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Moments of the Laguerre  Ensembles

Anas A. Rahman

Abstract

Random matrix theory, in the most general sense, is the study of matrices with
random entries, with some constraints on these entries. Carefully choosing ‘nice’
constraints leads to many types of random matrix theories, with some key cases
having a rich theory that is deeply entrenched in the literature. In this thesis, we
review the Gaussian B ensembles before moving onto the Laguerre 8 ensembles. The
symbol B denotes a positive real number indexing the ensembles, with the further
significance that the special cases B = 1, 2, and 4 correspond to the orthogonal,
unitary, and symplectic symmetry respectively. Our review focuses on the cases p =
1, 2, and 4, with brief mention of the general case. In our treatment of the Laguerre
ensembles, we use the loop equation formalism to investigate the resolvents, which
relate to the moments of the eigenvalue densities. We then investigate the special
case B = 2 through differential equations for the densities and resolvents. The
discussion draws on the literature where similar techniques have been applied to

the Gaussian B ensembles.
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Chapter 1

Preliminaries

1.1 Introduction

This thesis is directed at an audience whose knowledge is akin to that of the author
when he first embarked on this literary journey. That is, a rudimentary understand-
ing of probability theory, combinatorics, complex analysis, and differential equations;
and a vague grasp on concepts from statistical and quantum physics. Moreover, this
thesis would be of interest to those who wish to see a demonstration of the interplay
between these topics or are looking for a broad and simple introduction to random
matrix theory — the author often details ideas related to the subject at hand. Those
who are concerned with multivariate stochastics and statistics, mathematical physics,
wireless communications, finance, and other forms of data analysis may also be

interested in the content.

We begin with a discussion of ensembles. Consider a statistical system and
let V be the set of all possible states that this system could be in. The traditional
interpretation of a probability density function (p.d.f.) on such a statistical system is
that, for any measurable subset U of V, the p.d.f. tells us the probability that the

system is in a state that belongs to U. When the set of states is difficult to write down,
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sometimes it is easier to instead consider a similar set called an ensemble. Like our
set V above, an ensemble is a collection of all possible states that a statistical system
could be in. The distinction is that every state in the ensemble is also assigned a
weight which dictates how probable it is for the system to be in the given state.
Physicists like to interpret the ensemble corresponding to a system as a virtual
collection of infinitely many copies of the system, with copies in a more probable
state appearing relatively more often than those that are in a less probable state. Sam-

pling copies out of this virtual collection ad infinitum will reveal the underlying p.d.f.

Consider a statistical system S with corresponding ensemble A. When we say

that X is an element of A, we could mean one of two things.

e Rarely, we may mean that X is an actual realisation of the system generated

according to the appropriate p.d.f.

e Usually, X is instead taken to be a random variable which is an undetermined
representative of the ensemble A — it has no fixed value. Given a measurable
subset B of A, the probability that S is in a state that belongs to B is equal to
the probability that X € B. In this way, the random variable X is synonymous

with the system S itself. In the following, we use this meaning.

The ensemble A has an associated measure dy : A — R such that, for a state
s € A, du(s) is the weight of the state. Let B; and B, be measurable subsets of A
such that the probability that X € B; is equal to the probability that X € B,. Then,

| B, du = [, p, dp. For this measure, there is a partition function given by

Z = du.
/, an

The partition function calculates the total measure of all of the states in A, and acts
as a normalisation constant. It is of fundamental importance in physical applications

which we shall remain ignorant of; it is not itself an observable. The partition

2 1.1. INTRODUCTION
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function allows us to form a probability measure dv = %dy: If B is a measurable
subset of A, then the probability that X € B is given by [, dv. Of course, [, dv =1.

Let K be an operator dependent on the system S with corresponding ensemble A.
For example, if the system involves only a single particle, K could be the position
or momentum of the particle; if the system is a gas in a domain A, K could be the

temperature or pressure of the gas. The ensemble average of K is

(K) = [ K(X)dv(X) :%/A K(X) du(X).

In this setting, when K consists of scalar functions, we interpret them as the operation
equivalent to multiplying by said scalar. For example, for K = % f(x), K(X) means,
“multiply X by f(x), and then take the partial derivative of the resulting product

with respect to x”.

1.1.1 Random Matrix Ensembles

We now introduce random matrix ensembles, where the underlying systems are

matrices.

Definition 1.1. A random matrix ensemble is a set of matrices which satisfy some
constraints and are weighted according to some p.d.f. It is commonplace to define a
random matrix ensemble by specifying a distribution on the entries of its representa-
tive random matrix. Then, the p.d.f. on the ensemble is equal to the joint probability
density function (j.p.d.f.) formed by multiplying the p.d.f.s on the independent
elements of said random matrix. The independent elements of a matrix are the real

components of the entries which are independent of all other such components.

We are interested in real, complex, and quaternion random matrix ensembles be-
cause, according to the Frobenius theorem [Frobenius, 1878], [Artz, 2009, p. 26], every
finite-dimensional associative division algebra over the real numbers is isomorphic to
either R, C, or IH. Hence, only these types of random matrix ensembles correspond

to irreducible matrix algebras over the real numbers [Dyson, 1962, p. 1202].

CHAPTER 1. PRELIMINARIES 3
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In the proceeding constructions, we shall treat real, complex, and quaternion
random matrices simultaneously, by utilising the Dyson index B [Dyson, 1962,
pp- 1214-1215]. Given a random matrix, the Dyson index counts the maximal
number of real components in the entries. As complex numbers can be written in

the form x + yi for x,y € R, and quaternions can be written in the form

a+bi c+di
a+bi+c+dk= ! ' fora,b,c,d € R,

—c+di a—Dbi

B = 1 corresponds to real matrices, p = 2 to complex matrices, and p = 4 to
quaternion matrices. These B values come into play due to the fact that the p.d.f.
of a given random matrix depends on the p.d.f.s of the independent elements. The

Dyson index may be used as an adjective. e.g.  matrix,  ensemble.

A reasonable candidate for initial study is the random matrix whose entries are
independent and identically distributed (i.i.d.) according to the standard Gaussian

distribution.

Definition 1.2. The real (B = 1), complex (B = 2), and quaternion (B = 4) M x N
random matrix ensembles of standard Gaussian matrices are represented by M x N
standard Gaussian B matrices G with i.i.d. entries such that the real components of the

entries are Gaussian with mean 0 and standard deviation ﬁ For each entry z, the

B
j.p-d.f. of the entry is given by <%> *exp <—§|z|2), where |z| is the standard norm
of z. In the case that M = N, these are called the Ginibre B ensembles [Ginibre, 1965].

The Ginibre B matrices are not self-adjoint. In the case M = N, the eigenvalues
will typically be complex. Nonetheless, simple combinations of Ginibre § matrices,
involving either a sum or a product, allows for the construction of self-adjoint
matrices. These matrices lead to interesting ensembles, our first example of which

are termed the Gaussian  ensembles.

4 1.1. INTRODUCTION
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1.2 The Gaussian 8 Ensembles

As already remarked, one may argue that it is intuitive to use the Ginibre  ensembles
as stepping stones to create ensembles of self-adjoint random matrices. We first
do this in possibly the most obvious way that also enables relatively simple yet

insightful calculations.

Definition 1.3. Fixing § as 1, 2, or 4, let G be an element of the N x N Ginibre
ensemble as in definition 1.2. Then, let X = %(G* + G), where G is the adjoint of
G; in the real case, G' is simply the transpose G of G, while in the complex case,
G is the conjugate transpose G' of G. In the quaternion case, we interpret G as a
2N x 2N matrix with the quaternions as 2 x 2 blocks. Then GT = ZZNGTZZ*Z},, where

ZyN is the 2N x 2N block diagonal matrix with the 2 x 2 blocks

0 -1
1 0

down the diagonal, and Os everywhere else; if N = 1, then G'G is a real number
times the identity matrix I. The N x N Gaussian 3 ensemble (GBE) is the ensemble of

self-adjoint random matrices represented by X [Forrester, 2010, pp. 1,11,12].

For fixed B =1, 2, or 4, let X be an element of the Gaussian  ensemble. Then
X is self-adjoint. Moreover, X has real diagonal entries drawn from the Gaussian
distribution of mean 0 and standard deviation ﬁ, and upper triangular entries
consisting of B real components, each drawn from the Gaussian distribution of
mean 0 and standard deviation ﬁ Due to the self-adjoint nature of X, the lower
triangular entries depend on the upper triangular entries, and X has real eigenvalues.

For B =1, 2, or 4, the Gaussian B ensembles have specific names: As the ensem-
bles consist of self-adjoint matrices, they can be diagonalised by unitary matrices.
Let X be an element of the N x N Gaussian  ensemble. The aforementioned unitary
matrices will have entries from the same field as X, and will thus form the matrices

groups of orthogonal, unitary, and symplectic matrices, respectively. This explains

CHAPTER 1. PRELIMINARIES 5
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why the G1E is also called the Gaussian orthogonal ensemble (GOE), the G2E is called
the Gaussian unitary ensemble (GUE), and the G4E is called the Gaussian symplectic
ensemble (GSE).

Considering the number of physical models that involve self-adjoint matrices,
it isn’t difficult to imagine the applications of the Gaussian B ensembles. For
example, in the theory of quantum mechanics, all physical observables are self-
adjoint operators. In particular, the GOE, GUE, and GSE are used to model quantum
Hamiltonians that have time reversal symmetry with an even number of spin %
particles, no time reversal symmetry, and time reversal symmetry with an odd
number of spin % particles, respectively [Forrester, 2010, pp. 3,11,12]. Thus the
existence of a time reversal symmetry restricts the generically complex entries of
the matrix representation of the Hamiltonian. The simplest case is when the time
reversal is represented by complex conjugation, telling us that the entries must be
real and the relevant ensemble is the GOE. Related to this viewpoint is a celebrated
application of the GUE to the statistics of the zeroes of the Riemann { function [Berry
and Keating, 1999] (see subsection 1.2.2).

For another example, consider an ecology of N species such that in a pairing
(i,7), species i and j are of equal detriment to each other. Then, in the style of [May,
1972] one may model the evolution of the ecology about equilibrium by constructing
a symmetric N X N random matrix whose (i, ) element represents the stochastic
effect of species j on species i.

It is moreover typical in statistical mechanics [Thomson, 1971] that there are
physical regimes where all couplings (7, j), as above, can be weighted equally — this
is referred to as a mean field approximation. The Gaussian 8 ensembles have this
feature and can thus be thought of as mean field models. The main observables of
interest involve the eigenvalues; for example, in the quantum mechanics applications,
the eigenvalues represent the energy levels (see subsection 1.2.2).

These applications naturally motivate us to explore the eigenvalue densities of

6 1.2. THE GAUSSIAN B ENSEMBLES
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the Gaussian  ensembles. Moreover, most applications of the Gaussian 8 ensembles

reveal themselves upon calculation of the eigenvalue densities.

1.2.1 The Eigenvalue Densities of the Gaussian  Ensembles

Let X be a member of the N x N Gaussian 3 ensemble, for some f =1, 2, or 4. Let
x;; denote the (i, /) entry of X, so that X = [x;;]. We denote the s™ real component

of x; ; by x; ;s, with s = 1 corresponding to the real part. As the diagonal entries of X

1

are real, x;; = x;;1 for 1 <i < N. Moreover, each x;; has p.d.f. <%) ’ exp (—éx%l),
1

and for 1 <i <j< N, each x; s has p.d.f. <%> ? exp <_,Bx12,].’s>. As X is self-adjoint,

these are all of the independent elements of X. Hence, the j.p.d.f. of the independent

elements of X is given by
PO (X) = (%)g (£)

This leads to the probability measure p(©)(X)(dX) where

N(N-1)B

N P
exp (—g Yoxii—-p Y ) szlk,S) o (1.2.1)
i=1

1<j<k<N s=1

N P
(dX) = H dxi,i 1_[ H dxj,k,S (1.2.2)
i=1

1<j<k<N s=1

is the product of the independent elements of dX := [dx; ]. To obtain the eigenvalue
density of the Gaussian 8 ensembles, we must change variables in p(©)(X)(dX) to
the eigenvalues and quantities related to the eigenvectors of X. We calculate the

Jacobian via metric forms [Forrester, 2010, p. 9], [Hitchin, 2012, pp. 76-79].

Metric Forms

Let M be a smooth manifold (e.g. R") with coordinates (xi,...,x,). At each point
p € M, there is a tangent space T, M with basis (% lpsoees % |p). The tangent bundle is
TM = [1pem TyM. Moreover, at each point p € M, there is a cotangent space T, M that
is dual to the tangent space T, M. The cotangent space has basis (dx|p,...,dxu[p),

where dx;|, (aixjh,) = bij. The cotangent bundle is T*M = [1,ep Ty M.

CHAPTER 1. PRELIMINARIES 7
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Definition 1.4. A Riemannian metric on M is a function g : TM x TM — R which as-
signs to each p € M an inner product g, : T,M x T, M — R on the tangent space at p.
As gp acts on TyM x Ty M, it lives in TyM x T; M. Hence, gp =}/, 8pij dx;[p dxjlp,
where g,.. = gp (aixi|r" aixj|r’)' Globally, ¢ = 33/;_; gij(p) dx; dxj, with smooth func-
tions g;j : M — R given by g;i(p) = gp ( aixi|p, aixj |p>. The metric tensor corresponding

to g is the n x n symmetric matrix [g;i].

Thus far we have been working locally, with our dx;|, being basis vectors of
the tangent space at p. Henceforth, for a manifold M, we use the notation dx; to
represent a global notion of these basis vectors. The differential 1-form dx; is defined

smoothly over all of M and is interpreted locally as dx;|, at each point p € M.

Definition 1.5. Let M be a manifold with coordinates (x1,...,x,), and let g be a

Riemannian metric on M. Then the volume form on M induced by g is

dV := ,/|det[g;j][dx1 ... dxy.

The volume form is usually defined as an exterior product using wedges A between
the differentials dx;, in order to account for orientation. We drop these wedges, and
instead choose to take the positive orientation in all cases. Let A be a measurable

subset of M. Then [, dV is the volume of A, according to the metric g.

Change of Coordinates

We think of the N x N GpBE as RN +EN(N-1) with coordinates x;; and x; s in some
unspecified ordering, with 1 <i < N,1<j <k < N,and 1 <s < B. We give this
space the Riemanninan metric
al 2 b 2
g:=Y (dxi))*+ ). ) 2(dxjks) (1.2.3)
i=1 1<j<k<N s=1
so that the induced volume form is

N P
dv = 2§N(N_1) H dx; ; H H dxj,k,s'
i=1

1<j<k<N s=1

8 1.2. THE GAUSSIAN B ENSEMBLES
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Referring back to (1.2.2), we see that (dX) = Z_QN (N-1)qV. We choose this metric

because we wish to take advantage of the fact that the above g is equal to Tr(dX dX™).

Proposition 1. Let X = [x;;] be an element of the N x N GBE. If an entry x;; has
multiple real components, we denote its s™ real component Xijs- As X is self-adjoint, we
may diagonalise it as X = UDU", where D is the diagonal matrix of eigenvalues Ajof X,
and U is the matrix with columns u; = [u; j|1<i<N, the corresponding eigenvectors of X;
U is orthogonal in the real case, unitary in the complex case, and unitary symplectic in
the quaternion case. We stipulate that the first component of each eigenvector be real and
positive, and that the eigenvalues be ordered, so that the diagonalisation is a bijection. Then

the Riemannian metric defined above (1.2.3) is given by

N B
g = Tr(dXdX") = Y (dA Yo 20— A (wiks)?,
i=1 1<j<k<N s=1

where the differential 1-form w; ;s is the st real component of the (i, j) entry of UTdU.
Proof. We differentiate both sides of X = UDU" to obtain

dX = du but + udb ut + updut,
utdxu = utdu b +dD + bdutu
=Uu'dup +db - bu'dy,

where we have used the fact that UTU = UU" = Iy, the N x N identity matrix,
and thus 0 = d(Iy) = d(UtU) = UTdU + dU' U. These matrices have the form
dD = diag(dAy,...,dAy) and dU = [dug - - - duy], so the (i,j) entry of UTdX U is
given by [(A; — A;)u;*duj + 6 jdA;]. Moreover, (UTdX U)+ = UtdX'U. As the trace

is invariant under cyclic permutation of its arguments, we thus have that

Tr(dX dX") = Tr(UTdx uutdx™ u)
= Tr ((u+dX u)(utdx u)*) .

