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Abstract

Special classes of non-intersecting or interlacing particle systems, inspired by various sta-
tistical models, and their description in terms of determinantal correlation functions are the
main themes of this thesis. Another unifying aspect of our subject matter is that the particle
systems permit scaling limits in which their joint law becomes identical to the joint law of the
eigenvalues for certain ensembles of random matrices.

Particle systems resulting from a queueing model, as well as particle systems relating
to tilings of hexagons, are reviewed from the viewpoint of the joint PDF and their scaling to
random matrix forms. An interlacing particle system relating to a limit of an a X b x ¢ hexagon
with a large is introduced, and forms the majority of the subject matter for the thesis. The
particle system is analyzed by the computation of single line PDFs and correlation functions,
as well as density profiles and scaled correlation functions in certain scaling limits.

This in turn is possible due to there being an underlying determinantal structure to the
joint PDF's which carries to the correlations themselves. The functional forms obtained involve
classical orthogonal polynomials, and their asymptotic properties allow scaled limits to be
calculated. The scaled functional forms exhibit a universality property, being common (mostly)
to a class of models which exhibit fluctuations known from random matrix theory.

Finally, a particle system relating to tilings of the Aztec diamond is studied from the
viewpoint of the joint PDF, allowing seemingly original methods to be used to show known
results such as the total number of possible tilings of an Aztec diamond, and the so-called

arctic circle boundary.
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1 Introduction

The setting of non-intersecting particle systems is very natural and indeed very familiar. Thus
for example a rule for the dynamics of a hard core lattice gas may be that at each tick of the
clock one particle is chosen at random and attempts to jump to one of its neighbouring lattice
sites. However, if this lattice site is occupied the move is rejected. It is clear that the space-time
trajectories of this process give rise to non-intersecting trajectories. Our interest overlaps with the
one-dimensional version of this setting, which in fact was introduced into statistical mechanics by
Fisher in 1984 [22] under the name of the lock-step model of vicious walkers.

Interlaced particles are perhaps less familiar. What we have in mind are configurations such as

those in the following diagram

so that the interlacing takes place between particles on successive vertical lines. In fact there are
many statistical mechanical systems in which such configurations show themselves, however this
is typically with respect to some auxiliary variables and so is typically not literal. One of the
first examples of an interlaced particle system to appear within the analysis of a statistical model
occurred in the work of Baryshnikov on queues [3]. The details are covered in §1.1 below. It is also
true that non-intersecting and and interlaced particle systems can be present as auxiliary variables
in the one statistical model. This is the case for certain tiling models, in particular the tiling of a
hexagon by three species of rhombus (see Figure 1 and §1.3). It is the aim of this chapter to give a
detailed account of some of the prominent known statistical models which relate to non-intersecting
and interlacing particle systems.

Additionally, interlacing is a natural feature of the eigenvalues of successive sub-matrices of
symmetric/Hermitian matrices. In many of the interlaced particle systems that appear in statistical
models in which the particles are confined to certain lattice positions, under certain continuum
scaling limits the particle systems converge to the eigenvalues of particular random matrices. This
was first noted by Baryshnikov in the case of queues [3].

After reviewing Baryshnikov’s work in §1.1, the joint PDF for eigenvalues of nested submatrices
from the random matrix ensemble GUE* is computed in §1.2 for purposes of demonstrating the
result from [3] that a scaling limit of the joint PDF for variables from the queueing model coincides
with this random matrix form.

Tilings of the hexagon, half-hexagon and Aztec diamond motivate the subsequent sections of
the chapter, from viewpoints of both interlacing particles and non-intersecting paths, where again

joint PDF's and scaling limits occupy our attention.



1.1 Queueing models and the RSK correspondence

In [3], Baryshnikov investigates the process Dy, k =1,2,..., given by

k—1
Dp=  sup Y [Bi(tis1) — Bi(ti)] (1.1)

O=to<t;<... i—0
et 1 <tp=1"'%

with B; being independent Brownian motions. It is shown that this process, which describes the
limiting behaviour of queuing times for k jobs through a large number of queues, has the law of
the process of the largest eigenvalues of the successive sub-blocks of an infinite random matrix
drawn from the GUE* (Gaussian Unitary Ensemble of complex Hermitian matrices, standard real
normals N[0,1] on the diagonal, and standard complex normals N[0,1/v/2] + iN[0,1/v/2] as the
independent off diagonal entries; see the standard texts [52], [27]). In particular, the distribution
of Dy, is the distribution of the largest eigenvalue of the k x k submatrix of a Hermitian matrix
drawn from the GUE*.

Consider the ‘queueing process’ represented by an M x N non-negative integer matrix X, where
each entry z; ; of X represents the time it takes queue j to process job i using a labeling convention
that x; ; is the i-th value from the bottom and the j-th value from the left. At ¢ = 0 all the jobs
are queued behind Q1, and generally a job i at the head of a queue 7 moves to queue j + 1 after

waiting the time x; ;. For example the matrix

N
I
o = O
N W =
e
—
=
[\
S~—"

corresponds to the queueing process

t=0 QI Q2 Q3 t=1 Ql Q2 Q3 t=2 Ql Q2 Q3

t=3 Q1 Q2 Q3 t=4 Ql Q2 Q3 t=5 Ql Q2 Q3

t=6 Q1 Q2 Q3 t=7 QL Q2 Q3 t=8 Ql Q2 Q3

We notice that the first job appears to begin in Q2 because z;,; = 0, meaning it takes no time for
Q1 to process job 1.

If we define T; ; to be the time at which job i leaves queue j, then T; ; obeys the recurrence
Tl‘J = max (Tifl,j,Ti,jfl) +1'i,j (13)

Here it is required that Ty ; = T30 = 0. The first term comes from the fact that queue j can’t

begin processing job i until both: queue j is ready to process job i (queue j has already processed



job i — 1, which occurs at ¢ = T;_1 ;); and job i is ready to be processed by queue j (job 4 has
already been processed by queue j — 1, which occurs at t = T; ;_1). Note that T; y is the exit
time of job ¢ from the final queue. In the above examples we see that the exit times are 77 3 = 3,
Th3="7,T33=38.

Baryshnikov’s paper concentrates on the case where each z; ; is an iid random value (with finite
variance), and the number of queues is taken to infinity, with the number of jobs kept finite (the

regime “near the edge”). Set
Tyn — EN

VuN

where E is the mean value of the x;; and v is the variance. A result of Glynn and Whitt [36],

D) = (1.4)

nearly 10 years before [3], gives that the processes DW) — (D,(fN), k=1,2,...) converge in law as
N — oo to the stochastic process D = (D, k= 1,2,...) defined in (1.1). That this large NV limit
can be expressed as a sum of Brownian motions as shown in (1.1) involves mathematics outside
our theme, and more can be found in [36]. Rather, it is (1.4) that will be of use to us in showing
links between Dj, and eigenvalues of k x k& random matrices.

To show the main result of his paper, Baryshnikov takes advantage of the fact that (1.1) holds
true independent of the details of the distribution specifying x; ;. It turns out that if the geometric

distribution is chosen to be
Pr(z;; =k)=(1—-q)¢" (k=0,1,...) (1.5)

the queueing process becomes exactly solvable. We note that for this distribution

E= %q, v= ﬁ (1.6)
n (1.4). Use is now made of the Robinson-Schensted-Knuth (RSK) correspondence, a bijection be-
tween non-negative integer matrices and pairs of semistandard Young tableaux. A Young diagram
A is a set of rows of boxes, all left justified, such that each row has at least as many boxes as the
row below it. We identify a Young diagram with k£ boxes and r rows with the partition:

A=A Ao 0 A), M =X =020, Y M=k
i=1

of non-negative integers. Here, \; represents the number of boxes in row ¢ of A\. A (semistandard)
Young tableau is a filling of the boxes of a Young diagram A by natural numbers so that the numbers
are weakly increasing rightwards in rows and are strictly increasing downwards in columns.

Given a tableau P, we denote the underlying Young diagram A = sh(P). Let P be filled by
numbers from {1,2,...,M}. Note that then we must have the number of rows in A, r < M. If the
tableau P has the non-negative integer j repeated f; times (j =1,..., M) (f; is referred to as the

frequency of j), and {a;} =1, . are a set of weights, we associate with P the weight
W(P) =al'a> ... .al¥ (1.7)

For two sets of weights {a;}i=1,. am and {b;};=1, . ~, and an M x N non-negative integer matrix
X =[x jli=1,...,m, the weight of X is defined as
j=1,..N
N

I I]aib)"e

1=17=1



If we denote the set of all such M x N matrices whose entries sum up to k£ as Wy nk, then
the RSK correspondence (see e.g. [33]) is a bijection between Wis n i and the set of pairs of
weighted semistandard Young tableaux (P, Q) with sh(P) = sh(Q) = A having k boxes. Then
P has entries from {1,..., M} and weights {a;};=1, . a while @ has entries from {1,..., N} and

~, and we denote the pair of tableaux corresponding to the matrix w € Wi vk

.....

as (P(w), Q(w)).

For a non-negative integer matrix X = [z; ;li—1,... » define
j=1,..N

lm,n = max E T4 j

(1,1) to (m,n)

where the sum is over indices of the matrix, connected as “up” or “right” neighbours starting at

z1, and finishing at z,, ,. From this definition, it is intuitive to see that [,, ,, obeys the recurrence
lm,n = max (lm—l,na lm,n—l) + Tm.n (18)

where Iy, = l;y,0 = 0, and so comparing with (1.3) we have that [; ; = the time that job i

i
leaves queue j in the queuing process define by X.

We now make use of an important feature of the RSK correspondence [33]. To state this,
given a Young tableau P filled with elements {1,..., M}, we define the Young diagram A\*(P),
1 < K < M as the Young diagram left after ‘deleting’ all the boxes that are filled with an element

from {K +1,...,M} in P.

Lemma 1.1. Fiz a matriz w € Wy nk. The sequence Iy n,lon ..., Ia,N coincides with the
sequence of the lengths of the first rows of the Young diagrams N (P), ..., \M (P) associated with
the Young tableau P(w):

kN =M(P),K=1,...,.M

Similarly, the sequence lyr1,lnr,2, ..., lam,N coincides with the sequence of the lengths of the first
rows of the Young diagrams \*(Q), ..., X (Q) associated with the Young tableau Q(w):

Ik = (Q), K=1,...,N

We now introduce the Schur polynomials sy(ai,...,ap) defined to be the sum of the weight
W (P) over all Young tableaux P of shape A and fillings from 1 to M. Hence, recalling (1.7),

salat,...,ap) = Z W(P) = Z al*al? .. al¥
P:sh(P)=\ P:sh(P)=\
In terms of the Schur polynomials, the probability P(A) that the RSK correspondence applied to
a random M x N matrix w with entries

PI"(.Ti’j = IC) = (1 — aibj)(aibj)k (19)

yields the Young diagram of shape A = (A1,...,A\ps) is given by

M N
P(\) =sa(a1,...,an)sa(br, ... o) [T ] (1 = aiby) (1.10)

i=1j=1
To make use of Lemma 1.1, we ask the question of the joint probability that the RSK corre-

spondence applied to a random (M + 1) x N matrix with entries chosen according to (1.9) yields



the Young diagram of shape p and that the RSK correspondence applied to the M x N bottom
left sub-block yields the Young diagram of shape . It is shown in [32] that this is equal to

M+1 N

P(p, ) = X(p < ®)slar, .., anr)su(br, - bw)aszt ) T T — aiby) (1.11)
i=1 j=1

where n = min(M + 1, N) and x(p < ) is the interlacing condition defined in §6.1.

This joint probability allows us to find the conditional probability P(u|x), that given an M x N
matrix corresponds to a pair of Young tableaux of shape «, the probability that the (M + 1) x N
matrix obtained by adding a row corresponds to a pair of Young tableaux of shape y. Thus, using
P(ulr) = Jw it follows from (1.10) and (1.11) that

bi,....by) ) T
P(ulr) = x(p < K)M %ﬂrf(u H (1 —an+1b)) (1.12)

Proposition 1.2. Consider a random M x N (M < N) matriz with iid geometric entries with
parameter q. The joint probability that under the RSK correspondence this matriz is such that the

principal K x N sub-matrices (K = 0,..., M) corresponds to pairs of semi-standard tableauz with
shape N = (NS NEY s equal to
M M M
1 —
(L= == M o, an)| H XA <N (1.13)
M—1
Proof. Since the K = 0 case can be taken as unity, the sought probability is just H POETHNEY,
K=0
Substituting (1.12) and setting a; =b; = /g forall 4,5 =1,..., N gives (1.13) O

Recalling Lemma 1.1 and the theory below (1.8), we can restate Proposition 1.2 in terms of

exit times from a queueing process.

Corollary 1.3. Consider a queueing system of the type illustrated below (1.2). Suppose that the
service times x; ; are iid geometric random variables with parameter q. The joint probability that
the exit times from the final queue N of jobs i, {T; n}i=1,... .m is the same as the joint probability
of {)\Zi}izl,.v..,M as implied by (1.13).

Remember that our aim is to specify the joint distribution of the scaled exit times (1.4). With
this in mind, using the fact that [33]

5)\(&1’---70'n)| 1 :qg H w

mTman s 1<i<j<n J=
where k = |A|, the number of boxes in A, (1.13) simplifies to

1-9™V¢* I

1<i<j<N

AM M M
LTS T T v <) (1.14)

K=1

g

where k = [A\M].
Since AM is the shape of a pair of Young tableaux, one filled with elements {1,...,M}, and
M < N, we must have that \; =0 for M <i < N. Then

AM M 45— 10 W—Ayﬂ—iﬁ ﬁ AM 4§
P S e

1<i<j<M i=1j=M+1

1<i<j<N



and (1.14) becomes

B M N =) al
1-g™¥¢" T - )\M+j—zH)\M —— 'HXAK1<>\K) (1.15)
1<i<j<M 1:1 Z)( K=1
A&~ EN
In order to obtain a form in keeping with (1.4), we make the substitution hZK = ’W, where
v
E and v are given by (1.6), and take the limit N — oco. Because of our change in variables, we
must also multiply by (vN) M since
MoK M(M+1) MoK
[T A\ =@N)=" I A\ dnf
K=1i=1 K=1i=1
Then, recalling (1.5), applying Stirling’s formula (valid for a # 0)
(aN + bVN + ¢)! = V2r(aN)s N H0VN+et1/2 (1.16)
b2 b 1 b 1
X exp <—CLN+ % + g <C+ 5 - 6(1) ﬁ +O(1/N))

M(M+

to (1.15) and multiplying by (vN) gives us the PDF for {h} ;=1 x .

K=1,..M
Proposition 1.4. The joint PDF for the scaled exit times (1.4) in the N — oo limit is equal to
the joint PDF of the variables {h{(}K:17___7M. The latter in turn is implied by the joint PDF of

{hEY 21 K, which is equal to
K M

=1,...,

1 M M e K—1 K
ARM, ...k e 2 M=t <h 1.17
D [T T ) (1.17)
where A is the Vandermonde determinant
Ay, x) = ] (- ay) =detlal 5 i1 (1.18)

1<i<j<n

The same specialisation of parameters and limiting procedure applied to (1.13) to obtain (1.17)

can be applied to (1.10) to obtain the PDF of {hM};,_; . . Thus we obtain

.....

M
1 2 M2
—————— (A(M, ... h3) e~ (hi)7/2 (1.19)
(277) lMl o ( ' Y ) 11;[1
This same expression results, as it must, by integrating (1.17) over the variables {h } i=1,.. K
=1, M-
In fact a simple formula can be given for the joint PDF of {hZK} i=1,....x forany 1 < M
K:m M
Lemma 1.5. Integrating out the variables {hX} =i x in (1.17) gives
K=1,...m—1
1 M
e AT AR [T xS < ) (1.20)
(2m)> =1 U K=m+1

Proof. We proceed by induction. In the base case m = 1 there is nothing to prove. Suppose now

that the result is true for m = [. Making use of (1.18) shows we want to integrate

det [(hfﬁ-l—i)jil]i)j:lw”l X(hl < hlJrl)



over {hi}z:ll The integration can be done row by row to give

miis : 1 _ RL 1
det / T = det [ ((hiﬂ_l)ﬂ _ (h%i;_l)J):| _ ﬁA(hllﬂ7 N ,héﬁ) (1.21)
s 441 J i

where the final equality follows by first extracting the factor of 1/j from each column j, then

observing that the remaining determinant is anti-symmetric in {h§+1}i:1,...,l+1, is homogeneous
l

of degree I(I + 1)/2 and has coefficient of H(héﬂ)”l*j unity. Substituting (1.21) back in the
remaining terms of (1.20) establishes the c;selm =1l+1 O

After the study of Baryshnikov [3], Johansson [39] introduced a number of statistical models
based on the RSK correspondence. One of the most prominent was a particular example of the
much studied totally asymmetric simple exclusion process (TASEP). This consists of particles on
the integer lattice, conditioned so that no two particles can occupy the one site. At each time step,
only particles with their right neighbouring site vacant can move, and they must stay where they
are with probability 1 — ¢, or move to the vacant site to their right with probability ¢. In [39], the
particular initial condition that all sites at the negative integers are occupied is shown to result
from an analysis based on the RSK correspondence, and thus on certain interlaced variables.

We remark that interlacing variables have provided the key to the subsequent analysis of other
instances of the TASEP model. Thus suppose that the particles always jump one step to the
right provided the site is empty, but that they do this not at each tick of the clock but after
a random exponential weight time with mean one beginning the moment the right neighbouring
site is vacant. Sasamoto [61] used interlacing variables to give a decomposition of the transition
probability, from a general initial condition to a general fixed position [63], and this theme has

been further developed beginning with [6].

1.2 The GUE" eigenvalue process

We now go about finding a PDF for the eigenvalues of sub-matrices of the GUE" process, with
the aim being to show that the joint PDF (1.17) occurs in that setting. We inductively define a

sequence of matrices {X,, },=12.. by X1 =c and
X, U
Xn+1 - [ H:I ‘|
U oc

1
where ¢ ~ N[0, 1], ¢ is a column vector of v;’s where v; ~ NJ[0, + iNJ0, E], and 77 denotes

73
the conjugate transpose of . Then X,, represents top n x n sub-block of a matrix taken from
the GUE*. GUE* matrices have a distribution which is unchanged by mappings X — UXUT or
X — U'XU with U unitary. To see this, we use the fact that the distribition of a GUE* matrix

is proportional to

e 3TrX? _ —3Te(UTXU)?

It is further true that the product of differentials of the independent entries of X, (dX), is un-
changed by the same mapping (see e.g. [27]). Hence X,,11 has the same distribution as

X, U, 0,
0l 1

’

Ul 0,
Aot = g

=t
n vl e




where U;EXnUn = D,, := diag X,,, the diagonal matrix of the eigenvalues {)\En)} of X,,. So

D, Ulw
ot U, c

’

Xn+1 =

since for U unitary and ¢ complex Gaussian, U¥ has the same distribution as ¥. Thus, to find

the distribution of the eigenvalues of the X,,, it suffices to find the eigenvalues of the matrices A,,,

D, v
AnJrl = [ ‘|

where

e

Noting that

n
a;
det(1412 — Aptq) =det(l,2 — Ay) |2 —c— Z ﬁ
=T
where ¢; = v;U; ~ I'[1,1], T'[s,0] being the gamma distribution with PDF proportional to
t>~Let/7 it follows that, for pn(x) the characteristic polynomial for A,,, we have

n

M:x_C_ZL (1.22)

where p; = )\gn) is the j-th largest eigenvalue of A,,

Proposition 1.6. [32] The zeroes {\;} of the random rational function (1.22) with ¢ ~ N[0, 1],
q; ~T'[1,1] and p; given, have the PDF

n+1

I A, A 1 "
s dnet) o (L0230 |t <0 (1.23)
j=1 j=1

\/271' A(ulvaljf’n)

where x(p < A) is the interlacing condition defined in §6.1

Proof. Because the g; are positive, graphical considerations imply the interlacing condition x(u <

A). Assume ¢ = a for some given constant . From (1.22) we have

n n+1
x—a—z 4% _ [[2 (= —X) (1.24)
P 1 H?=1(x — )

Taking the large = expansion and equating coefficients of z° gives

n+1 n

Z)‘i :a+2uj (1.25)
i=1 j=1

showing that we only need to find the first n of the \; (since the RHS is given), while equating

coefficients of 7! gives
n+1 n

~ 1, 1 2 2
*Z%‘*ia -3 Z)\j*ZM (1.26)
i=1 j=1 =1
From the residue at « = y; in (1.24) it follows that

T2 (i = A)

E— 20



Since we know the distribution of the {¢;}, we want to change variables from {g;}i=1, . to
{A\i}i=1,...n. From (1.25) and (1.27) we see that

qu — ¢ ( )\j — )\n—i-l )
;7\ (i = Aj) (ki = Angr)

and so, up to a possible sign,

/n\dqldet[ ﬁqk <2Z— "“) /\dAk

=1 fi = A ] ij=1,en 1 An+1

Using the Cauchy double alternant identity [17, pg 57]

! } _ HlSi<j§n(,ui — 1) (A — Aj)
Hi — )‘j i,5=1,..., HZj:l(/J'i — )\])

along with (1.26), (1.27), and the fact that the {¢;} have PDF e~ 14 we have the PDF of
{Aiti=1,.m, forc=a

det { (1.28)

n+1
A]

‘exp D) Z)‘2 ZMJ

a? H1§i<j§n+1(/\i -
e 2
H1§i<j§n(.u“i — )

a2

1
where (1.25) holds. Multiplying by the PDF of ¢ = q, \/?e’T, and integrating over a, consistent
T

with the restriction (1.25) on a, gives (1.23) O

Taking the product of (1.23) for n =0,..., M — 1 gives the joint PDF of the eigenvalues of the

A'ru {)\En)} i=1...,n
n=1,....M

1 1 -0 M-
pove (N = —5 [Te 7 I (A=A )H W L AHDY(1.29)

k=1 1<i<j<M

We see that this is equal to (1.17) with /\Z(-j) = hl. (1.4) tells us that A% = Dy, so the result of
Baryshnikov that the Dy have the same law as the nested sequence of submatrices from GUE* has
been shown. Also, since (1.29) and (1.17) are equal, we have that the PDF for the eigenvalues of
an M x M GUE* matrix are given by (1.19)

1.3 The hexagon

A theme of this thesis is to be statistical systems which relate to eigenvalues of nested sub-blocks
of random matrices. The first result of this type, showing that scaled exit times in a queueing
process have this interpretation, has been reviewed above. Historically, the next result of this type,
due to Johansson and Nordenstam [43], related to a certain random tilings of a hexagon.

