®1; = a or ©®17 = ay for a # 0 by (i) and (iv). Using the
pull-back property (iii) together with the equality ¢, ¢; = P, 7v*¢; for i < n, we
have ©1, = a,..¢, or O1, = aPiP,..¢h, hence (1 + ¢1)O1, = ayqP7...¢, and
fﬂgn (14 ¢1)O1,, = a(n — 1)!/24, proving ©1 ,, # 0.

Now we proceed by induction on g. For the base case of g = 1, we have @1, # 0
foralln > 0. Assume Oy, # 0for0 < h < gand all n. For ¢ > 1, let I be the

stable graph consisting of a genus g — 1 vertex attached by a single edge to a genus
1 vertex with n labeled leaves (denoted ordinary leaves in Section 5.0.5). Then by (ii)

4’F®g,n = ®g—l,l X ®1,n+1
which is non-zero since ©¢ 11 # 0 by the inductive hypothesis and @1, 1 # 0 by
the calculation above. O
Proof of (I). Write

d(g,n) = degree(®y,,)

which exists by (i). Note that the degree here is half the cohomological degree so
Ogn € HX8M (Mg, Q). Using (ii), ¢5, 01 = Og_1,442 implies that

d(g,n)=d(g—1,n+2)
since ®;_1,,42 # 0 by Lemma 3.1. Hence d(g,n) = f(2¢ — 2+ n) is a function

of 2¢ — 2 4 n. Similarly, using (ii), 4’;;,_1@2," = Op1141 ® Og_y,jj41 implies th.at
fla+b) = f(a)+ f(b) = (a+Db)f(1) since O, |41 # 0and O,_, ;11 # 0 again
by Lemma 3.1. Hence

d(gn)=(2¢g—2+n)k
for an integer k. But d(g,n) < 3¢ — 3+ n implies k < 1. When k = 0, this gives
deg®,,, = 0 which contradicts (iii) together with Lemma 3.1 hence k = 1 and
deg @, =2 —2+n. O

Proof of (I). This is an immediate consequence of (I) since
deg®p,=n—-2>n—-3= dimﬂo,,1

hence ®y, = 0. For any stable graph I with a genus 0 vertex, Remark 1.1 gives
PrOgn = Or = [Toev(r) TO4(0),n(v) = 0 since the genus 0 vertex contributes a
factor of 0 to the product. g
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Proof of (Il). Property (iii) implies that
n
Ogn=[]¢:i 70y
i=1

where 71 : Mg, — My is the forgetful map. Since m*w € H*(My,, Q) for
any class w € H*(Mg, Q) and clearly [T/ ¢; € H*(M,,,, Q)" we have O, €
H*(Mg,n,Q)5" as required. O

The proof of (V) follows from the special case of the intersection of O , with a
polynomial in x and ¢ classes.

Proposition 3.2. For any Oy, satisfying properties (i) - (iii), the intersection numbers

n N
9) __ ®g,n 1—{ lP;ﬂ] q Kéj
i= j=

Mgn
are uniquely determined from the initial condition ®11 = Ay for A € Q.

Proof. For n > 0, we will push forward the integral (9) via the forgetful map
s Mg,n — Mg,n_l as follows. Consider first the case when there are no x classes.
The presence of ¢, in g, = Py - T Oy ;1 gives

O¢nthp = Ogut™ Py, k<n
since PP = P70 Py for k < n. Hence

n n—1

m; m; 1

[ el Tu = [ (@ [To" )y
i=1

Mgn i=1 Mg
n—1 1 n—1
_ * mi\ omy+1 {0 _ m;
= | Tty 7T (@g,n—l H lpl‘ 1) n = \/‘7 @g,n—l H l/Ji len
Mg i1 Mg i=1

so we have reduced an intersection number over Mg , to an intersection number

over Mg, 1. In the presence of « classes, replace Ky, by Ky = Ky, + ¢,/ and
repeat the push-forward as above on all summands. By induction, we see that for
g>1

. n N .
/ﬂ ®g,n 1_[1/’:”Z HK(], = /m @g . p(Kl,Kz, e K3g,3)
S Mgn i=1 =1 I Mg
i.e. the intersection number (9) reduces to an intersection number over ﬂg of Og
times a polynomial in the x classes. When ¢ = 1, the right hand side is instead
fﬂu ©,1 - p for p € Q a constant.

For g > 1,by (I) deg ®; = 2¢ — 2, so we may assume the polynomial p consists
only of terms of homogeneous degree ¢ — 1 (where degx, = r). But by a result
of Faber and Pandharipande [24, Proposition 2], which strengthens Looijenga’s
theorem [39], a homogeneous degree ¢ — 1 monomial in the x classes is equal in
the tautological ring to the sum of boundary terms, i.e. the sum of push-forwards
of polynomials in i and x classes by the the maps (¢r)«. Such relations arise from
Pixton’s relations and are described algorithmically in [11]. Now property (ii) of
Oy, shows that the pull-back of @ to these boundary terms is @, ,,» for ¢’ < g so
we have expressed (9) as a sum of integrals of @, ,, against i and « classes. By
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induction, one can reduce to the integral fmll 01 = % and the proposition is
proven. , g

A consequence of Proposition 3.2 is property (V) of Theorem 1 stated as Corol-
lary 3.3 below. Let us first recall the definition of tautological classes in H* (Mg, Q).
Dual to any point (C, p1, ..., pn) € Mgy is its stable graph I with vertices V(')
representing irreducible components of C, internal edges representing nodal singu-
larities and a (labeled) external edge for each p;. Each vertex is labeled by a genus
¢(v) and has valency n(v). The genus of a stable graph is g(T) = by (T) +) _ g

veV(T

The strata algebra S, is a finite-dimensional vector space over Q w1th ba51s
given by isomorphism classes of pairs (I', w), for I a stable graph of genus ¢ with n
external edges and w € H*(Mr, Q) a product of x and ¢ classes in each ﬂg(v)m(v)
for each vertex v € V(TI'). There is a natural map

q:Segn — H* (Mg,n/Q)
defined by the push-forward ¢(I',w) = ¢fi(w) € H*(My,, Q). The map g al-
lows one to define a multiplication on S, ,, essentially coming from intersec-

tion theory in Mg, which can be described purely graphically. The image

q(Sgn) C H* (Mg, Q) is the tautological ring RH* (M, ,) and an element of the
kernel of g is a tautological relation. See [48, Section 0.3] for a detailed description
of S¢ .

Corollary 3.3. For all 1 € RH*(Mgu), /ﬂ@wﬂy € Q is uniquely determined by
gn
properties (i) - (iii) and (IV).

Proof. The tautological ring RH*(M,,,) consists of polynomials in the classes «;,
; and boundary classes, which are pushforwards under (¢r ). of polynomials in ;
and ;. By the natural restriction property (ii) satisfied by ®¢ ,, given a monomial

in x and ¢ classes w € H*(Mr,Q),

O - *w:/ (@ -w:/ Or - w
o Oun (0)e(@) = [ 01 (@gn) 0= [ 0w = i T
The final term is a product over the vertices of I" of intersections ® classes with
monomials in k and ¢ classes w(v) = [; ’ Oy (0),n(0) -H?:(ﬁ) Py ({4, x;}) which
by Proposition 3.2 are uniquely determined by (i) - (iii) and (IV). [l

Remark 3.4. The intersection numbers [ Mo O¢n i1y 1,01 H] 1K¢; can be calcu-

lated algorithmically from the intersection numbers f Mg O¢n ITiL l[Jm' with no x

classes. This essentially reverses the reduction shown in the proof of Proposition 3.2.
Explicitly, for 7 : M gn+N — M gnand m = (my,...,my) define a polynomial in «
classes by

+1 +1
R (11, %2, ...) = 7T (BL’ZZ}A SN )

so, for example, R( = Ky Kmy + Kmy+m,- Then

my,1m;)

(10) @g,n -Rm = ®g,n 7Ty (lpzn_:_irllp::lr;l) = Tl (n*®g/” ’ lp:’mj{ll[];’lﬂ;}l)
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= Tlx (®g,n+N ) lpZillp;T—fN)
The polynomials R (%1, k2, ...) generate all polynomials in the «; so (10) can be used

to remove any « class.

The following example demonstrates Proposition 3.2 with an explicit genus 2
relation.

Example 3.5. A genus two relation proven by Mumford [42, equation (8.5)], relating x4
and the divisors defined by the double covers My, x My, — My, and My, — M,
in My, labeled by stable graphs T; is given by

7 1
K1 — g[Mr]] - g[Mrz] =0
which induces the relation

7 1
O -k — 392 - [Mr,] =

Property (ii) of g, yields

" ~ 1
[ @, M :/ *@:/7@./7@.7
./Mz 2+ [Mr,] s, ¢r, ©2 i, O e, OV )]
1
@, - [M :/ ) :/ Oy
/mz 2 M) Mr, #r;O2 M 2 [Aut(T>)|

hence the relation on the level of intersection numbers is given by

7 1 1 1
[ @, -« _,./7 &) ./7 O ———— = | @y ——— =0,
f, @75 My I A5 S, [Aut(T)]
We have [ ©11 = &= S, ©12 from (iii), and |Aut(T1)| =2 = |Aut(I’5)|. Hence

7 1 1 1
Jo, @1 =5 e, @0 fr, O G 5 o, @2 )
_7_<A>2_1+1_ A1 7224 24)
5 \24 2 5 24 2 5760
Until now ©1; = Ay for any non-zero A € Q. The following theorem proves
the rigidity condition (IV) that A = 3. The proof of the theorem relies on the fact

that for low genus and small 1, the cohomology is tautological. This allows us to
work in the tautological ring in order to construct Oy, from properties (i) - (iv).

Theorem 2. Let ©g, € H *(Mg,n,Q) satisfy (i) - (iv) and set the initial condition to be
Q11 = Ay #0. Then A = 3.

Proof. The existence proof in Section 2 shows that A = 3 is possible but it does not
exclude other values. The strategy of proof of this theorem is to attempt to construct
classes, beginning with the initial condition ®;; = Ay;. Importantly, condition
(iii) determines @y ;, for all n > 0 uniquely from ®, so the main calculation occurs
over M. We consider classes in RH%® _z(ﬂg) since for small values of g it is
known that H* (M), = RH*(My). The essential idea is as follows. A class
O, € H23_2(ﬂg, Q) pulls back under boundary maps to @¢ 15 and ¢ 1,1 ® O11.
The relationship
Qg 12 =127 Oy 11
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constrains the class ®;. We find that ®; exists (and hence also O, exists for all
n) for all A € Q, but that ®3 (and ®3 ;) exists only for A = 3 or A = —11/15. The
existence of ®, constrains A further, allowing only A = 3.

g = 1. From ©;; = Ay, condition (iii) yields

O1 = AP1o... Py
since Pnyp; = Pp7r*P; forany j < n.

g = 2. The cohomology group H*(M>, Q) has basis {K%, k2 }. Set©@y = ﬂllK% ~+ asxp
and deduce a7 and ap from restriction to M, C M, for i = 1,2 defined in
Example 3.5. Since x; - Mr, = 0 we deduce that a;; = %)\2 and restriction to Mr,
then uniquely determines

0 = 3A%KT + (A — 3A%)Ks.

Commutativity of the boundary maps with the forgetful map shown in the dia-
grams below implies that the classes @, ,, = ¥1...¢,, 77" O, restrict consistently to the
boundary to give the correct genus 1 classes ©, ,, for all A € Q.