CHAPTER 1. PRELIMINARIES 9
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The i diagonal entry of (UtdX U)(UfdX U)* is
24 Z (Aj — )?(w;"duy) (u; T duy)*
i

As ui+duj is the (i,7) entry of UTdU, we have that (uieruj)(uieru]-)Jr = Zle(wi,jls)z.
Moreover, (UTdU)" = —U'dU, so (wjs)? = (wjis)? fori # j, 1 <s < p. Hence,

N
Tr(dXdX") = } (dA)* + Z Z (A = Ai)* (wijs)?
i=1 i,j=1s=
i#]

S 2

:Z(d)‘) Z 22 ] C‘)]ks) ,
i=1 1<j<k<Ns=1

where we have grouped the upper and lower triangular terms. O

We've already seen that the volume form induced by g is dV = 2fN(N-1) (dX).
Here, we see that we may assign new coordinates relating to the eigenvalues A;
and eigenvectors u; of X and write the Riemannian metric g in terms of these new
coordinates. With respect to these new coordinates, the metric tensor is a diagonal
matrix with N diagonal entries equal to 1, and the remaining g N(N — 1) diagonal
entries given by 2(A; — A;)? for all combinations 1 < j <k < Nand1 <s < 6.

Hence, the volume form induced by g is

dVv = N(N-1) Hd)& H /\k— ﬁHw]ks

1<j<k<N

Writing (UTdU) for the product of independent elements Wi ks Of UtdU and using
absolute values so that, if required, we may relax the requirement of the eigenvalues

being ordered, we thus have that

:ﬁd)\i IT M—AlPutau). (1.2.4)

1<j<k<N

10 1.2. THE GAUSSIAN B ENSEMBLES
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It remains to change coordinates in p(G) (X) (1.2.1). Retaining our notation from

proposition 1,

N N
_gzx?,i_ﬁ 2 Zx]ks: XX+) ﬁ Dz QZ)‘
i=1 1<j<k<N s— i=1

where we have used the facts that X is self-adjoint so XX = X?, that UTU = Iy,
and that the trace is invariant under cyclic permutations of its arguments. Hence
our probability measure is
G B 3 (p S N2 a t
1<j<k<N i=1

(1.2.5)

Remark 1. The probability measure p(©)(X)(dX) is invariant under orthogonal, uni-
tary, and symplectic transformations, for p = 1, 2, and 4 respectively: Let Q be a fixed
orthogonal, unitary, or symplectic matrix, whichever is appropriate. Let Y = QXQT,
where X is as above. Then, Y = UDU" where U = QU. As UtdU = U'dU and X
and Y share eigenvalues, we immediately obtain that p(©)(Y)(dY) = p(©)(X)(dX).

In our expression for p(G)(X)(dX) (1.2.5), we see that the eigenvalue and eigen-
vector dependence decouples into a product. Thus, we obtain our eigenvalue j.p.d.f.

by simply integrating out the eigenvector dependence.

Definition 1.6. The N x N GBE eigenvalue ]pdf is

POy, An; B) = E2TT =AMl (126

1<j<k<N

/2
where Gy (B) = <%> Hfil 1{((111—53//22)) is a normalisation constant [Dumitriu and
Edelman, 2002, p.5831]. Here, I is the Gamma function, and we no longer constrain

the eigenvalues to be ordered, so that A; € R forall 1 <i < N.

While it is possible to calculate Gy(B) by integrating (UTdU), we provide a
computation via the Selberg integral in subsection 1.4.1. Indeed, this will give an

indirect method for evaluating [(U*dU), if required.

CHAPTER 1. PRELIMINARIES 11
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Definition 1.7. The N x N GE eigenvalue density is
G
ol (A;B,N) := N . PO\ Ay, ... An)dAs ... dAy, (1.2.7)
with support R. Let X be a member of the N x N GBE. By definition of the
density, the expected number of eigenvalues of X in the interval [a, b] is given by

26800 )

Remark 2. Orthogonal polynomials are invaluable tools for working with the eigen-
value densities of random matrix ensembles; see remark 5 in subsection 1.4.1. For
now, we note that for B even, the eigenvalue density of the N x N GBE is a polyno-
mial multiplied by factors of e—PAY/ 2 for each eigenvalue A;, 1 <1 < N. We recall
that the Hermite polynomials are orthogonal with respect to the weight e ¥ /2 Ttis

for this reason that the Gaussian B ensembles are also called the Hermite B ensembles.

1.2.2 Applications of the Gaussian § Ensembles

We now present a few examples of the applications that the Gaussian  ensembles
have enjoyed, extending the discussion at the beginning of this section. For now,
we forego discussion of combinatorial interpretations, instead mentioning them in

subsections 1.4.3 and 1.4.4.

Heavy Atom Spectra

In 1955, Eugene P. Wigner introduced random matrices to the field of nuclear physics
in [Wigner, 1955]. This work was based off of [Lane et al., 1955], where the energy
levels of heavy nuclei were investigated. The idea is to treat the Hamiltonians of
the nuclei as real symmetric random matrices of large dimension, and to define the
so-called strength function as a function of the eigenvectors. Under certain conditions,
the integral of the strength function over an interval gives the average strength of
absorption by all energy levels within said interval. Moreover, Wigner shows that

the strength function is actually the eigenvalue density of the Hamiltonians.

12 1.2. THE GAUSSIAN B ENSEMBLES
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The initial paper treated relatively simple random matrix ensembles. This raised
the question of which type of random matrix ensemble could best model heavy
atom spectra. Thus began the investigation of many types of ensembles, with the
Gaussian B ensembles a favourite example. Foundational to this theme were a series
of papers by Dyson, and Dyson and Mehta, written in the early 1960s. In particular,
it was Dyson [Dyson, 1962] who introduced Gaussian ensembles in correspondence
with global time reversal symmetry, as we already noted in subsection 1.1.1. Wigner
provided a review [Wigner, 1967] which presents some of these advances, as applied
to the statistics of the energy levels of U?39. Yet again, Hamiltonians are taken to be
random matrices of large dimension, with the eigenvalues representing the energy

levels of U?39.

Log-Gases

Consider N particles of charge +1 on an infinitely long and thin conducting line, say
the x-axis, at positions x1, ..., xn. Suppose that they repel according to 2-dimensional
electrostatics confined to the xy-plane. Equivalently, think of infinitely long parallel
charged lines in the z-direction which intersect the xy-plane at x1, ..., xn; in this case,
repulsion via traditional 3-dimensional electrostatics is treated as 2-dimensional due
to symmetry. For the time being, we allow our particles to have unfixed y-ordinates.
Then for 1 < i,j < N, the electrostatic potential ®, at (x;,y;) due to the particle at

(xj,y;) is given by the solution to the 2-dimensional Poisson equation

02 02
(W * @)

where ¢ is the Dirac delta function (distribution) [Forrester, 2010, pp.20-21]. By

®p ((xi, i), (x5,y))) = =276 (x; — x;)8(yi — y)),

(xiyi)

differentiating the result when (x;,y;) # (;,y;) and otherwise using the divergence
theorem in the plane, it can be seen that @, ((x;, i), (xj,y;)) = —log |(x; — xj,yi —
yj)| up to some scaling, which we choose to be trivial — hence the term log-gas.

Then, by the superposition principle, the total potential energy of the gas due to

CHAPTER 1. PRELIMINARIES 13
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particle-particle interactions is given by

Upp=— ), loglxi—xl,
1<i<j<N
where we’ve again restricted to the x-axis by setting y; = ... = yn = 0.

To prevent the particles from repelling off to infinity, we trap them in a harmonic
well so that the background potential @, at x; is given by &, (x;) = %xlz Thus the
total potential energy of the gas is

u=

N N
Zx =3y - ) log [xj — x|

i=1 i=1 1<j<k<N

N[—

A fundamental postulate of statistical mechanics is that the j.p.d.f. for the particles
to be at positions xy, ..., xy is Z K,l exp (— kBLTU) , where kp is the Boltzmann constant,
T is the temperature, and Zy is a normalisation constant. But then our j.p.d.f. is
exactly p(G) (x1,...,xN;B) as given in (1.2.6), with = T T the inverse temperature.

This seems to suggest a meaning to general B € R-. After all, our eigenvalue
jp.d.f. (1.2.6) is sensible for B € R~y. It turns out that there exists random matrix
ensembles with eigenvalue j.p.d.f. (1.2.6) for B € R~(. See [Forrester, 2010, pp.43-48]

for a full account, and subsection 1.3.1 for the Laguerre analogue.

The Riemann Hypothesis

The Hilbert-Polya conjecture states that the non-trivial zeroes of the Riemann (
function correspond to the eigenvalues of 1id +iH for some unbounded self-adjoint
operator H [Derbyshire, 2003, pp.277-278]. The proof of this conjecture would
immediately prove the Riemann hypothesis, as such an H would admit only real
eigenvalues. Montgomery’s pair correlation conjecture states that the 2-point corre-
lation function of the non-trivial zeroes of { is identical to that of the eigenvalues
of the GUE [Montgomery, 1973, p.184]. It has been numerically shown that the
spacing distribution of the non-trivial zeroes of ( is statistically equal to the spacing

distribution of the eigenvalues of the GUE [Odlyzko, 1987].
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1.3 The Laguerre § Ensembles

In the previous section we studied Gaussian  ensembles whose elements were of
the form %(GJr + G) for standard Gaussian B matrices G. We stated that this was
an obvious method of introducing Hermitian structure to the ensemble of standard
Gaussian matrices. However, there is an equally obvious method that we have
circumvented thus far, due to the relative complexity of the computations involved.
Now that we have familiarised ourselves with random matrices, and have beared

witness to their applications, we construct the Laguerre f ensembles.

Definition 1.8. Fixing B as 1, 2, or 4, let G be an M x N standard Gaussian B matrix,
as in definition 1.2, with M > N. Then, let X = GG, where G is the adjoint of G,
with the notion of adjoint being the same as the one given in definition 1.3. The (a,N)
Laguerre B ensemble (LBE) is the ensemble of self-adjoint matrices represented by X,
where a := M — N is called the exponent [Forrester, 2010, pp.86,90]. Note that X is

an N x N matrix.

Remark 3. The matrix X given above is a Wishart matrix, so these ensembles are also
called the Wishart B ensembles or Wishart-Laguerre B ensembles. The name “Laguerre 3
ensembles” is due to the intimate connection they have with the Laguerre orthogonal

polynomials; see remark 5 in subsection 1.4.1.

For fixed B =1, 2, or 4, let X be an element of the (4, N) Laguerre p ensemble.
Then like the Gaussian case, X is self-adjoint with real eigenvalues. However, unlike
the Gaussian case, the entries are not drawn from Gaussian distributions. Indeed,
write M = a+ N, X = [x;;],and G = [g; ;], where G is the M x N standard Gaussian
B matrix used in the construction of X above. Then, for1 <i< Nandi <j <N,

g M M
Xii =3, ) Skis Xij = ) 8k
s=1k=1 k=1
Here, g; s denotes the sth real component of gi,j- By considering the Chi-squared
distribution, which is related to the sum of squares of independent Gaussian vari-

ables, and applying appropriate scaling, we see that the diagonal entries of X are
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drawn from the Gamma distribution F(%, %) with shape parameter # and scale

parameter % ; a variable x is distributed according to T'(k,0) if it has p.d.f.

1 1 -
xk—1p—x/8

I'(k)ok '
where here the I is the Gamma function. Thus, our diagonal terms have p.d.f.
(g)ﬁ—M/z EM/z_le—ﬁxi,i,/Z
X :
T ( 'BT ) 1,1

The off-diagonal terms are far more complicated, and do not beg discussion.

Like the Gaussian ensembles, the L1E is also called the Laguerre orthogonal ensemble
(LOE), the L2E is called the Laguerre unitary ensemble (LUE), and the L4E is called
the Laguerre symplectic ensemble (LSE). These names are again due to invariance
properties of the eigenvalue densities of these ensembles. Leaving motivations to

subsection 1.3.2, we now calculate these eigenvalue densities.

1.3.1 The Eigenvalue Densities of the Laguerre § Ensembles

We will derive the eigenvalue densities of the Laguerre B ensembles in two ways.
The first, via metric form methods, as seen in the Gaussian case in subsection 1.2.1.

The second, via Householder transformations, in an effort to offer more insight.

Laguerre 3 Ensemble Eigenvalue Densities via Metric Form Methods

We begin by outlining a proof found in [Forrester, 2010, pp.92-97], [Muirhead, 1982,
pp-63-67] of the following proposition.

Proposition 2. Fix = 1, 2, or 4. Let X = G'G be a member of the (a, N) Laguerre B
ensemble, with G an M x N standard Gaussian 3 matrix, where M = a + N. Then, the
j.p-d.f. of the independent elements of X is

_ 1
CpaN

p(X) det(X)g(“H)_l exp <—§Tr(X)> , (1.3.1)

where Cp 4 N is a normalisation constant that we are not interested in [Forrester, 2010, p.94].
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Proof. Indeed, we need to show that the probability measure of X is p(I)(X)(dX),
where we recall that (dX) denotes the product of the independent elements of the

matrix dX = [dx; ], with X =: [x; j].

As G is merely a standard Gaussian p matrix, we cannot necessarily diagonalise
it. However, we can use Gram-Schmidt orthogonalisation to write G = UT, where
T = [t;j] is an N x N upper triangular g matrix with diagonal entries positive and
real, and U is an (M x N) B matrix such that UTU = I. We can also extend U to
an M x M orthogonal, unitary, or symplectic matrix V := [U U’] (depending on B)
by defining an (M x a) B matrix U’ whose columns are orthonormal to each other

and to the columns of U. Then,

In utu’

Iy=Vv=
(u/)-l-u (u/)-l-u/

so UTU’ and (U')™U are both zero matrices, and (U’)*U’ = I,. Using these facts, we

may obtain that

N .
(dG) = [T (dT)(vtdu), (1.3.2)
i=1
where k¥ = 0 in the real case, x = 1 in the complex case, and x = 2 in the quaternion

case. We provide a proof of this fact in appendix A.

Moving on, we have X = GG = (UT)"(UT) = T'T, so dX = AT T + T'dT
and the (i, ) entry of dX is [25;:1 tk,jdt,t’i + t]t’idtk,]-]. Since the diagonal terms of T
are real and dX' = dX, the diagonal of dX consists of terms of the form 2t; dt;
for 1 <i < N, and we may also ignore all lower triangular terms when extracting
independent elements. Focusing on upper triangular terms, the (i,]) entry of dX
contains the term t{idt,-/]- = t;;dt; ;. As this covers all of the differentials that appear

in dX, we have collected all of the independent elements of dX. Multiplying them,
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we have

N .
(dX) = 2N TN ar), (1.3.3)

ii
i=1

since the differentials dt;; are completely real, but all other differentials contain

independent real components.

Since the entries of G =: [g; ] are all i.i.d. Gaussian variables, it immediately

ﬁ
follows that the probability measure of G is [TM,; H]N 1 (2[;) exp (_g‘ gi/].‘2> (dG),
from definition 1.2. Changing variables to that of X gives the probability measure
of X. This just requires 3 facts: First, Y™, Z}i 1 gi,j|2 = Tr(G'G) = Tr(A). Second,

(1.3.2) and (1.3.3) combine to give

(dG) =27V Htﬁ”" Ydx)(vtdu)
J=

= 27N|det(T)|P"*~1(dX)(VIdU),

where the last line is due to the fact that T is upper triangular. Third, since X = T'T,
we have |det(X)| = |det(T)|?. Substituting x = 0 for 8 =1, x = 1 for = 2 and
x = 2 for B = 4, and integrating out (VdU) completes the proof. O

With this proposition in hand, we may compute the eigenvalue densities of
the Laguerre B ensembles. We retain the notation of proposition 2 and denote
the eigenvalues of X by Ay,...,Ay. Then, det(X) = [N, A;, and Tr(X) = YN, A;
Moreover, since X is self-adjoint, we may use (1.2.4) to write (dX) as a product of
Hfil dAiTTicjcken Ak — /\j\ﬁ and a term involving the eigenvectors of X. Integrating
out the eigenvector terms, we find that the probability measure of X is proportional
to

g a+1)— —[5}\,-/2 H |/\k_)\j|ﬁ-

i=1 1<j<k<N

:]z

The resulting definitions are as follows.
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Definition 1.9. The (a, N) LBE eigenvalue j.p.d.f. is

1 N s
PP (A, A, B) = mn)\?le PRz T = aAflP (134)
N(a, B i=1 1<j<k<N
where a1 = g(a + 1) — 1 is a notation we will use throughout the thesis, and
B
Ly(a,B) = 2—§MN Hjli . r(1+£§)l;;’232 ) is a normalisation constant [Dumitriu and
2z

Edelman, 2002, p.5832]. Here, T is the Gamma function, and A; € [0,c0) for all

1<i<N.

Like in the Gaussian case, the normalisation constant Ly (a, ) will be indepen-
dently derived in subsection 1.4.1.