In favourable circumstances, when looking at random tilings of certain shapes, one can define
‘particles’, and evaluate the PDF of the positions of said particles. Here, we follow the work of
[43] and [55] and show that the PDF of the eigenvalues of GUE™ minors, as found above, can be
realised as the scaling limit of a random tiling of a hexagon by rhombi. It is easy to see that a
rhombus tiling of an a x b x ¢ hexagon is in bijection with a set of a simple symmetric random walks
conditioned never to intersect, starting at (0, 2¢) and ending at (b+c¢, —b+c+2i) fori =0,...,a—1.

These walks will be addressed later in §1.7. For now, we are interested in the holes left between
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Figure 1: An example of a random tiling of an 8 x 6 x 10 hexagon by rhombi, with the corresponding
interlaced particles and non-intersecting walks shown. The shading is to highlight the interpretation

of the particles as heights, as described at the end of §1.3

the walkers, the particles in the horizontal rhombi in Figure 1. For simplicity, we will restrict
ourselves to the b < ¢ case, the other case being equivalent by reflection. On line ¢ there will be

r(t) particles, where

rt)=< b b<t<c (1.30)
b+e—t <t

Let () = (mgt), . ..m(t))) be the positions of the particles on line ¢, where by labelling con-

r(t
Z(-t) > xgt) for ¢ < j. Since no particle may be outside the hexagon, the highest possible

position for xﬁt) , g(t) say, and the lowest possible position for acff()t), h(t) say, are given by

g(t){Z(a—l)+t t<c h(t){ —t t<b 1.31)

vention, x

2a+c—1)—t t>c —2b+t t>b

For combinatorial reasons, which are clear to see from the picture, the particles fulfill the interlacing

t+1))

requirement X(x(t) < . We also have the restriction that

gcgt) —t even VYi,t. (1.32)

10



Given that every possible tiling is equally likely by definition, the probability of some configu-

ration z = (..., 2**9) can be written
1 b+c—1
p(f) _ X(x(t) =< x(tJrl))
Ca,b,c i—0

for x(z < (V) as defined in §6.1, where the virtual particles x,(f?l =—t—2fort=0,...,b—1
and zét) =2(a+c)—tfort =c+1,...,b+ ¢ have been included in the appropriate {x(t)}, and
furthermore the condition (1.32) is required. Cy p . is some normalization constant, which is equal
to the number of possible configurations for an a x b x ¢ hexagon.

From [54] we have the following Lemma and Theorem.

Lemma 1.7. Lett <b. Given some configuration ™| the number of configurations to the left of

line t, i.e.

t—1
G = 3 ™ < e

2@, pt=1) n=1
with a:£j’+)1 defined as above, is
Gi(x1,...,2t) = ceA(zq, ..., x4) (1.33)
where
B 1
=m0 Z_:ll o

Proof. Induction on ¢. For ¢t = 1, it is true that G1(x) = 1. Assuming the statement is true for

case t, consider case t + 1.

. 1y ... yifl
Gz, m) =Y, > :
1=1 i >Yi>Tip1 t—1
yi—x; odd Iy ooy
Now, for a fixed ¢ and with z; > ;411 + 2,
Syl = @ @ =3 et (@ + 1)
T;i>Yi>Tit1
yi—x; odd
= qj(®i) — q;(wisa) (1.34)
where
x—2
2 .
Z (2k+ 1)), =z even
g(2) = M (1.35)
> (2ky, z odd
k=—M
for large enough positive integer M. By looking at the behaviour of ¢;(x) as © — oo, we see
J+1 .
that ¢;(z) = 2(3;7_’_1) + O(2’), so inputting (1.34) and performing column operations to remove
J
dependence on lower order terms gives
1 1 1
5(551—332) z(xf—xg) E(xi—fé)
Gt+1($1, “ee ,$t+1) = Ct
1 1 1
5(% — Ti41) Z(xf - x§+1) 27(%? - x§+1)

11
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Figure 2: The hexagon from Figure 1, with virtual rhombi and particles

introduced as described in the b < t < ¢ case

7).

rt to final form

d conve

1ts an

tar

Finally, we pull out cons

(z1,...,

at positions

Theorem 1.8. The probability that the particles are

r(t)

(1.36)

(1.37)

+ 2k)

)

b—t
II - nh
k=1

x)

folw) = T (9(0) + 2k -

in (1.31)
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Proof. The idea of the proof is illustrated in Figure 2. We introduce virtual particles above and
below the hexagon so that the number of possible tilings to each side of the line ¢ is represented
by a (1.33) for an appropriate line number.

Case t < b: The area to the left of ¢ can be tiled in Gy(x1,...,x:) ways and the area to the
right of ¢ can be tiled in Gpye—t(T—cattt1y .-y T1y..ny Tty ..., Tp) Ways, where xpy; = h(t) — 2i for
i=1,....,.b—tand x_;41 = g(t)+2ifori=1,...,c—t. Then

1

CiGt(mly e ,.’L't)Gb+cft($,c+t+17 ey LYy Ly e et 7{)31)) (138)
a,b,c

pe(@1, .. @) =

The theorem follows since the part of the Vandemonde that has to do with the virtual particles is,
r(t)

up to a constant, H fe(zi)
i=1
Case b < t < ¢ The area to the left of ¢t can be tiled in Gi(z1,...,Tp,...,2) Ways

where xpy; = h(t) — 2¢ for ¢ = 1,...,t — b, and the area to the right of ¢ can be tiled

in Gpe—t(T—cttqs1y - 21,...,2¢) ways, where z_;11 = ¢g(t) +2¢ for ¢ = 1,...,¢ — t and
Ziri = h(t) — 2i, for i = 1,...,b —t. The theorem follows as before.

Case ¢ < ¢t The area to the left of ¢ can be tiled in Gi(Te—ti1,...,21,
ey Thge—ty -+ Tc) Ways where Tpie—pr; = h(t) —2ifori=1,...,t —b, and x_; 1 = g(t) + 2i for

i=1,...,t — ¢, and the area to the right of ¢ can be tiled in Gpic—i(z1,...,2;) ways. Again the

theorem follows.
O

We now fix the line number ¢ such that 0 < ¢t < b and define the random variable X =
(M, ..., 2"). From Lemma 1.7, Theorem 1.8 and the requirement that every possible tiling of
the hexagon is equally likely, we have that the PDF of XtHex is

t—1
PP, a®) = PO TT ) <ot (1.39)
Gt(x ) n=1
1 t t—1
= mA(x%% RN 71.?)) H ft(fgt)) H X(i(n) = x(n+1))
,a,0,c

i=1 n=1

Proposition 1.9. Let the points ygj) = (ml(.j) —N)/+\/3N/2 be a rescaling of the points :vz(-j), where
N = a =0b = c is the length of all sides of the hexagon. Given that the xgj) have PDF P(It{)ex as
described in (1.39), one has

P(Izl)e"(:c(l)7 2 = Poupa (™, .y ")

where Paup.am is as in (1.29), as N — oo, where the convergence is uniform on compact sets with
(4)

i

respect to the x

Proof. From (1.31) and (1.37) we have that, fora=b=c= N,

N—t
felw) = J[@N =2+t -z +2k)(z +t + 2k) (1.40)

=1

=

13



If we make the substitution x = vVaNy + N then

fe(z)

N—t
[[ (V- VaNy +t +2(k — 1))(N + VaNy +t + 2k)

k=1
Jev—n (BN — §VaNy — 5t — DI (3N + 3vaNy — 1)!
(3N —*Fy+ L~ 1) (AN + LaNy + 1p)

3
Setting o = 3 and applying Stirling’s formula (1.16) gives

Tt (\/?y + N) — N2N-2tg3N—t oy <_2N _ % — y\/37N+ O(l/N)> (1.41)

For ease of notation, we define Fy y so that the leading order term of the RHS of (1.41) can be
written Ft7Ne*%yz. Then, noting that

f(H—) t

A =2 (5) 7 A

k=1i=1 k=1i=1

(k)

since the original x,"'’s possible positions were confined to every second integer, we have

t gt
P, .. a ) = G (B0 el (1.42)

ctZyNN,N 22\ 2 P
t—1
< [T @7 = x@™ <ye+D)
1<i<j<n n=1

Applying Stirling’s formula (1.16) to Z, v n,n, which we find in Proposition 2.2 in §2.1, gives

. L(6N—t) N 2Nt B 2tfl
() oo

Z =72 —
t,N,N,N ST

e
and this along with (1.41) gives

t2
(Fy)t 1 <3N> 1 s
e — -+ 0
et Zy NN N 9N 2 (27T) (N )

and so the PDF in (1.42) converges to the GUE* PDF (1.29). O

Thus we have in fact revised two known examples of probabilistic systems which, in appropriate
scaling limits, have a PDF the same as that for the GUE® minor process. This tells us that the
latter is a fixed point for a certain universality class. Moreover, the members belonging to the class
can be extended by the consideration of domino tilings of the Aztec diamond described in the next
section.

Another viewpoint of the hexagon tiling by rhombi is that of the so called solid-on-solid model.
Consider the b x ¢ integer grid {(4,5) : 1 <i <b, 1 < j < c¢}. At each site (7, ), associate a height

variable z; ; with some distribution h(z). Furthermore, require that for fixed 4
Tinl S Ti2 S0 S T (1.43)

and that for fixed j
T1,j S 25 S0 S W (1.44)

14



Thus a directed up/right lattice path must encounter successively non-decreasing heights.
Rotating the rectangular grid by 45° the lattice points form lines parallel to the y-axis. For a

b x ¢ grid there are b + ¢ — 1 lines, with the number of grid points on line ¢ given by r(¢) as in

(1.30). Let ygt) denote the height of the i-th lattice point counting from the top on line ¢. Then

Ti_g i t<c
yft) _ t—i+1,b—i+1 = (145)
Te—itlbpte—t—itl L>¢C

Looking at Figure 1, it is not hard to see that a rhombus tiling of an a x b X ¢ hexagon can also be
interpreted as a representation of b X ¢ grid of heights obeying the same restrictions on the heights
(1.43) and (1.44). Specifically, we imagine the edges of the hexagon are parallel to the z, y and z
axes, and have that the a-th non-intersecting path is always at height a in the z direction, with
(t)

the particles being on surfaces parallel to the x,y plane. Then in this viewpoint, with z;” given
as in the earlier parts of this section (i.e the position of the i-th particle on the ¢-th line in the two

dimensional viewpoint), we have the relationship

i+ 2 —t t<e
yl(t) _ (t)2 - (1.46)
. r, +t
1 —c+ t>c

2

Thus, if we define h(z), the distribution of the heights x; ;, to be the discrete uniform distribution
on heights 0 to a, then the definitions of y (1.45) and (1.46) are equivalent.

1.4 The Aztec diamond

The Aztec diamond of order N is the union of all lattice squares within the diamond shaped region
{(x,y) : |z| + |y| < N +1}. It was shown in [19] that there are 2¥V+1/2 pogssible tilings of an
Aztec diamond of order N by 2 x 1 dominoes, and since then a number of derivations distinct from
those given in [19] have been found, for example [40, 20]. As with the hexagon tiling of the previous
section, a tiling of the Aztec diamond by these dominoes is in bijection with a family of lattice paths.
To see this, with the top left lattice square specified as white, introduce a checkerboard colouring
of all the lattice squares making up the Aztec diamond. For a horizontal domino which covers
a white-black (black-white) pair of squares when reading left to right, no segment (a horizontal
segment) of path is marked. For a vertical domino which covers a white-black (black-white) pair
of squares when reading top to bottom, a right-up (right-down) segment of path is marked. This
results in a family of IV non-intersecting lattice paths, with segments up sloping, down sloping or
horizontal, starting at equally spaced points on the bottom down sloping edge, and finishing at
the corresponding points on the bottom up sloping edge. See Figure 3 for an example.

Our interest is in the interlaced particle system implied by a domino tiling of the Aztec diamond.
For its specification, with the Aztec diamond checkerboard coloured as already described, let the
horizontal dominoes such that the left square is colour black (white) be called of S (N) type.
Similarly, let the vertical dominoes such that the top square covered is black (white) be called
of E (W) type [19]. Suppose now that the E and S type dominoes are shaded and we add a
number of labelled diagonal lines equal to the order of the Aztec diamond, as seen in Figure 4.
The k-th line passes through the interior of k shaded tiles, and these intersections are considered as

specifying the positions of k particles [41, 43]. In an appropriate co-ordinate system, these particles

15
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Figure 3: An example of the checkerboard colouring of an Aztec diamond of order 5, with lattice
paths and particles inserted as described at the beginning of §1.4 and below (1.47) respectively.

Note that the k-th path from the bottom crosses k squares containing particles.

(k) (k)

occupy distinct positions x;"’ > --- > x;’ restricted to the lattice points 0,1,2,..., N on line k

(k=1,...,N). Most importantly, the particles must satisfy the interlacing condition

(k+1)

(k+1)
Lit1

sz(.k)gxi for i=1,...,k—1 (1.47)

The positions of the particles can also be determined by the non-intersecting paths. Any black
square (in the checkerboard coloring) in which a path crosses from the top left half of the square
to the bottom right half contains a particle (see Figure 3). It is then true that the k-th path from
the bottom passes through k particles.

In [43] this weighted particle process corresponding to the Aztec diamond tiling, defined through
its correlations and restricted to the first n lines, was shown in a certain scaling limit to coincide
with the minor process of the GUE*.

1.5 The antisymmetric GUE eigenvalue process

Just as the scaled particles of a rhombus tiling of a hexagon have the same probabilistic law as
the eigenvalues of GUE* sub-matrices, it was shown in [31] that the scaled particles of a rhombus

tiling of a half-hexagon have the same probabilistic law as the eigenvalues of antisymmetric GUE

16
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Figure 4: An example of a tiling of an Aztec diamond of order 10 by dominoes, with the E and
S type dominoes shaded, with 10 labelled lines added. Note that the north, south, east and west
points of the Aztec diamond are predominantly tiled by N type, S type, E type and W type
dominoes respectively, and that the k-th line passes through k shaded tiles.

sub-matrices. This will be discussed in the next section, while in this section the topic for consid-
eration is the eigenvalue problem. The anti-symmetric GUE ensemble is the probability measure

— — 2 . .
Z teTrH /2, Z a normalization constant.

1
—| and
V2 ]

1
set H = §(X — X7, Following the work in [31], we would like to compute the joint PDF of

on purely imaginary Hermitian matrices with density

Equivalently, form a real Gaussian matrix X with entries chosen independently from NJ0,

()\(1), el )\(”)), where \F) = (A(lk) A(Lk)J) are the positive eigenvalues of the k x k principal

sub-block of H. First, two lemmas are required

Lemma 1.10. [31] Let 0 < a1 < --+ < a, be fized real numbers. Let q,...,q, be i.i.d. exp(1)

random variables, specified by the PDF e~ (x > 0). Consider the random rational function

n )\qL
=A- Z A2 — a2 (1.48)

17



p(A) has n positive zeroes denoted 0 < by < -+ < by, and their PDF is

2 n 5
gn A [T bie ¥+ x(a < b) (1.49)

where x(a < b) is the interlacing condition defined in §6.1

Proof. As with the rational function (1.22), graphical considerations imply that there must be
exactly n positive zeros by, ...,b,, and that they obey the interlacing condition x(a < b). Addi-
tionally, it is clear from (1.48) that p(0) = 0, and that if p(b) = 0, then p(—b) = 0. Thus, noting
that p has simple poles at +a; for i = 1,...,n, it follows that it is possible to write

p(\) = Aﬁ o — bz (1.50)

Comparing the residue at a; of p in (1.48) and (1.50), and elementary computation gives that

n 2

o Hj 1al_b

R ¥ (P
j=1.g#i i J

The PDF for the variables {g¢;}/, is

(1.51)

exp (— Z qi> (1.52)

and we want to change variables to {b;};—;. The Jacobian J for that transformation is, up to a

possible sign,

—2b;q; H1< <j<n(ai —a3)( b2 —03) &
J = det J i<jsn 2b;q;
[a?_b§‘|z] 1 n Hl<l]<n @ H

where the determinant is evaluated using the Cauchy double alternate identity (1.28). Inserting

the expression for ¢; from (1.51) simplifies this to

b—b

J=2" ] —

1<i<j<n af

SN

ﬁ b, (1.53)

i=1

SN

By expanding (1.48) and (1.50) at infinity and comparing the 1/\ coefficient it follows that

S S (154
=1 =1

Inserting this in (1.52) and multiplying by the Jacobian (1.53) gives the sought fom (1.49). O

Lemma 1.11. [31] Let 0 < a1 < --- < ay, be fized real numbers. Let q1,...,q, be i.i.d. exp(l)
random variables, specified by the PDF e=® (x > 0), and let qo be I'(1/2,1) distributed, having
PDF (7x)~Y2e™® (x > 0). The random rational function

B0~ A
p(A)=A— S SE (1.55)
i=1
has n + 1 positive zeroes denoted 0 < by < --- < b, and their PDF is
L A(B2) o o2 eas b7
7 Aéa%e %] x(b < a) (1.56)

Py
i=1 v
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Proof. Following the logic of the beginning of Lemma 1.10, it is possible to write

A2 — 2 A2 —p?
)\ _ 0 7
P =3 114X2——af

From here, it is convenient to introduce an arbitrary ag = 0, and then the proof is virtually
unchanged from that of Lemma 1.10 with indices starting from zero instead of from one. The

Jacobian expression from (1.53) can then be simplified as

n+1 bZQ — b? - n+1 n b12 — b? - b1
J=2 [1 ———=Ile=2"Cve [ =]~ (1.57)

- a; a; - - a; a; - a;

0<i<j<n *? J =0 0<i<j<n *? Joi=1 "¢

Computing the residue at the origin of p in (1.55) and (1.50) gives

1% = w][e (1.59)
=0 =1

The expression corresponding to (1.54) is

72(]1‘:7()04’2&1*61' (159)
i=1

=0
The PDF of the variables {¢; }- is
exp(— 2 i @)
V40
Multiplying this with the Jacobian (1.57), inserting (1.58) and (1.59) gives the sought form (1.56).
O

Theorem 1.12. [31] Let H be an n x n matriz from the anti-symmetric GUE ensemble. Let Hy,

be the k x k leading sub-block of H. Let AF) = (A(lk), ey )\(LIZ)/QJ) be the positive eigenvalues of Hy,

ordered so that )\Ek) > )\E_]T_)l, Then the joint PDF of XV, ... A™) is given by

C’inA (()\(”))2) ﬁe_o‘gn))z ”1:[1 x(AE) < ABFD)y for n even (1.60)
1 (n—-1)/2 - s f:i
O—nA (()\(”))2) 1;[1 )\1(-")6_(’\1' ) kl;[l x(AE) < A(BFD)y for n odd (1.61)
where
Cop = 7;"77;2 Cony1 = % (1.62)

Proof. Such a matrix H has the property that if A is an eigenvalue of H, then so is —\. Also, if

the size of H is odd, this implies that one of the eigenvalues will be zero.

The proof is an inductive one. A 2 x 2 matrix from this ensemble is of the form < g )
—a

where a € N[0,1/v/2]. Its eigenvalues are +a, confirming the theorem in the case n = 2.
First, let n be even. Consider an n X n matrix A from this ensemble. The induction assumption

is that its eigenvalue PDF is given by (1.60). Consider the (n+1)x (n+1) matrix given by bordering

A,
A w
w* 0
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Here, w is a column vector of n purely imaginary numbers, all N[0, 1/ \@] The star means transpose
and complex conjugate.

The eigenvectors of A can be paired up in the following way: If v is an eigenvector corresponding
to eigenvalue A, then v is an eigenvector corresponding to eigenvalue —\. Consider a normalised
eigenvector, [v] = 1. Since v and ¥ must be orthogonal to each other, |Re v|* = Z(v+17, v4+7) = 2
where (-, ) denotes the inner product.