Vi ¢i — Vi - Pn,1 —
Mgfl,nJrZ — Mg,n Mh,\IH-l x Mg—h,|]|+l I Mg,n
mg—l,z &) ﬂg ﬂ11,1 X ﬂgfh,l ﬂ) ﬂg

g = 3. In genus 3, H**(M3,Q) = RH*(M3) due to the calculation of the co-
homology H*(M3;,Q), for example by using the calculation of H*(M31,Q) in
[28], together with the calculation of the tautological ring RH* (M3, Q) via Pix-
ton’s relations [48] implemented using the Sage package admcycles [12]. We have
dim RH* (M3,Q) = 7 and we write @3 as a general linear combination of basis
vectors in RH*(M3):

4 2 2
O3 = a1111K] + A112K7K2 + A13K1K3 + Ak + asky + b1 By + by By

where B; € RH*(M3) are given by B; = O—® and B, = O—®. The

following pull-back map is injective
RH*(Mj3) — RH* (M) @ RH? (Mp1) ® RH! (M)

(which implies that the map from RH*(M3) to the boundary is injective). The
restriction map

RH*(M3) — RH*(M>)»)

has 2-dimensional kernel and is surjective onto the Sy-invariant part of RH* (Mm).
Hence the condition

Pir:@3 = @2 = 19270 O,
determines @3 up to parameterss, t € Q:

ai =S
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a1 = A+ A2 — 185 + 4t
a3 = —12A — 12A% + 104s — 13t
ap = —BA — BN + 275 — 5t

ag = 3N 4 BBA2 — 4265 + B0t

<
S
|
-

by =2A(3-A)
The pull-back map
RH*(M3) — RH?*(My,) © RH' (My,1)
has three dimensional image, and the condition
$rO3 = O21 © Oy = (Y1777 02) ® (A1)

is a linear system which cannot be satisfied for a general choice of the two parame-
ters s and t defining ©3 for general A, forcing A to satisfy a polynomial relation. We
find that
543 19432 11
a = p A — AT — @A
aip = %/\3 — 12i07/\2 — %)\

_ 403,43 20942 239, _ 3108
a3 = p A A g A =013~ 53 0

ayp = —BIN + TN + BB = ayy + 12Dy
ag = —1P1 + A% 4 68

by = 5A(A—3)(151 +11)

by =2A(3—A).

The expressions for a13 and ay; are consistent only when b; = 0 hence
AA =3)(15A +11) = 0.

g = 4. In genus 4, H*>*(My) = RH*(My) is due to the calculation by Bergstrém
and Tommasi [4] of the Hodge polynomial of M, together with the calculation
of the tautological ring RH* (My) via Pixton’s relations using admcycles [12]. We
choose a general element ®; € RH®(M,) which is a linear combination of basis
vectors for the 32 dimensional space RH®(M,). The pull-back map of RH®(My)
to the boundary can be shown to be injective using admcycles.

The main purpose of the g = 4 calculation is to prove that A = —11 is impossible,
so we substitute A = —% into @3 above to get
_ 2783 .4 110112 59939 16093 2 474287 1232
©3 = §ioo0 1 — T3500X1%2 T T0125X1%5 000 K2 — 3500 K4 — 1125 B2

As in the ¢ = 3 case above we consider the pull-back map
RH®(My) — RH®(M32)

which has a six dimensional kernel. The S,-invariant part of H'?(M3,) is proven
in [3] to be 31 dimensional, and using admcycles it can be shown to be tautological.
The condition ¢}, @4 = O3, = P11 7* O3 produces a system of 31 equations in 32
unknowns. Using admcycles, we find that @3, lies in the image of the pull-back
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map, and constrains @4 to depend linearly on 6 parameters. The pull-back map
composed with projection

RH®(My) = RH*(Ms1) ® RH' (M)
uniquely determines the 6 parameters and finally the resulting class @4 is shown
under pull-back map composed with projection

RH®(My) = RH?>(My;1) @ RH?(My1)
to disagree with ®; 1 ® @ ;. We conclude that A = —11/15 is impossible, leaving

A=3.
]

4. COHOMOLOGICAL FIELD THEORIES

The class ®g,n combines with known enumerative invariants, such as Gromov-
Witten invariants, to give rise to new invariants. More generally, O , pairs with
any cohomological field theory, which is fundamentally related to the moduli space
of curves Mg ,, retaining many of the properties of the cohomological field theory,
and is in particular often calculable.

A cohomological field theory is a pair (H,7) composed of a finite-dimensional
complex vector space H equipped with a symmetric, bilinear, nondegenerate form,
or metric, 77 and a sequence of S,-equivariant maps. Many CohFTs are naturally
defined on H defined over Q, nevertheless we use C in order to relate them to
Frobenius manifolds, and to use normalised canonical coordinates, defined later.

Qgn: H*" — H* (Mg, C)
that satisfy compatibility conditions from inclusion of strata:
Pirr :ﬂgfl,njq — mg,n, (T mh,m_H X mg_,ﬂ”“ — ﬂg,nr IujJ = {1,...,71}
given by
(11) Pirr Qg n (01 ® . @ Vy) = Vg 1,312(01 @ ... ¥V @A)
12) @51 Qg (01 . @ V) = Q1141 © Qg 111 (R0 © A © Q) v))
i€l jel
where A € H® His dual to y € H* ® H*. Whenn = 0, Qg := Qg0 € H* (Mg, C).
There exists a unit vector 11 € H which satisfies
Qo3(L ® 01 ®va) = 1(v1,02).
The CohFT has flat unit if 1 € H is compatible with the forgetful map 7 : ﬂg’n+1 —
Mg by
(13) Qg,n+1(]1 RV Q..Q0v,) = n*Qg,n(vl ® ... ®Vy)
for2g —2+n>0.

For a one-dimensional CohFT, i.e. dimH = 1, identify Q) , with the image
Qgn(19"), so we write Qg € H* (Mg, C). A trivial example of a CohFT is
Qgn =1 € HY(Mg,, C) which is a topological field theory as we now describe.

A two-dimensional topological field theory (TFT) is a vector space H and a
sequence of symmetric linear maps

0, : H*" — C
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for integers ¢ > 0 and n > 0 satisfying the following conditions. The map 08,2 =7

defines a symmetric, bilinear, nondegenerate form 7, and together with 08 5 it
defines a product - on H via

(14) 1(v1+02,03) = Qf 5(v1, 02, 03)
with identity element 1 given by the dual of 08,1 = 1* = 5(1,-). It satisfies

Qg,n+1 (IR0 ®..00v,) = Qg,n(?h ® ... QVy)

and the gluing conditions
O 4(01® .. @) = QF 1 15(01 @ .. ® 0y @A)
0 0 0
Qg,n(vl © .. @ Uﬂ) = le,m-‘rl ® ng,m-‘rl ( ® ViRA® ® ?J])
iel j€]
forg=g1+gpand IU] ={1,..,n}. o
Consider the natural isomorphism H(M,,,) = C. The degree zero part of a
CohFT Qg , is a TFT:
Qo J— J—
Qg’n N H@l’l i’) H*(Mg,n,C) — HO<Mg,n,C)
We often write ()g3 = 08,3 interchangeably. Associated to (g is the product (14)
built from 7 and Q3.

Remark 4.1. The classes Oy, satisfy properties (11) and (12) of a one-dimensional
CohFT. In place of property (13), they satisfy @g 11 (1 ® v1 ® ... ® V) = P11 -
ﬁ*@g,n(vl & ... X Un) and @(]13 =0.

The product defined in (14) is semisimple if it is diagonal H = C $C ® ... @ C, i.e.
there is a canonical basis {uy, ..., un} C H such that u; - u; = J;;u;. The metric is
then necessarily diagonal with respect to the same basis, #(u;, u;) = d;1; for some
n; € C\ {0}, i = 1,.., N. The Givental-Teleman theorem described in Section 5
gives a construction of semisimple CohFTs.

4.1. Cohomological field theories coupled to O ;.

Definition 4.2. For any CohFT Q defined on (H,7) define Q° = {an} to be the
sequence of S,-equivariant maps an : H" — H*(Mg,u, C) given by

an(vl ® .. @) 1= Og - Vg (V1 @ ... @ Vy).

This is essentially the tensor products of CohFTs, albeit involving @, ,. The
tensor products of CohFTs is obtained as above by cup product on H*(M,,,,C),
generalising Gromov-Witten invariants of target products and the Kiinneth formula
H* (X] X Xz) =~ H*X; ® H* X,.

Generalising Remark 4.1, an satisfies properties (11) and (12) of a CohFT on
(H, 7). In place of property (13), it satisfies

01 (1®V © .. ®0y) = Pry1 - TP (01 @ .. D V)
o _
and()or3 =0.



A NEW COHOMOLOGY CLASS ON THE MODULI SPACE OF CURVES 21

Given a CohFT Q) = {Q,,}, or a more general collection of classes such as
Q= {an }, and a basis {ey, ...,en } of H, the partition function of Q) is defined by:

hg*1 L .
(15)  Za(h {tf}) =exp ) - /7 Qe ® .. @ew,) - [T 9} Ht:]{
g,n,E ’ Mg/” j=1
fora; € {1,...,N} and kj € N. FordimH = land Qg =1 € H*(Mg,n,C), its
partition function is Zq (%, {t;}) = ZXW (i, {t;}) which is defined in Section 5.1.
For Qg = Ogn € H* (Mg, C), Za(h, {t}) = Z°(h, {tc}) gives its partition
function. Property (iii) is realised by the following homogeneity property:

) >, 0 1
(16) Z8(h, to, t,...) = Y (20 + V)ti=-ZO (B, to, 11, ...) + 220 (M, to, 1, ...)
ot i ot; 8

proven in the following proposition.

Proposition 4.3. The function Z° (h, to, t1, ...) is homogeneous of degree —% with respect
to{qg=1—tg,t1,t,..} with degq = 1 and degt; = 2i + 1 for i > 0. Equivalently it
satisfies the dilaton equation (16).

Proof. We have

n
ki _
/7 @g,n+1 gl)b] - /ﬂ

Mg,n+1 gn+l

n
k:
T Ogn * Prt1 'Hlpj]
j=1
n . noop
= /7 O - Pri1 ~H7T*IIJ].] = /7 Ogn 'Hlp]'] TPt
Mgt j=1 Mg =1

n
k.
—(2g—2+ / O 10V,
(g I’l) mg,n & j:1¢]

which uses ¢, 11 = Ppy1 - Piforj=1,..,nand . (T'w - Ppy1) = W TPpi1-

In terms of the partition function Z®(h, to, t1,...), this is realised by the equation
(16).

4.1.1. Gromov-Witten invariants. Let X be a projective algebraic variety and consider
(C,x1,...,x,) a connected smooth curve of genus g 7with n distinct marked points.
For B € Hy(X,Z) the moduli space of stable maps My (X, B) is defined by:

Mn(X,B) ={(C,x1,...,x0) = X | m[C] = B}/ ~

where 77 is a morphism from a connected nodal curve C containing distinct points
{x1,...,x,} that avoid the nodes. Any genus zero irreducible component of C with
fewer than three distinguished points (nodal or marked), or genus one irreducible
component of C with no distinguished point, must not be collapsed to a point. We
quotient by isomorphisms of the domain C that fix each x;. The moduli space of
stable maps has irreducible components of different dimensions but it has a virtual
class of dimension

(17) dim[ My (X, B)]V" = (dim X — 3)(1 — g) + (c1(X), B) + n.
Fori =1,...,n there exist evaluation maps:

(18) evi: Mgu(X,B) — X, evi(m) = m(x;)
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and classes y € H*(X, Z) pull back to classes in H* (Mg, (X, B),C)
(19) ev; : H'(X,Z) — H*(Mgu(X,B),C).

The forgetful map p : Mg, (X,p) — M, maps a stable map to its domain
curve followed by contraction of unstable components. The push-forward map
p+ on cohomology defines a CohFT Qx on the even part of the cohomology H =
H®*"(X,C) (and a generalisation of a CohFT on H*(X,C)) equipped with the
symmetric, bilinear, nondegenerate form

n(a,p) = [ wnp.
We have (Qx)gn : HE"(X,C)®" — H* (M, C) defined by

(Ox)gn(ay, .. ZP* (Hev Mg, (X, ﬁ)]wrt> € H*(Mgn/ )-

Note that it is the dependence of p = p(g,n,B) on B (which is suppressed) that
allows (Qx)g,n(a1,...tn) to be composed of different degree terms. The partition
function of the CohFT Q) with respect to a chosen basis e, of HeVeM (X;C) is

1 n . n . o
/7 pe | ] Tevf (ea,) N [Mgn(X, 81" ) T1T lP;(] [T
Mg,n i=1 j=1 /

he™

Zoy (A} = ep
gnk

i, p

It stores ancestor invariants. These are different to descendant invariants which use
in place of ; = c1(Lj), ¥; = c1(£L;) for line bundles £; — M, (X, p) defined
similarly as the cotangent bundle over the ith marked point on the domain curve.