Our LBE eigenvalue j.p.d.f. has support [0,00)N because our eigenvalues are
non-negative: Let X = G'G be a member of the (4, N) Laguerre B ensemble, for
some B =1,2, or 4, and some (a+ N) x N standard Gaussian § matrix G. Let A be

an eigenvalue of X with corresponding eigenvector v. Then, we observe that
Wy =viXv = (vIG")(Gv) = (Gv)T(Gv).

But viv = |[v|]2 > 0 and (Gv)"(Gv) = |Gv|? > 0, so it must be that A > 0.

Definition 1.10. The (a, N) LBE eigenvalue density is

pg))(/\;txl,ﬁ,N) =N p(L)(/\, Ag, .o ANsa, B)dAy .. dAY, (1.3.5)

[0,oo)N—1

with support [0, c0). Let X be a member of the (a, N) LBE. Fort > s > 0, the expected
number of eigenvalues of X in the interval [s, {] is given by fst p%)) (A a1, B, N) dA.

Laguerre S Ensemble Eigenvalue Densities via Householder Transformations

We now derive the eigenvalue j.p.d.f.s and densities for the Laguerre p ensembles by
utilising Householder transformations. Our discussion is based on the constructions

given in [Dumitriu and Edelman, 2002, pp.5835-5842], [Forrester, 2010, pp.127-192].
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Proposition 3. Fix = 1, 2, or 4. Let X = G'G be a member of the (a, N) Laguerre B
ensemble, with G an M x N standard Gaussian  matrix, where M = a + N. Then X is

similar to the tridiagonal matrix T := BT B, where

XM ynei 0 oo 0
0 xm-1 Yn—2

0 0 XM_2 - 0
. . "

0 xp41

.0
0o .- cee e 0

is an M x N bidiagonal matrix with x; and y; real independent random variables drawn
from the x (i) distribution, which we define as follows. A variable x is distributed according
to x (k) if x? is distributed according to the Gamma distribution T (%, %) i.e. if it has p.d.f.

Z(Q)k/z

r@z)

In particular, X and T have the same eigenvalues.

yk=1,=px*/2.

—

Proof. Write G = [g; ], let g1 be the left-most column of G, and let G be the
M x (N — 1) matrix that lies directly to the right of g7 in G.
Let vi = g1 — +/g17g1[10 --- 0], and define the Householder transformation

LV =1 M— V1EV1 v1v1! [Golub and Van Loan, 1996, p.209]. Then LD is a left reflector
such that L(Vg; = v/g17g1[10 - -- 0]T. Moreover, LW is an orthogonal, unitary, or
symplectic matrix (depending on p). i.e. LOTL® and LOLD are both equal to the
identity.

Now, g1'g1 is a sum of the squares of all of the real components of ¢11,...,g:m1-

Hence, by considering the Chi-squared distribution, we see that g;'g; is a random

variable that is drawn from the F(@, %) distribution. Thus /g1%g1 is drawn from
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the x(BM) distribution. Moreover, since LM and GU) are independent of each other,
LMGW is an M x (N — 1) standard Gaussian f matrix (see appendix B). Hence,
LMW G is an M x N matrix whose top left entry is drawn from x(8M), all other entries
in the left-most column are 0, and the remaining entries form an M x (N — 1) stan-

dard Gaussian  matrix. Moreover, all of these entries are independently distributed.

Moving on, we may now repeat the exericse from the right. Let g; be the top-
most row of the M x (N — 1) matrix L(VG(), and let G(V) be the (M — 1) x (N — 1)

matrix right below it. Let u; = g1 — 1/g1817[10 - - - 0], and define the Householder

2 + . . B(1 .
L AL T This matrix R(Y) enjoys many of the

transformation RV = [y_; —
properties of L™, as the two are constructed in very much the same way. In
particular, R(V) is orthogonal, unitary, or symplectic (depending on g), and R(Y) and
G are independent of each other.

The top left entry of GV R is distributed according to I’(m, %) and every
other entry in the top-most row of G()R() is 0, and all remaining entries are standard

Gaussian. All entries are of course independently distributed. The reasoning is the

RO _ 1 0 ,
0o RM

we have that LOGR(M is an M x N matrix whose top left entry is distributed

according to T(ﬁTN, %), the entry to its right is distributed according to I'( B (Né_l), %),

same as with L(1), Defining

every other entry in the top-most row and left-most column is 0, and all other entries
are standard Gaussian. We may now focus on the bottom right (M — 1) x (N —1)
block of L(VGR(M and repeat this whole process. Naturally, we repeat this process a

few more times, each time defining
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for appropriate n. Eventually, we arrive at
B=LWN...LAOGRD) ... RIN-1)

where B is as given in the statement of the proposition. We note that the process
ends when the last a entries of the N column are changed to 0 by LN ), as we do

not need to follow this with R(N) (which cannot even be defined).

Now, since B is a real matrix, T = BTB = B'B, so

T = B'B
— rIN-DT ROt T LTI L L GRM L RIN-D)

— gD rWTetar() L gIN-D)

7

since for 1 < n < N, LM is orthogonal, unitary, or symplectic, so L(”)+L(”) = Ip.
Moreover, for1 <n < N —1, R™M) is also orthogonal, unitary, or symplectic. As these
matrix groups are closed under multiplication, we have that U := R(D ... RIN=1) jg
orthogonal, unitary, or symplectic. Hence, as X = G'G, we have X = UTU'. Thus

X is similar to T. O

Because of proposition 3, calculating the eigenvalue j.p.d.f.s and densities for
the Laguerre B ensembles comes down to calculating the eigenvalue j.p.d.f.s and

densities of the tridiagonal matrix defined in said proposition.

Proposition 4. Let B € R.g, N € N>y, and a € Ny. Let M = a+ N and define

Ty := B;Bﬁ, where

XM YN-1 0 e 0

0 xm—1 Yn—2

BIB: 0 0 XM—2 0
: ' ' Y1
0 0 xﬂ+1-
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is an N x N bidiagonal matrix with x; and y; real independent random variables drawn

from the x(Bi) distribution. i.e. x; and y; have p.d.f.

2(5)P 202" pi-1,-p2/2.
r(5)

where T is the Gamma function.

Let Ay, ..., AN be the eigenvalues of Tg. Then the eigenvalue j.p.d.f. of Tg is
(T) I _ByN ), N B(a+1)/2—1 8
p' (A, AN, B) = 2 &i=l ’H)\i H |)\k—)\j| ’
B.a,N i=1 1<j<k<N
B
where T =2 EMN [N [(1+3) is a normalisation constant taken from defini-
PraN = I TS from def

tion 1.9. The eigenvalue density follows by definition 1.10.

Proof. First, we note that the j.p.d.f. of the independent elements of By is

p'T)(Bp)

A 2T BB (a6
B,BaNi Hy (1.3.6)

where Bg ; y is a normalisation constant. Writing (dB [;) =dx,y1...dxpydyr ... dyn—1,

the probability measure of By is then pT) (Bg)(dBg). Next, we write

ay by-1 O 0
bn-1 an-1 bn-2
Ti=| 0 by 0
ay b
i 0 0 by m |
so that ay = x3;, and for 1 <i < N—1, a; = y? +x3,_; and b; = yxp_nit1.

Differentiating these relations, and computating the Jacobian, we have

N-2

1
(dBg) = <2MxM_N+1 I x%wi) day ...dandb; ...dbN_1. (1.3.7)
i=0

As Tg is a real symmetric matrix, we may diagonalise it as Tg = PDPT, where

D = diag(Ay,...,An) and Pis an N x N orthogonal matrix such that the j column
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of P is the normalised eigenvector of T that corresponds to A;. For 1 < j < N, let g;
be the first component of the j' column of P. Each eigenvector has a choice in sign,
so for uniqueness, we restrict each g; to be positive. By substitution into Tg = PDPT,
we can see that the j' eigenvector of Tg is completely determined by gq; and the
eigenvalues and entries of Tﬁ' In fact, since the rows of P must also be orthonormal,
qn is fully determined by q3,...,qn—1. Hence, Ty is fully determined by the set
{M,...,AN, g1, --.,dN—1}- By counting the number of independent variables on each
side of the equation BEB[; = PDPT, we see that the set {Aq,...,AN,q1,.--,GN_1}
must be independent.

Porposition 1.9.3 of [Forrester, 2010, p.46] tells us that the Jacobian for changing

variables in T from {ay,...,an,b1, ..., b1} to {A, ..., AN, 1, -+, gN—1]} 1S

1/2
1 HN 1b N-1

= N = (1— Y @) .
i=1

QN 1_[1 1q1,

Hence by substituting into 1.3.6, and using 1.3.7, we arrive at the probability measure

N-1
p'") (Bp)(dTp) = B, Nexp{—§ (Z Xyt Z yk>}
HN 1 /3 HN 1 ﬁk
; H . Ik dAi...dAndgr...dgn_1  (1.3.8)
N =141
Now,

= =1 i=1
N— ) N
H M—i — d ( ,B) det Tﬁ = H)\zz
=0 i=1
N-1 l% N-1, pk N=
H Hk 1 yk _ H a+1 |/\k_/\j|'B/
Hz 14 = 1 0 1<j<k<N

where we have used proposition 1.9.2 of [Forrester, 2010, pp.45,129] in the last line.

Hence, after integrating out our ¢; terms, 1.3.8 simplifies to give us the eigenvalue
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j-p-d.f. of Tg as

1

1 _ByN . N 1)/2—-1
P(T)()\ll---,)\N}a/,B) =7 e~ 7 Litt A HA/?(H )/ H Ap — Aj|ﬁ,
B.a,N i=1 1<j<k<N

as required; we compute Tg, y easily via a variant of the Selberg integral. O

Remark 4. In our constructions until now, we have determined the eigenvalue densi-
ties for the real, complex, and quaternion Gaussian and Laguerre ensembles. These
have corresponded to the 8 values 1, 2, and 4. However, our eigenvalue j.p.d.f.s and
densities given in definitions 1.6, 1.7, 1.9, and 1.10 do not have any qualms with
general B € R-g. To be able to call these functions eigenvalue j.p.d.f.s and densities
for general B values, we desire random matrix ensembles whose eigenvalue j.p.d.f.s
and densities are given by said functions. That is exactly what we have done here in
the Laguerre case, as the random matrix ensemble represented by the Ty given in
proposition 4 is valid for any 8 € R (. For this reason, the family of random matrix
ensembles represented by Ty are called the general-B Laguerre ensembles, or similar.

The same construction can be performed to define the general-p Gaussian ensembles.

We observe that in the cases p = 1, 2, or 4, Bg of proposition 4 is simply the B
given in proposition 3 with the last a rows of 0s truncated off. Then, Ty of proposition
4 and the T given in proposition 3 are identical. Combining propositions 3 and 4, we
see that for B = 1, 2, or 4, the eigenvalue j.p.d.f.s and densities of the (4, N) Laguerre

B ensemble are as given in definitions 1.9 and 1.10.

1.3.2 Applications of the Laguerre § Ensembles

We now present some applications of the Laguerre f ensembles. Again, we forego
discussion of combinatorics, instead visiting them in subsections 1.4.3 and 1.4.4.
Principal Component Analysis

We demonstrate the concept through an example. Consider a class of M students that

must complete N tests throughout the semester. Let X = [x;;] be the M x N matrix
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such that x; ; is the mark that student i obtained on the ™ test. Let Xj = o yM Xi ]
be the empirical average of the class’s marks on the j test, and let Xj bean M x 1
column vector whose entries are all equal to X;. Let X = [x1 -+ Xn|, and let

Y = X — X. Let ey, ..., eN be the standard basis on the space that Y acts on.

Let £ = YTY. The eigenvector v; of ¥ that corresponds to the largest eigenvalue
Aq is called the first principal component of Y, and the eigenvector v, that corresponds
to the second largest eigenvalue A, is the second principal component of Y, and so on
[Jolliffe, 2002, pp.30-33]. These principal components can reveal a lot of information;
for example, if the first principal component is mainly pointed in the directions of
say e1 and ez, we can say that the first and second tests largely contribute to the
variance of the data in X. i.e. that they’re good tests. In formulating future tests,
one would like to replicate what the first and second tests have in common. On the
other hand, the data will barely vary in the direction of the N* principal component.
In practice, the dimension of the problem is reduced by successively projecting the
data onto the hyperplane orthogonal to the Nt principal component, and then
the (N — 1) and so on, since these components relatively offer little information.
Indeed, ¥ = YN, A;v;v;*; truncating this sum gives a low-rank approximation to X.

Now, assert that the j test’s mark is normally distributed with mean yuj and
standard deviation 1, with no correlation between the tests. Then, ¥ has eigenvalue
j.p-d.f. given by the j.p.d.f. for the (M — N, N) Laguerre orthogonal ensemble (1.9)
[Gupta and Nagar, 2000, pp.92-93]. This gives us information about the eigenvalues
and eigenvectors of %, allowing us to perform principal component analysis in a
statistical sense. These concepts have applications in fields like image compression

[Clausen and Wechsler, 2000] and financial correlations [Jolliffe, 2002, p.76].

Wireless Communications

We will give a largely heuristic description of a theory that is actually rather concrete.

We again demonstrate the concepts through an example. Consider the information
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transfer from a wireless modem to a laptop. Suppose that the modem has one
transmitting antenna (transmitter) and that the laptop has one receiving antenna
(receiver). In this example, the modem is trying to send binary data. Let x(¢) be the
signal emitted by the wireless modem and let z(¢) be noise that is added onto x(t)
before it reaches the receiver, both in Volts. Then, the received signal y(t) is given by
V/x(£)2 + z(t)2 due to conservation of power. The receiver assumes that x(t) and z(t)
are real-valued and that there exist X, Z € R~ such that |x(¢)| < X and |z(t)| < Z
for all t. Then there exists Y € R such that |y(t)| <Y and ¥ = /1 + %. Now, we
subdivide the range (—Y,Y) into 2" subintervals of length 2Z so that when y(t) is
sampled, we can confidently assign it a binary value according to which of these
subintervals y(t) lies in. Then, b = 11og,(1+ %) is the number of bits that y(t) can
reliably represent. Now, if we further constrain x () so that in the frequency domain,
x has frequencies between fuin and fmax, the sampling theorem tells us that we can
take 2B good measurements of y(t) over one second, where B = fimax — fmin- Hence,
the number of bits we can transmit over one second is 2Bb = Blog, (1 + %) The
information capacity is defined as I = log, (1 + %), and it specifies the number of bits
that can be transmitted during one second, per frequency of bandwidth available.
The ratio 2 is the signal-to-noise ratio. The formula I = log, (1 + %) is called Shannon’s

formula.

For physical reasons, one antenna per side is not good enough for modern needs
[Simon et al., 2001]. We now consider the situation where the wireless modem has
my transmitting antennas and the laptop has mp receiving antennas. We let x;(t)
be the signal emitted by the i" transmitter, and y;(t) be the signal received by the
j receiver. Then, we form the column vectors x and y so that y = Gx + z, where
G is an mg X mt propagation matrix, and z has i.i.d. entries which represent noise.
The propagation matrix G describes how the signals x; linearly combine through
superposition before they arrive at the receivers. It accounts for factors such antenna

placement, angle spread, and angle of arrival at the receivers due scattering of the

electromagnetic waves by walls, desks, etc. [Ratnarajah et al., 2003]. We now consider
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the case that our signals are complex-valued. The receivers have no prior knowledge
of the x;, other than the fact that they are Gaussian with mean 0. Moreover, we
assume that z consists of standard Gaussian complex entries. Then, there is a well
known generalisation of Shannon’s formula [Foschini and Gans, 1998], where the

information capacity of this system is given by

I = log, det (ImR + £ G*G),

my
where p is the total power emitted by the modem. We now assume that G is a
standard Gaussian complex matrix so that GG is a member of the Laguerre unitary

ensemble. Then, we can use our knowledge of the eigenvalue density of the Laguerre

unitary ensemble to compute statistics for the information capacity.

Quantum Entanglement

We highlight a recent application to a problem involving quantum entanglement
[Chen et al., 2010]. We consider a bipartite quantum system Q consisting of the
system of interest A, and the environment B. We let A have dimension N and B have
dimension M, with N < M. Let [e/!)1<;<y and |e}3>1< j<M be the complete orthogonal
bases for A and B, respectively. Then, any quantum state in Q can be written in the
form |¢) = YN, Z]‘Ai1 x;jleft) ® |e}3>, with x;; € C, so that |¢) is represented by the
matrix X := [x;;]. Chen et al. consider states |¢) whose corresponding X matrix is a
standard Gaussian matrix with the added constraint that Tr(XX") = 1. The j.p.d.f.

of this so-called fixed trace Laguerre ensemble is

N
p(FT)(/\l, .. .,)\N) = ,O(L)(Alz- AN 0‘1/2) J <2/\1 o 1) ’
i=1

This density allows one to compute measures of entanglement. One such measure
is the smallest eigenvalue and its p.d.f., which the authors compute. One of the
conclusions of their work is that the global constraint of Tr(XX') = 1 does not

influence local correlations, in the large N limit.
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1.4 Further Prerequisites

We are required to explore some more ideas so that the discussion in the upcoming

chapters flow smoothly.