Let C' = [v1, 71, v2,...] be the matrix whose columns are eigenvectors of A. Then

(C*o)(Aw><c o) (D C*w>
- (1.63)
0 1 w* 0 0 1 w*C 0

where D is a diagonal matrix of the eigenvalues. It follows from the above considerations of
eigenvectors and an elementary calculation that w*C = (a1, dy, az, ... ) where each a; is a complex
number, the real and imaginary part of which are N[0,1/v/2]. Let p,(\) be the characteristic
polynomial of A and say that the eigenvalues of A are dp1,..., 3,/ 2. Of course the eigenvalues

of A give the factorisation of p,, as
Pa(A) = (1 =A%) (kpyn =A%)

Then it can be shown, say by expanding along the last row of the RHS of (1.63), that the charac-

teristic polynomial of that larger matrix is such that

n/2 _
anrl()\) 2040@)\
Lot AV Z

Pn(N) /%2 — A2

i=1

With a; distributed as N[0, 1/v/2] 4 iN[0, 1/v/2], it follows that 2a;d; is exp(1) distributed. So we
now need to find the PDF of the zeroes of this random rational function, which is precisely what
is given by Lemma 1.10. Multiplying the expression that the induction assumption gives us for n
with the conditional PDF from Lemma 1.10 proves the statement for H, ;1 when n is even.
Assume now that n is odd. Do the same construction but the matrix A will now have one
eigenvalue which is zero. Performing the same bordering as in (1.63), only this time w*C =
(a1,d1,...,an,dy,ib) where b is N[0,1/2]. As above the characteristic polynomials for the n x n

matrix and the (n + 1) x (n + 1)- matrix are related by

n—1)/2
p7L+1()\) — b2 ( ) 2a;a; A
>\2

pn()‘) X_ ; )\f_

Apply this time Lemma 1.11 to prove the statement for H,, 1 for n odd. O

Also of interest is the eigenvalue PDF of an n x n anti-symmetric GUE, independent of the

eigenvalues of the sub-blocks. This can be obtained by integrating out the latter variables in (1.60).

Lemma 1.13. Integrating out the eigenvalues {)\(j)}jzl,m’m,l in (1.60) gives, for m even

’I’L/2 n—1
= IC’ A ((/\(m))2) A (()\(n))2> l_Ie*(Agn))2 [T xA® < A®+0) - for n even
m-n =1 k=m
1 (m))2 ) T A0 TT v () < 41
A (A2 A (AY) N e W (AR < ALy for n odd
alom)a(oon) T o i
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while for m odd

(’n’L71)/2 ’I’L/2 n—1
1 n)y2
BC <(/\(m))2) A ((/\(”))2> H )\Em) 1_[6_()‘E ) H X(AE) < ALy for n even
m=mn i=1 i=1 k=m
1 (m—-1)/2 (n—1)/2 .
o ((A)2) A ((™)2) H A H A e H XOA® < AEDY - for podd
where Cy, is as in (1.62) and
m—1 m
=[] @) Bamsr =21
j=1 j=1

Proof. As in Lemma 1.5, we proceed by induction. In the base case m = 1 there is nothing to
prove. Suppose now that the result is true for m =1 odd. Making use of (1.18) shows we want to

integrate

1) 2j—1 I I+1
det {(/\(“rl)/2 i) L ‘:1,...,(1—1)/2X()\ <A

over {>\§”}¢:1,_..,(l—1)/2~ The integration can be done row by row to give

-1

)\818/2 Tz lle
i w21 _ (I+1 95 (1+1) 0
det [ (14+1) J du] = det [2 (()\(Z+1)/2 z) J ()\(l+1)/2+1—i) J)] N
)\(l+1)/z+1 i ij=1 -
-1)/2
1 41 I+1)
B H 2j < /\( ’ )) (/\5111)/2)2> (1.64)

Substituting (1.64) back in the remaining terms of the appropriate equation in Lemma 1.13
(whether n is odd or even) establishes the case m = [ 4+ 1 even. Repeating this process now

for m =1+ 1, we want to integrate

(141) (jfl):| I+1 142
det [(A(H‘l)/“l ) iG=1,...,(1+1)/2 XA < AT
over {)\(-l+ )} The integration can be done row by row to give, with AU+ =0,
i i=1,...,(1+1)/2- g y g (I+1)/2+1 °
B N 1 &3
20D _ (1+1) 2j—1 (1+1) 2j—1
o |: 3, (+2) ] du:| - e {2]' - (()\(l+1>/2+1 h ()‘(l+1>/2+2 )7 ) o
(141)/2+42—i ij=1 i,j=1
(+1)/2  (1+2)
j 14+2 1+2
= H Q;ﬁA (()\§+ 2. ()‘(111;/2)2) (1.65)

j=1
Substituting (1.65) back in the remaining terms of the appropriate equation in Lemma 1.13

(whether n is odd or even) establishes the case m = [ 4 2 odd and completes the proof. O

We read off from this result that the eigenvalue PDF of an n x n anti-symmetric GUE matrix

is equal to
T o0y (n) (n)y2)?
— H A7) H (()\j 2=\ )2) for n even
1<j<k<n/2
1 e (n)y2 2
T H ()\En))Qe_o‘i ) H (()\;"))2 - ()\Ecn))2) for n even (1.66)
ni=1 1<j<k<(n—1)/2
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where

71_”/2 n—1 71_”/2 n—1
Agp = o 11(21)! Agpi1 = PICESy) 11(2l + 1! (1.67)

1.6 The half-hexagon

As the GUE" was shown to be a limit of the particle picture of the rhombus tiling of a hexagon,
it is shown in [31] that the antisymmetric GUE is a limit of the particle picture of the rhomus
tiling of a half-hexagon. An a, N half-hexagon is literally a 2a X N x N hexagon cut in half, and
as with the rhombus tiling of the hexagon, we see from Figure 5 that a rhombus tiling of an a, N
half-hexagon is in bijection with a set of a simple symmetric random walks conditioned never to
intersect or go below 0, starting at (0,2i — 1) and ending at (2N,2i—1) for i = 1,...,a. As before,

we are interested in the holes between the walkers. On line ¢ there will be r(¢) particles,

o | 12 (<N
T lev -0z N<t<on

Let 2 = (x:(tt), . xit()t)) be the positions of the particles on line ¢, where by labelling conven-

tion, a:l(»t) > xg»t) for ¢ < j. Since no blue particle may be outside the hexagon, the particle positions

must be positive, and the highest possible position for x(lt), g(t) say is given by

® = 2a4+t—1 t<N
TV 2adboN—t—1 N<t<on

For combinatorial reasons, which are clear to see from the picture, the particles fulfill the interlacing

requirement x(x(t) =< x(tH)) as defined in §6.1. We also have the restriction that

2 —t odd Vi,t. (1.68)
Given that every possible tiling is equally likely by definition, the probability of some configuration
=z, ..., 2®") can be written
;] Nt 2N—1
7) — (t) (t+1) (t+1) )
P = gy L <o) IT et <)

)t)—s-l = (-1-(-1)"/2 and Iét) = ¢(t) + 2 have been included to

ensure the particles lie inside the hexagon, and furthermore the condition (1.68) is required. Cy n

where the virtual particles zf,t(

is some normalization constant, which is equal to the number of possible configurations for an a, N
half-hexagon. We now introduce a Lemma and a Theorem, analagous to Lemma 1.7 and Theorem

1.8 from the a, b, ¢ hexagon case studied earlier.

Lemma 1.14. [31] Let t < N. Given some configuration ® | the number of configurations to the
left of line t, i.e.

t—1
G = 3 T ae™ < e

2(0) ... p(t=1) n=0

with virtual particles as described above, is

G = [ (@"72-6"?) (1.69)

1<i<j<t/2
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Figure 5: An example of a random tiling of an 8, 16 half-hexagon by rhombi, with the corresponding

interlaced particles and non-intersecting walks shown.

for t even and
(t—1)/2

GileM=c I (@"7-6?) I =" (1.70)

1<i<j<(t—1)/2
for t odd, where

n—1

1 n Tyl
e =11 2y T (2! 1}) 2% (2i)" (L.71)

Proof. The proof is an inductive one. The ¢t = 2 case is true by virtue of the fact that Ga(z) := 1.
Suppose (1.69) has been established for ¢ = 2n. Then

2 2(n—1)
. 1 vy ... Y
G2n+1($17'~'7xn) = § E Can
1=1 T >Yi>Ti41 _
yi—x; odd 1 yi - yi(n D

Using (1.34) and (1.35), we perform column operations to remove dependence on lower order terms,

and perform row operations to clean up, to give

T x§"71
2 6 7 4n—2
G2n+1($1,...,$n) = C2n, :
Tn xfl x%"_l
2 6 4n —2

which is equal to (1.70) with
Conpn!

Con+1 = (

B (1.72)
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Now suppose (1.70) has been established for ¢ = 2n + 1. Then, proceeding as before,

., ooy oyt
Gonga(1, . Tps1) =D D Conp :
i=1 >y >Tit1
Yi—T; Od-g Yn y?z cee y?zn !
which gives
x? — 3 o 3 — gin
4 8 o 4in
Gont2(T1, .-, Tnt1) = Cont1 : :
Ty~ Thil Tp~ Tng ay =y
4 8 o 4an
Bordering this determinant and performing row and column operations gives (1.69) with
Con+1
Con4+2 = 4:7’7,‘ (173)
and (1.72) and (1.73) combine to give (1.71) O

Theorem 1.15. The probability that on line t, t < N, the particles are at positions (x1,. .. ,scr(t))
18

n

p27l('r17"'7x7’l) = Z2_n17a,N H l' _'r Hf2'fl Il (1'74)
1<i<j<n =1
_ 2 -
Prai(@n @) = Zyiaan [ (27 -4 Hffz Jonta (1) (1.75)
1<i<j<n

fort=2n ort=2n+1 respectively, where Z; o n s a normalizing constant and

N—t
felw) = [ Ra+2i+t—1—-2)2a+2i+t—1+ux) (1.76)

i=1
Proof. The proof is the same as that for Theorem 1.8. We introduce virtual particles above the
hexagon so that the number of possible tilings to each side of line ¢ is given by Lemma 1.14 for

the appropriate line number. The area to the left of line ¢ can be tiled in G¢(x1, 2, () ways. The

area to the right of line ¢ can be tiled in Gon_¢(%¢—nN,...,2_1,21,...,2,()) Ways, where we have
introduced the virtual particles x_; = 2a + 27+t — 1. Then
1
Pe(T1, .0, ) = TGt(xl, oy Ty )GaN (Tt Ny oy T 1, T Tpy))
a,N

The theorem follows since the part of the Vandemonde that has to do with the virtual particles is,
r(t)

up to a constant, H fe(xy). O
=1
We now define the random variable X 2fHex — (0~ 4®)  From Lemma 1.14 and Theorem

1.15, and the requirement that every possible tiling of the half-hexagon is equally likely, we have
that the PDF of XFalfHex jg

a. ex p( (t n n
P(I;I)lfH (@D, 2®) = Gtt(x(t) HX (n) 4 p(ntD)) (1.77)

In an appropriate scaling limit this discrete distribtution reduces to the eigenvalue distribution for

Theorem 1.12 for matrices from the antisymmetric GUE and their submatrices.
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Proposition 1.16. Under the rescaling x = )\(])\/4N (a+ 1)a, where the ;v( are distributed
as in (1.77) with a = aN, one has

P(It{;ilfHex(m(l), sy x(t)) - PAntiSymGUE,(t)()‘gl)v R )\Et))

where PpntisymGUE,t) 5 given by (1.60) for t even and (1.61) for t odd, as N — oo, where the

convergence is uniform on compact sets with respect to the x(] )

Proof. We will go through the even case t = 2n, as the ¢ odd case is trivially similar. From (1.77)

we have
1
PHalfHeX .’E(l), o 71,(211) _
(2n) ( ) CQnZQn a,N
2n—1
y H (xEQn 2 (2n) 2 H Fon(@ H (@ < 2k+D)
1<i<j<n k=0
From (1.76), for a = aN, we have that
N—2n
fon(z) = J] 2N +2i+2n—1-2)2aN +2i+2n —1+2)
i=1
We make the substitution x = /8Ny,
N—-2n
fon(/BNy) = H (2aN +2i+2n — /BNy — 1)(2aN + 2i+ 2n+ /SNy — 1)
i=1

g2n—tn (@ + DN —n— 5/BNy = 5)l((a + YN —n+ 5V/FNy - 5)!
(aN +n— 3vBNy — 5)!(aN +n+ 373Ny — 3)!

Setting 8 = 4(a + 1)« and applying Stirling’s formula (1.16) gives

(Oé + 1)2(@+1)N—2n

fon (y AN(a + 1)a) = 92N—dn 2N —dn -y’ -2N FON"Y2)  (1.78)

a2aN+2n

For ease of notation, define Fgf%Hex so that the leading order term of the RHS of (1.78) is equal

to Fﬁiﬁ{}{exe‘y. Then, noting that

2n7’ n2 2n7’(k)
I1 /\d (k) = (a+1)a)= [T A ar
k=1 i=1 k=11i=1

(k)

where the 2= comes from the fact that the original x;"’’s possible positions were confined to

every second integer, we have

pHalfHex, N, @)y = w 1 _(AN(a+ 1)a)nz,n/2 ﬁ oM (1.79)
(2n) ConZaman .y 27 - '
2n—1
« H <(A§2n))2 _ (/\§_2n))2> H X()\(k) ) /\(k+1)) +O(N‘1/2)
1<i<j<n k=0

Applying Stirling’s formula (1.16) to Za,, on,n, which we find in Proposition 2.4 in §2.1, gives

1 2Nn(a+1)—n?—n/2 =1
ZQn ,aN,N — =2 22Nn 3TL2*2’I’7/N2N71 an 7’”/2 mn (a +ago¢nN+n2+n/2 H (21)' + O(]‘/N)
=0

25



which along with (1.78) gives

FHalfhex L] 5 2n2
Ve 1 vt nay™ 12 = 24 o)
CQnZZn,aN,N 2n T2
and so the PDF (1.79) converges to the Antisymmetric GUE PDF in Theorem 1.12. O

So, the very same methods that we used to show that a scaling of the hexagon rhombus tiling
positions tended toward GUE™ eigenvalues have been used to show a link between a scaling of
the half-hexagon rhombus tiling positions and the Antisymmetric GUE eigenvalues. As we also
showed a link between the Aztec diamond and the GUE* eigenvalues, a logical step would be to
look at a Half Aztec diamond case, and see if the same link can be shown there. This is taken up
in §4.4.

1.7 Hexagon walks

Our theme to date has been statistical systems described by sets of interlacing variables which
limit to the distribution of the eigenvalues of successive sub-blocks of the GUE*. In the next
chapter this theme will be supplemented by the computation of the correlation functions for the
interlacing variables. With this theme in mind, we return to the rhombus tiling of an a X b X ¢
hexagon first consider in §1.3, and consider in more detail the corresponding set of simple symmetric
non-intersecting paths complementary to the particles (recall Figure 1). While we will find PDF's
for the walkers explicitly, it would be possible to find a PDF for the walkers directly from this
relationship, given that we have PDFs for the particle model (we will use this relationship as a
check of our results, however a calculation for finding the paths in this way can be found in [43]).
We will also use a similar relationship applied to joint PDF's in the Aztec diamond later to find a
one-line PDF.

The walkers model for an a x b x ¢ hexagon consists of a symmetric random walkers, beginning
at positions (0,2¢) for : =0,...,a— 1 at time ¢ = 0, and with each step moving one position up or
down and one position to the right. Hence a walker will be at some position (¢, z) at time ¢, with
t + x even. Because of the starting positions, ending positions, and the restriction to only be able
to move one position up or down with each right movement, the walkers must lie between g(t) and
h(t) at time t, where g and h are as in (1.31).

To find a PDF for the positions of these walkers at time ¢, we consider the model of Gorin in [37],

in which there are N ‘walkers’, beginning at (0,4—1);=1,... x and ending at (T, S+i—1);=1,...,

conditioned to never intersect, where each ‘step’ by the walkers is horizontally right or diagonally
right-up. We note that this model is the same as our hexagon walker model, under the change of

variables z(Gorin) = (T(Hex) +1)/2, with N =a, S =cand T =b +c.

Proposition 1.17. [87] The number of distinct configurations of non-intersecting paths (where

each step is right or right-up) connecting points (t1,a;) and (t2,b;), where i varies from 1 to N, is

to — 1
det 2 !
bi — aj

Proof. This is a consequence of the well known Gessel-Viennot theorem [8], [35] relating to the num-

equal to

(1.80)

ber of non-intersecting paths on general acyclic graphs, with initial and final positions prescribed.
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The theorem gives that the number is equal to det [Gy, ¢, (bs, a;)], =1

the number of paths starting at a; and finishing at b; for a single walker. This latter number is

to — 1
equal to ). O
bl' —aj

Using this proposition, it follows that the PDF for the positions of the N walkers in Gorin’s
N
T—t
o S—&—z—l—zj i1
Pi(z1,...,2N) = BI= ~ DI= (1.81)
( ; )]
S+i—j it

Using the identity

N N
t +i—1) [ t+N-1
(CJFin )] ; H t+N—1 <C+in> H (zj — ;) (1.82)

ij=1 z:l 1<i<j<N

N Where Gy, 4 (b, a;) is

model at time ¢ is given by

x det

det

taken from [50], (1.81) becomes

1
i — 2
H %) H T —S—t+2z)(N+t—1—2)(N+S—1—z)

1§i<j§N

XH(T—S—i—i—1)!(t+z’—1)!(T—t+i—1)!(N+S—i)!

(T+i—1)lG—1)! (1.83)

i=1
The determinant formula (1.80) can be generalized to the case of hexagon walkers, where each step
is right-up or right-down, by the change of variables z = (z +t)/2. Additional changes of variables
N=a,S=cand T =b+cin (1.83) gives the PDF for the positions of the a hexagon walkers

t .
{.Z‘E )}izlw,a in an a x b x ¢ hexagon

H 2 I[l G+ )b+ 3@ —t) (a—1—%(z —t) (a+c—1—L(z; +1))!

1<i<j<N

XH(b—l—z’—l)!(t—i—i—l) (b+c—t+i—1)(N+c—i)

2ib+c+i—1)(i—1)! (1.84)

i=1

As a small aside, it is worth noting here that (1.84) is complementary to (1.36), in the sense
that the positions of the walkers are precisely the unoccupied lattice sites in a configuration of
the particles. Generally in this setting is it possible to predict the precise relation between the

corresponding PDF's, according to a result of Borodin [4].

Proposition 1.18. [4/ Let X\ denote a random subset of L = {ly,...,lp} C R with | XV =n
and PDF

Pr(X(™ = {ay,...,2,}) = w(x;) H (zj —x1)? (1.85)

1<j<k<n

< I x—li)z (1.86)

i€L\x

H::]:

Suppose u(x), v(x) satisfy

Then
Pr(X™ = {z1,...,2,}) = Pr(I\XM™™ = {21,...,2,})
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We can readily check that the results (1.36) and (1.84) are consistent with this proposition.
Thus we see from (1.36) that the PDF for the holes are of the form (1.85) with u(x) = w(x), where

le—1] lb—t]
u(z) = [ (9(t) + 2k — z) [] (& — h(t) + 2k)
k=1 k=1

for g(t) and h(t) as in (1.31). Furthermore, we see from (1.84) that the PDF for the walkers are
of the form (1.85) with v(z) = w(x), where
(@) :
v(z) =
i+ ) (b+2(@—t) (a—1—L(z; —t) (a+c—1—L(z; +1))!

We read off from these that

o (152 (=2

On the other hand, letting L = {h(t),h(t) + 2,...,9(t) — 2,9(t)} as implied by the definition of
our hexagon model, we see that the RHS of (1.86) is

(o (] e

in keeping with Proposition 1.18.

As we knew that these two PDFs were complementary by definition, Proposition 1.18 could
also have been used to find the PDF for the walkers in the hexagon on any one line. However, it
is a useful check that our change of variables to Gorin’s model obtained the correct result.

The reason we used Gorin’s model originally, rather than Borodin’s formula for complements,

is the ability to to extend the PDF to more than one line. Generally, if {xl(t’“)} i=1,...,a Tepresents
k=1,....M

the set of positions of the i-th walker at time ¢y, the joint PDF for the xz(-tk) is

a

M
1 b1 — g
P (:z:(tl), o ,x(tM)) =TTt || 1/ (1.87)
CHexWalk,a,b,c k=0 — (.231 RHU gk + tk+1 — tk)
= 2 / ij=1
where tg =0, tpr41 = b+, xEO) = 2(a — 1), acgb“) =c—b+2(a—1) and
b+c ’

C’HexVValk,a,b,c = det 1 (188)

3,7=1

As the particle model taken from the hexagon tiling tended in a certain limit to the GUE"
eigenvalue process, the walkers model also has a well known limit, simple Brownian motion on a
line, conditioned never to intersect [22]. We consider a system of N Brownian walkers, conditioned
never to intersect, to begin at time ¢t = 0 at positions 2 = {xgo), e ,xg\(,))} and end at time ¢ = 2T

at positions 2(2T) = {$§2T), . ,xggT)}. Figure 6 is an example of such a system with N = 10,
T =1/2 and #© = 7 = §. The PDF for N Brownian walkers going from & to ¢ in time ¢

without intersecting is

Gt(f? 37)

det |

e—(ﬂcj—yk)z/%:|
it

N/2
_ (21t> o SIA@HH 2 qglerive/t] Ly (1.89)
e
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Figure 6: Ten Brownian walkers, conditioned never to intersect and to begin at the origin at t =0
and end at the origin at t = 1. This is generated according to the analogy to the eigenvalues of

complex Hermitian matrices with Brownian entries.

Here an entry (jk) of the first determinant is the PDF for a single Brownian motion going from x;
to yx in time ¢. That N non-intersecting Brownian motions have PDF given by the determinant of
this is a result due to Karlin and McGregor [45]. It is the continuous analogue of the Gessel-Viennot
theorem (recall the proof of Proposition 1.17).