Following Definition 4.2, we define QY by

n —_—
() gn (a1, ottn) = Og - Y s (Hevl’f (aci)) € H* (Mg, C).
B i=1

and
n i} noo o
ZQX (h,{tz}) = expz / Ogn - Ps (Hevi (e,xl,)> .H¢j! Htk]]»‘
o,k i=1 i=1
& p

Let QEB C Ag_1(My,n,C) be the (g — 1)-dimensional Chow class given by the
push-forward of the top Chern class of the bundle E, , defined in Definition 2.1.
The virtual dimension of the pull-back of @gﬁ is

20)  dim { [Mgi(X, )] N p~ (OFR) } = (dim X — 1)(1 = g) + {c1(X), B).

Comparing the dimension formulae (17) and (20) we see that elliptic curves now
take the place of Calabi-Yau 3-folds to give virtual dimension zero moduli spaces,
independent of genus and degree. The invariants of a target curve X are trivial
when the genus of X is greater than 1 and computable when X = P!, [45], produc-
ing results analogous to the usual Gromov-Witten invariants in [46]. For ¢;(X) = 0
and dim X > 1, the invariants vanish for ¢ > 1, while for g = 1 it seems to predict
an invariant associated to maps of elliptic curves to X.



A NEW COHOMOLOGY CLASS ON THE MODULI SPACE OF CURVES 23

4.1.2. Weil-Petersson volumes. A fundamental example of a 1-dimensional CohFT is
given by
Q¢n = exp(27t%ky) € H* (Mg, R).

Its partition function stores Weil-Petersson volumes

_ (am?)¥73m / 3g-3+n
M (3¢ —3+n)! Mo 1

and deformed Weil-Petersson volumes studied by Mirzakhani [40]. Weil-Petersson
volumes of the subvariety of M, , dual to ©,, make sense even before we find
such a subvariety. They are given by

2yg-1
o _ (2m9)8 g1
] /mqn Oan 1
which are calculable since they are given by a translation of ZBSW. If we include
P classes, we get polynomials Vgcj)n(Ll, ..., Ly) which give the deformed volumes
analogous to Mirzakhani’s volumes. In [44, 52] the polynomials V;)n (Ly,...,Ly) are
related to the volume of the moduli space of Super Riemann surfaces.

4.1.3. ELSV formula. Another example of a 1-dimensional CohFT is given by
Qgn=c(EY)=1-A + ..+ (—1)8Ay € H*(My,,C)

where A; = ¢;(E) is the ith Chern class of the Hodge bundle E — M, defined to
have fibres H’(w¢) over a nodal curve C.

Hurwitz [32] studied the problem of connected curves X of genus g covering
P!, branched over r + 1 fixed points {p1, pa, ..., pr, pr+1} With arbitrary profile
i = (1, ..., in) Over p,1. Over the other r branch points one specifies simple rami-
fication, i.e. the partition (2,1,1, ....). The Riemann-Hurwitz formula determines
the number r of simple branch points via2 —2¢ —n = |u| —r.

Definition 4.4. Define the simple Hurwitz number Hg , to be the weighted count
of genus g connected covers of P! with ramification y = (p1, ..., s ) Over co and
simple ramification elsewhere. Each cover 7 is counted with weight 1/|Aut(7)].

Coefficients of the partition function of the CohFT Q) , = c(E") appear naturally
in the ELSV formula [20] which relates the Hurwitz numbers Hg , to the Hodge
classes. The ELSV formula is:

_ (g m! ul / 1= A+t (—1)8A
o |Aut p| i1 Hit S Mg, (1= papr)- (1 = pntpn)

where u = (py,..., 4n) and r(g, u) =29 —2+n+ |u|.
Using an = @ - ¢(E") we can define an analogue of the ELSV formula:

o (2g—2+n+|y)!ﬁy?i/ At (S8 A
st |Aut p| o1 it Mg, o (1= mp1)--(1 = pnpn)

It may be that HSH has an interpretation of enumerating a new type of Hurwitz
covers. Note that it makes sense to set all y; = 0, and in particular there are
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non-trivial primary invariants over Mg, unlike for simple Hurwitz numbers. An
example calculation:

1 111 1 11 1 1
WM 5 s 2 s a s © M T gt om)
4.1.4. The versal deformation space of the A, singularity. The A, singularity has a
two-dimensional versal deformation space M = C2 = {(t,t,)} parametrising the
family
Wi(z) =2° —toz+ 1

that admits a semisimple Frobenius manifold structure. Dubrovin [15] associated a
family of linear systems, defined in (21) below, depending on the canonical coordi-
nates (u1, ..., uy) of any semisimple Frobenius manifold M. This produces a CohFT
042 defined on C? from the A, singularity using Definition 5.2 in Section 5. More
generally, to any point of a Frobenius manifold one can associate a cohomological
field theory and conversely the genus zero part of a cohomological field theory
defines a Frobenius manifold [15].

Recall that a Frobenius manifold is a complex manifold M equipped with an
associative product on its tangent bundle compatible with a flat metric—a non-
degenerate symmetric bilinear form—on the manifold. It is encoded by a single
function F(t4, ..., tx), known as the prepotential, that satisfies a nonlinear partial
differential equation known as the Witten-Dijkgraaf-Verlinde-Verlinde equation:

Fijmt™ Feen = Fiomt™" Fikn, - Mij = Fuij
where ﬂiquj =6ij, Fi = a%F, % = 1 corresponds to the flat unit vector field for the
product, and {ty, ..., tx } are (flat) local coordinates on M. The Frobenius manifold

is conformal if it comes equipped with an Euler vector field E which describes
symmetries of the Frobenius manifold, neatly encoded by

E-F(ty,..,tN) = c- F(ty,...,tN) + quadratic polynomial, ¢ € C.

For a semisimple conformal Frobenius manifold, multiplication by the Euler vector
field E produces an endomorphism U with eigenvalues {ujy, ..., uy} known as
canonical coordinates on M. They give rise to vector fields d/du; with respect to
which the metric 77, product - and Euler vector field E are diagonal:

0 0 d Jd 4 d
871871 = 0ij 3 (aul’au]> =6jjAi, E= Z“iaTt,»'

At any point of the Frobenius manifold, the endomorphism U defined by mul-

tiplication by the Euler vector field E, and the endomorphism V = [I, U] where
A, A

I'jj = ;== fori # j are the so-called rotation coefficients of the metric 77 in the
i8
normalised canonical basis, produce the differential equation
d 14
21 ——UuU-—=]Y=0.
@) (dz z >

Choose a solution of (21) of the form Y = R(z~1)e?! and substitute z + z~! to get

0= (L4 5+ L) R = (LRE)+ HIURE)+ IVRE) ) e
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This associates an element R(z) = Y R;zF to each point of the Frobenius manifold.
Teleman [53] defined the endomorphisms Ry of H = T, M recursively from Ry = I
by

(22) [Reir, U] = (k+ V)R, k=0,1,..

It is useful to consider three natural bases of the tangent space H = T,M = CN at
any point p of a semisimple Frobenius manifold. The flat basis {0/0t; } which gives
a constant metric #, the canonical basis {d/du;} which gives a trivial product -,
and the normalised canonical basis {v;}, for v; = A;l/ 29/ du;, which gives a trivial
metric . (A different choice of square root of A; would simply give a different
choice of normalised canonical basis.) The transition matrix ¥ from flat coordinates
to normalised canonical coordinates sends the metric # to the dot product, i.e.
YT¥ = 5. The topological field theory structure on H induced from 7 and - is
diagonal in the normalised canonical basis. It is given by

; 1—g—ln
Qg,n(vi@n) = Ai :

and vanishes on mixed products of v; and v}, i # j. In the normalised canonical
basis, the unit vector is given by

1 1
1=(A2,..,A%)

hence it uniquely determines the topological field theory. We find the normalised
canonical basis most useful for comparisons with topological recursion—see Sec-
tion 5.2.1.

The Frobenius manifold structure on the versal deformation space M of the A,
singularity was constructed in [15, 49]. The product on tangent spaces of the family
Wi(z) = 28 — toz + 11 is induced from the isomorphism

T:M = Clz]/W|(z)

o
oty

d 9 oJ Jd 9 90 9 o0 1 9

9 ah  ah’ oh o, ok o oh 3 an

The metric is given by

given by % > W; = (—z)*1 producing

1(p(2),q(2)) = =3 Res p(zv\)]?((j))dz'

With respect to the basis {%, %} it is constant hence flat:

=(1 )

The Frobenius manifold structure on M is conformal. The unit and Euler vector
fields are 1 = % and E = tla% + %tza%, which correspond respectively to the
images of 1 and W;(z) in Cz]/W/(z).
The prepotential is produced via 77;; = Fy;; and 17(d/0t;-9/9t;,0/0t) = Fyjx
1 4

1
E(ty,tr) = Et%tz + oot



26 PAUL NORBURY
and satisfies E - F(t;,t,) = §F(t1, t,). The canonical coordinates are

2 2
up =t + 71’;/2, Uy =t — 71’3/2.

33 3vV3

. . . . - —iv3 _
In the normalised canonical basis, the rotation coefficients I'; = T\ftz 2_r 21
. N -1 . .
giveriseto V = [, U] = #tz 3/2 ( (1) 0 ) . In canonical coordinates we have

AT B 2i 0 1
(23) U—(o u2>’ V‘3(ul—uz><—1 0>'

) 1/2
The metric 7 applied to the vector fields B%i =1 <aat1 — (1) (%) a‘l) is

7 (a%i, a%]) = 0;jA; where Ay = @t;l/z = —Aj. Restrict to the point of M
with coordinates (uq,uy) = (2, —2), or equivalently (t,t;) = (0,3). Then Ay =
1/2 = —A, determines the TFT and

/2 0 10
u‘(o-z)’ V_6<—i0)

determines R(z) € L&)GL(2,C) and T(z) € z2C?|[z]] via (22) to get:

B (6m)! -1 (=1)™6mi z \M
@Y R() =L =) Gmyi@n) \ —6mi (—1)m-! (72)
1 1
T(z) =z(1-R'(z)(1), 1=—( . ).
@ ==-r @), 1= (] )
The triple (R(z), T(z),1) € L@ GL(N,C) x z2CN[[z]] x CN in (24) produces
the cohomological field theory Q42 associated to the A singularity at the point
(t1,t2) = (0,3) via Definition 5.2 in the next section.

Remark 4.5. The matrix R(z) defined in (24)—which uses the normalised canonical
basis for H so that 7 is the dot product—is related to the matrix R(z) in [48] by
conjugation by the transition matrix ¥ from flat coordinates to normalised canonical
coordinates

m)! 14+6m N
k@ = oo (o 9 (Y o) ()

(1)

5. GIVENTAL CONSTRUCTION OF COHOMOLOGICAL FIELD THEORIES.

for

Givental produced a construction of partition functions of cohomological field
theories in [29]. He defined an action of the twisted loop group, and elements
of z2CN|[z]] known as translations, on partition functions of cohomological field
theories and used this to build partition functions of semisimple cohomological field
theories out of the basic building block ZXW (7, ty, t1, ...) combined with the vector
1 € CN which represents the topological field theory. This action was interpreted
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as an action on the actual cohomology classes in H* (M, C) independently, by
Katzarkov-Kontsevich-Pantev, Kazarian and Teleman—see [48, 50].

The Givental action is defined on more general sequences of cohomology classes
in H*(M,,,,C) such as the collection of classes Og, or an defined from any
CohFT Q)¢ , in Definition 4.2. If ()¢ , is semisimple the classes an can be obtained
by applying Givental’s action to the collection @y ;.