1.4.1 The Selberg Integral

First, we take this opportunity to choose notation for the Vandermonde determinant.

Definition 1.11. Let N € IN>; and let (x1,...,xy) be a N-tuple of variables. Then

the Vandermonde determinant of order N in x is

1 x x% e x{\lfl
1 x, 22 ... xN-1
AN(x):=| _2 . 2' = JI (x—x). (1.4.1)
: : : " : 1<j<k<N
1 XN x%\’ R % 1

We do not prove the right hand side of this equation; it is a famous result. The
disbelieving reader may check that the right hand side satisfies properties of the
determinant and that both sides are homogeneous monic polynomials of order

IN(N — 1) which vanish at x; = x; for all 1 < j, k <

Remark 5. As determinants are invariant under addition of rows, Ay(x) is unchanged
if each x¥ is replaced with a monic orthogonal polynomial of orderk in x;. This hints

at how orthogonal polynomial theory interacts with random matrix theory.

Definition 1.12. Let N € N+ and let a1, a3, & € C such that Re(aq),Re(ap) > 1

and Re(a) > —min{y L Re](\’;‘f{l), Re( lxzﬂ }. The Selberg integral [Andrews et al., 1999,

p-402] is
Sn(ey a0) = | del K (1 - ) Ay (0 (1.4.2)
01N

Theorem 1.1. Selberg showed that for N, a1, ap, « as in the definition above,

N T (g 4+ 14 ja)T(ap 4+ 14 ja)T(1+ (j+ 1)a)

S 4 4 = 1
(a1, a2, ) g T +ax+2+(N+j—1)a)l(1+a)

, (1.4.3)
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where T is the Gamma function.

Proof. We present a brief outline of Aomoto’s method [Aomoto, 1987] of proving

this identity, as presented in [Andrews et al., 1999, pp.402-406]. The idea is to define

IX 2 o
/m]Ndel 1 MHX]MN )™, Io = Sn(a, a2, 1),

and then to compute

o) N
] = [01]1\73_961{ —xq) [ [0 (1 — x;)* Hx]|AN |2"‘}dx1 .dxy
’ i=1

in two different ways. By the fundamental theorem of calculus, | = 0, while Leibniz’s

rule implies that

J=(@+ 1)L — (a1 +ar+2)+a(N—k)[_1 —a(2N —k—-1)I,

a1+1+(N—k)a

so that we obtain the recursion relation I = ey N—F=1)

w73 lk—1, which allows us

to write I in terms of Iy. But this gives

N a1+ (N—ja+1

ARt § v e

Sn(aq, ap, )

(a1 +a2+ (2N —j—1)a+2)

k
(ot (N—jat, Ntk

N
— SN(lxl,le,IX) = H
j=1

where ( - )i is the Pochhammer symbol and the last line is due to symmetry in a7 and
ay in the first line. On the right hand side of the above, change variables x; — x;/k
for 1 <1 < N, and take the limit as k — oo to obtain

N F(“2+(N_j)“+l) —X; 2u
SN(“”“Z’“)_gr((xﬁaﬁ(zz\f—j— Do+ 2) / de’ [An G

(1.4.4)

Writing Exn (a1, &) for the integral on the right hand side, we have by symmetry in a4

and ay that D, (a) := 0T (i?’i“(ll\;")])aﬂ) is independent of a7 and a; and that

D+ (N = ja+ DI (@ + (N — jla+1)
Snlm, oz @) = ]11 T fat 2N—j—Dat2) D@ @45)
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Taking advantage of the symmetry between x1, ..., xy, one has

lim (a7 +1)Sn(a1, a2, )

0(1~>71Jr

= N! lim (oc1—|—1)/01dex"‘N1 (/xl/x dez (1—x)"2|Ay ()|21x>_

ZX1%—1+

Taking the limit by using the fact that limﬁ([xl +1) fol taf(t)dt = f(0) for f
11— —

continuous, realising the resultant right hand side is also a Selberg integral, and

N F1+oc
H jo)

substituting in (1.4.5) gives Dy (a) = [T, (e

. Substituting this back into (1.4.5)
gives the stated result. O
The Normalisation Constants

Here, we use limiting procedures to calculate the normalisation constants for the

Gaussian and Laguerre  ensemble eigenvalue j.p.d.f.s.

Theorem 1.2. The normalisation constant for the N x N Gaussian 3 ensemble is
N 2
Gu(p) = [ TTdhe P/2ian(a) P
i=1

. N/2
We claim that Gy (B) = (%) Iy, fs,

Proof. To obtain this result, change variables x; — 7 + 7 in the Selberg integral and

2
seta] = ap = —%, o= g, then take the limit as b — oo.
Thus x;1(1 — x;)2 — (1 — xl.z/bz)—bzﬁ/Z b —px?/2. 0

Theorem 1.3. The normalisation constant for the (a, N) Laguerre p ensemble is

(o o= [ TTaade #anl,

r(1+
T(1+5/)r(

) .
(a+)

Proof. Change variables x; — x;/b in the Selberg integral and set a, = _Tbﬁ, o= g,

where ay = g(ﬂ +1) — 1. We claim that Ly(a, B) = 2—5MN H].I\Ll

NN

then take the limit as b — . O]
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1.4.2 Global Scaled Eigenvalue Densities

Our goal is to investigate the behaviour of the (2, N) Laguerre  ensembles in the
large N limit. However, in this limit, the eigenvalue densities of these ensembles are
unbounded both in range and domain; the largest eigenvalues move towards infinity,
and integrals of the densities (1.10) themselves diverge. To avoid these issues and

enable analysis, we introduce the global scaled eigenvalue densities.

Definition 1.13. The (4, N) Laguerre § ensemble global scaled eigenvalue density is

ﬁgf))(f&;le,ﬁ, N) := P%))(N/\;txl,ﬁ,N), (1.4.6)

where pg)) is as given in definition (1.10).

The global scaled density always integrates to 1 on its support. In the large
N limit, the global scaled eigenvalue density has support (0,4). We remark that
such a construction ﬁglc)) (A; B, N) also exists for the Gaussian B ensembles, and draw

attention to the much celebrated Wigner semicircle law [Wigner, 1958].

Theorem 1.4. Let X be a symmetric random matrix with i.i.d. distributed entries, with the
second moments of all entries being equal to say v. Moreover, demand that all moments of
the entries of X exist and have an upper bound independent of the entries” locations in X.
Then, in the large N limit, the global scaled eigenvalue density of X is

Vav?z — A2

ﬁ(l)(A) = 27112

XAe(—2v,2v)r
where p(1y(A) = \/Lﬁp(l) (V/NA), and x is the character function.

There is a similar result for the Laguerre  ensembles, called the Marchenko-

Pastur law [Pastur and Shcherbina, 2011, p.188], a consequence of which is

L . 1
lim p(y) (A, B,N) = piy) o (A, B) = 5—4/ 4 — Lxoer<s.

N—oo

A proof of this result will be provided in subsection 4.1.1. It is important to note

that this result is very nice, but it only captures the large N data. In fact, a lot
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of the intricacies and low-order details of the density have been scaled out. Such
details are actually quite interesting. For example, the density has oscillations that
become more numerous and violent as N — co. The global scaled eigenvalue density
ﬁg )) (A; a1, B, N) is effectively a smooth function after averaging. Thus, we often call
ﬁg )) (A; a1, B, N) the smoothed eigenvalue density of the Laguerre p ensemble.

The definitions of the smoothed and regular eigenvalue densities depend on the
eigenvalue j.p.d.f.s, so we define a measure related to the scaled Laguerre 8 ensem-
bles. Henceforth, we will use LBE* to denote {# X | X a member of the (a, N) LBE};
the eigenvalues of Y = %X € LBE" correspond to % times the eigenvalues of X.

(L) (L)

This is the same correspondence between p 1) and p 1)

Definition 1.14. The LBE* scaled measure is

N
dprges(A) = [ANA)PTT AT e PN2dN;, - A € [0, 00)
i=1
where the LBE* denotes we are working with the scaled eigenvalue j.p.d.f.

Definition 1.15. The LBE* partition function is
Zig= [ duge V),
N [0,00)N mrger (A)

and can be calculated using the variant of the Selberg integral given in theorem 1.3.

The partition function serves as our normalisation constant.

Definition 1.16. For an operator K, the ensemble average of K with respect to LBE* is

* 1
<K>LﬁE = 7% /[0 )N Kd‘I/lL‘BE* (A)
N ,00

In the definition of the eigenvalue density (1.10), we use symmetry between the

eigenvalues to set A as A1. We could’ve just as easily have chosen A; instead. If we
have a statistic f(A) that is dependent on the eigenvalues of the (4, N) Laguerre

ensemble, then

o LBE*
:/O f(A)pgl (A, B,N)dA = < Zf > : (1.4.7)

where here, the * denotes an ensemble average with respect to the smoothed eigen-

value density.
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1.4.3 The Moments

We analyse the smoothed eigenvalue densities of the (4, N) Laguerre B ensembles

by investigating their moments, as the moments fully characterise the densities.

Definition 1.17. For k € N+, the k™ moment of ﬁ%)) (A;a1,B,N) (1.4.6) is

iy = / A (Aar, B, N) dA (1.4.8)

The zeroth moment is the mean, while the second and third moments relate
to the variance and skew, respectively. Moreover, suppose that we have a statistic
f(A) that is dependent on the eigenvalues of the (a, N) Laguerre § ensemble. If f is
analytic at 0, we may expand it as a Taylor series about 0, say f(A) = Y5> frAF for
some constants fy. We can then calculate the ensemble average of f(A) w.r.t. ﬁ%))
term by term by using the moments of the density, given that the average exists:

/f /\061//3Nd7\ kamk

k=0
Here, we use the * to denote that the ensemble average is taken w.r.t. the smoothed
eigenvalue density, rather than the true density (1.10). By a simple change of

variables, for k € N+, the k™ moment of pgi)) is given by

my —/ Ak )\ a1, B, N)dA = Ny, (1.4.9)

so we may work with the smoothed eigenvalue density without loss of information.

(k)

Proposition 5. There exist coefficients a;”’ such that each moment of the smoothed eigenvalue

density has the form

k .
1y = Z al(k)N_l. (1.4.10)
i=0

This fact was shown in [Mezzadri and Reynolds, 2015] through considerations
of Ferrers diagrams and Jack polynomials. This result has also been derived in
the B = 2 case through a counting problem regarding the bicolorings of 2k-gons
[Di Francesco, 2003]. We remark that the moments of the Laguerre B ensemble are

also linked to alternating Motzkin paths, as seen in chapters 5-6 of [Dumitriu, 2003].
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1.4.4 The Resolvent and Related Correlators

In our goal to compute the moments of the smoothed eigenvalue density, we intro-

duce the resolvent.

Definition 1.18. The resolvent of the smoothed eigenvalue density of the (a, N)

Laguerre  ensemble is

N\ N LBE*
Wi(s) := <S _/\> = <]’:1 - A1> . (1.4.11)

The resolvent Wi (s) acts as a generating function for the moments of the smoothed

. . k . .
eigenvalue density. As s — oo, ﬁ =Y 0 skAﬁ’ through consideration of the geo-

metric series. Hence,

1 S— 00 1 ad ﬁ;lk
Nwl(s) < g+kzzlm (1.4.12)

We will need higher order versions of the resolvent, which we will simply refer

to as correlators.

Definition 1.19. Consider the (4, N) Laguerre p ensemble. For 1 < n < N, the

unconnected n-point correlator is

N ) LBE*
Uy(s1,...,5n) := < Z CED Ajn)> : (1.4.13)

J1reejn=1

We call these the unconnected correlators in order to distinguish them from

similar quantities which we call the connected correlators.

Definition 1.20. In the setting above, let 1 < n < N, and let Xj,..., X,, be some

operators. Then, the connected ensemble average of the product Xj - - - X, is

Xy LﬁE* ZZ 'H (1) " \G|)>L/3E*, (1.4.14)

m=1 G
where the sum over G is over all subdivisions Gy U ---U Gy, of {1,...,n} into m

subsets, with the g; defined by G; = {g;(1),...,&;(|G;j|)} [Forrester, 2010, p.187].
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Definition 1.21. Consider the (4, N) Laguerre B ensemble. For 1 < n < N, the

connected n-point correlator is

N . LBE*
W”(Sl'“"s”)::< L <sl-Aj1>---<sn—Ajn>> B

jl/'“/jn:l
We now present some relations between the connected and unconnected correla-

tors due to [Smith, 1995], as seen in [Witte and Forrester, 2015, pp.8-9].

i :Z—H'Wn(sll-..,sn) = log (1 + i :Z—T:Un(sl,. . .,Sn)> , (1.4.16)
n=1"" =1
Un(x1/]n) — Wn(Xlr]i’l) + Z anm (X1;]n\]) UU|(]), ]n = (xz,. . .,xn).

D#]C)n
(1.4.17)
We observe that the connected correlators are defined through an inclusion-
exclusion principle, in an effort to induce cancellations; connected correlators of
higher order in n decay faster in N, compared to the unconnected versions. The
probability theorist may prefer to think of moments and cumulants. We work with
the connected correlators because of their faster decays in N. In fact, for ,a; € R+,

our connected correlators admit large N expansions of the form

_ _ ad Wl (Sl PPN Sn)
Wi (s1,...,8,) = N2 gl L
' ' L (NvR)

with W/ not dependent on N; the unconnected correlators do not admit such expan-

, k= g, (1.4.18)

sions. This large N expansion comes from the field of topological recursion, where
such an expansion is proven to be valid if the resolvent satisfies certain hypotheses —
hypotheses that our resolvent satisfies. See section 4 of [Borot and Guionnet, 2012].

This topological viewpoint also gives reasoning behind the terms “connected”
and “unconnected”. Indeed, these correlators are related to problems of enumer-
ating maps, which are graphs embedded onto 2-dimensional manifolds [Zvonkin,
1997]. A reader versed in enumerative combinatorics may recognise that the relation
between the generating functions of connected graphs and the generating functions

of unconnected graphs is the exact same as the relation (1.4.16) given above.
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1.4.5 The Stieltjes Transform
The resolvent is also given by the Stieltjes transform of ﬁ%)) [Wall, 1948, pp.247-250].
Definition 1.22. Let p be a density with support I C R. Then, for all s € C \ R, the

Stieltjes transform of p is
W(s) = ST{p(A);A = s} := /I%d)\. (1.4.19)

It is evident that ;Wy(s) = ST{ﬁg))(/\;vq,ﬁ,N);/\ — s}. Moreover, we may
extract the smoothed eigenvalue density from the resolvent via the Sokhotski-Plemelj

theorem.

Proposition 6. Let W be the Stieltjes transform of a function that is continuous over some

interval I C R. Then, for all A € I, the inverse Stieltjes transform of W is given by

0(A) = IST{W(z);z — A} = % lim (W(A— i) = W(A+ic).  (1.4.20)

We remark that in the case that p(A) extends to an analytic function in the neighbourhood of

R, this is just a simple consequence of Cauchy’s theorem.

It is relatively difficult to compute the inverse Stieltjes transform of a pole, so we

give a result here.

Theorem 1.5. Let m € N~ and let 5™ denote the m*" order derivative of the Dirac delta

function (distribution). Then for a € R,

(-1
(m—1)!
Proof. We prove by taking the Stieltjes transform of the right hand side. First, note
that using the chain rule, (ilmTill(S()\ —a) = (=1)"1 i (A —a). Thus,

IST{(z—a) ™z —> A} = s\ —a). (1.4.21)

dAnT
(—1)m-1 /oo sm=1 (A —q) o1 dm—_l /oo S(A—a) A
(m—1)! - z—A (m—1tdam 1) .« z—A
1 dmt o
(m—1)!dam1z—a
- 1
C z—a)m
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Chapter 2

The Loop Equation Analysis

We adopt the loop equation formalism as seen in [Witte and Forrester, 2015], [Witte
and Forrester, 2014], with f € R+ and a € Ny such that a; = g(a +1)—1>0. We

remark that the name loop equation has historical origins in quantum field theory

[Brézin, 1993, pp.798-863].