Given that the walkers start at £(®) at time ¢ = 0 and end at Z?7) at time t = 27T the joint

probability density Pgo) zer for arriving at {(f(s), t =ts)}s=1,.. m along the way is

G (O, ZNGy, (2D, 2P L Gop_y,, (2D 7T
Gar (&0, Z2D))

Pyo) gy (FD, ..., 7)) = (1.90)

Specialising to the case where 7(*) — 0, z?7) — @ = {a,,...,a}, (1.90) becomes

N%/2 M—1
P (7D, #D) = 1 2T / TT Guvre @0, 50D
0.8\ e @m)N2IN T 1 \ 62T — tar) e

N
x [[emenwereer=—no  TT @ —ofh)@® - o) o)
j=1 1<j<k<N

Proposition 1.19. Let {:UZ(-N*tj)} i=1,....a Tepresent the positions of the i-th walker on an a x TN X
j=1,..,M

(TN + aV'N) hezagon at a certain line N*t;, where

(07

2TV N

Then the scaled variables yz@ = xEN*t)/\/N have joint PDF as in (1.91) in the limit N — oo,
@)

i

N*=N +

where the convergence is uniform on compact sets with respect to the x

Proof. We wish to show that, with x related to y as described, (1.87) converges to (1.91). From
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the definitions of mgo) and xEHC) for an a x b x ¢ hexagon,

o _ 2" 20a-i) @r) _ 2PNV _aVN+2a—2
Y, = — 0 Y —

VN U VN VN

We now consider the functions that make up the determinants in (1.87) and (1.89). These are of

the form

t 1
t\T1,T2) = 1 s =
ff( 1 2) 5 (332 o —|—t) gt(yl y2) ot

e*(y27y1)2/2t

for the discrete x picture and the continuous y picture respectively. Considering a scaled form of

the discrete PDF and converting to the y scale, we have

_¢{N* i _ 7t(N+ o ) (tN+2Tf)'
27N fune (w1, m9) = 2 VN ( tN+1\/>y+4Tf) ( 1\/>y+4T\ﬁ)

(1.92)

d
for y = yo — y1. After multiplying by d—w = VN /2, noting that the factor of 2 comes from the
Y

fact that the x ) are confined to every second lattice point, and applying Stirling’s formula (1.16),
(1.92) becomes

9=tN" fune (1, 2) = e~ W2mv)*/2 L O(N"Y2) = g,(y1,y2) + O(N~Y/?)

V27t

Thus the joint PDF for the acl(-j),

Nitpt1
Hk o det |:fN* (tesr—te) ( (Ntk)’ § 258 ))} 3
1,7=1...,a

det [fN*(tMﬂfto) (l‘z(_Nto)’x§NtM+1))}

with tg =0, tpr4+1 = 27, converges to

i,j=1...,a

M ty t
9aN* S o thr1—tk Hk:o det |:gtk+1*tk (yz( )73/]( k+1))} .

i,7=1...,a
2TaN*
2 det {ng (yf ),yj(mﬂ .
i,7=1...,a
which after cancelling of terms, is equal to (1.90). That we have shown y( ) 0 and y(2T) — o
completes the proof, as (1.91) is the special case of (1.90) with #» — 0 and 7?7 — @ =
{a,a, ... at. O

The simplest example of (1.91) is the case M = 1, @« = 0, when it reads

1 or \M/2LN ra .
Ps:(%) = — ( ) eteT=5 (x; — x;) (1.93)
00 = e \er-a) 1L @ESN J
With the scalings y; = (T/t(2T —t))'/2x; this PDF is recognised as the eigenvalue PDF for N x N
GUE matrices (1.19) with A — \/ihf” and M = N. Thus there is again a random matrix analogy.
In fact, by an appropriate extension of the GUE so that the independent elements themselves are

Brownian variables this analogy can be extended to the case of multiple times.
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To see this, consider the weight P; on the space of complex Hermitian matrices proportional to
exp (—Tr(X — X°)?/2(t — to)), where ¢t > t; and X° is a given Hermitian matrix. With x labelling
a position and part in the matrix, P; satisfies the multi-dimensional heat equation [18]

2
% = z}; D#gX}:; (1.94)
where D,, = 1 for the diagonal elements and D,, = 1/2 for the off diagonal elements. We therefore
have that the real and imaginary parts of each independent entry is undergoing a Brownian motion.

Given the eigenvalues of X" as {x?} j=1,...~ we would like to compute the eigenvalues
{z;};=1,.. .~ of X. Since X is complex Hermitian it can be diagonalised X = UAU' where
A = diag(z1,...,zn) and U is the unitary matrix of eigenvectors. With (dX) denoting the prod-
uct of independent differentials for X, a standard result in random matrix theory (see e.g. [27],

Proposition 1.3.4) gives

N
@x)=J] (2j—a)?[[de:iUTdv) (1.95)

1<j<k<N i=1
Here (UTdU) is the so called Haar (uniform) measure on unitary matrices. It thus follows that, up
to proportionality, the sought eigenvalue PDF is given by
1 (-’ /exp (—Tr (UAUT = A% j2(t - t0)> (Utdu) (1.96)
1<j<k<N

N

= JI @ —xk)QHe—(w?+<w?>2)/2<t—to>/exp (Tr (UAUTA®) / (t — to)) (UTdD)
1<j<k<N i=1

The latter matrix integral has a well known eigenvalue evaluation due to Harish-Chandra, and
Itzykson and Zuber (see e.g. [27] Proposition 11.6.1, [47]).

Proposition 1.20. Let (UTdU) denote the Haar volume form for N x N unitary matrices, nor-
malized so that | (UTdU) = 1. Let A and B be N x N Hermitian matrices with eigenvalues {a;}
and {b;}. We have

Nl det [e®i%] .
Tr(UAUTB)(UTdU) _ " jk=1,...N
€ = | I 2!
/ i1 H1§j<k§N(ak — a;)(bx — b))

Using this in (1.96) shows the PDF for the eigenvalues {z;} to be proportional to
Tj—x .
H MGt—to (m, 50)
W=D
1<j<k<N "7 k
where G¢(Z, ) is specified by (1.89). It follows from this that the joint eigenvalue PDF P;,i%) 2T
for there being eigenvalues at {(f(s), t =ts)}s=1.. M, given that the eigenvalues are at 79 at time
t =0, and at 2T at time ¢ = 27T, is proportional to
A
J
0 0 =(2T
1<j<k<N ($§ ) _‘T,gc)) P(z( ))
(cf. (1.90)), where P(Z?7)) is the eigenvalue PDF for the N x N GUE* as specified by (1.19).
Taking the limit #® — 0, 2?7 — @ = {a,...,a} in (1.97), the joint PDF for the non-

intersecting walkers (1.91) is reclaimed. In terms of underlying Brownian motion this means that

Gy, (0, #ZNGy, (Y, 2P) L Gory, (2D, 22D (1.97)

all entries are equal to 0 at t = 0, while the diagonal entries are equal to « for ¢ = 2T and the off

diagonal entries again equal to 0. Hence the Brownian entries are required to be Brownian bridges.
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1.8 Half-hexagon walks

As described in §1.6, a rhombus tiling of an a, N half-hexagon is in bijection with a simple sym-
metric random walks conditioned never to intersect or go below 0, starting at (0,2i —2) and ending
at (2N,2i—2) for i =1,...,a. As it was in the case of the walkers in an a x b x ¢ hexagon rhombus
tiling described in the previous section, the positions of these walkers on line ¢ is the complement
of the positions of the particles on line t, as given by Theorem 1.15 and as such it would be possible
to find the PDF for the positions of these walkers by applying Borodin’s Proposition 1.18. We
will instead follow the work of Forrester and Nordenstam in [31] and use a method of counting

configurations, applying the following result by Krattenthaler, Guttmann and Viennot [51].

Proposition 1.21. (Theorem 6 in [51]). Let e1 < ex < --- < e, with e; = m mod 2 for i =
1,...,p. The number of distinct configurations of non-intersecting paths, where each step is right

up or right down and no path can touch or go below the x-axis, connecting points A; = (0,21 — 2)
to E; = (m,e;), i=1,...,p

ﬂ m+ffi; (’Tf’j;f o 11 ((ei;H)z— (ej;1)2> (1.98)

z:l 1<i<j<p

Using the fact that the probability of the walkers being at a certain configuration of positions
on line ¢ must be the product of the number of stars to the left and the number of stars to the

right, divided by the total number of tilings of the half-hexagon, we arrive at the following result.

Lemma 1.22. [29] Let {xgt)}i:17.,_,a represent the positions of the a walkers on line t of an a, N
half-hexagon. Then the xz(-t) have PDF

_ (zi +1)2
ZyN ((wi41)’—(z;+1)%))° - - - —
' 19119 ! zl—[1 t+21+a)(2N ltJr1Jra)(tglJrafl)!(%+afl)!
(1.99)
forO0<z < - <xq <2a+t—2 and x; +t even for all i, where Z, n is given by
7 N = 22(1((1—1) ﬁ (27, — 1) (2N + 27 — 2)'
“ S (N+ati—DUN +a—i) (¢ +2i = 212N —t +2i — 2)!

Proof. (1.99) is the result of taking (1.98) with p = a, ¢; = x; and m = ¢, multiplying by (1.98)
with p = a, ¢; = x; and m = 2N —t and dividing by (1.98) withp = a, ¢; = 2i—2and m =2N. O

It is straightfoward to give a determinant formula analogous to (1.87) for the positions
{xgt’“)} i=1,...a Of the walkers at multiple times. The main ingredient is the generalisation of
Propos?EéH.?{l? in the case of a wall.

As the hexagon walks described in §1.7 were shown to converge in a certain limit to a system
of non-intersecting Brownian motions, it is also true that the half-hexagon walks have a limit in
non-intersecting Brownian motions. However, because of the condition on the half-hexagon walkers

that they must never go below 0, the convergence is instead to Brownian bridges near a wall.

Proposition 1.23. [51] Let a1 > ag > -+ > ap, by > be > -+ > by, with a; = t; mod 2 and

b; =ty mod 2 fori=1,...,M. The number of distinct configurations of non-intersecting paths,
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where each step is right up or right down and no path can touch or go below the x-axis, connecting
points (t1,a;) and (to,b;) (i =1,... M) is equal to
to — 1 to — 1t
det —

1 1
—(tg —t1 — b; ; —(to — ¢ b; ;
2( 2 ! ! +aj) 2( 2 Lt lJra]) ij=1,...,.M

Proof. Without the subtracted term the entry of the determinant count the number of single right
up or right down paths connecting (t1,a;) and (t2, ;). The subtracted term counts the same with
the finish point now at (t2, —b;), so the full entry counts only those paths above = 0. With the
single walker counting function known, the case of N non-intersecting such paths follows from the

Gessel-Viennot theorem. O

The joint PDF of the xgt’“) is therefore

1
P (x(tl), . ,x(tM)) - (1.100)
CHalfHexWalk,a, N
tk+1 — 1 tk+1 —tk
X det 1 - 1
kl;[o 1 (z(tk) . xl(tk+1) + thir — tk) = (x(.tk) + xl(.tk+1) +tp1 — tk)
2\ 2\ ij=1
where tg =0, tapr41 = 2N, mgo) =2(a —1), :EEQN) =2(a — 1) and
2N 2N ’
CHalfHexWalk7a7N = det . . - . . (1101)
N+i—j N+2a—i—7 i1

We introduce a system of a Brownian walkers, conditioned never to intersect or go below 0,
to begin at time ¢t = 0 at positions x(0) = {x(lo), e ,xf}”} and end at time ¢ = 27 at positions
x(2T) = {xEQT), ...,zT)}. The PDF for a Brownian walkers going from & to 7 in time ¢ without

intersecting or going below 0 is

1 2 )
G;Nan(f7 ?7) = det [ <@_(m.7_yk) /2t _ o= (xj+yk) /2t>:|
V2t Sheta
a/2
]- a
= (27”5) e~ o (@5+y3) /2t det[ewjyk/t _ e—w‘jyk/t]jyk‘:l”.,a (1.102)

Given that the walkers start at Z(® at time ¢ = 0 and end at Z®7) at time ¢ = 27 the joint
probability density Pﬁ(()) zen for arriving at {(7 7) t = t,)}s=1..ar along the way, without ever

going below 0, is

G}}Yan(f(o)vf(l))(;gil%l (f(l)’ =(2) ) LG Wall (f(M) i:(2T))

)

P D M)y = 2Tt 1.103
m(O) x(2T) (:L‘ )y L ) G;}\qun(f(o)7 f(gT)) ( )
(cf. (1.90)). Specialising to the case where #*) — § and #?7) — 0, (1.103) becomes
2a(a+1) T a’+a/2 M—1
pWall () M) H GWall (70 gi+1)
0,0 ’ m/2 10, (20 — 1)) \ ¢1(2T — tar) i
(1.104)
» Hx 1) (M —(@)2 /201 (2M))2 /22Tt ar) H ((m§-1))2 _ (mg))2) ((xg_M))z _ (xl(cM))Q)
1<j<k<N
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Proposition 1.24. Let {xEth)} i=1,....a Tepresent the positions of the i-th walker on an a, TN
G=1, M

half-hexagon lines Nt;. Then the scaled variables ygtj) = xz(-th)/\/]v have joint PDF as in (1.104)
in the limit N — oo, where the convergence is uniform on compact sets with respect to the xgj).
Proof. We wish to show that, with  related to y as described, (1.100) converges to (1.104). From
(0) (2N)
and z;

the definitions of z; for walkers in an a, NV half-hexagon,

0 _ xz('O) 2(a —1) . @7) _ 22T 2(a —1)

= —_—— = = —)O
Yi \/N \/N

Yi = \/N = \/N
We now consider the functions that make up the determinants in (1.100) and (1.102). These are
of the form

t t

filz,z2) =1 1 -1 1
5(73—932-&-961) 5(73-1-332-1-331)

(ef@ryl)?/m _ ef<y2+y1>2/2t)

1
9t (Y1, v2) :\/ﬁ

for the discrete x picture and the continuous y picture respectively. Considering a scaled form of

the discrete PDF and converting to the y scale, we have

tN tN
27N fyn (1, 0) = 27N 1 -1 1
! 5(tN—yQ\/JV—kyl\/N) 5(tN—kyz\/JV—kylx/JV)

(1.105)

d .

After multiplying by d—x = VN /2, noting that the factor of 2 comes from the fact that the xl(-J )
Y

are confined to every second lattice point, and applying Stirling’s formula (1.16), (1.105) becomes

27N fn (w1, 20) = e~ w2mvn)?/2t | O(N~'2) = g(y1,92) + O(N'/?)

27t

8-

Thus the joint PDF for the :rgj),

N
H[ICVIZQ det {fN(tkatk) (JIENtk)yl'; tk+1))Lj_1 )

ceny

det {fN(tA4+17t0) (JSENtO), xg‘NtM+l)>Lj:1 .

veey

with tg = 0, tpr4+1 = 2T, converges to

M (tr) , (trt1)
9aN i tusa—te Lo det [gt’““_t’“ (yl Sy )L,j=1.. a

22TaN det [ng (yfo), yj(-QT))} -
i,7=1...,a
which after cancelling of terms, is equal to (1.103). That we have shown ygo) — 0 and yl@T) — 0
completes the proof, as (1.104) is the special case of (1.103) with 79 - § and 7®D) — 0. O

The simplest example of (1.104) is the case M = 1, when it reads

ga(a+1) T a’*+a/2 a T(ay)?
Woll (7) = T o ( ) e T (z7 —23)®  (1.106)
ma/2 ] (20 — 1)) \¢(2T — ¢) 1;[1 @ESN /

After the scaling \/T/t(2T — t)x; — x;, (1.106) is recognised as the second PDF of (1.66) with
n = 2a+1. Moreover, as for the continuous non-intersecting Brownian walkers of §1.7, this random

matrix analogy can be extended to the case of multiple times.
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We consider the weight P; on the space of (2a+1) X (2a+ 1) anti-symmetric Hermitian matrices
(recall §1.5) proportional to exp (—Tr(X — X%)?/4(t — t)), where ¢t > t; and X" is a given anti-
symmetric Hermitian matrix. We know from (1.94) that this implies the independant entries
(which are all pure imaginary) undergo Brownian motion.

Given the positive eigenvalues of X as {:r? }i=1,....a We seek the eigenvalue PDF of the positive

eigenvalues {x;};j—1,
RAR" where

o of X. We require the fact that X can be decomposed in the form X =

0 ; 0 i Tq
A = diag i e “ ,0
—tx; O —txge O

and R is real orthogonal. Analagous to (1.95) we have (see e.g. [27] Exercises 1.3 Q5 (iii))

ceey

a

(dX) = 1:? H (x? - xi)Q Hda:i(RTdR)

j=1 1<j<k<a i=1
and so up to proportionality the sought eigenvalue PDF is
4 2 a 2 042
M= II @ -3)7]1 e~ (@l+ED?) /2t —t0) /eXp (Tr(RARTA®)/2(t — to)) (RTdR) (1.107)
j=1 1<j<k<a i=1
The theory of Harish-Chandra which gave Proposition 1.20 also gives a determinantal formula for

the above matrix integral (see e.g [23])

Proposition 1.25. Let (RTdR) denote the Haar volume for (2a41) x (2a+1) orthogonal matrices,
normalized so that /(RTdR) =1. Let F and G be (2a 4+ 1) X (2a + 1) anti-symmetric Hermitian

matrices with positive eigenvalues {f;}j=1,... o and {g;}j=1,...a. We have

L a det [efigi — e figi]
/eETr(RARTB)(RTdR) = 2“H 5] 1 i [ _ ]w=1---7a
L=y, A(H)A(g)

where

A(z) = H (2 —23) HI;
=1

1<j<k<a
Using this in (1.107) shows the PDF for the eigenvalues {z;} to be proportional to

ﬁ 3% H ((%‘)2 - (xk)z) G Wall (570%»0)
=1 Y

t—t
1<j<k<a ((1;9-)2 — (22)?) ’

where GYV*!(Z, ) is specified by (1.102). Tt follows from this that the joint eigenvalue PDF

P;i%;vgg;) for there being positive eigenvalues at {(:Z"(S),t = t5)}s=1,...,m, given that the positive
eigenvalues are at 20 at time ¢ = 0, and at ZCT) at time ¢ = 27, is proportional to
2T 2T
@ 42T) (@F™)2 = @E7)?) G, (70, #0) Gy, o (70, 53)) . Gypy, (#OD, #2T))
0 =(2T
1 xl( ) N ((x§,0))2 _ (xl(;)))z) P(z21))
(1.108)

(cf. (1.103)), where P(i"(zT)) is the eigenvalue PDF for the 2a + 1 x 2a + 1 Antisymmetric GUE
as specified by (1.66).
Taking the limit Z(*, 2?7 — § in (1.108), the joint PDF for the non-intersecting walkers with

a wall (1.104) is reclaimed. In terms of underlying Brownian motion this means that all entries
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are equal to 0 at t = 0 and at t = 27. Hence the Brownian entries are again required to be
Brownian bridges, as with the case without a wall in §1.7. We remark that there is a larger class
of random matrix ensembles consisting of Brownian entries, of which the eigenvalue interpretation

as non-intersecting paths are also confined to the half space [48].
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2 Correlation functions

Fundamental to the specification of the statistical properties of a particle system are the correlation
functions. For a set of random variables {xl(-j)} withi=1...,7(j) and j =1,..., L for some fixed

number of ‘lines’ £, with joint PDF p(z(), ..., z(%)), we say there is a particle at (z, s) if, for any
(s)

value of 4, #;”” = x. The un-normalized probability density for particles at {(z;,s;)}j=1,. . is

given by the r-point correlation function, denoted p¢)({(z;, )} =1,....,r). Specifically, these have

.....

the meaning that the ratio

P(r) ((xl? 51); (1‘2, 32); ceeg (xra 37‘))
P(r—1) ((w1,51); (x2,52); -3 (Tr—1,57-1))

(
is the density at (x., s,) given that there is a particle at (x;,s;) for j =1,...,7 — 1. In particular,

the one-point correlation function, p(((x, s)) is just the density at (x, s).

2.1 A single line

We will see that a feature of all the particle systems introduced in the previous chapter is that the
r-point correlation function can be expressed as an r x r determinant. The case of single line will
be considered first. Insight can be obtained by considering the function forms of the joint PDF
on a single line for the models of the previous chapter. The joint particle PDF on a single line for
the particles associated with the queueing process is given by (1.19), or alternatively according to
the result below (1.29) this can be interpreted as the eigenvalue PDF for the M x M GUE*. The
joint PDF on a single line for particles associated with the rhombi tiling of an a X b X ¢ hexagon
is given by (1.36). For n x n anti-symmetric GUE matrices the eigenvalue PDF is given by (1.66),
and this relates through a scaling limit to the single line PDF for the particles associated with
the rhombi tiling of a half-hexagon. In the picture of lines rather than particles we also have the
PDF (1.84) for a single line in the case of tilings of the full hexagon and (1.106) in the case of the

half-hexagon. All these PDFs have the common structure

ety TI G- (2.1)
=1

1<j<k<N
(except (1.66) and (1.106), which differ slightly) for an appropriate support of the so called weight
function w(x), and with the ordering z1 > x2 > -+ > .
Crucial to the calculation of the correlation functions are the single variable orthogonal polyno-
mials {py(z)}n=0,1,.. associated with w(x). With the convention that they are monic (coefficient

of leading monomial ™ unity), they are uniquely determined by the orthogonality

/OO P (2)pm (x)w(2)dr = 81y N (2.2)

—o0
via a Gram-Schmidt construction. To see their utility, let us first show how they can be used to

determine the normalization constant in (2.1).