5.0.5. The twisted loop group action. The loop group LGL(N,C) is the group of
formal series

R(z) = Y Rz
k=0

where Ry are N x N matrices and Ry € GL(N, C). Define the twisted loop group
L®GL(N,C) c LGL(N, C) to be the subgroup of elements satisfying Ry = I and
R(z)R(—2z)T =1
Elements of L& GL(N,C) naturally arise out of solutions to the linear system
(21) given by (£ — U — Y)Y = 0 where Y(z) € CN, U = diag(uy, ..., uy) for u;
distinct and V is skew symmetric. One can choose a solution of (21) which behaves
asymptotically for z — oo as
Y(z) = R(z e, R(z) =1+ Ryz+ Rpz> + ...
This defines a power series R(z) with coefficients given by N x N matrices which
is easily shown to satisfy R(z)RT(—z) = I, hence R(z) € L@ GL(N,C).
Givental [29] constructed an action on CohFTs using a triple
(R(z), T(z),1) € LYGL(N,C) x 22CN[[z]] x CN
as follows. For a given stable graph I of genus g and with n external edges we have
¢r: Mr = H ﬂg(v),n(v) — ﬂg,n-
veV(T)
Given (R(z),T(z),1) € LAGL(N,C) x z2CN[[z]] x CV, Givental’s action is de-
fined via weighted sums over stable graphs. For R(z) € L2)GL(N, C), define
I— Rfl Rfl T o
(Z) (w) — Z Sijw’z]

E(z,w) =
Gw) z+tw ij>0

which has the power series expansion on the right since R~!(z) is also an element of
the twisted loop group so the numerator I — R~!(z)R~!(w)” vanishes at w = —z.

Definition 5.1. For a stable graph I' denote by
v(r), ET), HT), LT)=L"(T)uLr)

its set of vertices, edges, half-edges and leaves. The disjoint splitting of L(T') into
ordinary leaves L* and dilaton leaves L® is part of the structure on I'. The set
of half-edges consists of leaves and oriented edges so there is an injective map
L(T) — H(T) and a multiply-defined map E(I') — H(T) denoted by E(I') >
e — {eT,e”} C H(T). The map sending a half-edge to its vertex is given by
v:H(T) — V(I'). Decorate I by functions:

g:V(I) =N
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a: V() = {1,.,N}
p:L*T) S {1,2,..,n}

k:H(I)— N
such that k|pe(r) > 1and n = [L*(T)|. We write g, = g(v) ay = (), ap = a(v(l)),
pe = p(0), kg = k(£). The genus of T'is g(I') = by(T) + ) _ g(v). We say T is stable

veV(T)
if any vertex labeled by ¢ = 0 is of valency > 3 and there are no isolated vertices
labeled by g = 1. We write 1, for the valency of the vertex v. Define Gg,n to be the
finite set of all stable, connected, genus g, decorated graphs with n ordinary leaves
and at most 3¢ — 3 + n dilaton leaves.

Definition 5.2 ([48, 50]). Givena CohFT (0’ = {(); ,} and

(R(z), T(z)) € LAGL(N,C) x 22CN|[2]]
defineR-T-O) =Q = Qg n } by a weighted sum over stable graphs,

(25) Qgu:i= Y, |Aut( |(pr T [ Jw() [ TJwle) [ Jw(?) € H (Mg, C)

TG 0eV(T) ecE(l) (eL(T)

where 77 is the map that forgets dilaton leaves. Weights are defined as follows:
(i) Vertex weight: w(v) = QY 2(0), 1 at each vertex v;
(ii) Edge weight: w(e) = E(,, ) at each edge ¢;
. R‘l(t,b ) ateach ordinary leaf ¢ € L*
. _ p(0) y
(iff) Leaf weight: w(f) { T($p(e)) at each dilaton leaf ¢ € L°.

We consider only the even part of H*(M,,,, C) so (25) is independent of the
order in which we take the product of cohomology classes. If {Q); ,} is a CohFT
defined on (C,7) for H 2 CV, then the classes {Qg,} in (25) satisfy the same
restriction conditions and hence define a CohFT on (C, 1) with the same degree
zero, or topological field theory, terms as those of (Y'. If we choose T(z) = 0, then
the sum in (25), which is over stable graphs without dilaton leaves, defines the
action of the twisted loop group on CohFTs. If we choose R(z) = I, then (25) is a
graphical realisation of the translation action of T(z) € z>H[[z]] on a CohFT O,
defined by:

(T- Y )gn(01®..@vy) = ) %”*Qé,nm(vl ®.Q@0n @ T(Pnt1) @ .. @ T(Pptm))
m>0 """

where 77 : MMHH — ﬂg,n is the forgetful map. The sum over m € IN defining
(T - Q) g is finite since T(z) € z2H([[z]], so dim Mgy = 3¢ — 3 + 1 + m grows
more slowly in m than the degree 2m coming from T resulting in at most 3g — 3 + n
terms. We can relax this condition and allow T(z) € zH[[z]] if we control the
growth of the degrees of all terms of ) ,, in 7 to ensure T(z) produces a finite sum.
In particular, @ ,;, and more generally Q ), for any CohFT Qg - 1s annihilated by
terms of degree > ¢ — 1 hence the sum defmmg (TQY)g,n consists of at most g — 1
terms when T(z) € zH[[z]].

The tensor product Q — QP given in Definition 4.2 commutes with the action
of R and commutes with the action of T up to rescaling. For a CohFT (), and
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R(z) € LAGL(N,C) and T(z) € zCN[[z]]
(26) (R-0)°=R-0° (=zT)-Q0°=T-0°.

The first relation in (26) uses the restriction properties (ii) of @, and the second of
these uses the forgetful property (iii) of @, as follows:

n m
70402 gn+m <® ;@ ® T (i > = Qg ntm <® 0 ® ® T(‘/’n-s—i)@g,n-s-m)
i=1

i=1 i=1

—@g,nn* g, n+m <® 0; ®®T l/Jn+z Hlpn+z>

i=1 i=1

=Og,n 7T Qg n4-m <® ;i @ ® 1/’n+iT(1/’n+i)>

i=1 i=1
and sum over m to get T - QO = (zT) - Q°.

The Givental-Teleman theorem [29, 53] proves that the action defined in Defi-
nition 5.2 is transitive on semisimple CohFTs. In particular, a semisimple CohFT
defined on a vector space of dimension N can be constructed via the Givental action
on N copies of the trivial CohFT. Given a semisimple CohFT (), there exists

(R(z),T(z),1) € LD GL(N,C) x 22CN[[z]] x CN
such that Q) , is defined by the weighted sum over graphs (25) using R(z), T(z)

and Q) , given by the topological field theory underlying Qg . Note that a semi-
simple topological field theory of dimension N is equivalent to 1 € CN which gives
the unit vector in terms of a basis in which the product is diagonal and the metric #
is the dot product, known as a normalised canonical basis.

On the level of partition functions, the construction of a semisimple CohFT from
the trivial CohFT is realised via an action of quantised differential operators R and
T on products of ZKW (h, to, t1,-..), a KAV tau function defined in the next section.

Definition 5.3. For R(z)=exp()_ r;z")e LPIGL(N,C), T(z) =Y T¢zke zCV[[2]],
>0 k>0

N ad - « 0 e m >
R:= exp{ZZ(Z(rk)ﬁtf%+2 (1) +1(ﬁ)ﬁw)}

{—m—1
. UL s 0
T:= — .
eXp Z Z Tk atﬂt
x=1k>0 k
The partition function of (25) is given in [19, 29, 50] by the following formula:

27) Za(m {}) =R-T-1-Z%V(n,{#}) ~~~ZKW<h 1))

:exp{ZFzg*1 ) Hw [T@() Hw

8 FeGy, |Aut ecE(T) LeL(T

The operator 1 rescales the variables A - ZKW (1, {ti‘}) = ZKW((]l”‘)zh, {n*eg}).
Vertex weights @(v) store products of ZXW corresponding to the partition function
of a topological field theory, edge weights @ (e) store coefficients of the series £(w, z),
and leaf weights (/) store the variables t} in a series weighted by coefficients of
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the series R~!(—z). We do not give explicit formulae for the weights, see [19, 29, 50],
and instead use an equivalent elegant formulation given by topological recursion,
defined in Section 5.2.

A consequence of the relations (26) is the following proposition which modifies
the construction of a semisimple CohFT Q) to produce Q°.

Proposition 5.4. Given a semisimple CohFT Q) defined via (25) using
(R(z),T(z),1) € LAGL(N,C) x 22CN[[z]] x CN
then the collection of classes Q° is defined via (25) using

(R(2), %T(z),]l) € LAGL(N,C) x zCVN[[z]] x €N

and
Qgg,n — @g,n ® Q‘(gon . H®n N H4g74+2n (mg’mc)

for Qg,),% the degree 0 part of Qg , determined by the vector 1 € CN. Its partition function

Zeyo (R, {t}}) is obtained by replacing each copy of ZKW(h, {t}) in (27) by a copy of
Z®(h, {ty}) and shifting the operator T.

5.1. KdV tau functions. The KdV hierarchy is a sequence of partial differential
equations beginning with the KdV equation.

h
(28) utl = llllto + Eutototo, U(to,o, 0, ) = f(f()).

A tau function Z(fg, t1,...) of the KAV hierarchy (equivalently the KP hierarchy in
odd times pyy 11 = tn/(2m + 1)!!) gives rise to a solution U = hz?TZZ log Z of the
0
KdV hierarchy. The first equation in the hierarchy is the KdV equation (28), and
later equations Uy, = Pe(U, Uy, Uyyty, -.-) for k > 1 determine U uniquely from
U(tp,0,0,...). See [41] for the full definition.
The Kontsevich-Witten tau function ZXW is defined by the initial condition

UW(t,0,0,...) = to for USW = h% log ZXW. The low genus terms of log ZXW are
3! 3! 4!
Theorem 3 (Witten-Kontsevich 1992 [36, 55]).
11 L
ZKW<h/ tO/ t]/"') = exp Zhg 1? Z /— Hlp;nltmi
&m " keNn

Mgn j=1

t
)t

KW _ 41
log 2" (h, to, t1,...) = h*( >4

is a tau function of the KAV hierarchy.

The Brézin-Gross-Witten solution UBCW = hg—; log ZBSW of the KAV hierarchy

arises out of a unitary matrix model studied in [6, 30]. It is defined by the initial

condition
h

8(1—t9)*
ZBGW

uPSW(ty,0,0,...) =

The low genus g terms (= coefficient of 18 1y of log are
t 5 15 ty
f
3 024 (T = k)P

1 3
BGW _ _ -~ _ s
(29) logZ =-3 log(1—ty) + h128 A=t
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8" 16
It satisfies the homogeneity property

[e)

d d 1
JZBGW(FL to, t1, ) 2(21 + 1) Zat ZBGW(h to, t1, -- ) + gZBGW(h, to, fl,...)
0 i=0

which coincides with (16) satisfied by Z€ (1, ty, t1, ...). A proof of this homogeneity
property for ZBSW can be found in [2, 14].

The tau function ZBSW (1, o, t1, ...) shares many properties of the famous Kont-
sevich-Witten tau function ZXW (1, tg, t1, ...) introduced in [55]. An analogue of
Theorem 3 is given by Conjecture 1 which postulates that the function

Z® 0 = € E L l

h,t p

( ’ rtlr ) X n! /./\/l ;
g,n,k &

n
k.
Ogn - 1_{4]]‘] H tkj
]:
coincides with ZBGW (h, to, t1, ...). The tau function Z BGW appears in a generalisation

of Givental’s decomposition of CohFTs in [9].

Definition 5.5. Given a semisimple CohFT () with partition function Zq (%, {} })
constructed as a graphical sum via (27)

Zo(n Atg}) = R-T-3- 25, {t}) - - 25 (n, {1'})
define
zEW (n 1g}) = R-To - 1- 25V (n, {51}) - - 2PV (m, {1})
where Ty = 1T(z).
The same shift Ty = 1T(z) is used by ZBSW (1, {#;}) and Z® (1, {t;}) due to their
common homogeneity property (16). One can also replace only some copies of
ZKW (1, {}) in (27) by copies of ZBSW(h, {t;}) and shift components of T. For

example, in [13] the enumeration of bipartite dessins d’enfant is shown to have
partition function

(30) Z(h, {t8}) = R-T - 7BSW( tk})ZKW(BZFz {4v213})

for R and T determined by the curve xy? + xy + 1 = 0 as described in Section 5.2.