2.1 Preliminaries Particular to the Loop Equations

Throughout this chapter, we fix a, B, #1 and either fix N as a large integer, or consider
the large N limit. Our analysis is valid for f € R+, so long as a1 € R~9. We remind
the reader that p = 1, 2, and 4 are special cases corresponding to the LOE, LUE, and
LSE. Whenever we deal with the n-point connected or unconnected correlator, it will
be assumed that n < N. As per definition 1.11 of the Vandermonde determinant in
subsection 1.4.1, we will denote the product ] (Ak — Aj) by A(A), dropping the
subscript N. R

We are mainly concerned with the global scaled eigenvalue density and j.p.d.f.

of the (a, N) Laguerre B ensemble. To this end, we let LBE* denote
{#X | X a member of the (2, N) LBE},
so that the eigenvalue density of the LBE™ is given by ﬁg)) (A a1, B,N) (1.13).
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We provide a summary of the quantities from chapter 1 that we will be using in

chapter 2.

Definition 2.1. For 1 < n < N, the connected n-point correlator is

N

) LBE*

J1seejn=1

while the unconnected n-point correlator is

N . LBE*
””(51'“"5”)::< L <51—Ah>~--<sn—Ajn>> '

jl/"'/j?’lzl

Here, (-)LE" denotes the ensemble average with respect to the LBE* scaled

measure given in definition 1.14,

N
dprpes(A) = [AA) P T T AT e PNY2da,.
i=1

The identities (1.4.14) and (1.4.17) will be invaluable.

Un(x1, Jn) = Wa(xr Ju) + Y, Wy (T \ D U (J), Jn = (x2,- ., x0).

0L,
Wa(st,.- sn) = 3 2 (=1)" " (m =D T Ug, (5,0 Sgi(1,0))-
m=1 G j=1

where the sum over G is over all subdivisions G; U ---U Gy, of {1,...,n} into m
subsets, with the g; defined by G; = {g;(1),...,g;(|Gj])}.

We are interested in these correlators because they allow us to form loop equations
that will be used to compute the resolvent Wi (s1). The resolvent is of interest because
it acts as a moment generating function for the moments of the smoothed eigenvalue
density of the (a, N) Laguerre B ensemble (1.4.12).

It is important to note that the connected correlators admit large N expansions of

the form

dn S Wh(sy,. .., 8) B
Wy (s1,...,8,) = N2l nor T, k=1,
n(sl n) K l;() (Nﬁ)l )

with W} not dependent on N. We now outline the loop equation formalism used to

calculate these large N expansions.
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2.2 Loop Equations for the Laguerre f Ensembles

In this section, we derive loop equations which allow us to recursively compute
higher order terms of our Wy(s1,...,s,). We introduce new variables and define yet

another measure in an effort to keep our calculations tidy.

Definition 2.2. The LBE altered measure is
dP‘L/;E( |ﬁH’)’a1€ Tidy;.

For present purposes, we use

ZN 1=/[ dzpge(7),

1
ZN
Wn(xll <

Un(xl,..., <
i

to denote what we will call the altered partition function, altered ensemble average, altered

#LﬁE ),

oo)N

N 1

; AR n—m)>c’
N

)y

fn=

1
p (= 75) - (Gen = j,)

connected n-point correlator, and altered unconnected n-point correlator, respectively. We

retain our meaning of “connected” versus “unconnected”, so that we have

Wn(xl,..., Z ; m—1)!HU|Gi|(xgj(1),...,xg],(GiD),
]:

where the sum over G is over all subdivisions of {1,...,n} into m subsets, with the

gj defined by G; = {g;(1),...,8;(IGj])}.
We now use these definitions to derive our unscaled loop equations, and then

scale them so that they yield relationships between our W (s1,...,5,).

Henceforth, x = 2, h=+x— and X is taken to be the character function.
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2.2.1 Some Identities via Aomoto’s Method

The derivation of our loop equations is quite involved, so we first present some
identities. The proofs of these identities will be in the style of Aomoto’s method;
recall the proof in subsection 1.4.1. Thus, our first two identities will be derived by

considering the ensemble averages of partial derivatives.

Loop Equation Identity 1. The first identity we will use is

: 1
°" <]'1/--§=1 (x1 = ’Yfl)z(xz - ’Y]'z) e (xn — 'Y]'n) >

n

% Xn#1
=2 \jy izt 1= i) (e = %) O = 2302 (st = V) - (8 = )

N 1 N 1
T <j ;_1 r)/]ll(x1 B ’le) o (o — ’an)> - <]'1/.§'n_1 (x1 — ’)’jl) (X — ')’jn)>

al 1 N1
<] ; (r1 = 750) -+ (% = 7j,) p; ')’jl_')’p>’ 221

P#h

where jy, .. .,]'Ak,...,]}Z =1, s Jk—1,Jk+1,- - - » Jn and we require a; > 0.

Proof. Consider the ensemble average
1 N

Li(x1,..., %, <Z )

1
=1 OV} X1 Vjy J2reijn=1 (2 = 7p) -+ (on =) > .

We interchange the sum over j; with the integral over [0, )", noting that we're

allowed to do so because the sum is finite for fixed N. Then, for each j;, we evaluate

the integral that corresponds to ;. By the fundamental theorem of calculus, our

ensemble average is then

Il(xl,. .. xn)

ZN Z/ ﬁd%‘

n= 1=
i#f1

x| i . Iﬁl—h””e an
o ) (=

Ti J2seerjn=1 (xz ,Y]z) f)’]n) o
Tii=
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For each value of jj,

1 % 1 |'8H’y“16 i
=7, . = =) (- ,)

Vi ]2,...,],1:1( 2 Vin 7}, =0
Cim |y ! AP 0| =0,
T T Y gy, = (x2 = 7j,) -+ (X0 = 7)) i=

where the above limit converges to 0 because it is dominated by the e 71 term. The
remaining factors in the integrand of I; (x1, ..., x,) are bounded on [0,00)N~1, so the

integrand reduces to 0 for each value of j;. Hence, our ensemble average is zero:

N
Il(xlln'/xn):E.Z/ 710]:]:(:1")/1:0
1= =1
i#j1
On the other hand, we may differentiate with respect to -y, by applying Leibniz’s
rule. The integrand of I1(xy, ..., x,) is then given by

% ’ ! % ! |A( )|/3ﬁ 15—
P a’)/jl X1 — Vi, - (xz—r)/jz)...(xn_ ) i i:1r)/z'

it jy,.in=1 Vi
N 1 N 1

o AT
LR, & Gam )Gy 2L

+ % L9 % ! IA(’Y)Iﬁ]Z—VI'Y“le‘%
=y 0y g, S (e =) (e — ) i1
J2s-s]n

]171 ] =1
al N
1 9
* A EYT e
L e LA
N

1

N
+j1,.§n—1 (1 _’Yh)"'(xn—’)/j”)lA( ) (7——1> H lo=7i,

) i=1

We compute that for n > 2,

0 i 1
a’)/]'l j2rererjn=1 (xZ - '7j2) T (xn - 'an)

Xn — ’)/]'nfl) .
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Hence, by induction on 1, we have for n > 2,

N !
I, Jooin=1 (X2 =73) -+ (xn = 7j,)
n N 1
"L X e G ) P = ) )

Moreover, we compute that

N N N
2 Aty =2 T —mlf ¢ T bv—wlf = T =L Iaml”.
Vi Tio | p=1 1<j<k<N p=1 Vi —Vp

P#h Jk#j P#h

Thus, the integrand of I;(xy, ..., x,) simplifies to
i 1
lreerjn=1 (21— 7]'1)2(x2 - '7]'2) s (o — 7]':1)
N

n
+ Z 2 Xn#1

S i 2 =) (e = 2e) (= %) O = Vi) - (o = )

N 1 N B o N
+ Y Y + 2L o) AP Tofe ™,
i=1

=1 (x1—=j,) - (xn = 7j,) p=1 Th =T i
P#i

and I (x1,...,x,) is simply equal to the right hand side of our identity (2.2.1). We've

shown earlier that I;(x1,...,x,) = 0, so the identity is proven. O

We also utilise an identity that is essentially a simpler version of our first loop

equation identity.

Loop Equation Identity 2. The second identity we will use is

0 — % % Xn#1
22\ i (=) (e = ) (= 732 (Yt = Vi) - (80 = 73,)

IE ! > !
+ af_l _ — N 7
=1 Vit jo,.ju=1 (x2 = 73) -+ (X0 = 7)) Jorein=1 (2 =7j,) = (X0 — 7))

(2.2.2)

where we recall that jl,...,]?(,...,jn = Jj1,- s Jk—1 Jk+1, - - - Jn and we retain our

requirement that aq > 0.
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Proof. This time, we begin by considering the ensemble average

N N
L(x1,...,%n) ::<Z J ) ! >

19 i (2 =) e (X =)

We immediately obtain I(xy,...,x,) = 0 by the fundamental theorem of calculus,
as in the preceding proof.
Applying Leibniz’s rule, we observe that

N ) N 1 N
) { y |A(7)|"]17§-"1€%}

=1 97}, jojn=1 (x2 = 7,) -+ (xn = 7j,)

N

]1,...,jk,...,jn

{ ké 5 Xnr1

=) (et = V) (= 172 (1 = Yjy) -+ (on = j,)

J

N N N
L 1 (Z - +ﬂ—1>}!A(v)!’3H7§’”e“’f,
1reeer]n=

X = j,) - (Xn = 7j,) p=1 Th =T Th i=1
P71
using calculations from the preceding proof. Furthermore, we note that

N 1 N
Y D)

tejn=1 (2 —=j,) -+ (xn = 7)) =1 Yi — Vp B
P#h

since interchanging variables j; <+ p and then extracting a minus sign yields

I B .

pir=1 Yh =Y =1 Tp — Vi i1 Th T
P#i p#i P71
This then completes the proof. O

Our first two identities are all that are necessary to derive our loop equations via
Aomoto’s method. However, we supplement them with a few more identities that

will aide in our calculations.

Loop Equation Identity 3. We present our third loop equation identity without

proof,

]

iu (x Xy) = — i ! (2.2.3)
ox; b Leerjn=1 . >3

(1 = 7j,)%(x2 = vj,) - (X0 — 7j,)
O]
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Loop Equation Identity 4. For 2 < k < n, our fourth loop equation identity is

i lln_l(xl,...,fk,.. ) U (xz,...,xn)
Xy X — X1

0

N 1
I <j1,...,ﬁ<§jn=1 (1 =) (=1 = i) (e = Y5) (k1 = Yjn) - (o = 4,)

1
- ’)/jl)z(Xk+1 - ’)/jk+1) U (xn - ’)/]n) > .

N
N j11~--/j}§/jn—1 (x1 — ’le) o (e — ij,l)(xk

Proof. The first equality follows from the fact that
1 1

% (ri—7)  (=73) _ N 1
| Xp— X1 = G =750 (o — )
and that
U,_1(x Ry Xn) — Up_1(x2,..., %)

X1,
al 1
; < 7)) (xk—%'k)>

N 1

>< .
fz,...,fk;,jn_l (2 =7p,) - (1 = Vi) rer = Vi) -+ (%0 =)

The second equality is a simple derivative. O

Loop Equation Identity 5. Our fifth loop equation identity is

alU(x x)+NU (x x)-i—liaU (x Xn)

1 n\X1,---,Xn X n—1\X2,.-.,Xn = Xy n—1\X2, - -+, Xn ) Xn#1
Yoot n !

= _— ) (2.2.5)
=1 Th (x1 — ’le) J2reesjn=1 (x2 — ’)’]'2) - (o — ’y]'”)

Proof. First, we observe that by loop equation identity (2.2.2), the left hand side of

identity (2.2.5) is equal to
N 1 N

K] — s !
L L P o e e B

]1 1 ’)/]1 ]2 ]n 1

which is seen to be equal to the right hand side of identity (2.2.5) upon realisation of

1 1
the fact that Z] 1 < ;) + xml) 2]1—1 v, (=75,)” o
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Loop Equation Identity 6. Our sixth and final loop equation identity is

0 —
kU1 (X1, X1, -+, %) +x=—Uy,(xq,.

o ey Xp)
> 1 >
= , (2.2.6)
P fejn=1 (1 = 7j0) -+ (o = 7,) p=1 Vit = Tp

P#h
where we recall that xk = g

Proof. Interchanging variables j; <+ p gives us

Z 1 1

pit1 (1 =730 (Vi = 7p) N pit L= 7p) (rp = 130)

P#i p#i
hence
1 1 1 1
2 ) D -
pji=1 (xl - ’)/]'1)(’)/]'1 - ’)’p) pji=1 ’)’jl —Tp \ X1 — ’)’jl X1 —7p
p#i P#i
Z 1
it (1= 7)1 = 1)
P#i
Substituting this into the right hand side of our identity (2.2.6), we obtain

B N 1 N 1
2 < IRV e e e R >

pi (a1 = 7j) (31 = 7p)

P#h

S 1
" <P/j1/§n_1 (%1 — ')’p)(xl o 7]'1) o (X — ')’]'n) >

N 1
o <J’1,..;jn:1 (er = 7j,)2 (02 = vj,) - (o = ) >

_ 0 N 1
= kUp1(x1, X1, .., %) +=— (Y,

o\ & i) )

— 0 —
= xkUp1(x1, %1, ..., Xn) + Ka—un(xl,. s Xn),
X1
which is equal to the left hand side of loop equation identity (2.2.6).

We are now well-equipped to derive our loop equations.
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2.2.2 The Unscaled Loop Equations
We now use our loop equation identities to derive unscaled loop equations for our
altered connected correlators. We present an inductive construction.

Theorem 2.1. Our first unscaled loop equation is

0 =xWs(x1,x1) +x (Wl(xl))z + (x — 1)W/1(x1) + (‘;—1 — 1) Wi(xq) + xﬂl (2.2.7)

Proof. For n =1, our loop equation identity (2.2.1) reads

N 1 N 1 N 1
°" <]'§1 (21 — 7f1)2> e <j1¥1 Tir (01— ’Yfl)> R <j§1 1= 711>

N 1
P <p§_1 G — 1) (v — 1) > |

P#h

In the above, the first term is simply _aaTlﬁl(xl) by loop equation identity (2.2.3),
the second term is %Ul(xl) + % by loop equation identity (2.2.5), and the last
term is xkUp(x1, x1) + K%Ul(xl) by loop equation identity (2.2.6). Hence, the above

equation simplifies to
—! N1 — N = — —!
0=—U;(x1) + x_iul(xl) T Uy (x1) + xUa(x1, x1) + €U (x1).
Noting that Uj(x;) = W1(x1) and Ua(x1,x1) = Wa(xq,x1) + (Wl(xl))z completes
the proof. O

Theorem 2.2. Our second unscaled loop equation is

0 — o | W -W —
0= (x = 1)5 - Walir,32) + - { 1(:2 - x21(xz) } N (ﬂ _ 1) Wa(x1, %)

_ — — 1 0 —
+ 1 [W3(x1, 21, x2) + 2Wa(x1, x2) W1 (x1)] + x_la_xzwl(”)' (2.2.8)

Proof. For n = 2, our loop equation identity (2.2.1) reads

N N
0:—8%1U2(x1,x2)+<2 1 >_|_“1< Y 1

PN e

— N 1 N 1
_Uz(xl,xz)-l-,8< ) ) >

i (=) G2 = 7)) = v — v
P#h
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which, upon substitution of our remaining loop equation identities, becomes

0 —
0=—-—Uy(x1,x2) +=—

5 {mxl) — T (x2) } + 1T (xy22) + 2 T (1)

8x1 axz X1 — X2
+18U(x)—U(x x)+KU(xxx)+KaH(x X7)
X ax2 1\A2 2\A1, A2 3\A1, A1, A2 axl 2\A1,12)-
Substituting

into the above, we obtain

0=(x— 1)aixlwz(xl,x2) (k= O ()T (x2) 4 aiz {Wl(xl) — Wi (x) }

n (% _ 1) [Wa(x1,x2) + Wi (x1) Wi (x2)] + xﬂlwl(xz) + xilW/l(XZ)

+K [W3(X1, X1, XZ) + 2W1(X1)W2(X1, XZ) +W1(X2)W2(X1, xl) + (Wl(xl))zwl(xz)} .

Subtracting the right hand side of our first unscaled loop equation (2.2.7) multiplied

by W1(x;) completes the proof. O

Theorem 2.3. Define ], to be the ordered set (xy,...,xn). Then, for n > 2, the n" unscaled

loop equation is

d 5]

0= {(K —1)— + (— - 1)} Wa(x1, Jn)

8x1 X1

. Z ) {Wn_l(xl,...,aek,...,xn) — Wy_1(Jn)

Xy X1 — Xk

1 —
+ x_lwnl(]n)}

k=2

+x

Wi (x1, 21, Jn) + ) W]Hl(xl/])wn|]|(xlr]n\])] : (22.9)
]g]‘l’l
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Proof. First, we present the equivalent equation for the unconnected correlators. For

n=2,

0 — N_—
0= {(K - 1)a_x1 + <i_1 - 1)} un(xlr]n) + x_lun—l(]n)
9 (Upa(xt,..., % xn) —Uy1(Jn) 1
Lt = LAl
+ KU;H—l (x1,x1, Jn)- (2.2.10)

This equation can be derived by substituting loop equation identities (2.2.3) to (2.2.6)
into loop equation identity (2.2.1) in the same way as in the derivation of the first
two unscaled loop equations.