Lemma 2.1. In the general single line PDF (2.1), C is given by
N-1
=TI~ (2.3)
i=0
for Ny, as in (2.2)
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Proof. As (2.1) is a probability and 1 > x93 > -+ > xy, by noting that (2.1) is a symmetric
function of the z;’s we must have

o N

1 oo
C/Oodxl.../ood:cN;l_[lw(:rl) H (z; —x1)? = N! (2.4)

1<j<k<N

Recalling (1.18) and using column operations, noting that p,(z) is monic, we have

_ Jj—1
I | (x; — xp) = det [.Z‘N_H_i
1<j<k<N

L,j:L...,N = detpia(enir-ili o, n (2.5)

It is also true that

[ an | Z dry (det [Vatensrdps(ensas)] ) - (2.6)

—o0 ij=1
N

N!det [/Z Pi—1(2)pj—1(z)w(z)dz ij=1

This follows by noting that since both determinants in the LHS are anti-symmetric in the z;’s, the
second determinant can be replaced by N! times its diagonal term (i.e. each one of the N! terms
that makes up the second determinant gives the same contribution to the integral). Applying (2.5)
and (2.6), (2.4) can be rewritten

det [/ pi—1(z)pj—1(z)w(x)dx =C (2.7)
—oo ij=1,...N
Applying (2.2) to (2.7) gives (2.3). O

As an example, we will use Lemma 2.1 to check our results for the normalizations of both the
one line GUE* PDF (1.19) , and the one line Brownian walkers PDF (1.93), both of which are of
the form (2.1). We introduce the Hermite polynomials H,,(z), which have orthogonality

/ Hj(a)Hy(x)e™ dz = hyj s (2.8)

with Ay, = 28k!\/7. These polynomials can be generalised to find the monic orthogonal polynomials

for any weight function of the form e~ with a > 0. Let the polynomials H'® be defined

@) = o5 o)

These polynomials are monic by the fact that the Hermite polynomials have coefficient of lead-
ing monomial =" equal to 2", and applying a simple change of variables to (2.8) gives us the

orthogonality relationship for the HT(f“)

/_ H (@) H® ()e da = 16, (2.9)

T !
nl®) = \/;(2];)'6 (2.10)

In the case of the weight function e~/ 2 the weight function for the GUE* eigenvalue ensemble,

where

the corresponding polynomials are sometimes known as the probabilitists’ Hermite polynomials
and are denoted H(x) defined by

o) = (—1)nes L (e;) (2.11)



These polynomials have orthogonality
/ eiIQ/QI:Ij(x)I:Ik(a:)dx = /leéj,k

where hj, = k!\v/27, and comparing with (2.9) shows that H, (z) = H{!/?)(z). Using these, Lemma

2.1 gives us another derivation of the normalization constant in (1.19)

M-1 M—1
II =)™ I »
k=0 1=1
Similarly, setting T
T ier 0

and using (2.10), Lemma 2.1 gives us another derivation of the normalization constant in (1.93)

N-1 N-1 - — o k _ N2%/2 N—1
IEREN / t(2§ t) (t(272’T t)) K = (2m) /2 (t(ng t)) I
k=0 =1

k=0

While Lemma 2.1 as presented applies to PDFs of continuous variables, it turns out that the
result holds also for discrete PDF's of the same form, where the monic polynomials {p,,(x)}n=01,...

have orthogonality
o0

Z P (@) pm () w(x)dz = 6 nNn

T=—00
where the sum is often restricted by defining w(z) = 0 outside a certain range (a,b). An example
are the monic Hahn polynomials an’b’L)(y), which correspond to the weight function
(y+a) (L —y+0)!

Wap,L(Y) = Jlal T—)b X0<y<L (2.12)

and have orthogonality

L
> QP QI (Yywapnly) = HH s, (2.13)
y=0
where
flabD) _ 1 st (a+ ) b+s)!(s+a+b+L+1)(s+a+Dd) (2.14)
s  (2s+a+b+1)(L—s) alb! [(25 + a + b)!]2 ’

(see [49] for further properties of the Hahn polynomials). These polynomials can be used to find
the normalizations for the particle models corresponding to the hexagon, given by (1.36). We will

show this for the case a = b= c = N, as was used in Proposition 1.9

Proposition 2.2. Fora=b=c=N, Z; 4. in (1.36) is given by

t—1
Zonww = [[ 22N 2N - NN
i=0
Proof. For a = b=c¢ = N, (1.36) is of the form in (2.1) with w(z) = f¢(z), and comparing the
definition of fi(z) from (1.40) with (2.12) we have

_ x+t
filz) = 22(N=1) (N *t)!2wN—t,N—t,N+t—1 ( 5 )
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where wq p 1 () is as in (2.14). Then considering (2.13), the discrete monic polynomials orthogonal

with respect to fi(x) have squared norm

N; = 22N72t+2i[(N _ t)!]zH(N—t,N—t,N+t—1)

and the result follows from Lemma 2.1 O

As was mentioned earlier, (1.66) and (1.106) have a slightly different form to that of (2.1), and

require a slightly modified form of Lemma 2.1 to check their normalizations.

Lemma 2.3. In the general single line PDF
1y 2
G [Tee@) JI (@ - @) (2.15)
1=1 1<j<k<N

where w(x) is an even function and the x; are restricted to the positive real line, C is given by
] N
C = oN H No; (2.16)
i=0
Similarly, in the general single line PDF
1 2
ol H w(x)m H ((m? — (z1)%)) (2.17)
=1 1<j<k<N

where w(x) is an even function and the x; are restricted to the positive real line, C is given by

1 N-1

C= oN H Noit1 (2.18)
i=0

Proof. We begin with the (2.15) case. As (2.15) is a probability and 1 > x93 > -+ >y > 0, by

noting that (2.1) is a symmetric function of the z;’s we must have
1 [ * N 2
ol / dzy .. / dz Hw(xl) H ((zj)* = (z)?)" = N! (2.19)
0 0 =1 1<j<k<N
Recalling (1.18) and using column operations, noting that p,(z) is monic, we have

2 2y _ 2(j—-1)
H (7 — xjp) = det [mNHﬂ' A
1<j<k<N IS

N = det [p?(j—l) (1’N+171‘):| ij=1,...,N (220)

It is also true that

[ e [ e (ae [Vl teva] ) = (2.21)

)=
N

N'det {/ Pa(i—1)(@)pa(j—1) (z)w(z)d
0

i,j=1
This follows by noting that since both determinants in the LHS are anti-symmetric in the z;’s, the
second determinant can be replaced by N! times its diagonal term (i.e. each one of the N! terms
that makes up the second determinant gives the same contribution to the integral). Applying
(2.20) and (2.21), (2.19) can be rewritten

det {/OOO P2gi—1)(T)p2gi—1)(x)w(w)d =C (2.22)

i,j=1,...n
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Because w(z) is an even function in x, pa,(x) is also an even function in x, and so the (2.22) can

be rewritten

det [;/ P2(i—1) (T)pagj—1) (v)w(x)dx =C (2.23)

—00 4j=1,en
Applying (2.2) to (2.23) gives (2.16).
For the (2.17) case, the proof is the same as the above up to (2.22) after changing the order
of the polynomials from 2(j — 1) to 25 — 1. Then, we note that because w(z) is an even function
in x, pan—1(x) is an odd function of x, and so pa;—1(2)p2;j—1(x) is an even function of z, and so a

rewriting of the deterimant analogous to (2.23) is permitted, giving (2.18) O

We can use this Lemma to check the normalizations of (1.66). Comparing (1.66) to the forms

found in Lemma 2.3, we see that
1 n—1 1 n—1
1 1
Ao = 55 [TrY Aseir = o IT rsis (2.24)
i=0 i=0

where h{! is as in (2.10) with a = 1. Noting that h{) = /7n!27", we see that (2.24) is equivalent
to (1.67). We can also use this Lemma, along with the Hahn polynomials; to find the normaliza-
tions for the particle model corresponding to the half-hexagon found in Theorem 1.15. We will

demonstrate here for the even numbered lines, as used in Proposition 1.16

Proposition 2.4. Z, , n in Theorem 1.15 is given by

n—1

Zopan = 27" H 92N —dn-+4i (N — 2n)!)2 H2(£V—2n,N—2n,2a+2n—1)
i=0
n—1

Z2n+1,a,N = 927 n H 92N —4n+4i ((N — o — 1)!>2 H2(£V+712n71,N72n71,2a+2n)
i=0

for Hi(a’b’L) as in (2.14)

Proof. (1.74) is of the form (2.15) and (1.75) is of the form (2.17) with w(z) = fi(x). Clearly by

the definition (1.76), f:(z) is an even function in z, and and comparing with (2.12) we have

_ z—14+1
ft(aj> = 22(N t) (N — t)!zu}th}th)QadH/,l <a + 2)

where wg p () is as in (2.14). Then considering (2.13), the discrete monic polynomials orthogonal

with respect to fi(z) have squared norm
_ 92N -—2t+2i 2 7 (N—t,N—t,2a+t—1)
Ni = 22822 (N — )1 H,
and the result follows from Lemma 2.3 O

As well as being related to the normalization of the PDF C, it is a well known result in random
matrix theory (see e.g. [27]) that the correlation functions for the PDF (2.1) can be expressed in

terms of these polynomials.

Proposition 2.5. Let X = {z;}i=1.. n have PDF (2.1). Then the r-point correlation function
forY ={y1,...,yr-} C X is given by

p(?”) (y17 e 7y7’) = det [KN(yla yj)]i7j:17,,,r (225)
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where, for {pn(z)}n=0,1,.. asin (2.2), Ky is given by
Kn(e,9) = V() Y 2w (2.20
n=0 n

Proof. We introduce the generalized partition function Zy [a] defined by

oo o0 N
Znla] = / dzy .. [ dz Hw(xl)a(xl) H (z; — op)? (2.27)

- o0 1=1 1<j<k<N

for some arbitrary one-body potential a(z). Then, using the functional differentiation formula

= [ awrwy = 1@

6(1(.%) . y y y L
it follows from the definition of correlation functions that

1 o .
ZN a

I (1] balun) - aly)
Our task then is to show that the RHS of (2.28) is equal to the RHS of (2.25). Applying the same
arguments as in the proof of Lemma 2.1, in particular (2.5) and (2.6), to (2.27) we see that Zy/a]

Py (Y5 yr) = (2.28)

a=1

can be expressed

Zn[a] = N'det [ / h a(x)w(x)pi_l(x)pj_l(x)dx} (2.29)

—0o0 ij=1,...N

Due to the orthogonality of {p,(z)}n=0,1,... we see immediately from this that

N—-1
= N! H N;
1=0

The remaining task is to apply the r functional differentiations, row by row, to (2.29). For a

ZN[CL]

a=1

non-zero contribution this operation must act on r distinct rows. Setting a = 1, the remaining
N —r rows are non-zero only in the diagonal terms. Expanding the determinant by these elements

then gives

P(r) (Y1, Yr) = Z H gt 11 det yu)pm—l(yu)ij—l(yu)]MW:LMT

We see that two rows of the determinant will be equal and thus the determinant will vanish if two
of the j;’s are equal. Thus the constraint j; # --- # j,. can be relaxed. Futhermore, dividing the
factor \/w(y.)pj, —1(y,) from the p-th row and multiplying into the p-th column gives that the

determinant is equal to

da[mmmwMI%mwmw
w,y=1,...,r

The summations can now be done column by column to give (2.25) O
Proposition 2.6. With Ky as in (2.26) and x # y, we have

Kn(z,y) = ”N]H v) py(@)py— ;_‘ZN(y)pN‘l(x) (2.30)

This is known as the Christoffel-Darboux summation formula.
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Proof. We begin by noting that, since the p,, are monic, p,(z) — xp,—_1(x) is a polynomial of order

n — 1, and thus can be written

n—1
Pn(x) — wpn_1(z) = Z cipi() (2.31)
i=0
for some cg, ¢1,...,cp—1. Recalling (2.2), we multiply (2.31) by p,,(z)w(z) and integrate, giving

[ (s ot -

For m =0,...,n— 3, the LHS is equal to zero, so we have cg,...,c,—3 = 0. For m = n — 2, use of
(2.2) and (2.31) gives that the LHS is equal to —A,,_1, and so (2.31) can be rewritten
Nn—l

pn(x) = (.T + bn)pn—l(x) - anzpn_2(x)

for some b,,. It follows directly from this that

Pn+1(2)pn(y) — Pn(2)pnt1(y) = (2 — y)pa(@)pn(y) + Aj/l[ : ( 0 (2)Pn—1(y) — Pn—1(2)pn (y)>

Dividing by N,,(z — y), summing over n from 0 to N — 1 (noting that the n = 0 case holds if we
interpret p_;(x) = 0) and imputting (2.26) gives the result (2.30) O

By taking the limit y — « in Proposition 2.6, we obtain the form of Ky (z,x),

N—-1
(o) = w(a) Y 22D O () ) - p(alpy ) 3

n=0

and considering Proposition 2.5 with » = 1, we see that (2.32) is infact the one-point correlation

function p(1y(x), which as mentioned earlier is the density at x.

2.2 Large N limits - Region of support and density profile

While on the topic of single line PDFs, we will take some time to discuss some large N limit
behaviour which is dependent only on the single line PDF. In particular, for a particle model

{xgj)}izl___m(j), we wish to evaluate the leading order region of support, and the density of particles
j=1,..N
on a line, as N — oo. The region of support is expressed by two curves, ¢(S) and d(S), where S(j)

is a continuous scaled value, usually proportional to j/N. These curves have the meaning that, to
leading order, the particles {Igj)}izl,“.,r(j) will obey ¢ (S(j)) < asl(-j) < d(S(j)). To find the region
of support we use what we call the ‘log-gas’ method.

The Boltzmann factor for a log-gas of IV, particles has the form

NP
T ol TL e (2.33)
k=1

1<i<j<N,

where § denotes the inverse temperature and V(z) is a one body potential, due to background

charge density —p(x). Explicitly,

d
V() ::/ p(t) log |t — x|dt, (2.34)
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where normalization of the density requires

/ ’ p(t)dt = N, (2.35)

A hypothesis of the log-gas picture is that for large N, and to leading order the particle charge

density and background charge density cancel, so that the particle density is to leading order equal

to p(x).
For another viewpoint of the hypothesis, we note that (2.33) can be written

exp Zlog |z; — ;| — ﬂz V(zk) (2.36)
#J

Suppose that for large N, the inter-particle spacing goes to zero such that there is a continuous

particle density p(z) supported on [e, d], which we normalize so that

d
/ plax)dr =1 (2.37)

Then to leading order (2.36) assumes the form

exp( /dxp /dyp )log |x — y| — BN/ ) (2.38)

Hypothesizing now that p(z) maximizes (2.38) - thus giving the most probable configuration

- by taking the functional derivative with respect to p(~ac) and setting to zero we reclaim (2.34)
with p(t) = N,p(t). The work of Boutet de Monvel, Pastur and Shcherbina [10] and Johansson
[38] validates this hypothesis and thus allows p(z) to be computed as the solution of the integral

equation
d
V() = / A(t)log |t — zdt, (2.39)
(&

subject to the constraint (2.37).

Generally the equation (2.39) does not have a unique solution unless p(t) is bounded at the
end points ¢ and d [58]. Furthermore, the density being supported on a single interval [c,d] is
an assumption which can be rejected if it leads to an inconsistency (i.e. a negative value for the
density).

The explicit form of p(x) obtained by solving the integral equation (2.34) is known in terms of
V(z) to be [27]

V’y V’ (t) dt
\/ —c)(d— y/ DI (2.40)

where the boundaries of the support ¢ and d are determined by the equations [27]

/dvl(t)dt =0 (2.41)
e \/(d )

—t)(t—c
d tV'(t) B
/c mdt = 7N, (2.42)

The result of all this is the following Theorem
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Theorem 2.7. Let {z;}i=1, . n be distributed as in (2.1). Then, to leading order in N,
c<x; <d

for ¢, d the solutions to (2.41) and (2.42) with N, = N and

-1
V(D) = S log,(u(z)
Furthermore, the density of the x; is given by (2.40)

Proof. We recognize that (2.33) has the same form as (2.1), with 3 =2, N = N, and ¢"2V(® =
w(z). Thus, for N large, (2.1) can be considered a log-gas and the above theory applies. O

We will use this Theorem to evaluate the region of support for eigenvalues of the GUE* eigen-
value process.
(™)
K3

taken from the GUE". In the limit N — oo, to leading order

—VAaN < ™) < VAN (2.43)

Proposition 2.8. Let x represent the i-th largest eigenvalue taken from an N x N submatrix

foralli=1,...,N. Furthermore, the density of eigenvalues is given by
1
pcup-(z,N) = 2—\/4]\77—332 |z| < VAN (2.44)
s

Proof. Recalling that the PDF for eigenvalues taken from an N X N submatrix taken from the
GUE" is given by (1.19) with M = N, we let

-1
V() = 5 log (7% =12/

Then, using Theorem 2.7, we solve (2.41), (2.42) using V'(t) = t/2 to get ¢ = —V4N, d = V4N.
Applying these, along with V'(t) = ¢/2 to (2.40) completes the proof. O

In the random matrix literature this limiting density is referred to as the Wigner semi-circle
law.

Another method for finding the limiting density and region of support is to use the Christoffel-
Darboux summation formula (2.32) in the limit N — oo, since as mentioned (2.32) is literally the
density at x. This method has the weakness that it requires knowledge of the asymptotic form
of the appropriate polynomials p,, and so in general we will use the log-gas method, but as an
example we will rederive the result of Proposition 2.8 using this method, as an asymptotic form
for the Hermite polynomials is known [65]

efIQ/ZLﬁn(x) = 2*"/2M cos (ZE\/TTI/Q - n7r/2) +0 <n71/2> (2.45)
I'(n/2+1)
Rewriting this as
f{n(x) = Ane_r2/4 cos (Bpz +Cyp) 4+ O (n_l/Q)

we use (2.32) to express Ky(z,z) as

AnAn_
Ky (z,2) = % (BN1 cos(Byz + Cn)sin(By_12 4+ Cy_1) (2.46)
N—-1

—Bn COS(BN_lx + CN—l) sin(BNa: -+ CN)> +0 <N71/2)
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Use of Stirling’s formula (1.16) gives that

ANAn_ 1
SNl 2 4 O(1/N)
hy-1 ™

and a few simple trigonometric identities give that difference inside the large parenthesis in (2.46)

is equal to

_ Nsin? [ —3/2 -1/2
\/N N 2<2\/N+O(N 3/))+O(N )

and so

VAN — 22
2m

as in (2.44). Setting the leading order term in (2.47) to O gives the boundaries of the region of

support, which are —v4N and V4N as in (2.43).

Kn(z,z) = + O(N~/?) (2.47)

2.3 Borodin method - Same number of particles on each line

Having discussed fully the single line PDF, we move now to the more difficult problem of finding
the correlation functions for a joint multi-line PDF. To find these correlation functions, we employ
the method developed by Borodin and Rains [8] and Borodin, Ferrari, Prahoffer and Sasamoto [6]
which requires first confining the particles to lattice sites, and then later taking the continuum

limit. The crux of the method is the following theorem.

Jj=1,...
with maxr(j) = N. We introduce L discretizations My, ..., My of an appropriate interval of the
J

Theorem 2.9. Let X = {%(-j)}izl,...,r(j) be a set of random variables distributed with PDF p(X),
L

real line, weighted by the spacing of the lattice, such that all the particles in X are confined to the
lattice points of the discretization. Let L be an |M| x |M| matriz with M :={1,..., N} UM; U
---UMp, and let Ly denote the restriction of L to the rows and columns corresponding to Y C M.

Suppose
_ ldetLp,  nyjux
C det(1*+ L)

for some constant C, where 1* is the | M| x | M| identity matriz with the first N ones set to zero.

p(X (2.48)

The correlation function for particles at Y C M\{1,..., N} is given by
p(Y)=detKy, K=(I-Q"4+L)")|m1,..N)
Proof. The proof can be found in [§] O

Notice the appearance of determinants. First the joint PDF specifying the configurations (2.48)
is expressed as a determinant, and more crucially the correlation function for |Y| particles is given
in terms of a |Y| X |Y| determinant. In such circumstances the statistical system is said to be a
determinantal point process.

The simplest form of this method is the case where 7(j) is a constant with no dependence on j.
(4)

This means that there are the same number of particles for each j, such as when the x;”’ represent
the positions of random walkers at some time j. We will demonstrate using the Brownian motion

model described earlier with PDF (1.91).
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To use the Borodin method to find correlation functions, we need the PDF to be in determi-
nantal form. For the easiest case with r(j) = N for all j = 1,..., M, this means we want the PDF

to be of the form

M—-1
= det[g;(a)]ijorn [] det Wi, 2D LMNdet[@pj(ng))]M:L”_N (2.49)

)=
=1

Theorem 2.10. Let the particles {xz(-j)}izl,“_71v be distributed with PDF as in (2.49). Let
j=1,..M

B(y,m)

/ b ()W, (2, 9)d
C(z,n) = / Wi, ) (z, 2)n(x)dz
E(m.n) — / / () Wit 1) (29 () iy

where Wi; jy = Wi -« W;_y if j > i (and O otherwise). Here * represents the convolution

w*w@&%:/ma@wwwﬂﬂy (2.50)

— 00

Then, if E satisfies E(m,n) = 0m nE(n,n), E(n,n) # 0,

p(r)({('rza z)}i:l,.“,r) = det [K(-Tj7tj;xka tk’)]j,kzl,“.,r

where
> B(y,n)C(z,n)
K(y,ty;x, ty ) 2.51
(yv yy Ly ) t'rytu 7;1 n n) ( )
Proof. To begin, we introduce M discretizations M1, ..., M), as specified in Theorem 2.9, and
define the matrices
B = |:[¢i(1'j>] ..... N70N><M27~-~aON><MM:| (2.52)
a:JE/Vh
T
C = |:0M1><N,~--aOMM1XN7[wj(xi)]¢i§M%:| (253)
J=1
D = I S Ie] sen | (251)
yeMivaly j—1,.. .M
Then the |[M| x |M| matrix
0 B
I = NXN (2.55)
C D-1

satisfies the conditions of Theorem 2.9 and K = (I — (1* + L)_l) | a1
form of (2.55), we have from [8] that

~}- But with L in the

.....