5.2. Topological recursion. Figure 1 summarises the contents of this section.
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Givental construction

R(z) € LAGL(N,C) > Za(h, {tf})
T(z) € z22CN[[z]],1 € CN
topological recursion
5= (C,x,y,B) PO08 > Z5(h, {1})

FIGURE 1. Constructions of CohFT partition functions

The upper horizontal arrow in the figure represents Givental’s construction
of a partition function defined in (27) and Definition 5.2. Topological recursion
is defined in Section 5.2—it produces a partition function from a spectral curve
S = (C, x,y, B) consisting of a Riemann surface C equipped with meromorphic
functions x and y and a bidifferential B. We begin with a description of the left
vertical arrow which represents the construction of an element R(z) € L® GL(N,C)
from (C, x,B) in (31) and T(z) and 1 from (C, x,y) in (37) and (36). We then define
topological recursion in 5.2.1 and state the result of [18], that topological recursion
encodes the graphical construction in (27) and gives equality of partition functions,
represented by the right vertical arrow.

An element of the twisted loop group R(z) € L@)GL(N,C) can be naturally
constructed from a Riemann surface ¥ equipped with a bidifferential B(p1, p2)
on ¥ x ¥ and a meromorphic function x : ¥ — C, for N = the number of zeros
of dx. A basic example is the function x = z? on £ = C which gives rise to the
constant element R(z) = 1 € GL(1,C). More generally, any function x that looks
like this example locally, i.e. x = s? + c for s a local coordinate around a zero of
dxand ¢ € C, gives R(z) = I + Ryz + ... €¢ LAIGL(N, C) which is in some sense a
deformation of I € GL(N,C), or N copies of the basic example.

Definition 5.6. On any compact Riemann surface (X, {.A;}i-1,.,¢) with a choice of
A-cycles, define a fundamental normalised bidifferential of the second kind B(p, p’) to
be a symmetric tensor product of differentials on £ x X, uniquely defined by the
properties that it has a double pole on the diagonal of zero residue, double residue
equal to 1, no further singularities and normalised by || pea; B (p,p)=0i=1,..,g
[27]. On a rational curve, which is sufficient for the examples in this paper, B is the
Cauchy kernel

dz1dzy

Blavzm) =y

The bidifferential B(p, p’) acts as a kernel for producing meromorphic differen-
tials on the Riemann surface ¥ via w(p) = [, A(p')B(p, p’) where A is a function
defined along the contour A C X. Depending on the choice of (A, A), w can be
a differential of the 1st kind (holomorphic), 2nd kind (zero residues) or 3rd kind
(simple poles).
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Definition 5.7. For (X, x), a Riemann surface equipped with a meromorphic func-
tion, define evaluation of any meromorphic differential w at a simple zero P of dx

by

w(P) := Res w(p)
p=P \/2(x(p) = x(P))
where we choose a branch of \/x(p) — x(P) once and for all at P to remove the +1
ambiguity.

A fundamental example of Definition 5.7 required here is B(P, p) which is a
normalised (trivial A-periods) differential of the second kind holomorphic on £\ P
with a double pole at the simple zero P of dx.

In order to produce an element of the twisted loop group, Shramchenko [51]
constructed a solution Y (z) of the linear system (21) using V' = [B, U] for B,p =
B(Pu, Pg) (defined for a # B) given by

" z =x(p)
Y(z)ﬁ:—\/\% rﬁB(P,x,p).e :

The proof in [51] is indirect, showing that Y(z)j- satisfies an associated set of PDEs

in u;, and using the Rauch variational formula to calculate d,, B(Py, p). Instead,
here we work directly with the associated element R(z) of the twisted loop group.

Definition 5.8. Define the asymptotic series in the limit z — 0 by
x(Pg)—x(p)

oy R =~ [ BPup) e

where I'y is a path of steepest descent for —x(p)/z containing x(7Pg).

Note that the asymptotic expansion of the contour integral (31) for z — 0
depends only the intersection of I's with a neighbourhood of p = Pg. When a = §,
the integrand has zero residue at p = Py so we deform I'g to go around P to get
a well-defined integral. Locally, this is the same as defining [, s72 exp(—s?)ds =

—2,/7 by integrating the analytic function z=2 exp(—z?) along the real line in C
deformed to avoid 0.

Lemma 5.9 ([51]). The asymptotic series R(z) defined in (31) satisfies the twisted loop
group condition

(32) R(z)RT(—=z) = Id.
Proof. The proof here is taken from [17]. We have

(33) % Res BP-DB(V',9) B(p.9)B(p’.q) B(p.q)B(p'.9)

= — Res ————————* — Res

iz 1=Pe - dx(q) =r  dx(q) =y dx(q)
_ 4 (B _, (Blpp)
P\ dx(p) P\ dx(p)
where the first equality uses the fact that the only poles of the integrand occur at
{p, p’ ,Po,a =1,...,N }, and the second equality uses the Cauchy formula satisfied
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by the Bergman kernel. Define the Laplace transform of the Bergman kernel by

(ﬁh)

(r) _x(p)
Z1 n

E’“’ﬁ(ZLZz)

27'(, /7122 /,X /r/j (p.p
The Laplace transform of the LHS of (33) is

(ﬁh)

/ / Z2 R es w
2n\/z172 LTy = 1q P, dx(q)
x(Py) | *(Pp)

e 22

x(p)
=Y ——— [ ¢ = B(pP / e
7;1 2my\/z1z2  Jr, (P Py) Ty

[R71(z1)]] [Rfl(zz)]g
2127 '

W)
2 B(p', Py)

-y

r=1

Since the Laplace transform satisfies . /1_ ) d (;(;((}; ))> e_y = % /1_ a w(p)e_@ for

any differential w(p), by integration by parts, then the Laplace transform of the
RHS of (33) is

(

e b (o (522)  (3)
= (1 + 1) B (z1,27).

21 Zn

Putting the two sides together yields the following result due to Eynard [21]
_ k
Z 1 [R74(z1)]] [R 1(22)]5

z1 + 22

(34) BYP(z1,2) =

Equation (32) is an immediate consequence of (34) and the finiteness of B*f(z1,z)
atzp = —z;. O

5.2.1. Topological recursion. Topological recursion is a procedure which takes as
input a spectral curve, defined below, and produces a collection of symmetric tensor
products of meromorphic 1-forms wy,, on C". The correlators store enumerative
information in different ways. Periods of the correlators store top intersection
numbers of tautological classes in the moduli space of stable curves Mg,n and local
expansions of the correlators can serve as generating functions for enumerative
problems.

A spectral curve S = (C, x,y, B) is a Riemann surface C equipped with two
meromorphic functions x,y : C — C and a bidifferential B(p1, p2) defined in (5.6),
which is the Cauchy kernel in this paper. Topological recursion, as developed by
Chekhov, Eynard, Orantin [8, 22], is a procedure that produces from a spectral
curve S = (C,x,y, B) a symmetric tensor product of meromorphic 1-forms wyg
on C" for integers ¢ > 0 and n > 1, which we refer to as correlation differentials or
correlators. The correlation differentials wg , are defined by

wo1(p1) = —y(p1)dx(p1)  and  woa(p1,p2) = B(p1,p2)
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and for 2g — 2 4+ n > 0 they are defined recursively via the following equation.

wen(p1, PL)InggK(Plr P)|wg—1,041(p P PL)FY_Wey 11131 (P, P1) Wey 5141 (P PT)
dx(a)=0 gll Jurfiig

Here, we use the notation L = {2,3,...,n} and p; = {pi,pi,,---,pi,} for I =
{i1,13,...,ir}. The outer summation is over the zeroes a of dx and p — p is the
involution defined locally near « satisfying x(p) = x(p) and p # p. The symbol
o over the inner summation means that we exclude any term that involves wy ;.
Finally, the recursion kernel is given by

B 1 flf wO,Z(plf )
K(pip) =—3 y(p) —y(p)]dx(p)’

which is well-defined in the vicinity of each zero of dx. It acts on differentials in
p and produces differentials in p; since the quotient of a differential in p by the
differential dx(p) is a meromorphic function. For 2¢ —2 +n > 0, each wy,, is a
symmetric tensor product of meromorphic 1-forms on C" with residueless poles at
the zeros of dx and holomorphic elsewhere. A zero a of dx is regular, respectively
irregular, if y is regular, respectively has a simple pole, at a. A spectral curve is
irregular if it contains an irregular zero of dx. The order of the pole in each variable
of wy,, at a regular, respectively irregular, zero of dx is 6 — 4 + 2n, respectively 2g.
Define ®(p) up to an additive constant by d®(p) = y(p)dx(p). For2g—2+n >0,
the invariants satisfy the dilaton equation [22]

2 I;}:eo% @(p) ‘Ug,n+l(l7r p1, -, Pn) = (28 —2+n) wg,n(Plr-~-/Pn)r

where the sum is over the zeros « of dx. This enables the definition of the so-called
symplectic invariants
Fg =) Res (p)wg1 (p)-
o

The correlators wy,, are normalised differentials of the second kind in each variable
since they have zero A-periods, and poles only at the zeros P, of dx of zero residue.
Their principal parts are skew-invariant under the local involution p +— p. A basis
of such normalised differentials of the second kind is constructed from x and B in
the following definition.

Definition 5.10. For a Riemann surface C equipped with a meromorphic function
x : C — C and bidifferential B(p;, p2) define the auxiliary differentials on C as
follows. For each zero P, of dx, define

V!X
35 VE(p) = B(Pup), V& (p) =—d (d’;((;’))) Ja=1,.,N, k=0,1,2,..

where evaluation B(P,, p) at P, is given in Definition 5.7.

The correlators wg,, are polynomials in the auxiliary differentials Vi*(p). To

any spectral curve S, one can define a partition function Z° by assembling the
polynomials built out of the correlators wg , [18, 21, 47].
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Definition 5.11.
!
S S
Z°(h, {uf}) == exp) T Wen
& Vi (pi) =ug

As usual define Fg to be the contribution from wyg,

log Z° (n, {u}) = Zohg*FgS({ui‘})-
82

5.2.2. From topological recursion to Givental’s construction. The input data for Given-
tal’s construction is a triple (R(z), T(z),1) € L@ GL(N,C) x z22CN[[z]] x CV. Its
output is a CohFT (), and its partition function Zq (%, {t{}). The input data for
topological recursion is a spectral curve S = (C, x,y, B). Its output is the correlators
wg,n which can be assembled into a partition function Z° (7, {t*}).

From a compact spectral curve define a triple

S=(C,x,y,B) = (R(z),T(z),1) € LAGL(N,C) x zCN[[z]] x CN

by

(C,x,B) — R(z) € LAGL(N,C)
via (31),

; dy(Pa), Py regular

T __
(36) = { (ydx)(Ps), Py irregular
which is the unit in normalised canonical coordinates, and

x(Pa)—x(p)
2 (11"‘ _ Zlnz frm dy(p) .e z ) , P regular

x(Pa)—x(p) .
1" - \/215 Jr y(p)dx(p) e = 5 P irregular

@7  T()* = {

Note that

lim d -e z =
lim —o— | v (p)

which defines 11, hence the right hand side of (37) lives in z2CN[[z]], respectively
zCN[[z]], when P, is regular, respectively irregular. When Q) is a CohFT with flat
unit—see (13) in Section 4—given by 1 € CV, then 1 determines the translation
via T(z) = z (1 — R}(2)1) € z2CN[[z]]. In this special case y satisfies

1 x(Pa)—x(p) dy(’Pa), Pa regular
(ydx)(Px), Pairregular

X(Pa)=x(p)

N
I O v R

which uniquely determines y from its first order data {dy(P,)} at each P,.

The map (C, x,y, B) — (R(z), T(z), 1) produces the left vertical arrow in Figure 1
and its generalisation to irregular spectral curves, i.e. a correspondence between the
input data, and via the graphical construction (27) this produces the same output
Za(h, {t5}) = Z5(h, {t*}) which is the main result of [18] stated in the following
theorem.
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Theorem 4 ([18]). Given a CohFT Q) built from
R(z) € LDGL(N,C), T(z) € 22CN[[z]], 1ecCVN
via Definition 5.2, there exists a local spectral curve
S=(C,x,y,B) — (R(z),T(z),1)

on which x and B correspond to R(z) via Definition 5.8 and y corresponds to T(z) and 1
via (37) and (36), giving the partition function of the CohFT

Za(h {t}) = Z°(n, {13}).