We prove by induction on n, with n = 2 serving as our base case. For this purpose,

let I3(x1, ..., x,) denote the right hand side of our n'h

unscaled loop equation (2.2.9)
and, for our induction hypothesis, assume that I3(xq,...,x,) =0 forall 1 < m <
n — 1. We rewrite identity (1.4.17) in terms of the altered correlators,
Un(xl,]n) = Wﬂ(xllfﬂ) + Z anm (xlzfn \ ]) Um(]), Jn = (XZ/ .. -/xn)'
OF#]CTn
Subtracting U,,_1(Ju)I3(x1) from the right hand side of the loop equation for uncon-

nected correlators (2.2.10) then leaves us with

ey 0 (v W W T
0= (-1 + (2 -1)] {wnm,]n) * L Py o\ D) umm}

L9 (Upa(x,.o Ry xn) = Upa(Jn) - 1

+k:\:§3_xk{ X1 — Xk +x_1un1(]n)}

+KW1/I+1(x1/x1/]ﬂ) +x Z Wn—l—l—|]|(x11x1/]?l \])Um(])

Q#]CJn

+1 Y W1 (1, Ju \ DU 141 (21, T) = kW1 (1) Wr (x1) U2 (Jn), (2.2.11)

JCTn

where C denotes a strict or proper subset, and C denotes otherwise. Here, we have

used the relation

Upi1(xr, 21, Jn) = Wasa(xn, 20, )+ ) Wo (e, (21, ) \ J)U ()
®7é]/§(x1/]n)
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and the fact that { # J' C (x1,Ju)} = {© £ J' € T} U{J' = (x1, J) [ ] € Ju}-

Continuing on, we note that for any | C J,,

ull(])aa -1 (X1, Jn \ J) = 8 { n—|]|(xlr]n\])U|]|(])}/

iWn—l—m(xlr Tn \D\ () = Woeq—yJn \ )

Uy (D =
:aiXkWn—H”(xL(]n\])\(xk)ilUL]i{{) WU\ DU |]|() e (u\]),

WD g 5 W0\ D | = g { WU\ DT(D 31 € G\ )

as the relevant partial derivatives do not depend on any of the variables present in

our U multipliers. Hence, subtracting Y I3(x1, [, \ J )U‘ j|(J) from our equation
O#]CJn
(2.2.11) results in

0= {(K — 1)i + <£ — 1)} Wo(x1, Jn) + cWoi1(x1, %1, Jn)

8x1 X1

+ i i Wn_l(xl, .. .,fk, .. .,xn) — Wn—l(]n) + an_l(]n)
=2 axk

X1 — Xk X1

+1 Y Wy (1, Ju \ DU (31, J) = €W (x0) Wi (x1) U2 (J)
J<n

=k Y Y Wik (a, K)W, i (e, (Ja \ ) N KU () (2.2.12)
GA]CIn KTTn\J

The last two lines of the above (2.2.12) then simplify as follows:

iYL Wy (1, Jn \ DU 31 (31, ]) = €W (x0) W (x1) U —2(J)
JCn

—K Z Z W|1<|+1(x1 K)W n—|k|(x1, (Ju \ ]) \K)Um(])
@#]CJn KCT\]

=1 ) Wy (T \ DUjppaa (1, J) 45 3, Wi (51, KYW,— g (31, 1 \ K)
JCTn KCJ,

=1 ), Y, Wik (x, KW, (xn, (T \ )\ KU (),
JSJn KSTa\]
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where we absorb the kW1 (x1)W1(x1)U,_2(J,) term into the latter sum, and extract
the | = @ terms from it. Furthermore, interchanging the order of summation, the

last two lines of (2.2.12) become

Y Wy (1, Jn \ DU 1 (31, ]) + 50 Y Wikgga (21, )W, (x1, Jn \ K)
JCn KCJy

=1 Y Wik (e, K) Y W ok (e, Un \K) N DU ()

KCJy ]g]n\K

=&Y Wy (en Ju \ DU 51 (21, 1) +5 Y Wikgpa (21, K)W,_ g (21, Jn \ K)
J<n KCJn

K Z W\K|+1(x1’K)Un—\K| (x1,Jn \ K),
KC]n

which, after writing L = ], \ K, simplifies to

K Y W (21, Jn \ DU a1 (x1, ) + 50 Y Wik (21, K)W,,_ i (21, Jn \ K)
1T KT

— 5 Y Wy (1, Ju \ L) U4 (21, L)
LCn

=K Z W|K\—|—1(x1/ K)Wn—ﬂq(xl/ Jn \ K)
K<y

Replacing the last two lines of (2.2.12) by this result then completes the proof. [

2.2.3 The Scaled Loop Equations

Thus far, we have derived unscaled loop equations which provide relationships be-
tween our W, (x1,...,%x,), which are the n-point connected correlators with respect to
our altered measure dﬁLﬁE(’y). We now derive loop equations for our Wy (s1,...,s,),
the n-point connected correlators with respect to our scaled measure dgg«(A). This

is easily done by simply scaling the W, (x1,...,x,) to the Wy(sq,...,s,).
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We write A; = §-7; as a change of variables. Then,

Wn(xl,. . .,Xn)

N 1
B <j1,..§=1 (1 = 7j,) -+ (xn — an)>

B f[O,oo)N Z]I'Y,‘..,jnﬂ &, )1(xn ™ |A( )|/51’L 1'71 Lo~ dry;
f[Ooo N Ay )lﬁHilil vite vidy;
B fOooNZ jn=1 (a1 —NKA; )1.(xn_NK/\jn)|A(NKA)|5(NK) (1) TN ~NKAi g\,

f[O,oo)N |A(NK/\) |ﬁ(NK)N(a1+1) Hfil A?éleiNKAi d/\z !

where we pick up the factor of (Nx)N@*1) from the 9; and dv;. Recalling the
definition of the Vandermonde determinant, we have
IANKA) = [T (No)|A; = Ajl = (No)NV=D/2 1A (0,
1<j<k<N
Hence, noting that the numerator and denominator both contain the same factor of

(Nx)N@+3+2) we find that

Wl(xl,. . .,xn)

N 1 N —NxAi 4.
f[O,oo)N 1 fn=1 (xlfo)\jl)...(xanKAjn) |A()\) |‘B HiZl /\?16 K d)\z
Jioeo 18(A) BTN, Afte—NrdidA,

1 1 1
= Zy /[O,oo)N (N)™ (Nx)"Tag — Ajy) - (N®) Loy — A;,) dprges(A)

1 ...,]n=1

1 al 1 i
= (Ne)? <]Z (N%) " Txy — A;) - - (Nk) L, —Ajn)>c

1 X X
S Y E B
(Nx)" Nx Nx
It is at this point that we are lead to write s; = 3 in order to obtain

1
)

Substituting these relations between the unscaled and scaled connected correlators

Wa(x1,...,x Wy (s1,.--,5n)-

into our unscaled loop equations (2.2.7) to (2.2.9) give us loop equations for our

Wn(sl,. . .,Sn).
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Theorem 2.4. Our first loop equation is

0= %W2(51,51) + % (Wl(sl))z + % (1 — 1) W1(51) (NKSl — 1) Wl(Sl) + SN

Theorem 2.5. For n > 2, our n'"* loop equation is

. 1 1 0 L8]
0= |:N (1——) 8—51+ (m—l)} Wn(Sl,...,Sn)

1 & 9 (W q(s1,- /8 ---,5n) —Wy_1(s2,...,sn) 1
— ) — —W,,_1(s2, ..,
* NKkZZBSk { s1 — Sk * sp 182, r50)

L1
N

W1 (s1,51,82, - 80) + ), Wy (s, DWaojp(s1, (52, 80) \T) | -
]Q(sz,...,sn)

(2.2.14)

2.3 Calculating the Connected Correlators

2.3.1 Methodology for Calculating the Resolvent W;(s;)

With our loop equations in hand, we may now calculate our resolvent Wi (s1) up to

any order in N. We begin by substituting the series expansions from (1.4.18),

oowl

NZ N\/_l’

) ZS S
Wz(Sl,Sz) = %Z;OM(%&\}’%)ZZ)

into our first loop equation (2.2.13), resulting in

1 & Wh(sy,s1) © Wi (s1)WE(s1) 1 Wi
= N 1——
0 +N ), + -

~ Nr{= (Nye)! oo (NVi)HE = (N
a1 ) e Wils) | N
+ (K51 N) z;) (NVx) + 5 (2.3.1)

This enables us to form loop equations for our resolvent coefficients W! (s1), as we

shall now demonstrate. Comparing terms of order N in (2.3.1), we obtain

0= (Wiesn)) "~ WGsn) + -

CHAPTER 2. THE LOOP EQUATION ANALYSIS 53



Moments of the Laguerre  Ensembles

A simple application of the quadratic formula then reveals that

W(s1) = 3 <1 —4/1-— %) . (2.3.2)

Here, we have had to make a choice in sign when applying the quadratic formula.
This choice has been made definite by requiring that W)(s;) behaves as % for |s1|
large, in keeping with the roles played by our resolvent.

Moving on, comparing terms of order 1 in (2.3.1), we have that

0= 2W0(s1)W] (1) + hWY (51) + —2—WD(s1) = Wi(s1),  (233)

\/_1

where we recall that h = /x — \/%? Substituting in our expression for W{(s;) and

rearranging (2.3.3), we find that

1 1 h
Wi(s1) = 2\/— ( g) - g/ (2.3.4)

where we take this opportunity to define

/ 4
ti =5 1-— S_’ (S N>0/
i

as this square root appears frequently from here on out.
In general, for | > 2, the first loop equation presents us with the following loop

equation for our resolvent coefficients.

l /
0 =W, *(s1,81) + ) Wi (s)) Wy (s1) + hW; " (s1) + —=—W} '(s1) — Wj(s1)

k=0 \/% 51
(2.3.5)

We shall call this the loop equation for Wi. We realise that in order to calculate Wy (s;)
to higher orders in N, we need to calculate our 2-point connected correlator W;(s1, s7)
up to a similar order in N. Indeed, when attempting to do so, we shall see that we
require Ws(s1, 52, 53), and so on. In fact, we have a triangular recursive system, the

meaning of which will be made precise in the next subsection.
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2.3.2 Loop Equations for the Correlator Coefficients W!

We expand our n-point connected correlators in large N as

1w & Wh(s,. .., 8)
Wy(s1,...,50) = N2l o
(o 5 (N

and substitute them into our general loop equation (2.2.14) to obtain

1 1\ 9 aq > Wy(s1,...,5n)
O=|—1[(1—=-) — -1

{N( )351+(NK51 )L;O N\/_)
nog | Lz 0 ke — L% B (o on) © W (s Sn)
+¥ Nf) Nf) _Z n—1\52,---,8

2a_Sk S1 — Sk Sll N\/_)

+ 1 i Wi’l—l—l (51151152/ R /STI)
N (N

o W (51, )WE_ (s1,(50,---,81) \ ])
Yoy |J]+1 n—|]| , 3.6
! sn) Lk=0 (N V) 30

]g(SZI Pn

Then, for n > 2, we may extract three types of loop equations for our W,ﬂ(sl, s Sn),
in analogue with the equivalent equations for Wi (s1) presented in the preceding

subsection. Extracting the order 1 terms from the above equation gives

0= _W2(51,...,Sn)+ Z W‘()]|+1(Sl,])w2_m(51, (52/---151’1)\])

JC(s2,-+-,5n)

oy [WO (s, 8k ,80) — WO L (s2,...,80) 1
—1 ’ 7 7 7°on -1 7 r°n
_}_;a_Sk{ n n _|_§W271(52,...,Sn) ’

51 — Sk

(2.3.7)

which we will call our first seed equation. We note that in order to calculate W2 (s, . .., sy),

we only require terms relating to W9 (sy,...,sy) for m < n.

For the second type of equation, we extract order I\l] terms from (2.3.6) to form
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our second seed equation

0 4]
= h—W(sy,...
0 a n(Sl, ,Sn) + ﬁsl

n WL (st 8k 80) — WL ((s2,...,8 1
Z %) { ( : k n) n_l( : n) + _W,%_l(Sz,...,sn)
—, 05k 51

S1 — Sk

Wg(sl,...,sn) — W,}(sl,...,sn)

+ Z Z WmJr1 s1,] |I| (sl, (s2,---,8n) \ ])- (2.3.8)
s

In general, we extract order - «7 terms from (2.3.6) for [ > 2 to obtain

— J 1-1
0—h851Wn (Sl,..., ) \/_1

"9 Wl_l(sl,...,Ak,...,sn)—Wl_l(sz,...,sn) 1.,
+Za—3k{ n n +;Wn71(52,...,5n)

— W sy, . s0) — Wh(s1, ..., s0)

51 — Sk

-2
+ WnJrl (S]./S]_/ 52, .. /Sn)

+ Z Z W|]|+1 Sl’ n |]| (51/ (521 .- /Sn) \ ])/ (239)
J<

which we shall refer to as the loop equation for W).. We observe that in order to
calculate W/, from the above equation, we require WX for m < n and k < I. Overall,
our strategy for calculating Wi (s1) can be outlined in 3 steps: First, we initialise
the recursion with our expressions for WY (s1) (2.3.2) and W] (s1) (2.3.4). Then, we
calculate in order, WY (s1,s2), W2(s1), W3 (s1,52), W3(s1), and so on.Following this
pattern, when we get to calculating Wi (s1), we will have already calculated many
other correlator coefficients, and will only need to compute a few more.

If [ is even, we use our first seed equation (2.3.7) to compute Wgﬂ (s1,...,8 ! le),
and then the second seed equation (2.3.8) to compute Wg(sl,. c/81 ). Finally, we
successively use the loop equation for W/ (2.3.9) above to compute W) with I
increasing by 2 and n decreasing by 1 at each step.

If I is odd, we use our second seed equation (2.3.8) to compute W,l+T1 (s1,---, SerT1 )
and then use the loop equation for W/ (2.3.9) above to compute W/, with [ increasing
by 2 and n decreasing by 1 at each step. We present a table whose entries describe

the order in which the first ten coefficients of W, are calculated in thirty six steps.
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/ o 1 2 3 4 5 6 7 8 9 10
n W
1 1 2 4 6 9 12 16 20 25 30 36
2 3 5 8 11 15 19 24 29 35
3 7 10 14 18 23 28 34
4 13 17 22 27 33
5 21 26 32
6 31

To better see the order of recursion, one may like to draw arrows starting at each
entry in the first two columns, pointing to the top right at a gradient of . There is a
simple algorithm for generating this table: Assume that the last entry entered was in
the top row. If the bottom row is of length one, the next entry is added to the end of
that row. Otherwise, the next entry is placed in a new row below the current bottom

row. Then, move up one row at a time, adding an entry to the end of each row.

Remark 6. While performing the recursion, one will need to compute terms of the
form W;ifl (51,51,52,--.,51), for example in (2.3.9). When computing these terms, the
second line in each of (2.3.7), (2.3.8), and (2.3.9) may then raise alarms, as we cannot

simply set sp = s1, due to the singularity. However, this is a removable singularity:

hmi W (51,83, +.,50) = WL _((52,...,5n)
51 —82

(s2 —-51)3%;VV5_1(52,-~-,Sn)‘+‘VV£—1(51,53,.-.,Sn) —-VVé_1(52,---,Sn)

5152 (51 - 52)2

WL (s1,83,...,50) — WL _(sp,...,s
(e P )

§1—S2 Sp — §1 852 51— 82

The term in the bracket tends to 0 as s; — s. Thus, via L'Hopital’s rule, we find that
10%
29s3

the author used Taylor expansions.

the limit is actually equal to Wf1_1 (s2,...,5n), which is well defined. In practice,
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2.3.3 The Resolvent Up to Order 3 in % and Related Correlators

We now use the recursion outlined above to compute a few resolvent coefficients, and
the correlators we had to compute along the way. We present our results in order of

computation. We recall that t; = s;/1 —4/s; fori € N5, x = g, and h = \/k — \/%?