(I-@"+L)) |wmp.ny=I-D'+D'C(BD'C)" BD! (2.56)
We now take the continuum limit of the discretizations My, ..., M such that, for j =1,..., M,

Z a(y, z;)b(w;, z) — (a*b)(y, z)

:DiEM]'
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Noting that the LHS is the form resulting from certain matrix multiplication, we use the defintion

of D to compute

D= 1 W Gl | (257)
yeM; i,5=1,....M
We use this, along with the definitions of B and C' found in (2.52) and (2.53), to evaluate
B0 = Bl
yeM; dj=1.. .M
e = [ican)] sem, |
n=1,..Nl;=1,... M
BD'C = [E(iﬂj)]i,jzl ..... N
Then, if E satisfies E(m,n) = 6, nE(m, m),
_ 5o
BD—lcf 1 _ |: 1‘7,7 :|
( ) E(i, i) ij=1,...,N
and so N
_ o _ B(y,n)C(x,n)
D¢ lc)'BD ! = ’
(BD™'C)” BD > B )
n=1 YEM\{L,...,N}
and the result follows. O

We will now demonstrate the use of this Theorem by evaluating the correlation functions for
N Brownian walkers conditioned never to intersect, all beginning at 0 and ending at some point

a, as discussed in §1.7.

Proposition 2.11. [46] Let the particles {:L‘Ej)} i=1,...n be distributed with PDF as in (1.91). Then
J=1reaM
the correlation functions are of the form

pery (1, t1); .5 (2, 1)) = det [K (@4, 155 25, 15)], i1,

1 sea? nm 1 (2, \" T — ay y—a
2 (=) —_ () H, < > H, (y) ty >ty
Cy hn Rz Cx Cy
1 1 " - Ug - g
hn \ 2z Cs Cy
[t, 2T —ty) /2T —ty
where ¢, = = 2"nl\/7 and the H, are the Hermite

polynomials descrzbed in (2.8).

with correlation kernel

K(y,ty;x,tz) = (2.58)

Proof. To convert (1.91) to the form in (2.49) required for Theorem 2.10, we define

1

o (=) /2(ty 1)
2 (ty — ts)

Pty —t, (T,y) =

so that G¢(7, ) = det[p:(zi, yj))ij=1,..,n. Then Fj 5 @D, 7Y from (1.91) is of the form in
(2.49), with W; = py,,,—¢, and

6i(z) = (=) (5) 52 - (x—m)
C1
t z—a 2 za _
1/1](1’) = 6_%<TIM) +THj_1 <5L' CLM>
CMm
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Using the scaled variables ¢,, a,, and z, we see that

T (1) () s () - e i)

Cx cx

9] k
S () () ()
hi \ zg Cu Cy
k=0
and note that (ps, ¢, * pr.—¢,)(%,2) = pr. ¢, (2, 2), and thus W; jy(z,y) = py,—¢, (z,y). With B,

C and F as described in Theorem 2.10, we evaluate

pty—tz (ZE, y) -

T o?(tpr—t1) ZM m=l
E =4 —_— T g | —
(m,n) m,nC1CM t]\/[(2T — tl)e 8T m—1 < P >
and
B(y,n)C(x,n) _ T e<%_1)(%)2—%(1:?)2—%@_””%
E(n,n) ty (2T — t5)

1 2 \" ! T—a —a
G (2) e () ()
hnfl Z Cy Cy

Then it is clear that, for K as in (2.58) and F(t,z) = e*aw/ﬂ*o‘zt/gﬁ,

N

) B(y,n)C(x,n)
w(‘wﬁmmy”z o )

K(ty,yite,x) =

and the proof is completed by applying Theorem 2.10 and noting that

F(t;, x;)
F(tjvxj)

for any functions F'(t,z) # 0, K(t,z;s,y). O

det [K(ti, Tis tj, 'rj)]i,jzl,...,r

= det |: K(ti,xi;tj,xj)] (259)

ij=1,...,r

A similar analysis applies to the Brownian walkers near a wall.

Proposition 2.12. Let the particles {:v(J)}z 1,...N be distributed with PDF as in (1.104). Then
7j=1,. 7M
the correlation functions are of the form

P(r) ((xlvtl)Q sy (xrvtr)) = det [K(xiatii xj7tj)}i’j:1’,”"r

with correlation kernel

N—1 2n+1
Z e 5 - H,, — | Hop1 [ = ty >t
Cy Z h2n+1 Zx i Cy et Cy Y
1 (=) > 2 2y il T Y

(= L Homir (Z) Hont (L) 1<t
Cy ‘ g hant1 (Zw it Cx et Cy !

(2.60)

[ty 2T t. (2T —t2) /2T
where c; = = 2"n!/7 and H,(x) are the Hermite polynomials

described in

K(yaty§ xotz) =

Proof. As with the proof of Proposition 2.11, we wish to convert (1.104) to the form in (2.49). We

define
1 2 2
Wall — (e—(xj—yk) /20ty —te) _ o—(aj+yr) /2(ty—m)
Pt —t, (z,y) oty — Lo

49



so that GV (7, 7)) = det[p"™ (i, y;)]i j=1...n. Then ng@a“(f(l), ., @MY from (1.104) is of the
form in (2.49), with W, = pylvfil ¢, and

o ()
Yi(x) 67%{($) Hy; 4 (I) Xz>0
CMm

Using the scaled variables ¢, and z,, we see that

Wall _ T Z#(2)-(1-2%) () - e x Y
Py 1, (T, Y) = ty(QT—tz)e g ;h%ﬂ = Hopt1 o Hag1 .

I
o
L
=
I
| o+
)ﬁ»—-
-
Y
o]
2
~—
»N
&
.
I
-
7 N\
A
N————
>
8
vV
o

Y

and note that (pyvili pyvili )z, 2) = pyvili (z,2), and thus Wp; j)(z,y) = pyvili (z,y). With B,

C and F as described in Theorem 2.10, we evaluate

ciearhom—1 T ar !
E = =M
(m,n) 5m,n 5 tM(2T — tl) < )
and
B(y,n)C(z,n) _ T () -(-#)(2)
E(n,n) t, (2T —t;)

Then it is clear that, for K as in (2.60),

B » TV C T,n
Kty yitona) = Wi (@y) + 3 2O

and the proof is completed by applying Theorem 2.10 O

2.4 Gorin method

In [37], Gorin finds the correlation functions for a discrete walkers model closely resembling the
hexagon paths model mentioned in §1.7. While the calculation is approached slightly differently,
his key proposition (Proposition 2.13 below), which he describes as a slight extension of a theorem

by Eynard and Mehta [21], can be shown to be equivalent to Theorem 2.10.

Proposition 2.13. [87] Assume that for every discrete time parameter t we are given an orthonor-

mal system {fL} in linear space l12({0,1,...,L}), and a set of numbers cf,c,,.... Denote
vty (z,Y) Zc fi(x) fi 1 (y) (2.61)
n>0

Assume also that we are given a discrete time Markov process X, taking values in N -tuples of

elements of the set {0,1,..., L}, with one-dimensional distributions

2

(det[ {1 (2)]7j=1) (2.62)
and transition probabilities

1 det[vt,t+1(xi’%)]” y det[fH (y )]i\rﬂ:l
ng,ol e det[fz 1(11])}2]]':1

(2.63)
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Then the correlation functions are of the form

pery (1, t1); .5 (2, 10)) = det [K (5, 45 25, tj)]i,jzl,...,r (2.64)

t—1
where the pair (z,t) represents x € Xy, and, with c&* defined by cl' =1, ¢35 = H cil, K is given

1=s

by N-—1
S L@t s>t
K(z,s;y,t) = n=0 (2.65)
> et @) fiy) s<t
n>N

Proof. In [37], Gorin describes this Proposition as a slight extension of a theorem by Eynard and

Mehta [21]. However we can also prove this using Theorem 2.10. Using (2.62) and (2.63), we find
@

that the joint PDF for the particle process {xgj )}7 where x;”/ represents the i-th largest term in

the Markov process Xj, is given by

M—1
1 1 £ (t+1)\ Y M
& detlry @ Noy [T det forpn (f?, 2™ detl £ 2§00
t=1
N—1
where C' = H chM=1" Clearly this is the same form (2.49) as required by Theorem 2.10, with
n=0
o; = }71, Y = f;‘fl and W; = v; 441. Then redefining convolution as
L
(axb)(x,2) =Y alz,y)b(y, z)
y=0

since here our functions are discrete, we have by the same method that we obtained (2.51),

N
B(y,n)C(z,n
K(2,89,1) = —Xt>s(Vs st % - % v—14)(T,9) + Z (E’(2L75)) (2.66)
n=1 ?
where

Bly,m) = (fmo1*v12% % 0-1,0)(y)
C(r,m) = (vsep1*-*var_1m* f21)(x)
E(m,n) = (fp_y*vig* - xvp_1nm* foly)

Applying these, the orthogonality of the f, and the definition of v (2.61) to (2.66) gives (2.65). [

We will use this proposition to briefly review Gorin’s calculation of the correlations for the
discrete walker model. The PDF for the positions of the N walkers at time ¢ is given by (1.83),

which after a some transformations on z, can be rewritten,

N
1
Py(z1,...,2n) = IT Gi-2)wasc() (2.67)
=1

1<i<j<N

where wqp 1 (z) is the Hahn weight function as described in (2.12), associated with the Hahn
polynomials Q%a’b’L) (), and a, b and L depend on T, N, S and ¢t. Important here is the t
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dependence, as it implies the weight function changes on different lines (times) in a given system.
Thus, we define

t _ n
Il == )

where and H!(r) = Q,(2') and wy(x) is the Hahn weight for the appropriate ¢, N, T, S and

(2.68)

transformation z — z', so that (2.67) can be rewritten

P21, 2n) = (det[fEy ()1 ) (2.69)

From here, two Lemmas from Gorin are required to complete the calculation and apply Propo-
sition 2.13

Lemma 2.14. [37] The one-step transition probabilities for the discrete walker model are given by

Pipi(xr,.. . 2N Y1, - YN) = (2.70)

ool I s onon I eroeos

ity =x;+1 yi=x+1i

provided that each difference y; — x; is equal to zero or one, otherwise the probabilities are equal to

ZETO0.

Proof. This formula can be checked by direct computation starting from the definition and using
Proposition 1.17, which gives that the LHS of (2.70) must be equal to

()] )]

Y= J1i=1,..N Sti—l-y; ij=1,....N
T—1t

<S+i1xj>

and applying the determinantal identity (1.82) from [50] O

det

ij=1,...,N

Lemma 2.15. [37] With wy(z), f(x) defined as in (2.68),

wi11(Y) t ot t+1 S+N—-1—-=z Y T—t—S+zx
c T = 00,1+ 0¥
wy(x) ,cz;g efile)fi W) VE+N)T+N—-t—-1) " Jt+N)(T+N—t—1)
for
¢ _ 1 _ 1
Ci_\/<1 t+N> (1 T+N—t—1> (2.71)
Proof. For a proof, see [37] O

An important result of this Lemma is that, with v, +41(2,y) as in (2.61),

S+N-—-1-— T—t—85+
V(T y) = ) ( - . : 6y>

1) + 4
win(W) \VJE+N)T+N—t—-1) "' JE+N)T+N—t—1)
(2.72)
Proposition 2.16. Let {xl(-t)} i=1,...N represent the position of the i-th walker at time t in the
t

ceey

discrete walkers model. Then, wzthffl(ac) and ¢!, defined by (2.68) and (2.71), Proposition 2.13
applies and the correlations are given by (2.64) with K given by (2.65)
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Proof. 1t is sufficient to show that the transition probabilities have the required form (2.63). Using
(1.83), (2.69), (2.71) and (2.72), we evaluate

1 detfvger (@)1= det[£25 (5))m
1) e, det[f}_ 1(%)]5\73 1
(T —t—1)

:GH¢+N—U _@7®ﬂ@+me D0yl + (T =t = S+ 2:)67]

There are two cases: either every difference y; — z; is equal to 0 or 1 or this is not true. In the
latter case, the determinant is equal to zero. In the former case, the determinant is equal to the

product of its diagonal elements. Thus in both cases, recalling Lemma 2.14,

1 det[vt,t+1(xi7 y])]z ,j=1 det[ft+1l (y7)]z =1

H,]L_Ol ct, det[ff_ 1(%)]%‘:1

= Piit1(T1, .-, TN Y1, -, YUN)

2.5 Borodin method - Differing numbers of particles on each line

For many models, including the GUE* eigenvalue process specified earlier, the number of particles
per line is not constant (r(j) has j dependence). This creates a problem for the Borodin method

of evaluating correlation functions, as the determinantal form required is harder to obtain. Specif-
O .0+

i 2 T ), since

ically, a problem arises in determining the size of the determinants involving W;(x

r(l) may not be equal to (I + 1). However, if r(j) obeys

r(@) —rG+ DI <1

for all values of j, then the problem can be solved by introducing virtual particles. The simplest

example of this is when r(j) = j.

Theorem 2.17. Let the particles {:c }z 1,...; be distributed with PDF

Jj= 1, LN
N—
I+1 N
H w) e det @)z (2.73)
1=0
with virtual particles acgﬂ)l =w for j=0,...,N — 1. Define matrices
B = [Ek] 1,...,N
T
Cc = [OMlxva sOrn 1 x N [5(20)] 2, eMJJVV]
it
D = I- {§i+1,j[Wi(Iyy)] wEM,; ]
yeEMiy1ly j=1,.. N

where the matrices Ey, are defined

E, = |:5szk 1( v 1)7x§'k))}i:1 N

.....

Furthermore, define matrices

M = BDC
M® = BD!
v = D¢
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Then forY = U y(t )

i=1
p(r)((yla tl); s (yra tr)) = det [K(yh t; Yj, tj)]i7j:17,,,,r

where
K(y,t,ac,s) = _W[t,s)(y7x) + (\I/¢)y,t;a;,s (274)

Proof. As with the proof of Theorem 2.10, the | M| x | M| matrix L as given in (2.55) satisfies the
conditions of Theorem 2.9 and K is given by (2.56). From (2.57) and the definitions of ® and ¥,
the result follows. O

We will now use this theorem to evaluate the correlation functions of the GUE™ eigenvalue
process. First, we need a Lemma which helps us convert the PDF in (1.29) to the determinantal

form required

Lemma 2.18. [32] Assume
Ty < Ty-1 < - <1, YN < Yn_1 < --- <1

Then
det[X:Ej*yk>O]j,k:1,...,N = XyN<wN<yN—1<a:N,1<~-<y1<w1

Proof. f yy < xny <yn—_1 <axn_1<: -+ <y <z, then the determinant is diagonal with ones in
the upper right half, with ones on the diagonal. It is clear that this is equal to 1, so RHS = LHS.
Ifey <yy <axy_1 <yn_1 < - - <z <y then the determinant is diagonal with ones in the
upper right half, with zeroes on the diagonal. It is clear that this is equal to 0, so RHS = LHS.
For all other possible orderings, there must a pair of consecutive x’s or y’s. Let this pair be
called x;,x;41, (or y;,y;+1). Since this pair is consecutive in the ordering, z; > y; if and only if
Tit1 > Y; Vj, so the determinant is unchanged if we swap the i-th row with the ¢ 4+ 1-th row (or
for y’s, unchanged if we swap columns). Therefore, the determinant is equal to 0, and RHS =
LHS. O

.....

=1, N
j x j submatriz of the GUE", and thus be dzstmbuted ‘with PDF
N 2

N
i 1 (=
PGUE*,N ({xgj)}) = = H e ( ) H X( ™ <z "+1)) (2.75)
(2m)= ;5
where x (x(") =< x(”+1)) is the interlacing requirement defined in §6.1 (recall (1.29)). Then for

Y = O y'
i=1

p(?“)((yla tl)a ceey (yra tr)) = det [K(y“ i3 yj, tj)]i’jzl,,.wr (2-76)
with correlation kernal
o~ (@ +y?) /4 3 Hiy(y)Hs—a(2) <

1=
K(yat;$7s): 01 ad

: 2.77
e 3 Hii(y) Hsi(x) 270

>
i

l=—o00

where H,(z) are the probabilists’ Hermite polynomials as described in (2.11).
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Proof. Using Lemma 2.18, (2.75) can be written as

N- (=)
ETL e uen], e ()
pale ij=1,...k+1

.....

ij=1,, N

with virtual particles ngzl = w — —oo Thus, (2.75) can be written in the form required for
Theorem 2.17 with

Wi(y> 33) = Xy<z
_z2 7
vi(x) = e PHy_(x)
From this, we evaluate )
Wiy, x) = mx,yq(x —y) ! (2.78)

To make use of Theorem 2.17, we must find the matrices ® and ¥. Noting that D is the same as

in Theorem 2.10, we use (2.57) and the definition of C to evaluate

T

¥ = D7 = (Wi )] s (2.79)
n=1,...Nl¢=1, .., N
for % as in (2.50). We define matrices ¥' = [¥! (z)] sear, such that ¥ = [¥' ... UN]T. Then,
n=1,...,
by using integration by parts on (2.79), we have
e Y /2Ht (y) if n<t
Ut = e 2.80
n(y) / _ n t_1€_$2/2d.’13 if n>t ( )
(n—t—1) (n—t—1) y

We now go about finding ®. With D~! again being as in (2.57), we evaluate

BD™! =

s—1
Ei+ > EkW[k,s)]
k=1 s=1 N

,,,,,

o omonal.

,,,,,

We now define polynomials {®f, (z)},=1. ¢

/oo P} ()Wl (x)dx = b; 5 (2.81)

— 00

where the W! (z) are as in (2.80). This gives us

For each s =1,..., N, let

®

l=1

for some N x N matrix As. Then by (2.81), we can multiply by ¥} (z) and integrate to show

(A = Wit % Wi o % 03 (w)
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Evaluating the RHS of this gives

lim/ (37(_‘*}))"6—3:2/20[3? m<n
—oo J,, n—m)!

0 m>n
So the Ay matrices have no s dependence and can be replaced by A = Ay with the form
(A)’m,n = (Wm—l * W[m»N) * \Iji'v) (a)

and from (2.82) we now have BD™! = A® for & = [®',... V] with
s i (z) 1<s
((I) )l,r = { :

0 l>s
Finally, M := BD~'C is defined by
man = (Win—1 % Wi, ny * ¥n) ()

and thus, since ¥ (2) = 1, (z), A = M. Thus, BD™' = M®. We now have the conditions for
Theorem 2.17 and so from (2.74), (2.76) is true with

(M)

1 s—t— - s
K(y,t§%5):*m){y<x(l’*y) ! 1+Z@l(x)‘1’f(y)
: =1
If s <t,
1 . S _ H,_ H
oo se @ w) T T Y B @) ) = ”22 DR 53

1=1
Ifs>t,let s=t+1+k, k>0. Then

s k 00
> (@) ¥i(0) = ¢ /ZZ Healotly) 52 Hetle) (% sy
=1 Yy

hs— =0 Nhy_y
and
1 1 = ~l(;v) i _,2 ~
oo =gt = S [ty ey (2.55)
' =0 by
¢ - ko
H,_ H,_ — _
= 2y (@) H, l(y)+z :CNz(x)/ =125 — y)ldz
lI=—o0 hs—1 =0 e Jy
" 1 s—t—1 & s t —y2/2 0 gs—l(x)f{t—l(y)
—me@(x—y) +) D} (2)T(y) = —e > — 5
’ =1 l=—o0 s—1

Since the form of K found in (2.83) and (2.85) differ from that in (2.77) only by the function
@ =¥/ which causes no change to the determinant in (2.76) (recall (2.59)), the proof is complete.
O

2.6 Borodin method - Differing numbers of particles on each line near
a wall

The formalism of Theorem 2.17 applies when the number of particles on line j is equal to j for

j=1,...,N. The antisymmetric GUE process of §1.5 gives rise to a particle system for which

the number of particles on line j is equal to |j/2] for j = 1,..., N. In such circumstance, the

correlations can be computed using a modification of Theorem 2.17.
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Theorem 2.20. Let the particles {xz(-j)},;:17___7u/2J be distributed with PDF
j=1,..,N

1 1) (+1) (N)

— det {W (xE , T )} det [ ; (a:i )] 2.86

c E : ? Bj=1, | 52 Vi ii=1,.| ¥ (2:86)
with virtual particles xfj_l) =0 for j=1,2,...,|N/2]. Define matrices

B = [EZ]k:1 ..... N

T
¢ = |:OM1 SR vOMN x| X (% (Iz)]j_?s/’\ﬁ{[vﬂj (2.87)

D = I- {5i+l,j[Wi($7y)] TEM; }
yeMiy1ly j=1,.. N

where the matrices E}, are defined

[5i,k/2Wk71 (ﬂcgj;),:cgk))] —1,.,|ny2) i keven
EZ = x; EMk
0 if k£ odd
Furthermore, define matrices
M = BD'C
M® = BD!

Then forY = U ygti)

i=1
Py (s t1)i- 5 (yrs b)) = det [K (i tis s t) 5oy,
where
K(y,t;m,s) = _W[t,s)(yax) + (\IJ(]:))%t;m)S (288)
Proof. The proof is identical to that of Theorem 2.17 O

We will now use Theorem 2.20 to evaluate the correlation functions of the anti-symmetric GUE

eigenvalue process.

Proposition 2.21. [29] Let H be an N X N matriz from the anti-symmetric GUE ensemble.