In general, the spectral curve S in Theorem 4 is a local spectral curve which is a
collection of disks neighbourhoods of zeros of dx on which B and y are define locally,
although we only consider compact spectral curves S in this paper. Theorem 4 was
proven only in the case T(z) = z (1 — R71(z)1) in [18] but it has been generalised
to allow any T(z) € z2CN|[[z]]—see [9, 38]. We will use the converse of Theorem 4
proven in [17], beginning instead from S. Theorem 4 was also generalised in [9]
to show that the operators ¥, R and T acting on copies of ZBSW analogous to (27)
arises by applying topological recursion to an irregular spectral curve. Equivalently,
periods of the correlators of an irregular spectral curve store linear combinations
of coefficients of log ZBGW. The appearance of ZBGW is due to its relationship with
topological recursion applied to the curve x = %zz, y= % [14].

5.2.3. Spectral curve examples. We demonstrate Theorem 4 with four key examples
of rational spectral curves equipped with the bidifferential B(p1, p2) given by the
Cauchy kernel. The spectral curves in the Examples 5.12 and 5.13, denoted Sajry and
Sges, have partition functions ZXW and ZBGW respectively. Any spectral curve at
regular, respectively irregular, zeros of dx is locally isomorphic to Sajry, respectively
Spes- A consequence is that the tau functions ZKW and ZBGW are fundamental to
the correlators produced from topological recursion. Moreover, the topological
recursion partition function Z° is constructed via (27), using a product of copies of
ZXW and copies of ZBGW, as in (30), where R and T are obtained from the spectral
curve as described in Section 5.2.2. The third example, given by Theorem 5, brings
together ZXW and Z® and conjecturally ZBW in the limit. Proposition 5.4, which
gives the relationship between the Givental construction of a semisimple CohFT
Q and its associated QOPSW, has an elegant consequence for spectral curves. This
is demonstrated explicitly in the fourth example which shows the relationship
between the spectral curves of a CohFT ()42 associated to the A, singularity and
(QAZ )BGW.
Examples 5.12 and 5.13 below use the differentials

Em(z) = 2m + 1)1z~ 22 g7

defined by (35) for x = %zz with respect to a global rational parameter z for the
curve C = C.

Example 5.12. Topological recursion applied to the Airy curve

dzdz’' )

12
SAiry—<C,x—Z,y—Z,B—(Z_Z/)2

2
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produces correlators which are proven in [23] to store intersection numbers

Azry " dzi
meZ” Mgn il Zl m;+

and the coefficient is non-zero only for Z}’:l m; = 3¢ — 3+ n. Hence

KW S B Ay

Z2 (b, by, ) = 224 (B, bg, 1, .0) = eXpET(ug,n
&m ’ S (zi)=tm
m
= exp Z p /M ftmi).

g,n,im M =
Example 5.13. Topological recursion applied to the Bessel curve

/
1 B— dzdz >

_ _ s
SBes = (C,x I y= Z—2)

produces correlators

Bes - " dz
kez i=1 Zj

where bg(my, ..., my) # 0only for Iy m; = g — 1. It is proven in [14] that

ZBGW(h, to,tl,...) = 7Z5Bes (h, to, t1, .- Bes

Sm(zi)=tm
F or the next example define the following collection of differentials %, (z, t) using
x =122t -logzby
(39) & (zt) = t=12247, &(z,t) = dz,
(%
netlt) = =4 (%é?) 0=01 m=-1012,..

For m > 0, these are linear combinations of the V,£1 ( p) defined in (35). The following
theorem uses the Chern polynomial

(Egn, ) =1+t-c(ED,) + P a(E],) + .. € H' (M5, Q), 7€ {01}

gn,o’

Theorem 5 ([38]). Topological recursion applied to the spectral curve

1, 1 dzdz'
(40) xZEZ —t-logz, y=2z", B:m

produces correlators wy y satisfying

(41) wen(t,z1,.r20) = Z:(—1)”1&253_””21_3/m p*c( gn,> Hl[) i (zi 1)

7,1
Proof of Theorem 5. Theorem 5 is a specialisation of a theorem in [38] which applies

to a generalisation of the moduli space of spin curves to the moduli space of r-spin

curves 1/
Mgl =1(C,0,p1, e 9) | ¢ 0" = cogB}.
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For any s € Z, there is a line bundle £ on the universal r-spin curve over /\/l . with

fibres given by the universal rth root of ( we ) . Its derived push-forward R* &

defines a virtual bundle over M, am . For example, whens = Tand r = 1, —R*7,.€
is the Hodge bundle and when s = —1 and r = 2, —R*m.£ = Eg, coincides
with Definition 2.1 (where £V has now become £ due to s = —1.) Note that [38]

log) ® -
considers rth roots of (wco g) — Y 0ip; | for C the underlying coarse curve of C
i=1
with forgetful map p : C — C. The rth roots in [38] coincide with the push-forward
|60] = p«6 which is the locally free sheaf of Z;-invariant sections of the push-forward
sheaf of 6, and the isotropy representation at p; determines o; as described in
Section 2. For r = 2, i.e. 6% = wéog, at any point p; banded by 1/2 the push-forward
. 1 log\ 1 .

locally satisfies |02 = wc(2p;) = w B (p;) hence (|0]V)? = (wCOg) (—p;) which
corresponds to 0; = 1. At any point p; banded by 0 the push-forward does not
change local degree and corresponds to ¢; = 0.

The Chern character of the virtual bundle —R*7,£ is given by Chiodo’s general-
isation of Mumford’s formula for the Chern character of the Hodge bundle. For

ce{0,1,..,r—1},letj, : Sing, — /\/l  be the map from the singular set of the

universal spin curve banded by o /r Where now the local isotropy is Z,. Let By, (x)
be the mth Bernoulli polynomial. Chiodo proved the following formula in [10]:

* _ Bm+1(s/r) B u Berl(mi/r) m
(42)  ch(R'm.£) = n;()(WK’“ Lty ¥

Byy1(0/7) P+ (1) Ty
+¢§0 GRS )

The total Chern class of a virtual bundle ¢(E — F) := ¢(E) /c(F) can be calculated
from its Chern character and in this case is given by

c(—R*m.E) =exp (il(—l)m(m - 1)!chm(R*7r*€)> .

—-—1 . —-—1 .
The components of M g/nr are given by M g,/nrﬁ for & € Z}}. The push-forward of the
restriction of c(—R*71.€) to a component is known as the Chiodo class

Cg/ (7‘ S, 0 ) = p«C (—R*Tf*g|M1/r ) S H*(mg,n/Q)

gnc

The sum of this push-forward over all components of /\/l | is expressed as a
weighted sum over stable graphs in [33] which encodes a tw1sted loop group action
as described in Section 5, with edge and vertex weights proven in [38, Theorem 4.5]
to exactly match the edge and vertex weights arising from the following spectral
curve:

ity dzdz'

S
, B= "
s - (z—2)2

£=z2"—logz, §=



40 PAUL NORBURY

In particular, the term exp ( — ZB;;Z(%%;) Km> which arises from the ZB?’;ﬁ)/ !r) Kim
m m

terms in Chiodo’s formula exactly matches the local expansion of dy. More precisely
by [38, Lemma 4.1]

1
43
( ) \% 27th JT,
where ~ means the asymptotic expansion in the limit 7 — 0.
Hence topological recursion applied to this spectral curve produces correlators

. . . . —%: —%(z: —zr
with expansion in terms of the local coordinate e=% = e~*%) = z,e=% around
Z; = 0,

L C ’5; _E
W) Ggnerz) ~ Y Hc ) /ﬁ LQ(H
kEZ" i= Mg/” Hi:l (1 - 7lel>

Pa)—x(p) s/r
dy(p)-e” 7~ dy(Pa) exp (—ZB;:;,;Q{Q <—h>m>

where ~ means expansion in a local coordinate, (—k), € {0, ...,» — 1}" the residue

class of —k modulo r, and
k

ka
ﬁ.

We have used £ =z" —logzand y = 1: ° here, rather than £ = —z" 4 logz and

y = z° used in [38], because the convention for the kernel K(p1, p) used here differs
2-2¢—n
from the correlators.

c(k) =

by sign from [38], and also to remove a factor of (r :V

Chiodo’s formula and the asymptotic expansion (43) are true for any s € Z, hence
(44) holds for ranys € Z, although it is stated only for s > 0 in [38].

In [38] (—K), € {1,...,r}", however replacing k; = r by k; = 0 leaves the Chiodo
class invariant since it does not change the component, rather it twists the universal
bundle £ over the component resulting in adding a direct summand of a trivial
bundle to the virtual bundle —R*7r,£€ which does not affect the total Chern class.
The invariance of the total Chern class, or equivalently the positive degree terms
of the Chern character, can also be seen in Chiodo’s formula via properties of the
Bernoulli polynomials.

We will use (44) in the case r = 2. Define

0 s, £, =i, cf,‘;(z)__d<%x(l())>, ce {01}, me{0,1,2,.)

which have local expansion at z = 0 given by

20(z) ~ Y KMe(k)d(e ).
kez
k=c(mod 2)
Each 1; in the denominator of the right hand side of (44) produces monomials
(3kip;)™, hence (44) with r = 2 becomes

Ogn(z1, 2 ;/M Con(2,57) 1‘[4;1’”'@: 2;) 250,

gn
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Change (£,7) — (x,y) by

z 1 1 S s z
x=1t% | —— ) — =tlog(2t) = =z%> — t-log z, :tzA(>:zs.
(\@> 5tlog(2t) = 5 8z V=30 5

The differentials defined in (39) using x are given by

A C L

S s q\2728-n Z1 Zn
wg/'fl(trzll'"rz?l) = (§t2+ ) wg,n (\/}/'*-/ \/—)
1
Cen(2,s;,0 22017
/ﬂ g HlP z( ﬁ2t>

(3"
- (%t%H)Hg’”ﬂ ﬁ/* Con(2,5:) [ T byliess (z)2 ™
(

g,m Mg i=1

S s 2-2¢—n 4 " . n t i

§t2+1) t2 [ Cg,n(z,S;U')H (2> i %1(21)
g Mg i=1

— t%(175)(2g72+n)217g5272g7n / g, < 1_[ llJ ml Zz/

Mg 7

where the last equality uses (t/2)X" = (t/2)3873+"=deg for the degree operator

deg ck(E?n) = k then (t/2)~9¢8 is absorbed into the Chern polynomial. Sets = —1

to get the desired result. U

The classes Qg arise in the limit

n
lim gt 21,20) = ¥ [ @ [ T9]Em,(2)
i gm i=1

for ¢p(z) = (2m +1)!1z-@m+2)dz We explain the relationship of this limit with
Conjecture 1 in Proposition 6.1.

5.2.4. Aj singularity. In this section we calculate the spectral curves of the CohFT
042 and (Q42)®. We begin with a general result relating the spectral curve of any
semisimple CohFT Q) with the spectral curve of QBGW.

Proposition 5.14. Given a semisimple CohFT Q) with partition function Zq (h, {t}})
encoded by the spectral curve
S=(C,x,y,B)

via Theorem 4 then ZBEW (n, {t4})is encoded by the spectral curve
s . dy
S=(Cx, 9= dx,B).

Proof. Note that the spectral curves S and $ share the same (C, x, B) and hence
produce the same operator R(z) used in the construction of both Zq, and ZgGW.
Proposition 5.4 shows that a shift in the translation operator T(z) + 1T(z)
combined with replacing each copy of ZKW (1, {t,}) in (27) by a copy of Z° (%, {t;})
produces the partition function of Q®. It relied upon the homogeneity property
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(16) satisfied by Z® (i, {t}). But ZBSW (1, {t,}) also satisfies (16) hence an identical
argument to that in Proposition 4.3 proves that for a semisimple CohFT (), the
partition function ZEW (1, {#%}) is obtained by replacing each copy of ZXW (1, {#})
in (27) by a copy of ZBSW (1, {#}) and replacing the translation operator by T(z) +
17(z).