WY (s1) = % <1 —4/1— %) (2.3.10)

L5 1 1 h
Wi =—|——— -5 3.
$1Sp — 251 — 257 1
W3 (s1,52) = -~ 3.
2(51,52) 2htp(s1 —$2)%2  2(s1—$2)? (23.12)
1
W3 (s1,51) = a (2.3.13)
1
2 2 2
s1 a7 hay [4—s1 8] »2587 — 381
Wi(s1) =25+ —5 — >~ + 1) = (2.3.14)
! £k 2yx\ B £

X1 5152 h 1 1 S%(Z — Sz) + 25152
Wi (s1,80) = — — +
2(51,52) VEBE  s1—82 <t1t§> (51 —$2)2\/k ti,

h <45152 —s3 N s2(sp—6) +251(8 — sz)>

(51 — 52)2 tlt% t‘lltz
h s1 . ST(2—s2) +253(3sp — 5) 4 853(2 — s2) + 251 (53 — 8s2)
T e r\n T i
(51 Sz) 1 t1t2
N 1 $3(s2 —2) — 5953 + 25153 (2.3.15)
(s1— Sz)3ﬁ t‘lltz e
2 3 2
ay [ 87 sy +2s7 — 281
W; (s1,51) = — (—) — (— (2.3.16)
Vi \ £ t
4 63_62 64_123 122 3 2
W3(s1) = —h sit Sé ST 3251 581 + 1257 I ey 51";51
3 £ Ve H
Way [s3—6s7+8s1  sf+3s3—3s? ha? (1 s+ 657 —8s
VK 8 t7 2k \ 8 8
3
0(1 S1
+ /x (t?) (2.3.17)
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This data gives us our resolvent up to order 3 in % using the large N expansion

Wi(s1) = NY 2 207 \[)) from (1.4.18).

2.4 The First 3 Moments of the Laguerre S Ensembles

We now use the data given above to compute the moments 7 of the scaled Laguerre

B ensemble, as defined in subsection 1.4.3. We know from (1.4.12) that for large |s|,

1 1 & i
Sy (s) = - T
N ) = T LG

where the equality is in an asymptotic sense. From (1.4.10), we know that there exist

coefficients agk) such that

¥
i=0 1

Combining these two formulae, we obtain

( ) i
W z 2 N =1
— & gk+1 7 0

_ Z Ni Zsk—H’

where we’re allowed to interchange the order of summation due to convergence in
the large |s|, large N limit. Now, we compare with the large N expansion for Wi (s)

given by (1.4.18),

1

_ o W)
NWI(S) - 1;0 (Nl

Equating terms of equal order in N, we have

© Wiis) 1 © 12
= —W1
Ly - N = L 2 e
I 12 © ”z(k)
— Wl(S) =K ZW.

k=
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As our coefficients al(k) are independent of N and s, this immediately tells us that for
I € No, Wi(s), is of order at most —(I + 1) in s. Referring back to (1.4.12), this tells
us that to compute 7 (k € No), we only need WY(s), ..., W!(s). We now present

our resolvent coefficients as Taylor expansions in s about 0, up to order 4 in s.

1 1 2 5

1—x+wa; 4—4xK+3a7 2(8x—5a1; —8)
1 _ 1 1 1 1
Wi (s) = NG + T N +O(5) (2.4.2)
2 —4x +2k% 4 301 — 3k + 17 — 33k + 17x% + 21aq — 21kaq + 64
Wi(s) = Ks3 -+ st : +O(s,1_5)
(2.4.3)
6 — 17x + 17x% — 6K3 + 11ag — 21xaq + 11x%0; + 642 — 6K0% + a3
Wils) = 7 i R T
(2.4.4)

Remark 7. We point out that the coefficients in the Taylor expansion of W{(s) are the
Catalan numbers. This is expected, and is a well known result in the Gaussian case

[Witte and Forrester, 2014].

Now, extracting the coefficients of Slz from WY (s) and W] (s), we obtain that

1—x4+aq

m =1+ Nr

(2.4.5)
Extracting the coefficients of S% from WY (s), Wi(s), and W2(s), we obtain that

4 — 4k + 301 +2—4K—|—2K2+3061—3K1)61—|—06%

My =2+ N N2 (2.4.6)
Likewise,
. 2(8x —5a; —8) 17 — 33k + 17«2 + 21ag — 21k + 603
my =5 — +
Nx N2x2
6 — 17k + 17x% — 613 + 11aq — 21xa; + 11?0 + 6&% — 6Ktx% + oc:f
+ . (247)
N33

We recall that from equation (1.4.9), we can easily retreieve the moments of the
Laguerre 8 ensemble using the relation m; = N¥*17. These moments agree with

existing results, as we will see in subsection 4.1.2.
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The Differential Equations

3.1 The Hypergeometric Function Approach

We now restrict to § = 2, and approach the problem via differential equations. Our
discussion is heavily reliant on identities [4.127], [4.133], [13.12], [13.25], [13.44]
and [13.45] from [Forrester, 2010, pp.165-168,594-606], which we present here for
completeness.

First, note that for even 3, equation [13.45] tells us that the eigenvalue density of

the (2 3 (a1 +1) —1, N + 1) Laguerre B ensemble is given by

pgf)) (X} ‘Xlzﬁ/ N + 1) _ (N + 1) LNga/ ﬁ) x¥1p—Bx/2 1F1(ﬁ/2)(_N;a +2; (X)ﬁ), (3.1.1)
LN-I—l (ﬂ + B/ :B)
where a = %, (x)P is the B-tuple of x’s, and the Ly normalisation constants

are specified in subsection 1.4.1. We warn that this a is not our usual exponent.
This identity may be retrieved from our expression for p%)) (x;a1, 8, N + 1) given in
subsection 1.3.1 by using identity [13.44] withm = fand t; = ... =fg = x =t xn 1

to obtain

(FP2) Na+2( ))
N

/ Nl_[ dx] [3x/2( _x)ﬁ} H |xk—xj|ﬁ. (3.1.2)

j=1 1<j<k<N
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e~}

for some normalisation constant W, g n. Next, we take identity [13.25] witha = 5,

a1 = aw, ap = ba, and m = B, to see that

AP (=N,a+b+3+N+1a+2(3)F) (3.1.3)
N
= L / H [dX] xl?cl(l — x]')"‘z(xj — %)'B} H |xk - x]'|’B,
Sn(a1+ B, az, &) JoaN i=1 J 1<j<k<N

where the Sy normalisation constant has been specified in subsection 1.4.1. This

quantity is of interest to us because, using this expression, it is easy to see that
(FP2 (CNa 4 2; (x)P) = lim 2BPP(-N,a+b+3+N+1a+2(3)F).
—»00

We may now exploit a duality between p and N through identity [13.12] to write

the quantity given in (3.1.3) above as a f-dimensional integral,

2P (-N, A - 343 A1+A2—5+6 (2)P)

A XXi\N 4/
)‘1’/\2'5 /01 H dx] (-1 -) } IT Ix—x"F. (.1.4)

1<j<k<B
To compare this with (3.1.3), let Ay =a +b+ N + 2 B —2and Ay = —b— N —2.
We have a related quantity given in [4.127], which we may use by substituting

N=fand A = % to obtain

9=/ de, M1 (-0 ] [T -yt Gas)

1<j<k<p
This object is accompanied by differential-difference equation [4.133],
(B—P)EpIL (%)
d
—(Apx + B I (x) + x(x — 1)51;”(@ +Dyx(x = DI, (x), (3.1.6)
Ap=(B—p)(M+r2+4—5(p+1)+2a),
By=(p—B)(M+a+2-3(p+1)),
D, =p(2 - Bp+¢x),
Ep=M+A+5-3(p+2)+a

62 3.1. THE HYPERGEOMETRIC FUNCTION APPROACH



Moments of the Laguerre f Ensembles

To relate this information to the object given in (3.1.4), we define an auxillary

function,

= Jous I [dxjx]/.\l(l —xj)*2(1 - %)“*XPP] [T lx—x*F. (17)
AP =1 1<j<k<p

Then, with the help of (3.1.6), we obtain a differential-difference equation for | r(,“) (x),

b(B— P)EpI\ (x) = [bAy + Byx + (B(a— 1) + p) (x — b)] )" ()
Fx(b— ) S0+ Dy -0 (), G

where the constants A, B, Cp, and D, retain their definitions as given in (3.1.6).

3.2 The LUE Eigenvalue Density Differential Equation

We now let § = 2. Substituting p = 0,1, and 2 into (3.1.8) yields

20EJ\*) (x) = [bAg + Box + 2(a — 1) (x — b)] J§ (x) + x(b — x)% I (x),

bEl]Q({X)(X) = [bA1 + Bix + (20 — 1)(x — b)] ]1(“)(3() +x(b— x)%]{“)(X)
+Dy(b—x)](x),
0 = 2u(x — b)]é“)(x) +x(b— x)%]z(“)(x) +2a(b — x)]{“)(x). (3.2.1)

Substituting the second of these equations into the third then gives

0=D [za(x —b)—x+x(b— x)di] 139 (x) + 22(b — x)d_22]1<a>(x)
X dx
+x[b(Ay +2) + (By — 3)x + da(x — b)] %]{‘”(x)
+ [(B1 —1)x+402(b— x) — 20 (b(Ay — E; +1) + (B — 2)x)] 19 ().
We intend to take the limit as b — oo, so we discard terms of low order in b to obtain
d? d

_ B d | @) P C) L (a)
0= D1 |~2n x| I ) + 21 ) + xlo - 20) LA

+ (2&2 +2a(x+1) — x) ]1(“)(3().
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Substituting the first equation of the set (3.2.1) into this result then yields

0= 3]0N+1 (x) — x(3x — 3a — ) 2]0N+1 (x)
+ [4Nx+2x 41 b+ (at 1><a+2>] Aoy
—2N(2x —2a — 1)](()N+1)(x)/ (3.2.2)

where we have again discarded terms of low order in b, and substituted « = N 4 1.
Throughout, we have been using the expressions Ay = a+b+ N + B —2 and
Ay = —b — N — 2. With these values, we note that

IV () = oF D (=N a+ b+ N+ 2,0+ 2; (5)2).

Taking the limit as b — oo in (3.2.2) then gives us the differential equation
3 2

d
a2 _ _ A=
0=x dx3F(x) x(3x — 3a 4)dx2

+ [4Nx 122 —4(1+a)x+ (2a+1)(a+ 2)] %F(x)

F(x)

—2N(2x —2a —1)F(x), (3.2.3)
where we define

F(x):= 1F1(1)(—N;a—|—2; (x)2)
- Lyn(@+12)  oq (L),
S NtDin@2) €PmEa2N+1).

Finally, replacing N with N — 1, we arrive at our desired differential equation,
2

d3 d®
0=x ﬁpg ))(x; a,2,N) + 4x2@pgl))(x; a,2,N)

—Xx [x —2(2N +a)x + a* —2} %pg))(x;a,Z,N)

+ [(ZN +a)x — az} p%))(x; a,2,N). (3.2.4)

3.3 The LUE Resolvent Differential Equation

We now use the results from the previous section to derive a differential equation for

the resolvent Wi (s). With the resulting differential equation, we will compute the
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large N expansion of Wi (s) independent to the methods used in chapter 2. We recall
that the resolvent is given by the Stieltjes transform of the smoothed eigenvalue
density pgf)) , which is given in definition 1.13. We refer the reader to subsection
1.4.5. Hence, we scale equation (3.2.4) given in the previous section to obtain a
differential equation for ﬁ%)) . This is simply achieved by changing variables x — Nx.

The resultant differential equation is

)(x; a,2,N). (3.3.1)

We remark that, up to scaling, this differential equation has been stated without
proof in [Adachi et al., 2011]. We refer the reader so subsection 4.1.3. We wish to
take the Stieltjes transform of equation (3.3.1) term by term. First, we present some
identities. In the following six identities, we will represent ﬁ%)) (x;a,2,N) simply by
6(x). Then, LW (s) = ST{p(x);x — s}.

We use the fact that ds(s — x) ~1 = —9,(s — x) 7!, and that our density has support
[0, 00) with ﬁg)) (0;4,2,N) =0and p (f)) (x;a,2,N) G gy exponentially. Then, through

integration by parts and differentiation under the integral sign, we obtain

ST{x%p(x);x — s} = —s /Ooo (Sﬁ_(x;)z dx

d
— %gwl(s), (3:3-2)
d? 2
ST{xZEp(x),x — s} = 52/0 (Sp_(fc))3 d
2 d2
= ;\]d 5 Wi(s), (33-3)
d® _ © 6
ST{x3@p(x);x — s} = —53/0 (sp—(x))4 dx
3 43
= %@Wl(S)- (3:3-4)

We also present three more identities, this time using tricks where we add and
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subtract terms to and from the numerator, or split the numerator otherwise.

ST {xp(x);x — s} = /oo sp(x dx — /Ooop(x) dx = %Wl(s) -1, (3.3.5)

s—X

where we have used the fact that by definition 1.13 §(x), is normalised to integrate

to 1 on its support. Using this, we may compute

ST{x —p( ); x—>s} :—/Oooz(zx_—_x;fﬁ(x)dx

:_S/O“(Lp(x)dx—/ooo " p(x) dx

s —x)?2 s—x
d /s S
= s— (Nwl(s) - 1) +1-SWils)
—fiW(s)Jrl (3.3.6)
_NdS 1 . 3-3.

Our sixth and last identity is
d © 5x2 4+ 2x%(s — x) _
ST{xd— (x )x—>s}——/0 (s—x)z p(x)dx

:_s/o( x)zp x)dx — 2/ P

[ d ] [®x?—s%+5¢?
- T8 T 50d
s 2 /0 - p(x)dx

. )
—_55—2_/0 (S_x—s—x)p(x)dx
[ d /s N
= _53—2_ (Nwl(s)—s—rm)

——W1( ) + s+ 2119, (3-3.7)

where we recall that p(x) integrates to 1 on its support, and 7i; is the first moment
(and mean) of §; see subsection 1.4.3. While it is possible to calculate 777y from the
very definition of g(x), we use the value (2.4.5) computed in section 2.4. That is, for
=2 = x=1,anday; =a,m; =1+ % Hence, substituting these six identities

into the Stieltjes transform of our differential equation for g(x) (3.3.1), we obtain a
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differential equation for our resolvent:

a2 -2

3 33 2 32
s d 4s°d Wl(s)—s{st—Z(ZN—i—a)s—l— N %Wl(s)

0= Na"Ml)* ¥
2
+ {(ZN +a)s — %] Wi (s) — N?s — Na (3-3.8)

We note that this differential equation is an inhomogenous version of equation (3.3.1);

the only difference is a factor of N and the —N?s — Na term seen above.

3.3.1 The LUE Resolvent Coefficients via Differential Equations

In this section, we have x = 1 and a1 = a. We use the differential equation (3.3.8)
given above to compute the coefficients of the large N expansion (1.4.18) of W;(s)

given in subsection 1.4.4,

1 © Wl(g
—Wi(s) = Z
N 1=0

We substitute this expansion into equation (3.3.8) to obtain

d3 oowl d2 oowl

d32 Nl dZZ Nl

[NZZ 2N(2N +a)s + a* — }dii

o ZS
+ [N(ZN%—a)s—aZ} E)W;\]—(I)

— N?s — Na. (3-3.9)
From this, we extract order N? terms to obtain

0= (45— 52)%W{)(s) +oW0(s) 1. (3.3.10)
This has the general solution

WP(s) = 3+ ¢y/=+ (1 — %), (3.3.11)

for some constant c. Requiring our resolvent to behave as % for large |s|, we immedi-

ately obtain that WY(s) = (1 —/1- %) , agreeing with our result in subsection
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2.3.3. Extracting the order N terms from (3.3.9) yields

d d
0= (4s% — 53)£W11(s) + 2sWi(s) + 2a52$W{)(s) +asW(s) — a. (3.3.12)

This equation is satisfied by the coefficients listed in subsection 2.3.3.
For [ > 0, extracting order N~/ terms from (3.3.9) gives us the general differential

difference equation

d3 d? d d
O = S3@W{ (S) —|—4SZ@W{ (S) —+ (452 — 53)$W{+2<5) + 25[52£W{+1 (S)
d
+(2— az)s£W{(s) + 2sWIt2(s) 4+ asWi Tl (s) — a®Wi(s). (3.3.13)

This equation is satisfied by the resolvent coefficients given in subsection 2.3.3 for
| = 0,1. These are all of the resolvent coefficients we have at hand for checking
purposes.

We note that this family of differential difference equations is the source of a
recursive system, not unlike the recursion derived in chapter 2. Indeed, we can use
the above to calculate W¥(s) by rearranging equation (3.3.13) (with l = k—2) to a
form where the left hand side is (452 — s3) S WK(s) + 2sWF(s) and the right hand
side contains terms dependent on W" for m < I. Then, it is a simple matter of

integration by parts, or perhaps series solutions.
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Conclusion

4.1 Comparisons with Existing Literature

4.1.1 The Smoothed Eigenvalue Density From the Resolvent

In this section, we compute our smoothed eigenvalue density up to O(%), by
applying the inverse Stieltjes transform to the resolvent coefficients that we have
given in subsection 2.3.3. We compare our results to the smoothed density given in
[Forrester et al., 2006]. We shall see that our results match.