Let the particles {xl(-j)} LJ/QJ represent the i-th largest positive eigenvalue of the j X j leading

.....

j=
sub-block of H, and thus be dzstmbuted with PDF

2

-1
(N)
EA < (N) ) H e \"i X (x(k) =< x(kH)) for N even

(N-1)/2 o 2
C’ —A ((x(N))Q) H xl(-N)e_ (=) X (:v(k) =< x(k"’l)) for N odd (2.89)
N

1=

2?
L

=~
Il
—

where x (ﬂc(k) =< :c(kH)) is the interlacing requirement defined in §6.1 (recall (1.60)). Then, for

Y = O yl(ti);
=1

p(r)((yh t1>7 R (yra tr)) = det [K(yh ti; Yj, tj)]i7j:1,...,r (290)
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with correlation kernal

ﬁ
[N

J

96— (@ +y%)/2 Ht—Ql(}ZL’)HS_QZ(x) s<t
K(y,t;w,s) = ¢ H (S)J;l () 24
_9p— (@ +y?)/2 t—2Y) Hs 2\ % t
‘ l;oo hs*zl T

where H,(x) are the Hermite polynomials as described in (2.8).

Proof. Using Lemma 2.18, (2.89) can be written as

N-1 2
1 —(at™ (V)
o o] e [T e ()]

with virtual particles 2# Y =0 for i = 1,2,...,[V/2]. Thus, (2.89) can be written in the form

(2.86) required for Theorem 2.20 with
Wi (ya x) = Xy<m
2
¥i(x) = e " Hyg(x)

From here, we follow the proof of Proposition 2.19 and attempt to find the matrices ® and W.
Noting that D is the same as in Theorem 2.10 and W is the same as in Proposition 2.19 we use
(2.57), (2.78) and (2.87) to evaluate

T

V=D IC = {[(W[t,zv) )W) yem, -
n=1,...,N/2 t:l,.,.,N/Q

where here (and throughout this particular proof) the convolution * is defined
(@sb)(e2) = [ ale, o, 2)dy
0

We define matrices U' = [U! (2)] ,em,  such that U = [U ... N7 Then, by using the
n=1,...,|N/2]
fact that the Hermite polynomials can be expressed by

Ho(a) = (—1)es* 4o (e_IQ) (2.93)

dx™

and integration by parts on (2.92), we have

ef‘”Q/QHt_gn(y) if n<t/2
Ul (y) = 1 > ot (2.94)
" _— -y e T de if t/2
(2n—t—1)!/y (x —y) e z if n>t/
We now go about finding ®. With D~ again being as in (2.57), we evaluate
s—1
BD™ ! = Es + Z EkW[k7s)‘|
k=1 s=1,...,N
= |:[(W2m1 * W[Qm,s)) (0,1‘) m=1,...,| N/2|
TEM; s=1,...,N
We now define polynomials {CI):L(x)}n:l,...,Lt/% by
o0
/0 P} ()W (x)dx = b; 5 (2.95)
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where the U! (z) are as in (2.94). This gives us
n g

¥ () = 22l
ht72n
For each s =1,..., N, let
Ls/2]
(Wam—1 % Wiam,5)) (0,2) = Y (As),,, @} (x) (2.96)
1=1

for some |N/2] x | N/2| matrix As. Then by (2.95), we can multiply by ¥; (x) and integrate to
show
(As)m’n = (W2m—l * W[2m,s) * \II:L) (O)

Evaluating the RHS of the above equation gives
[e'e} n—m 5
= e /2y <
e r m<n
(As)m’n = A (n - m)'
0 m>n
So the Ay matrices have no s dependence and can be replaced by A = Ay with the form

(A) W1 % Wi ny * U2 (a)

m,n_(

and from (2.96) we now have BD™! = A® for ® = [®', ..., "] with

s B Oj(x) 1<s/2
(q))”_{o 1> 5/2

Finally, M := BD~'C is defined by

(M)mn = (W2m—1 * W[2m,N) * 'l/)n) (0)

and thus, since ¥ (2) = 1, (z), A = M. Thus, BD™' = M®. We now have the conditions for
Theorem 2.17 and so from (2.88), (2.90) is true with

Ls/2]
1 s—t— s
Ky t;z,s) = —me@(x —y) T+ Z o] ()i (y) (2.97)
’ =1
If s <t,
_ 1 ( _ )sftfl 4 XS:(I)S( )\I/t( ) =92 7y2 ij HS—QZ(I)Ht—ﬂ(y) (2 98)
(S - 1)|Xy<x x Yy o X 1\y) = <€ o h572l :
If s > t,
s [t/2] Ls/2] o 20—t —1,—22
ZCDf(x)\Iff(y) P Z H572Z(I:L1')Ht72l(y) 19 Z H;;zl(x)/ (= 2ly) t 16' ds
=1 =1 s—21 1=[t/2)+1 s—21 y ( -t )

We now consider

1 o
o 8 ) Xalal (el = )"
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which for z > 0 is equal to the first term in (2.97). This can be expanded in terms of the Hermite
polynomials
-1
(s—t—1)

(s —;1— 1)! Z H;z(gx) {(W /jj eF Hy(2)(—z —y) T dx + /Oo e H(2)(z —y) " dz

(sgn @) xy<o (|2] — y)° !

H2J+€ ® t—s—1
(s—t—1)! Z hojte /y e’ (z—y) Hyje(2)dz (2.99)

where € = 0,1 for ¢ even, odd. Making use of (2.93) and integration by parts, (2.99) can be written

[t/2] [s/2] 20—t—1,—22

_ Ho_o(z)Hi—2(y) Ho_o(z) [ (2—v) e
—2¢ Y’ Z -2 Z dz
= — oo hs—2l 1=[t/2]+1 hs—2l y (QZ —-t- 1)'
and so
0
1 i1 _ Hy o(z)Hi—2(y)
- o — 1) 5 (x = —2¢ v 2.1
(s —t—res (@ N Z 2 hs—a1 (2.100)

l=—00

Since the form of K found in (2.98) and (2.100) differ from that in (2.91) only by the function

e =v*)/2 \which causes no change to the determinant in (2.90), the proof is complete. O

2.7 Scaling limits

Having now discussed the correlation functions for particle systems {JL‘EJ )}izl T(J) for fixed N, we

j=1,.e.,
move on to discussion of limits in cases where N — co. In the simplest case of the particle density

on a single line N in §2.2, we bypassed the explicit formula and instead used a log-gas argument
to compute the leading support of the density profile, and its functional form for large N. This
relied crucially on the inter-particle spacing going to zero as N — oo. However, this limit is not
the most natural from a statistical mechanical viewpoint, where the so called thermodynamic limit
requires that the inter-particle spacing be of order unity in the large N limit. This can be brought
about by the linear change of variables

X

ON

= N +Tnt;, Ty = Mpy, +

where Ty, My +, and oy are scale factors, and we would like to compute the scaled correlation

functions

ﬁ(r)((X17t1)§~-~§(Xr»t7“)) = (2101)

1\" X X,
lim <> i) ((MN,,EZ. + 1,N+TNt1) o <MN¢1. + ,N+TNtr)>
N—oo \ ON ON ON

The choices of Ty, My, and on depend on the different scaling regimes: the bulk or the edge.
These must be distinguished because the (unscaled) inter-particle spacing is different in each.
Furthermore, if the system is effectively confined by a wall (as in the half-hexagon for example),
we must distinguish this edge (the so called hard edge) from the “free boundary” case (the so
called soft edge).
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In the bulk scaling limit, the particles are on lines a finite distance apart, with the interparticle
spacing on the lines scaled to be unity. We require too that the particles be away from the
boundary of support, (that they be ‘in the bulk’), which we do by requiring them to be in the
neighbourhood of the midpoint of the support (cy,dy). Thus, when evaluating the correlation
function for particles in the bulk, we set the scale factors Ty = 1, My = (cy + dn)/2, and
on = p(My,N).

In the soft edge scaling limit, the particles are in the neighbourhood of the largest particle on
their line, and on lines of order N/% apart. It is called soft edge because we will be centering the
particles at the position of the largest particle to leading order, our upper bound of the area of
support dy, not the absolute maximum position. We generally require also that the inter-particle
spacing is of order unity. Thus the scaling factors are a little less well defined, with Ty = kN 2/3
for some constant k, My = d,, and oy differing depending on the particle system being looked
at. In general the important thing is being able to find an asymptotic form of the orthogonal
polynomials that make up the correlation functions when the particles are in the neighbourhood
of the soft edge ds,.

The hard edge scaling limit (when applicable) is similar to the bulk scaling limit in that well de-
fined limiting expressions apply when the particles are on lines a finite distance apart. Furthermore,
the interparticle spacings on the lines have to be scaled so that they are order unity.

We will now evaluate both the bulk and soft edge scaled correlation functions for the GUE"

eigenvalue process (there is no hard edge for this model).

Proposition 2.22. Define pairs (z;,s;) by

7TX,L‘
VN (2.102)
and let the scaled correlation function pgu,(r) be defined
_ : ™ \"
PBulk,(r) ((Xla tl)a B (XT7 tr)) = J\;gnoo (\/N) p(r)((xlv 81)7 cee (xﬁ 57")) (2103)
for pay as in (2.76). Then ppu,ry is given by
ﬁBulk,(r)((Xh tl); SRR (X7'7 tr)) = det [RBulk(Xia ti; va tj)} i,j=1,...,r (2104)
where
! ™
v'™% cos mr(X Y)+ —(t - )) dv  s<t
Kpuk(Y, t; X, s) = 0000 27r (2.105)
/ v'7% cos UW(X—Y)+§(t—s))dv s>t
1
Proof. Considering (2.102), (2.103) and (2.104) and recalling (2.59), to establish (2.105) it is enough

to show that

Kpue(Y.1: X, 5) = lim_ gtj \/lK (\ﬁ N +t; \F N+s) (2.106)

for K as in (2.77), where Cs x is some non-zero function of s and X. From (2.77),

roszion N et () At (35)
PRLE L Z Nts—L \/; N+=L\ VN s <t
K<7TY,N+t;7rX,N+5) =1 et ;
VN VN coyny O Aveet (35) Ay (2%)
—e” AN Z s>t
[l hN st
(2.107)
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We use the uniform asymptotic expansion (2.45) and a simple trigonometric identity to deduce
that, with z := (N —1)/N,

2ty Hpyps z(\ﬁ) Hyoyio l(%)

hN+s—l

= % cos <\/§(X —Y)m+ g(t — 3)) + O(N~?)

e

~

—s—1

With this change of variables, we recognize (2.107) as a Riemann sum and to leading order the

RHS can be approximated by

1
N# / Ziﬁgfl cos (f(X Y)r+ = 2 (t — 8)) dz s<t
X S
27 —/ z¥cos(\f(X Y)7T—|—2(t—s)>dz s>t
1
Changing variables to v = v/z shows that (2.106) holds with C, x = N*/2. O

Proposition 2.23. Define pairs (z;, s;)

s; = N + 2N?/3¢,, = /4s; + N1/6 (2.108)
and let the scaled correlation function psg, () be defined
_ . 1\’
por (X1 0 (Xt i= i (17 ) o (ool i) (2100
for py as in (2.76). Then psg,(y) is of the form
pse,(r) (X1, t1); .5 (Xpy t,)) = det [KSE(Xi,ti;Xj,tj)]M:l _____ , (2.110)

where

/ CTOANX + u)AI(Y +u)du s <t
KSE(Y t X 5 0 0 (2111)
CTOANX + u)AIY +u)du s>t

Proof. Considering (2.108), (2.109) and (2 110) and recalling (2.59), to establish (2.111) it is enough
to show that

1 Ds,X
m

KSE(Yt X S) =1 OOWDt’Y

N—

X

Y
K< AN+ 570 N

for K is as in (2.77), where Ny = N + 2N?/35, and D, x is some non-zero function of s and X.
From (2.77)

4L Hy, i (z) Hy,—; (y)

3 s <t
K (y, N2, N,) = e =1 i N}Il (2.113)
_ Z No—1 (~$) Ne—1 (y) s>t
l=—00 thfl

To proceed, we make use of the uniform large N expansion [57]

€7x2/4[:IN(£IE) _ (Qﬁ)1/4(N!)1/2N71/12 (AI(X) +O(N2/3){ O(efX), X >0 )

0O(1), X<0
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valid for x = V4N + X N~Y6_ This can be rewritten

e M Hy_k(x) = @m) V(N — k)N — k)12
1/3

; ko —2/3 O™ ), k>0
X<A (X+N1/3)+O(N ){ o(1), k<0

Thus, with z = \/AN, + XN~Y¢ y = \/AN, + YN~1/6,

o~ (@ +y?)/4 Hy, (}?)ﬁNt—l(y) _ (Ve
hn, -1 (Ns

N. 1/6 l N, 1/6 I O(e_kN—ue,) E>0
Al X[ = +——|Ai|lY () + + O(N~2/3 ) 2
( (N) N51/3 N Ntl/3 ( ) O(l)7 k<0

Using this, we make a change of variables [ = ulN /3 We now recognize (2.113) as a Riemann sum

—l)! —-1/1
—1 (N =@ =)™

X

and so

1
N1/6 D (V4Nt+ NI/G’ VAN + N1/6’ ) -

Ny —1)
) Dox / HENZ'AlX—i—uAlY—i—u)du s<t
im

NHOOD !
a —/ E )AlX—i—u)Al(Y—i—u)du s>t

)l
2 c
(aN +bN?/3 4 cNV3 4+ @)l = V2raN (aN) N HONP4eN Prd o —aN+ ZNVP4EE L (N =1/3) (2.114)

o~

»

33

Use of Stirling’s formula

gives that
(N + 2N2/5¢ — uN1/%)! N2/3(t—s) t2—5% u(s—t) -1/3
\/(N+2N2/33—UN1/3)! =N e e +O(N )
and so (2112) holds with Ds,X — eszNNQ/BS. )

We turn our attention to the hard edge scaling limit. As already commented, this applied in
the neighbourhood of a hard wall boundary condition. This then is not relevant to the GUE"
eigenvalue process, but will apply instead to the Antisymmetric GUE eigenvalue process, which
has a strict condition that the particles be greater than 0 (since by definition the particles represent
the positive eigenvalues of an Antisymmetric GUE submatrix). We will evaluate the hard edge
correlation functions for the Antisymmetric GUE eigenvalue process. To do this, we first require

an asymptotic formula for the Laguerre polynomials.

Theorem 2.24. (Theorem 8.22.4 from [65]). Let {LY},—o1... be the family of polynomials of

order n obeying the orthogonality relationship

/ e~ 2 L (2) L (2)dz = T(a + 1) ( nta ) S (2.115)
0 n
then
—a/2
2 1 T 1
e /2a/2[(@) () — ( n+2a+ ) (n+c'1+ )Ja( 2x(2n+a+1)) + PO (na/2-314)
n.

(2.116)
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where J, is the Bessel function

m/2)a+2v
U'F (v+a+1)

Mg

(2.117)

v=1
Using this, and the knowledge that the Hermite polynomials can be exactly represented by the

Laguerre polynomials, we proceed.

Proposition 2.25. Define pairs (z;,s;) by

X;
WN (119
for X; >0, and let the scaled correlation function pyg, () be defined
_ . 1\
pug, ) (X1, t1); .. (Xpyty)) = ngnoo (W) pery(z1,81)5 .5 (20, 8,)) (2.119)
for py as in (2.90). Then pug,(ry is given by
ﬁHE,(r)((Xl»tl); ey (Xr,tr)) = det I:KHE(Xivti;Xjatj)] di=1,r (2120)
where
VXY [!
) VXY / w3 (XDt jie, (Y V@) s <t
KHE(Y,t;X,S) = \/7 0 (2121)
XY [ i
*T w 2 J_1/2+€S(X\/E)J_1/2+et(Y\/B)d’w s>t
1

Where es = 1 if s is odd, and 0 otherwise.

Proof. Considering (2.118), (2.119) and (2.120) and recalling (2.59), to establish (2.121) it is enough
to show that

FE,x 1 X
K Y. t; X,s) = hm P, P, K 2N +t; 2N + s 2.122
e )= tEty 2N (2W 2N’ ) (2.122)

for K as in (2.91), where E, x is some non-zero function of s and X and P, is some non zero
function of s obeying P? = 1. From (2.91),

X24y2 L2555 HoNntt—2 (z\ﬁ) Honts—21 (ﬁ)
2e" N > s <t
Y X — hons—2i
K N+t Nis)= - N
2V/N 2V N Cx2iy2 O Hange—a (Q\ﬁ) Honys—2i (%/ﬁ)
—2¢~ AN Z s>t
= hants—2
(2.123)

From here, we use the fact that the Hermite polynomials can be reduced to Laguerre polynomials
[65]

Hop(z) = (=1)m22mm!L12) (22)
HQerl(.’l?) — (_1)m22m+1m!$L7(71L/2)<x2>

Combining this with (2.116), and using Stirling’s formula (1.16), we evaluate

—(&®+y*) /2 H el
€ 2N—21+s($) 2N—21+s(y) stt—es—ep 4 o

= —1 2 2 /gg
han 2145 (=1) Y

x(N — l)t/2—s/2J_l/2+€s ( 22(4N — 41)) J 1j2te, ( y2(AN — 41)) (1 + O(n—l/Q))
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Letting w = (N —[I)/N, we recognize (2.123) as a Riemann sum, which can be approximated to

leading order by

1
t—s
et eae et w2 J_yjoqe (XVw)J_1j04e, YVW)dw s<t
(—1) TN T oY /go

*\/ wFTSJ_1/2+ES (X\/E)J_l/Q_;’_q (Y\/ﬁ)dw s>t
1

So (2.122) holds with P, = (—=1)°7 ", E,, = (2VN)**. a

We remark that the kernel Kpuy was first identified in the study of the so called bead model
(see the next section), while Kgg is the dynamical correlation for the scaled largest eigenvalues in
the Brownian motion model of complex Hermitian matrices introduced in §1.7 (see [27, 11.7]). The
kernerl Kyp was first calculated in the context of the Antisymmetric GUE eigenvalue process in
[29], although the expression given there involves trigonometric rather than Bessel functions. This

is consistent with the facts that

2 2
Jija(w) =4/ — sinz, J_1y2(z) =4/ — oS (2.124)
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3 Hexagon bead model

In [11], Boutillier introduces what he calls a bead model. He describes an infinite collection of
parallel threads lying on the plane, and defines a bead configuration as a collection of points on
these threads, which in turn can be interpreted as a configuration of points on Z x R, with the

restrictions that

e The configuratin must be locally finite : the number of beads in each finite interval of a

thread must be finite

e The configuration must interlace : Between two consecutive beads on a thread, there must

be exactly one bead on each neighbouring thread.

Boutillier’s motivation was that these bead configurations have a direct mapping to certain dimer
models on a honeycomb lattice, namely that the horizontal lines of a dimer model on a honey-
comb lattice obey the above restrictions and so can be mapped to the ‘beads’. We note that the
eigenvalues of the GUE" that we considered earlier also obey the above conditions, however with
some additional ‘boundary conditions’. Where Boutillier’s bead model is unbounded, in the GUE*
eigenvalue process we generally consider only IV lines, with j particles on the j-th line. Boutillier
uses a dimer viewpoint because it is more efficient in the large N bulk viewpoint, as the bead
model is in essence a description of the bulk scaling regime for the GUE* described in §2.7. As we
began with the finite N case, we approach the problem of the bulk from a different direction, and
as such have used a different method to recreate Boutillier’s result.

We now consider a different set of boundary conditions on a bead configuration, motivated as
in [11] by a statistical mechanical model. Just as the GUE* was a limit of the first n lines of
an N X N x N hexagon for large N, these new boundary conditions give rise to a model that is
the limit of a complete N X p x ¢ hexagon for large N, and call this model a p-¢ hexagon bead
model. It turns out that this model is equivalent to a semi-continuous lattice path model proposed
in [2] to model the bus transportation system in Cuernavaca (Mexico). The analysis of the GUE*
eigenvalue process, finding the single line PDF, density profile, correlation functions and scaled
correlation functions, can also be done for this hexagon bead model, and while we will again expect
the bulk calculation to match that of Boutillier’s model, under other scaling regimes we will expect
the boundary conditions to come into play.

Most of this chapter is based on the publication ‘A finitization of the bead process’ by Fleming,
Forrester and Nordenstam [26] supplemented by the recent preprint ‘Fluctuation universality for
a class of directed solid-on-solid models’ by Fleming and Forrester [25] for the material of §3.5 and
§3.6.

3.1 Definition

We now wish to define these boundary conditions. Let {xgj )} i=1,...r(j) represent the i-th largest

‘7:17“'1f(p’q)
‘bead’ on the j-th ‘thread’ of a p-¢ hexagon bead model. As we want this bead model to be a

scaled limit of the particles in a N X p X ¢ hexagon, we must have the same number of beads as
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particles, and so recalling §1.3, f(p,q) =p+¢q— 1 and

t, t<p
r(t) =14 p, p<t<gq (3.1)
p+q—t, q<t

As the bulk of this model must correspond to the Boutillier bead model, the only restriction on
bulk particles is the interlacing requirement, so choosing a scale factor so that the beads must lie
in the interval [—1, 1], we have the joint PDF for the {z; j)} i=1r()

,p+q 1
1 pt+q—2
pHexbead({x(J)}) —x <) <ol <1 H X (x(t) < :c(t+1)) (3.2)
p, t=1

(H'l)) the interlacing requirement defined in §6.1. While it is quite clear that this

for x (x(t) <z
PDF is a scaled limit of the particles in a rhombus tiling of an N X p x ¢ hexagon, it is also possible
to obtain it as the joint eigenvalue PDF of a sequence of random matrices.