’ ((}iZIen an irregular spectral curve, it is proven in [9] that its partition function is
obtained from (27) with translation operator given by (37)

x(Pa)—x(p)
T(z)* = z (ﬂa - \/21% fra dy(p) e = ) , Py regular
N x(Pa)—x(p) _
1" - \/21§ fr,x y(p)dx(p)-e = 5 P irregular

Given a semisimple CohFT () encoded by the regular spectral curve S = (C, x,y, B),

define § = %. Then we see that since dy = {jdx the translation operator shifts

by T(z)* — 1T(z)® which proves that QW is encoded by the spectral curve

$=(Cx9="2%B8). O
Define the spectral curves
Sa = (Cx=2 =35,y =2/, B— )
(45)
BGW _ 3 V=3 p_ _dzd
Sa," = (C,x—z —3z,y—m,B—(Zf;)2).

The partition functions associated to S = S4, defined in (4.1.4) and S = ng are
built out of correlators w;n by

-1
hs WS
nl 8"

Z°(n, {tf}) = exp )
gn

Gk (zi)=t}

using the differentials ¢} (z) defined on C by

(46) &= G izz)z - ((l—i);izz Cia(p)=d (g’ii’;i) ,a€{1,2}, ke N.

These are linear combinations of the Vlé (p) defined in (35) with x = z3 — 3z. The

Vi (p) correspond to normalised canonical coordinates while the &% (p) correspond
to flat coordinates. We have

Zopy = 7%, Z = 7%

QAZ — 7 (QA2>G) — .

(©]

The equality Z4, = Z°% was proven in [16] hence Ziamye = 7% by Proposi-
tion 5.14. We verify this by giving the local expansions of B and 7 for S, which
helps to deal with different normalisations in the references. Choose a local coordi-
nate t around z = —1 = P; so that x(t) = 1t + 2. Then
dz 1 35

_—i_dz N S )
B(Py,t) = NACESIE dt (t a4 + 41472t +..+odd terms)
i 35i

1 dz 5
B(Py,t) = N dt ( o + @t + ..+ odd terms)
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Around z = 1 = P, the local expansions of B(P,, z) are the same as those above,
up to sign. The odd terms are annihilated by the Laplace transform, and we get

1.2
e VZ R L TV IR S
R (z)y = r . B(Py,t) -e =1-—(-1) Taa? " aaat t
71[2 . 35
_ o i
R 1(2):93(7“ — \/7 P3 0“ . z ﬂz+( ) 3456 2+

Hence R~!(z) =1 —Ryz + (R% —Ry)z2+..=1—RIz+ RIzZ2 + ... gives

R_l(—l —61’) R_35<—1 12i>
YT aaa\ -6 1) 2T s\ -12i -1
which determines all other Ry via (22) and agrees with (24) for 042,

The topological field theory is defined by {dy(P,)}, i = 1,2. The translation
operator T(z) is determined by the (Laplace transform of the) local expansion of
y given by (37). Moreover, Q2 has flat unit, so in this case the odd expansions
of dy is determined by R~!(z)1 via (38), hence uniquely determined by the terms
dy(Py), « = 1,2. This is visible on the spectral curve by the fact that the poles of dy
are dominated by the poles of dx, i.e. dy/dx has poles only at the zeros P; and P,
of dx, hence by the Cauchy formula dy satisfies

d N d
(47) d (dZ(p)> = _;pie% %(P')B(P'/P)

which is proven in [16] to imply (38). Thus, it remains to show that y defines the
correct topological field theory, representing 1 in normalised canonical coordinates.

The local expansion of dy = \/—3dz around P; = —1 in the local coordinate
x(t) = 3#2 +21is:
1 5 385
dy =+ —3dz = ( - 2+ t* + ...+ odd terms> dt
/ V2 144V2 1244162

and around P, = 1 replace t by it. Hence the Laplace transform is:

(x(P)—x(p))
) }:Rl(z)]l

—1(1)+ 5 (—1)2+ 385 (1)‘22+
2\ 1 1442 \ 1 4147242 \ 1

Note that dy(Py) = % = V1! and dy(P,) = 42 = V12 gives the unit 1, hence
the TFT. Thus S, — (R(z), T(z), 1) for Q"2 as required.

\ v
27tz JTy P

6. PROGRESS TOWARDS A PROOF OF CONJECTURE 1

A consequence of the homogeneity property (16) satisfied by both partition
functions Z® (1, t, t1,...) and ZBSW (1, tg, t1,...) is that for g > 1 the coefficient of
181 of the logarithm of the partition function, i.e. its genus g part, is a finite sum of
rational functions. They are both of the form:

1 o g1 Cutp
log Z(h, to, t1,...) = -3 log(1—tg) + Z:zhg '_X: 1 T f)s 2
8= Hr8—
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where t, := []t,, for a partition u = (y1, ..., tn). Hence for each g one needs only
match the finite set of coefficients c,, parametrised by partitions y of ¢ — 1, of
log 79 (h,tg, t1,...) with those of log ZBCW (1, to, 1, ...), to determine equality.

The initial value fﬂ“ Q1 = % and (16) produces all genus 1 terms of log z9,
and the calculation fﬂﬂ Or1 -1 = % from Example 3.5 together with (16) pro-

duces all genus 2 terms giving:
1 3 ty
©_ _- _ 2
log Z* = 810g(1 to) + h128(1—t0) +O(h*).

Further calculations, such as the genus 3 calculation in Appendix A and calculations
up to g = 7 and n = 6 using admcycles [12] prove

(48) log Z9 (1, to, t1,...) = log ZBSW(n, to, t1,...) + O(K®).

Conjecture 1 is reduced to a purely combinatorial or analytic problem in the
following proposition. Recall the spectral curve (40) given by

1, 1 dzdz'
=—z“—t-logz, =z, B=—
2 RCRAN (z—2')2
with correlators wyg , (t,z1, ..., Zn)-
Proposition 6.1. Conjecture 1 is equivalent to
(49) 11310 wWen(t 21, 2n) = wge,i(zl, ,Zn)-

Proof. By Theorem 5

Wgn(t21,rza) = Y (<1822 [ P*C<E§,w)H¢m'¢m, zit)
8&n

i
which is regular in ¢ since
rank Eg,n =2¢—2+3(n+17)

so the Chern polynomial has degree at most 2¢ — 2 + n in t 1. Hence for |¢| = n

t—0

. _ _ 2 _
lim(—1)"26 24724 8puc (£33 ) = (1072 pesgan (EL) = O
while for || < n, rank Eg,n <29—2+mnso

2
. 29-2+4nH1— _
}g‘%(—l)nt §=2+m1=8p . c <E§"'t) =0.
Thus the ¢t — 0 limit exists to give

hmZ/ (—=1)" (28— 2+nol— 8p, c( gn,)l_[lp Z/ Og,n Hl[J le

t=0-2 Mgn gn =

for
Cn(z) = lim &, (2 ) = (2m + 1)1z "2z,
1
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Also }in& & (z,t) = 0 for m > 0. The t — 0 limit of the spectral curve (40) gives the
—
Bessel spectral curve of Example 5.13 with correlators proven in [14] to be given by

anFBGW h, {tk}

Bes —
(Ug,n (Zl/ -..,Zl’l) - ; atml atmn Hg

i=1
Hence the conjectured limit (49) yields
9" FBGW (h {tk}

L [, Cor Totenta) = £ 75— G Tz

which is equivalent to Conjecture 1. g

The subtlety of the limit (49), which is known up to ¢ = 7 for all n by the
verification of Conjecture 1 in these cases, can be seen as follows. The correlators
are regular in ¢, for example

wos(t,z1,20,23) =0O(t) = yr%wo/g(t,zl,zz,z@ =0.
—
However, the coefficients in the recursion can be irregular in t i.e. blow up as
t — 0. For example, in the following calculation of w »(t, z1,z2) we introduce the

parameter a to keep track of the contribution of wy3(t,z1,22,23). We canseta =1
at the end.

wip(tz,z2) = ) ReSK(erZ){a'wo,S(t/Z/(sz(Z)/ZZ)

dx(a)=0 =

+ wo2(2,22) w11 (t, 0a(2)) + wo2(0a(2),22) w11 (1, 2)

(7411 + 61 ) dz1dzy

lim w5 (t,21,22) =
t—0

1080 7325

This gives the expected limit of wBeS (z1,z2) when a = 1, and shows the dependence

of %m& wi2(t,21,22) on wos(t, z1, zz, z3) due to coefficients in the recursion which
%

are irregular in t.

6.1. Pixton relations. A collection of relations in the tautological ring RH* (Mg,n)

was conjectured by Pixton and proven in [48] using the CohFT Q42. Such tautologi-
cal relations can be used to produce topological recursion relations for CohFTs such
as Gromov-Witten invariants. Similarly, the intersections of @, ,, with Pixton’s rela-
tions produce topological recursion relations satisfied by the intersection numbers

3, Osn T 7.
The key idea behind the proof of Pixton’s relations in [48] is a degree bound on
the cohomology classes

deg Q% < ;(g—l%—n) <3¢g—3+mn

combined with Givental’s construction of Q in Definition 5.2 from the triple

(R(z), T(z),1) € LAGL(N,C) x 22CN[[z]] x CN obtained from the Frobenius
manifold structure on the versal deformation space of the A; singularity, 4.1.4.

Givental’s construction produces Qgﬁ, although it does not know about the degree

bound and produces classes in the degrees where Qg‘}q vanishes. This leads to sums
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of tautological classes representing the zero class, i.e. relations given by the degree
d > 1(g — 1+ n) part of the sum over stable graphs in (25) of the form

1
Uh = L taey or)eer
o re% TAut(ry] (P

Since 042 has flat unit, the push-forward classes in (25) produce x polynomials,
hence only graphs without dilaton leaves in the sum are required and the classes
wll-{’T’]l consist of products of ¢ and « classes associated to each vertex of I. The
main result of [48] is the construction of elements Rg/ 4 € Sgnfor A= (ay,..,an),
a, € {0,1} satisfying q(Rg/ ) = 0 which push forward to tautological relations in
H?(Mgy,Q). They are defineﬁ)y Rg, 4 = degree d part of Qgi(v 4) for a basis
{vo,v1}. The element R} € H?(M>, Q) is given in Example 3.5.

Whenn < g—1landg > 1wehaved = g—1> (g — 1+ n) hence there exist
non-trivial relations Rg;&. This produces the following sum over graphs

§-1 _
Ogn-Ry 4 =0

which defines a relation, for each A, between intersection numbers of ¢ classes with
Oy, i.e. coefficients of Z€ (1, {t}). This uses Oy, - (¢r)+ = (¢r)«Or together with

Remark 3.4 to replace « classes by 1p classes. We saw this in Example 3.5 arising
from the genus two Pixton relation

7 g 1
50 / Oyt — —- [ Oy / O — — - / @15 =0
(50) s 21 P1 0 Ju, 11 F, 117 10 L, 12

which determines fﬂz,l O, - Y} from fﬂm ©1, and fﬂl,z ©1 5. Similarly, Appen-
dix A uses genus three relations to deduce fﬂs/z @35 - % and fﬂ&z O3 - P19, from
lower genus coefficients of ZO(h,to, t1, ...).

The following theorem proves that the coefficients of ZBGW(h, fo, t1,...) also
satisfy (50), and more generally an infinite set of relations satisfied by coefficients
of 79 (h,to, t1,...) arising from Pixton relations.

Theorem 6. Pixton relations produce infinitely many non-trivial relations satisfied by the
coefficients of both ZO(h,tg, t1,...) and ZBW(h,to, t1, ...).

Proof. For each ¢ > 1, n and |51 ] possible A € {0,1}" (due to symmetry and

vanishing of half for parity reasons), Rg;& = (0 defines a non-trivial Pixton relation.
For each of these choices of g, n and A, due to restriction and pull-back properties
of ®8/” as explained above, ®g,n . Rg;ll = 0 defines a relation between coefficients
of Z9 (1, {t;}), such as (50).