From definition 1.13 and proposition 6, we know that

o) (x; 01,8, N) =

(1) lim [W; (x — ie) — Wy (x +i€)]. (4.1.1)

27TiN e—0
As this limit is independent of N, and we wish to work in the large N limit, we

express 5L x;x1,B,N) as a large N expansion,
P P() g P

© pa)(x; 01,8, N)

58 (x;a1, B, N) = k=15 (
’ 7P — , = 5. 4.1.2)
Py (v B N) = 1 = 2
Then it is immediate that
< 1 . : .
Pyi(x;a1,B,N) = ol llir(l) [W{(x —i€e) — Wi(x + 16)} . (4.1.3)

Before proceeding, we prove a lemma.
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1

Lemma 1. For n € Ny, the inverse Stieltjes transform of (1 — %) s given by

ST

T-n
= X ) Xxe(0,4) (4.1.4)

where x is the character function.

Proof. We begin by considering each term in the limit separately.

;

4 \2m 1—417 7, x € R\ (0,4)
lim (1 — - ) = 1
e—0 X — 1€ p—h 1

e i1 0 < x <4

4 )}w 1—21° x € R\ (0,4)

lim (1 — -
e—0 X +1€ eiﬂ.’(%—n)’ 0< x <4

\

e—0
—

We calculate (1— 4 ) = <w> SO ‘1— 4

xtie x24¢2 xtie

. . . . 24 €2 Ax+4i ey
ment is a little more complicated: For x € R\ (0,4), (Hexz—%ﬁle) has positive

4
1-4|.

The argu-

real part, while for 0 < x < 4, (%) has negative real part. Hence,

Arg <x2+€2_4xi4i€> 6%9 0 for x € R\ (0,4) while for 0 < x < 4, (—"2+€2_4Xi4i€>

x2+4€? x2+€?

tends towards the branch cut on the negative real line. Now (%) has

" . . 212 i €—0 . .
a positive imaginary part, so Arg (x € +4€’§+4‘€) s 77 for 0 < x < 4. Likewise,

24 2 i

Moving on, we see that

1 4 \27" 4 N2
2711 e—0 x — i€ X 4+ 1€

1 |0 x € R\ (0,4)

= A ) 1_4
27t -4@%(4—02 0<x<4

X

Lyt g B

7T X

]
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Using this lemma, and theorem 1.5, we find that

5 1
P(l),o(x;txl,ﬁ,N) = IST{W?(S);S — x} = 157‘{5 (1 _ 1 %) PN x}
1
1 2 1
B _EIST { (1 B %>2 5 x} oV % - 1?Cxe(o,4) (4.1.5)

Py1(x;a1,B,N)
= IST{W%(S),’S — x}

h a (1 -3 1
_ - a2 1Y),
_IST{52—43+2\/E<5 (1 S) S),s—>x}

ok 11 & 1/ 42 1
= ZIST{S—LL ;,s—>x}+mIS7’{g<l E) —E,S—)X}
h el 1 *%
=1 [6(x) —(x —4)] + NG [a (% - 1) Xxe(04) — 5(x)] (4.1.6)
P1)2(x;a1,B,N)
ZIST{wf(s)}

hay 1 -3 4 -5 1 4
7T —(1-4 (14 — _ .
+2\/§ ST{ 2( 5) s3< 5) s2 —4s 5(5_4)2,s—>x}

S
5
Tt (? - ) Xxe(04) ~ 3¢ (z - ) Xxe(04)
2|2 (4 -2 2 (4 —2
L (E B ) Xse(04) — 3 (z - ) Xxe(04)
3
hoay [4—x -5 ,
* 2\/x [ Tx3 (% B 1) Xre(oa) T (x = 4)] (4.1.7)

As a check, we apply the Stieltjes transform to these, and retrieve our resolvent

coefficients Wf, Wll, le. Moving on, we compare with the relevant quantities given
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in [Forrester et al., 2006]. In this work, Forrester et al. treats the Laguerre unitary
ensemble. Thus, we compare by setting x = 1 and & = 0 in our density coefficients,
and then writing X = 7 and « = «;. Moreover, because we are dealing with the
smoothed eigenvalue density, we must ignore the oscillatory terms in [Forrester
et al., 2006]. Finally, note that we cannot simply compare our g(q); to their p(q), as
we need to account for the change in measure due to our notational change. With
equality given by the change in notation, the O(1) non-oscillatory term in (2.7) of

[Forrester et al., 2006] corresponds to

2 /1 1 4
“\Vx~ 1 Xxe(0)dX = AV 1 Xxe(0,4)dx.

The O(%) non-oscillatory term in (2.7) of [Forrester et al., 2006] corresponds to

o ad!
—XXG(O,l)dX = =7 Xxe(0,4)
21Xy /5 — 1 27xy /% —1

The O(%) non-oscillatory term in (2.15) of [Forrester et al., 2006] corresponds to
(_

dx.

14 4(—1+ X)a?

1+ (s—4)a
64r(1 — X)5/2x3/2 Axe

2567 (£ 1) (%)

- N

(0,1)dX = 1 Xxe(0,4)dx

2
1 og

= x4 (% . 1)5/2 N 3 (;l_c - 1)3/2 Xxe(()/4)dx.

These expressions are exactly the terms in equations (4.1.5), (4.1.6) and (4.1.7) that

are not accompanied by factors of 5.

4.1.2 Comparing The Moments

In section 2.4, we computed the first few moments of the Laguerre p ensemble. We
check these against two resources.

In subsection 1.4.3, we mentioned that [Mezzadri and Reynolds, 2015] developed
methods of computing these moments via Jack polynomial theory. The moments

of the Laguerre B ensemble presented in [Mezzadri and Reynolds, 2015] agree
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completely with our results, after taking care to substitute n; = N**17, and then
scaling N so that our eigenvalue density agrees with the eigenvalue density in

[Mezzadri and Reynolds, 2015].

The second resource is the Maple package titled Multivariate Orthogonal Poly-
nomials (Symbolically), or MOPS. This package is documented in [Dumitriu et al.,
2007]. Using the package, we computed the moments of the Laguerre 8 ensemble.

Again, the results agreed with our computations in section 2.4.

4.1.3 Comparing The Eigenvalue Density Differential Equation

We present some objects seen in [Forrester, 2010, pp.189-200], with N € IN- and

n € INy.
Kl 1) = 200 ()~ o ), )
(P, pn)2 =T+l (a+n+1), (4.1.9)
pu(x) = (—1)"miL(x), (41.10)
hn = ¥ (1) e
m=0 :

The Kn(x,x) given here, with the appropriate substitutions, gives an expression
for the eigenvalue density of the Laguerre B ensemble. We find that this satisfies
equation (3.2.4) for N = 2 and 3, which raises our confidence in the validity of our

differential equation.

For another check of equation (3.2.4), we compare to the differential equation
given in [Adachi et al.,, 2011]. To make the comparison, we replace our x with
(N +a)¢, and their € with % and their A with ;. Then, the two differential equations

are identical.
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4.2 Moving Forward

One of the advantages of the loop equation formalism is that the method used to
construct the recursion can be applied to more general cases. The ideas presented
in chapter 2 could very well be generalised to general potentials V(x). By this, we
mean that one could replace the factors of e~ with e~V (%) in the scaled eigenvalue
j.p-d.f:s, to obtain a more general result. Also, it may be worthwile investigating the
structure of the loop equations if x; were to be taken to be of order N. Our work
was in the regime «; > 0. However, we would like to allow a7 > —1, so as to allow
cases like the (0, N) Laguerre unitary ensemble. We believe that we should be able
to extend our result to the a; > —1 regime via analytic continuation of one form or
another.

Looking at the resolvent coefficients presented in subsection 2.3.3, we suspect
that there might be nicer forms for them. For example, a lot of our coefficients are
of the form (%)k for integers k; perhaps the x; parameter could be redefined in
a more natural way. Also, it would be interesting to search for structure by setting
certain terms to 0 or 1. We suspect a duality between the cases f =1 and B = 4.

Regarding chapter 3, there are a few directions that the work could be continued
in. First, in the stylings of [Witte and Forrester, 2014], one could further expand the
resolvent coefficients in large x to derive expansions for the resolvent coefficients
themselves. On the other hand, the information presented in section 3.1 is valid for
even f, so can be applied to f = 4 immediately. Moreover, once the f = 4 results
are obtained, one may exploit a duality between the p = 1 and = 4 cases to obtain

similar results for the p =1 case.
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Appendix A

A Fact Used in Proposition 2

Fix B =1, 2, or 4. Let G be an M x N standard Gaussian B matrix, and use Gram-
Schmidt orthogonalisation to write G = UT, where T = [t;;] is an N x N upper
triangular B matrix with diagonal entries positive and real, and U is an (M x N)
B matrix such that UTU = Iy. Extend U to an (M x M) B matrix V := [UU’] by
defining an (M x a) B matrix U’ such that V'V = I, where a = M — N. We show
that

N
M—j)+
(dG) = thf} DTy (vidu),
where for a matrix of differentials dY, (dY) denotes the product of all independent
elements of dY. We recall that the independent elements are the real components of

the entries that do not depend on any other such components.
Proof. Since

In utu

Iy=Vv=
(u/)'l‘u (u/)'l‘u/

we have that UTU’ and (U’)*U are both zero matrices, and (U’)TU’ = I,. Moreover,
G = UT implies that dG = dUT + UdT, so

utdurT +dT
(uhtaur

Ut (dUT + UdT)
(U (dUT + UdT)

vidG =

(A.0.1)
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Now, in the style of proposition 1, we denote the j columns of U and U’
by uj for1 <j < N and ug for 1 < j < a, respectively. Following the proof of
proposition 1, we note that since T is an upper triangular matrix, the (i, ) entry of
UtdU T + dT is [dt,-,j + Y, tjuitduy|. Since UTU = Iy, we have that UTdU =
—dutu = - (U*dll) +, SO ui+du]~ = —ufdui forall 1 <i,j < N. Thus, to extract the
independent elements of UTdU T + dT, it is sufficient to collect all of (dT) and then
look for terms of the form ui+dui for all 1 <j < i < N. For every such combination,
the (i,j) entry of UTdU T + dT contains the term t]-,jui*du]-. Thus, we arrive at a
collection of independent elements of UTdU T + dT,

{dtij|1<ij < NYU{tjjuduy |1 <j<i<N}

In fact, these are all of the independent elements of utdurT +dT; any other inde-
pendent term would have to be of the form ui‘Ldu]- for1 <i < j < N, but we already

explained that such a term would be dependent on our collection. Thus,
(Utdu T +dT) Htﬁ (INZDT(qTy(Utdu), (A.0.2)

wherex =0if B =1,k = 1if p =2, and k¥ = 2 if B = 4; the x is necessary because
utdu = —(llerll)Jr implies that for 1 <i < N, u;Tdu; is 0 in the real case, has only
one independent real component in the complex case, and has two independent real

components the quaternion case.

If B =2, we write v; ;1 +iv; ;> for the (i,j) entry of v, dx;; +1idy;; for the (i, )
entry of V'dG, and dg; ;1 +idg; , for the (i,j) entry of dG. Then,

M

dxij =) (vki1d8k1 — Vki2d8k,2) ,
k=1
M

dyij = Y (vki1d8k 2 + Vki2d8k, 1)
k=1

forl1 <i < Mand1 < j < N. For any column 1 < k < N, the Jacobian

matrix for the change of variables from (dgi1,...,dgmk1,dg1 k2, ---,dgmi2) to
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(dxy g, ..., dxpp dya g, - - -, dypk), in the given orders, is

[ [0ija] —[vij2] ] .
[Uz',j,z] [Ui,j,l]

This has determinant

[Wija] —lvijel | | [wiji] +iloi2] iloviji] — [0i)2]
o2l [oijal | [0 ] [vi1]
_ [Uz‘,j,l] + i[Ui,j,z] 0
[0 ] [vij1] —i[vi2]
= det(V1)det(V).

Thus, the Jacobian for changing variables from dg; ;s to dx;;,dy;; for 1 <i < M,
1<j<N,and s =1,2is |det(V)|?N, as there are N columns in dG, thus N sets of
changes as given above. If f = 1, we simply remove all imaginary components, so
that the Jacobian matrix is [v; j], and our Jacobian is |[det(V)|N. If B = 4, we use the
matrix interpretation of quaternions to repeat the above with two sets of real and
imaginary parts for dG and V'dG, and find the Jacobian to be |det(V)|*N. Hence,
(V1dG) = |det(V)|FN(dG). However, V is either orthogonal, unitary, or symplectic,

so its determinant is =1, and we have
(V'dG) = (dG). (A.0.3)

By a similar argument, we note that (U’)*dU T may be interpreted as a change of
variables from UTdU to (U’)*dU T - the only difference here is that we have T acting

from the right instead of vt acting from the left. Thus, since T is upper triangular,

((u’)*au T) - |det(T)|5“( (' *dU) Ht ( ) +du) (A.0.4)

Now, combining (A.o.2) and (A.o.4), we have that the product of the independent
elements of the right hand side of (A.0.1) is

Htﬁ (M= g1y (vdu),
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because (V'dU), by definition, is a product of the independent elements of U'dU
and (U')'dU. Here, we remark that our notation is different to that of the cited
references, but note that by a statement of [Muirhead, 1982, p.69], (V*dU) is not
dependent on the choice of U’, so it is equivalent to (UTdU) in some sense. Thus,

(A.0.1) with (A.0.3) and the above tells us that

N .
(dG) = [T££™M 7+ (dr)(vFau),
j=1

as required. O



Appendix B

A Fact Used in Proposition 3

Fix B = 1,2, or 4. Let G = [g;j] be an M x N standard Gaussian  matrix. Let
g1 be the left-most column of G and let GV be the M x (N — 1) matrix such that
G = [g1GW].

Let vi = g1 — 1/g17g1[10 - -- O]T and define the Householder transformation
LW =1 V1%V1 t. Then L(Wgy = /g17g1[10 --- 0]". Moreover, L(V) is an
orthogonal, unitary, or symplectlc matrix (depending on ). We show that L(HG(1)

is in fact an M x (N — 1) standard Gaussian  matrix.

Proof. Let gfj.) denote the (i, ]) entry of LWGW, with 2 < j < N, and let [;; denote
the (i, k) entry of L(), Then g =yM, li k8K j-

o If 8 =1, LV is an orthogonal matrix that does not depend on G(1). Thus, all

of the g ; are independent of the I; x and each other. Hence, the mean of gl(}) is

0, and the variance of g ) is M, lzk =1
o If =2, wewrite [;; = li;1 +iljx2 and g ; = gk i1 +igk,j2- Then, let

M M

1 1

S = Y iagejn — lxagija)r 8l = Y. (ik18eja + likagejn),
k=1 k=1

(1) L@

so that 8ii = 8ijn T8 Now, for each 1 < k < M, +g;1 and +gj ;- are

Gaussian with mean 0 and variance % from definition 1.2. Since L(V) is a unitary
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matrix, Y300, 12, + 12, = 1. As L does not depend on GU, g

are hence both Gaussian with mean 0 and variance

o If B =4, we write

lix =

—Lixks+ilixa lix1 —ilixo

Then, let
1
8 z(,j,)l =

1
gz(, ',)2 =

1
81(, ',)3 =

1
gz(, ',)4 =

so that

lixg +1iliko

1
3

lixs+ilixa Skj1 T18kj2

r 8kj =

Y (lik18kj1 — lik28kj2 — lik3a8kjs — lika8kja),
k=1

M
Y (lik8kj2 + k28K + likaSkja — likagk,j3),
k=1

M
Y (lik18kj3 = lik28kja + lika8kja + likagkj2),
k=1

M
Y (lik18kja + lik28k3 — likaSkj2 + likagkj1),
k=1

1), .0 . (
(1) _ gz(, ',)1 + lgi(,]',)Z g§, ',)3 + lgi(, ',)4
8ij (1) S (1)

83 T18ija 8ij1 18 2

Since LM is symplectic, we have that Z,Qi 1 l;kli,k = I,. Thus,

M

Z(liz,k,l + liz,k,z + l%k,S + lz'z,k,4) =1L
k=1

ij,1

8k,j3 +18kj4

—8k,j3 18k ja 8Skj1 —i8kj2

(1)
ij2

From definition 1.2, we know that foreach1 < k < N, &gy i1, £8kj 2, T8k j 3, T8k 4

are Gaussian with mean 0 and variance }1. Hence, as L{1) does not depend on

i,j,s

G, g(})

has mean 0 and variance 411 foreach 1 <s < 4.

In all 3 cases, we thus have that L(NG() is an M x (N — 1) standard Gaussian 8

matrix, by the very definition of a standard Gaussian  matrix.
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