The main aim of the proof is to prove that the corresponding coefficients of
ZBSW (1, {}) also satisfy this infinite set of relations. To do this, we study the
partition function Z(BS‘ZN, defined in Definition 5.5 via the spectral curve SESW de-
fined in (45). The relations between coefficients of ZBSW(#, {t,}) will be stored
in the spectral curve. This will produce identical relations satisfied by both the
coefficients of ZBSW and Z®. To summarise, we have vanishing of certain coeffi-
cients of Zgz (1, {t{}) due to the cohomological viewpoint shown in the upper row
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in Figure 1, and vanishing of corresponding coefficients of Zgﬁ‘z/v(h, {tt}) due to
Givental’s construction neatly encoded by topological recursion shown in the lower
row in Figure 1.

Pixton relations induce relations between intersection numbers of ¢ and x classes
or i classes alone, i.e. coefficients of ZKW (1, {t,}). These relations are realised by
unexpected vanishing of coefficients of the partition function Z 4, (%, {t{ }). Simi-
larly, unexpected vanishing of coefficients of the partition function ZESW (h,{t5})

correspond to relations between coefficients of ZBGW (7, {t}).

The coefficients of log ZESW (7, {t}}) are obtained from the correlators wg%W'AZ

of Si?w by

n
(51) (FR™)s({81)] = Res .. Res [ pai(zi)wgn (21, 20)
"Ti=1

3 oy
atk; 0t <o
for polynomials p, x(z) = \/7—3#23;(% + lower order terms for a« € {1,2} and
k € IN chosen so that the residues are dual to the differentials {3 defined in (46).
The lower order terms (and the top coefficient) will not be important here because
we will only consider vanishing of (51) arising from high enough order vanishing
of a)gﬁ (21, ...,2n) at z; = oo so that the integrand in (51) is holomorphic at z; = co.
Equation (51) is a special case of the more general phenomena, proven in [17], that
periods of wg , are dual to insertions of vectors in a CohFT. Thus we have shown
that relations between coefficients of ZBW(h, {t;}) induced from Pixton relations are
detected by high order vanishing of wggw,Az (21,...,2zn) at zj = oo. The same is true
for high order vanishing a)?, %(z1, ..., zn) at z; = oo which is shown in the following
calculation:

Ay :gz(11z4+14z2+2)
i) = @oo

dz = Res 2"wy2(z) =0, m € {0,1,...,12}

Hence (51) vanishes for ky = 0,1,2,3 and a1 = k;(mod 2) which gives the follow-
ing relations between intersection numbers, or coefficients of ZXW (71, {}),

(52) [ REwit=0, a=1234
My

where Rg ;7 1s a non-trivial Pixton relation, for d = d(mod 2), between cohomology

classes in H* (ﬂz,l) proven in [48], such as R%,o = 1/?%+ boundary terms = 0.
Lemma 6.2.

n
Y ordy— wgﬁw'Az (21, 2Zn) > 2¢ — 2
i—1

where ord,—oo 1](2) is the order of vanishing of the differential at z = oo.

Proof. We can make the rational differential

_ pg,n(zl,....,zn)
?:1(22 —-1)%

i

w;%(zl,---, Zn) dzq...dz,
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homogeneous by applying topological recursion to x(z) = z3 —3Q%*z and y =
v/ —3/x'(z) which are homogeneous in z and Q. Then w;’ﬁ (Q,z1,...,zn) is homoge-
neous in z and Q of degree 2 — 2¢g — n:

w;ﬁ (Q,z1,0r20) = A2*2g*”w;31()\Q, Az1, ey AZy).

The degree of homogeneity uses the fact that (z, Q) — (Az, AQ) = ydx — Aydx =
Wen > A28 ~"wy,, because ydx appears in the kernel K(pq, p) with homogeneous
degree —1 which easily leads to degree 2 — 2¢ — 1 for wg . The degree 2 —2¢ —n
homogeneity of

— Pg,n(Q,Zl,....,zn)
(22 -QY)%

implies that deg pg, 1 (Q, 21, ..., Zn) = 4gn — n + 2 — 2¢ — n. But we also know that

dzq...dz,

w;%z (Q,21, -, 2n)

wﬁ% (Q,z1, ..., zu) is well-defined as Q — O—the limit becomes wyg , of the spectral
curve x(z) = z% and y = v/—3/x'(z) using the topological recursion defined by
Bouchard and Eynard [5]—so deg pg n(z1, ..., 2n) < 4gn —n+2 —2¢ — n. Note that
dz; is homogeneous of degree 1 but has a pole of order 2 at z; = oo, hence

n
Y ord;—w wEﬁW’Az(zl, e Zp) = 4gn —deg pg (21, .oy 2n) —2n > 2¢ — 2.
i=1

O

Primary invariants of a partition function are those coefficients of [T/, #,’ with
all k; = 0. They correspond to intersections in M, with no ¢ classes. The prlimary
invariants of ZS‘)Z (, {t{}) vanish for n < 2g — 2. This uses deg Qf;}q <i(g—1+n)
sodegQQ%@W <lg—-1+n)+2¢—2+n <3¢g—3+nwhenn < 2g—2.
These vanishing coefficients correspond to the relations ®g,n . Rg;ql = 0 which, as

discussed above, give relations between coefficients of Z® (7, {t;}).
The primary coefficients of ZE?W (1, {t}}) correspond to

n
i A
Res ... Res | Iz?’w 2(z1, .2
=007 7 t g’n( Lres n)

Z1=00
for €; = 1 or 2. Different choices of €; give different relations (except half which
vanish for parity reasons). By Lemma 6.2 the sums of the orders of vanishing of

wgB,%W'AZ (z1,...,2n) at z; = oo is bounded below by 2¢ — 2. For n < 2g — 2, since

Y ordz—co w?%W/AZ (z1,.,2n) > 2¢ — 2 by Lemma 6.2, there exists an i such that
ord;,—co w‘g,(n;W'A2(Zl, wyZn) > 2. Hence zf‘wgﬁ(zl, ...,Zy) is holomorphic at z; = oo,
so

€ A
ZRgoso zi’wg,%(zl,...,zn) =0
=

and we have

n
€ A _
(53) n<2g-—2= ZIligg,o...zlfggogzi we (21, 2n) = 0.
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Hence the primary coefficients of ZBGW(h {t{}) vanish for n < 2g — 2 yielding

a common set of relations satisfied by both the coefficients of Z® (1, ¢y, t1, ...) and
ZBGW(FI, to, tl,...). ]

An example, of a genus 2 relation produced by Theorem 6:

2
BGW, Az _ —5z° —1 q
w21 B = S G e

-3
It immediately follows that Res z-wy1(z) = 0 which signifies a relation
Z=00
between coefficients of ZBSW (1, g, t1,...). We will write the relations using Og,n

however the relations are between coefficients of ZBGW(h, to, t1,...) and what we
are showing here is that these coefficients satisfy the same relations as intersection
numbers involving @, or equivalently coefficients of Z€ (1, to, t, ...). The graphi-
cal expansion encoded by both Givental’s construction and toplogical recursion is
given by:

© @ 00 @ )

(plus graphs containing genus 0 vertices on which @, 1 vanishes) which contributes

—60
2 2.

2 .
1728 / O21 91427 1708 [, 21711

s 2 84— 60
2. / ® : : / ®
T s M ©12- Mo 11+ 5 728 My

which agrees with the expansion in weighted graphs of Res
Z=00

_ z-wy1(z) =0
given by
5 15 7 1

1536~ 1536 " 2302 T 288 ~ °

APPENDIX A. CALCULATIONS
Here we show explicitly the equality ZBSW = Z© up to genus 3. The coefficients
of the Brézin-Gross-Witten tau function are calculated recursively since it is a tau
function of the KAV hierarchy. It has low genus g (= coefficient of 78~ 1) terms given

by:

1 30t 15t
1 ZBGW - 71 1—¢ /- 1 2 2
8 081 —to) + e Y T A= 1)
0
o i rg)s T O

1 1 3 9 ,, 15 63 2
gtoJrEtoJr +h(128 8t0t1+ D+ (—10241‘ +1024 4.
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The intersection numbers of Oy, stored in

o hg—l .
IOgZ (h,to,t1,...) = Z /ﬂ

n! .
qm, A gn

n
k:
Og,n - | 1| y Tt
j=

are calculated recursively via relations among tautological classes in H* (Mg, Q).
The calculation of these intersection numbers up to genus 2 can be found through-
out the text. We assemble them here for convenience, then present the genus 3
calculations.

Theorem 1 property (II) gives @, = 0 which agrees with the vanishing of

all genus 0 terms in ZBGW.

Proposition 2.9 gives @1 1 = 311 hence fﬂl ) O = %. We use this together

with the dilaton equation to get fﬂm O, = @

ZBGW.

. This agrees with
—+log(1—tp) inlog B
Using Mumford’s relation [42] x; = sum of boundary terms in Mj which

coincides with a genus 2 Pixton relation, Example 3.5 produced the genus 2
intersection numbers from the genus 1 intersection numbers.

7 1 1 1
7@.;{:,./7 1) /7 R) .74_,./7 Q)
/Mz 275 Mia e M b |Aut(I)[ 5 ¥y, e |Aut(T)|

_rz 111, 1113

5882 582 128
Note that fﬂm ©y1-91 = fﬁz,l 0, - Y7 = fﬂz O, - k1. Using the dila-
ton equation we then get fﬂz Oy = % which agrees with the

3 t : BGW
hmw term in log Z°-".

There are two independent genus 3 Pixton relations expressing x, and
x? as sums of boundary terms in Mj3. The relations correspond to sums
over stable graphs in M3 hence they contain many terms. In place of
these, we use the equivalent relations discovered earlier in [34, 35] which

push forward to relations in M3. In Mg,l there is a relation 1/1% = sum of
boundary terms, which yields

[ Oz 2:/* T*0; - ¢}
/ o P71 M Py

41 5 '
L Y / O+~ / @5 -
21y, 21 P1 i 11t o 22 P1
1 1 11 1
[ ey eyt [ @, / @y
105 Jy, 11 M 13 |Aut| = 70 Jiy, 12 My 12 |Aut|
4 1 1
2 e[ e / - — [ o, / O3 ——
35 Mi 1 Mio 2 Mi 1 105 Mi; 1'1 Mz v ‘Auﬂ
1 1

- . Oy —
1260 Ja,, ' [Aut]
4 3 1 5 9 1 121 11111 4 11

1
=21 1288 42 128 105 88 2 7088 2 35 888
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1 121 1 61
105 8 8 2 1260 8 4
15
1024
In M3, there is a relation ¢34, — 1193 = sum of boundary terms, which
yields

7/m32®3z (2 — ¥11pn) —7/ @31 - (W32 — ¥143)

16
=——-[|_ Oy /f ®11 -5 /i O 1 - /i O11
3 Mjo Mai My v My,

40 1 1
- | @2,1'1P1'/f ®1,2—*~/f @2,3'1,01—/* O3 P17
3 My, Mio 6 JMys Moz |Auﬂ
1 1 9
_ . Q- / Oy — — . / O~ - / &)
15 Mi v My v |AUt| 10 Mi; 3 Mi, 2
1 ' 1 4 ' 1
. O - Ogr — 4 . Q- O
15 My, h M ks |Aut| 15 M, 12 Mz s |Aut|
4

= ®1,1'/i G)1,3'/i O11
5 My, My My,

1
® / ® / Op- = [ @5
/11 v Mip 12 My 2 180 Mas ks |AUt|

1 1 1 3 36 1
28'§ 128 8 ? 128 '8 6 128 128 2
61 9 21 1 161 4 121
2158 8 2

58 82 10 8 8 15 8 8
4121 16111 1 241
58885 888 180 8 4
7
1024
Hence
~ - 1357 75 51 63
. = . 2 —_ — —_
Mss Os2- 142 Mss ©32 Y1+ 77024 ~ T024 " 1024 ~ 512

where fM @32 Y7 = 1024 is obtained from f/vl Q31 Y3 = % via

the dilaton equation. The dilaton equatlon then ylelds v My, O3 P2 =

13)! 3y .
5 (”5, and fM3 O30 P11y = 25 ("5! ) which agree with the terms
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