Our construction is based on theory related to certain random corank 1 projections contained

in [3, 28] which will now be revised. Let
M =1Al, HO=1I-zz

where
A= diag((al)sl, (a2)®2,..., (an)S")

Here the notation (a)? means a is repeated p times, and it is assumed a; > ag > -+ > a,, while
Z is a normalized complex Gaussian vector of the same number of rows as A. The eigenvalues a;
of A occur in M with multiplicity s; — 1. Zero is also an eigenvalue of M. The remaining n — 1
eigenvalues of M occur at the zeros of the random rational function

n

¢
Z T —Za,i

i=1

where (g1, . . ., ¢n) has the Dirichlet distribution D[sq, ..., s,]. With these n—1 eigenvalues denoted
A1 > o> Ay_1, it follows from this latter fact that their joint distribution is equal to

T(sy 4+ 8n) [licjcrenl s 1
Dot F8n) 3 < g) : Ay — ay| (3.3)
F(Sl)r(sn) H1§j<k§n(aj 7ak 9]+ k—1 J]IZH

After this revision, we begin the construction by forming M; = ITA;II, where A; =
diag((1)?, (=1)?). It follows from the above that M; has one eigenvalue )\gl) different from —1

)

and 1 satisfying —1 < )\gl < 1, and this eigenvalue has PDF proportional to

1+ AP - Ayt

Now, for r = 2,...,p inductively generate {)\ET)}iZL.“,,. as the eigenvalues different from —1 and 1
of the matrix
M, =1IA,I1

where
Ay = diag ()TN, AT, (<)

7717
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..........

YA < A

[T, Aﬁ“) [Ty (1 - Ai”)q-ru Y0l (3.4
( |

o 00 T a0 D= Ay i ag D

Forming the product of (3.4) over r = 1,...,p gives the joint PDF of Ui’:l{/\gs)} which is therefore

proportional to

P P
HX()\(T—I) =< )\(’I‘))H /\(P )\(P H )\(‘1) (35)
r=2 1<j k=1

Next, for r = 1,...,q¢—p, inductively generate {)\EP+T)}1-:17___7P as the eigenvalues different from

0 and 1 of

Myyr = 1A, 11
where

Apir = diag((l)qﬂ’*”l, Aptr-1 )\I(j’“*l)).

We have from (3.3) that the PDF of {)\;p“)}j:l,_“,p, for given {A;p+r71)}j:17,__,p, is proportional

to

P (p+r) (p+r) (p+7)\g—p—r
X()\(P-l-r—l) < APt {=1}) z<3()‘ )‘ ) Z 1(1 - /\kp )P (3.6)
Z<] (A(p“"T 1) )\(P+T 1)) k 1( _ )\I(Cp'f"r‘—l))q_r_l_l

The joint PDF of Uzzl{/\gs)} is obtained by multiplying the product of (3.6) over r =1,...,q—p
by (3.5). It is therefore proportional to

q p
Xyax TTXQE™ <A TT = af). (3.7)

r=2 1<J
The final step is to inductively generate {\; (a+7) Yi=1,..p—r (r=1,...,p— 1) as the eigenvalue

different from 0 of
Mq+7« = HAq+rH

where
Agyr = diag ()\(quT 2 ..,)\éq"'r_l))

According to (3.3), the PDF of {)\g-qur)}j:l,wp,r for given {)\;q+ril)}j:1’~..$pfr+1 is proportional

to

p—ry(g+r) (g+r) —r (g+r)\p—g—r
¥ (AT LA G (-1} iGN A b 1( A
o Y | (S (ISP TR

Forming the product over r = 1,...,p— 1 and multiplying by the conditional PDF (3.7) gives that
the joint PDF of UZt? _1{>\§»8)} is proportional to
q+p—1
Xoaapawa [[ xQT™=<A)

r=2

and thus to the our bead model (3.2).

68



L // [ ] "\

r R ¢ o T ° "\

SRPF SR RS EREREN
0.5}

-05¢F

-10-

Figure 7: A configuration of the finite bead process with p = 6, ¢ = 10, generated using random
matrices as described in §3.1. The bounding curves are the limiting shape as described in Proposi-
tion 3.3. Comparing with Figure 1 allows us to better see the limiting relationship between tilings

of the hexagon and the bead process.

3.2 Correlation functions

Recalling §2.1, we start by finding the correlation functions on a single line. To begin, we need to
find the single line PDF

r(t) 00 .
p(s) (x(S)) = H H/ dmz(‘t)pHewbead({xl(‘J)})

t#si=1""
which will give us a little more information about the general shape the particle model will take,
as well as some other useful facts that we will get to later, so we go about finding this now. Using

the results from (1.21) and Lemma 2.18, along with the identities

1 1 P
/ / H(l +f£i)mA(xl’...,l’p) det[)((xi < yj)]i,j:l,...,pdxl d$p
-1 —li=1

' p
m:

- o L0+ A )

1 1 P
/ / H(l —xi)"A(xl,...,xp) det[x(yi < .’Ej)]i,jzl,”.’pd.’lil...dxp
-1 —li=1

n!

o d o, \n+1

K2

1 1T
/ / H(lJr;pi)m(l—zi)”A(zl,...,xr)X(xl Sy > ag > > Yy > ap)day .. da,
-1 -1

m!n!2m+n+1 r—1

= m H(l + yi)m+1(1 . yi)n+1A<y1, o ,yr71>
Ti=1
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we evaluate
qg—1 gq+p—1

p—1 1
Cog=2"T[a ] T] i

=0 =0 =0

and see that the one line PDF can be represented

r(s)
1 2 S\ la—s] $)\ 1Psl
P @) = —A (+O) T (1-27)" 7 (1+a) (3.8)
p.q,s =1
where, for r =r(s),a=|qg—s|,b=|p— s,
T il(a + 0)!(b + i)!
C, .y = orlatotn) TT LA TR0 T 3.9
P.q; g(a+b+T+i)! (3.9)

We note (3.8) is of the form (2.1) and so we can use the orthogonal polynomials associated with
the weight function (1—x)®(1+x)" to find check the normalization factor C,, , s and find the single
line correlation functions. To this end, we introduce the Jacobi polynomials

(=)™ 1 dm
~2np) (1 —2)9(1 + 2)b dam

(1 —2)*™(1 +z)"*") (3.10)
These polynomials have orthogonality
1
/ 1(1 —2)%(1 + )" PP (2) PP (2)da = NP6,

where
2a+b+1 (n+a)!(n+b)!

N (@) —
" 2n+a+b+1 nl(n+a+bd)

(3.11)
These polynomials are not in fact monic, but have leading coefficient

A(a7b) - (2n+a—|—b)'
" 2npl(n+a+b)!

Thus, with a, b, r, defined as in (3.9), by Lemma 2.1 we must have

=l e

g (A,E“’b))Z

By applying Proposition 2.5, we obtain the correlation function for the N particles (N = r(s))
with PDF (3.8) on line s of the p, g hexagon bead model

Cp,q,s =

which is indeed true for C), 4 as in (3.9).

p(T)(ylv o 7y7’) = det [KN(yivyj)]iyj:L,___’r (312)
for

lazs| oot N=1 pla—sllp=s)) .y plla=sl.lp—s])
K(wy)=((1-2)(1-y) > (1+a)(l+y) > g : N}uﬁ””lﬁpsu W @

To find the correlation functions for particles on differing lines however, we will use Borodin’s
Theorem 2.9, as we did with the non-intersecting Brownian motions in §2.3 and the eigenvalues
of the GUE* in §2.5. There is a difficulty however - neither Theorem 2.10 nor Theorem 2.17 can

be used, as the hexagon bead model has neither the same number of particles on each line or
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a differing number of particles on each line, it is a combination of the two. Its outside regions
resemble the GUE" eigenvalue process, however there is also a middle section that contains the
same number of particles on each line. It is this fact that adds the most difficulty to finding the
correlation functions of the hexagon bead model.

While (3.2) cannot be expressed in the form (2.49) or (2.73), it can still be expressed in deter-

minantal form. Using Lemma 2.18

q+p—1
pHexbead({x(J)} Hdet (t+1) th-&-ll)x H det (tj_l))]:(f)l, (314)

p,qt 0

where we have introduced virtual particles
x;:}l:—l (t=0,...,p—1) xét)zl (t=q+1,...,q+0p)

Following Theorem 2.9, we introduce p + ¢ — 1 discretisations My ..., Mp44—1 of the interval
(=1, 1), weighted by the spacing of the lattice, such that all the particles are confined to the lattice
points of the discretization. Then, with M :={1,...,p} UM U---UM,;1,_1, we must construct
some |M| x |[M| matrix L satisfying (2.48).

Similar to our B matrix in Theorem 2.17, we construct matrices B and C', with

B =[By,...,Bpyq-1] = [E1,..., E}p,0,...,0]
C=[C1,...,Cpiq]" =10,...,0,F,... F] (3.15)
where
Er = [di=px(=1 < xj)]i=1,..p
T EMy
Fy = [0j=ex(®i < Dlsiemyiq
j=1,...,p

We also construct D as in (2.54)

D—1- [mu Wi, 9)] sen, } (3.16)
yeEMiy1ly j=1

with W;(z,y) = x(z < y) for all i so that the |M| x | M| matrix

Opxp B
C D-1I

L=

satisfies (2.48), so by Theorem 2.9 and (2.56), the correlation functions are given by
p(Y)=detKy, K=I-D'4+D'C(BD'C)"'BD!

Proposition 3.1. With matrices B, C and D defined as above, and M := BD~1C, the matriz K
given by

K=I-D'+D'CcM'BD™! (3.17)
1s defined by

s—t—1

(K)y,t;gg,s = _((x — y) Xa>y + Z (318)
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where

(g—s,p—s)
—spnla—p0) (P =DV Py (z)
op szlp (s — l)! N(ql_s,p—s)
—1)! oo
oy ] G TR
lx — :
, —sWPtq— —1)! s— s— s—q,5—
(=2)* (p(Z_;)!)(l +2)* (1 —2)* 1P 2P (g)
—_9)l-p = o \l+s—p—q—1
((q T /_1 (l(i sz)p . 1)!(1 + Z)q—l(l — z)P—ldz
A S S G ) . .
Ny (p—z)!/y (- Al
fias
207 (¢ —1)! 3 4 pla—tp—t)
: N T R
(%), = 1 (q—1)!

—t plg—t,t—p)
Nmfwmp+q7t—bﬁl_yy Pomi )
0
(@—D!  BLNPw)

Y (t—q,t—p)
p+qg—t=1)! Nt

(o)t
for PL4®) (1) the Jacobi polynomials defined in (3.10)
Proof. From the definition of D (3.16), we evaluate

Dl=T+ [[W[i_’j)(x,y)]xe/vli

YEM;l i j=1,..p

s<p
p<s<gq
g<s, l<p+q-—s

qg<s,l>p+qg—s

(3.19)
t<p, l>t
t<p 1<t

(3.20)
p<t<gq
q<t

where W, ;) is as in (2.78). We now compute that the s-th block of the block row vector BD™" is

equal to
s—1
E, + ZE%‘W[LS) for 1<s<p (3.21)
i=1
P
> EW;, for p<s<p+q-1 (3.22)
i=1
Similarly the ¢-th block of the block column vector D~C is equal to
P
> Wiprg-nF: for 1<t<q (3.23)
i=1
p+g—t—1
Foyg—t+ Z Wit prq—iyFi for ¢<t<p+q—1 (3.24)
i=1
Evaluating the m, 2 entry of (3.21) gives
s—1
(E{+§:le@@> = (Wit * Wip o)) (—1,2)
i=1 m
1 S—m
_ % (3.25)
(s —m)!

where the convention 1/a! = 0 for a € Z¢ is to be used when m > s.

Recalling that the single

line PDFs had a Jacobi weight factor (1 — z)/975/(1 4+ 2)IP=*|| we express (3.25) as a sum of the
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polynomials (3.10), with a = ¢ — s, b = p — s, giving

- (q 5,p—8)
(1 + x)s m B P ( ) e o p(d—p—3)
(S—m)' o ' Z N(q $,p—S) 71(]‘+Z) (1*2) Ps—l (Z)dZ

l=m

o P(q s,p— S)( ) 1 (1_Z)Q*l(1+z)p7mdz
= ; N(q s,p—s) [1 Qs—l(s_l)!(l_m)!

s—1

where the second equality follows from using (3.10) and integration by parts s — [ times. If we
define By and ®° (s < p) by

1
— _ .\l p—m
(Bo) g 2 — DU — )N, P [ 1(1 2) 17N 1 4 2)P " dz

_ (¢—p,0)
(°) _ 2p l(p —1)! Npq—lp P(Q*SJJ*S) (x)
L 25=l(s — [)! prla—sp=s) 5=l

s—1

then

1 p
( o Z Bo) oy (2%),., (3.26)
=1

and therefore
s—1

B+ EWj,) = By®*
i=1

To find ®*7 | we must consider the m, z entry of (3.22),
P i
(14 x)pti—m
EW oo =T
(Z [>>m PESEID

We begin with the s = p case of (3.26)

1 yp—m u
( +2) =3 (Bo)yy P70 () (3.27)
1=1
and introduce the operator J[f( / f(2)dz, noting that

P = o=y [ @ p s

Applying J7 to both sides of (3.27) gives

1 p m+j p m _
H”i Z l / (o= 2P0 () dz (3.28)

PETEI =

Thus, defining ®* for s > p by

) 1 x . _
+ _ -1 plg—p,0)
(®P ])l,r G- /_1(30 —2)) T P (2)dz (3.29)
gives us our desired result, BD™! = By®.
We now set about finding Cp, recalling the requirement that ByCy = M(:= BD~'C). Using

(3.15) and (3.22) we have

p
M= Z (ZEW[lP'Fq J)) F;

j=1
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SO
9p+q—n—m-+1

M =
M) p+g—n—m-+1)!

This is equal to the LHS of (3.28) with j =¢+1—n and 2 =1, so

(Bo)m l ! —n —p,0
(M), = 30 st [ (1= 2B s
Using integration by parts this becomes

Po/—1\P7! B —n)! 1
(M) = <21) ( : O?m’l b n) / (1—2)7"(1+ 2)P~ldz

=1 g—n)(p-=D1—-n)!J_4

Thus, we set

-1 p—l —n)! 1 . .
(C°>l’":<2) <q—n>!(<i)—1>)!<1—n>!L“‘ZV (1+2pds

so that BoCy = M as required.
Finally, we evaluate the y,n entry of (3.24)

p+g—t—1
<F;v+q—t + Z W[t,p+qi)Fi> = (W[t,erqfn) * Wp-i-q—n) (y, 1)
i=1 yn
(1= yprrot
(p+q—t—n)

Expressing this as a sum of Jacobi polynomials, for a =t — ¢, b =1t — p gives

(1= gpratn LR Pt (y) 50
—t—n) —t—n)! t—q,t— ’
(p+q—t—mn) (p+g—t-n)! & NP
1
« / (=2 (1 PR ()
;D—i:—t <1)p+q—t—l Pzgi—q@i:f)(y) /1 (1iz)p7n(1+z)q7ld
— - 2
= R R ]
S (-1) (Co)yn (4= 1! Py 2P (y)
- —t=! t—q,t—p)
=\ 2 (ptaq—t=D NISJrqqft—f
Thus, we define U for ¢ < t by
— (t7 #t7 )
)= () G B
y,l —+ =) (t—q,t—p)
2 (p+g—t=Db AP
To find U9, we must consider the y, n entry of (3.23)
p k—n
(1—yr*
Wi, _oF; =7
<§_; lg—k,p+q—1) ) (p+k—n)!
i= y,n
We begin with the ¢ = g case of (3.30)
_ (0,g—p)
1—y)pr & — )P,
T = O G )
p ' 1=1 P ’ prl
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1
and introduce the operator K [g(y)] = / g(z)dz, noting that
y

ﬁ / (2 — 9)*Tg(2)dz

Applying K* to both sides of (3.31) gives

K*[g(y)] =

(1—y)prtt
(p—n+k)!

1 k=1 P(O,Q*p)
(Co)z,n/ k) pl (Z)dz
Y

~(g=0)!
R (k=18 AOaP)

p—1!

P
1=1
Thus, defining W for t < ¢ by

. (g—D1 1 (z— gk PO (2)
d k _ P — (332)
(W), <p—z>!/y k=Dl N0

gives our desired result, D7'C = U(Cj, and therefore D"'CM'BD™' = U®. Applying the

identities

d a a a— a—
— ((1 — )Pl ’b)(x)) = —(n+a)(l - z)r" Pl (g) (3.33)
d
— ((1 + )b Pad) (x)) = (n+b)(1 +z)P 1Pl () (3.34)
along with (3.10) to (3.29) and (3.32) gives the forms in (3.19) and (3.20). O

Proposition 3.2. For a system of particles X = {:cz(.j)} i=1,r(j)
j=1,...p4+q—1

with PDF as in (3.14), the

n
correlation function for a subset’ Y C X where Y = U yl(ti) s represented by

i=1
p(n)((y17 tl)v ceey (yna tn)) = det [K(y“ tz» Yj, tj)}i’j:17m7n (335)
where
p (lg—sl,lp—sl) (lg=tl,lp—t|)
A(t l) Pr s)—1 (x)Pr H—1 (y)
_ =t Ip—s| ’ () @®)
(L= + 2) ; A(s,1) Ao TP=D sst
K(y.tix,s) = o (la—sllp—s1) 7.~ plla—thlp—t])
_ _ A(t l) Pr s 717 ) (x)P’r’ t 717 (y)
(1 — )la—tl |p—s| ) (s) (t)
(L=l Y- Als,1) A a—sTTp—sD s>t
l=—00 r(s)—1
(3.36)
for
2%(s —1)! s<p
(p— Dl g —1D)!
A(s,]) = 2P~ < .
(s,0) PR p— p<s<gq (3.37)

(—1)0Hs2PTi=5(s — )| g <s

and r(s) as in (3.1)

Proof. From Theorem 2.9 and Proposition 3.1, we have that, with the matrix K as in (3.18),

p(n)(y§t1)7 Tt yétn)) = det [(K)yi,ti;ijtj}

4,j=1,...,n

Our aim is to show that, with (K) as in (3.18) and K(y,t;z,s) as above,

Y,t;@,s

(K)y ta.s = 9y, (2, 5) K (y, b7, 5)

(0]



where

g(y,t) =(1 — y)(q—t)/2—|q—t\/2(1 + y)(p—t)/2+\17—t|/2
h(z,s) =(1 — x)s—0/2+s=al/2(q 4 g)(s=p)/2=|s=pl/2

since the fact that

n

[T o tohtyit) = 1

i=1
implies that

det [g(ys, ti)h (Y, ) K (yis tis Y5, 65)); joa . = det [K (i tis s t5)] 50
So, our task is to show that

)s—t—l

(3.38)

9y, Dh(a, K (g tie,s) = 37 (09) (@), — mx
=1

For s < t, this follows directly from the definitions (3.19), (3.20) and (3.36). For s > t there are

six possible cases to go through

o t<s<p o t<p<s<yq
o (<p<qg<s o p<t<s<gq
o p<t<qg<s o g<t<s

In each of the cases, we expand the right most term in (3.38) in terms of Jacobi polynomials

(z—y)s—t-? f(s) P]gl(q) slslp— sl)( )
mx.r>y = Z crs)—1(y )W(l — x)(sfq)x»q(l + x)(sfp)xs» (3.39)
' l=—0o0 f(s)—1

We then use the orthogonality of the Jacobi polynomials, as well as integration by parts and the
identities (3.10), (3.33), (3.34) and

d (P(ab)( )) 1(n+a—|—b+1)P(“+1b+1)( )

dx 2
to evaluate cf(s)—;(y), and then compare with the definitions (3.19) and (3.20) to show that (3.38).
As an example, we will demonstrate in the ¢t < s < p case. Then we evaluate

t

L=y 14y 'y 2 ((z — g!!Pt(El_t’p_t)(y) 1<t

cs—1(y) = =1 3.40
Y ! /1 =)™ e gl 1 o
257l (s =0) ), (I—t—=1)
From Proposition 3.1,
p t (q t,p—t) (g—s,p—s)
UYL
t s _ t s—1
Z (\I/ )y,l (@ )l,w ==y (1 +y)” Z 1) N(Q—S»P—S)
=1 =1 s—1
(ql s,p— g) y)lt1
l—s S _ q—1 p—1
+ZQ N(“ps) s—l / l—t—l (1—2) 1 +2)P "z (3.41)
I=t+1 y
and so comparing (3.39) with ¢;_;(y) as in (3.40) to (3.41) gives (3.38). O
By comparing (3.36) to (3.13), we see that, if £y =ty = -+ =t = 5, pin) (Y1, t1); - -5 (Yn> n))

is as evaluated in (3.12), as expected.
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3.3 Region of support and density profile

As we did with the GUE* eigenvalue process in §2.2, we will use a log-gas method to find the region
of support and density of the particles in the hexagon bead model as the number of lines grows
large. Specifically, we set ¢ = kp for some factor £ > 1, and work in the limit p — co. Noting the
form of the single line PDF (3.8), we consider a log-gas with N, particles and Boltzmann factor as
in (2.33) with 8 =2 and

V(t) = _;V” log, ((1—t)*(1+1)) (3.42)

To evaluate a region of support (¢, d), we must solve (2.41), (2.42) for ¢ and d. (2.41) gives

/d a dt /d b dt
e 1=t /d=tt—c) Jo 1+t /d=—t)(t—2c)

/Cdt(la—t_ 1:)—t> (dcg(tc) =2m

Using these, along with the identity

while (2.42) gives

™

d dt
/c Vid=tt—c)

gives

/d a dt /d b dt (a+b+2)m (3.43)
e L=t /d=—t)(t—c) Jo 1+t Sd—t)t—c) 2 '

Using the identity

/ du 1acs'h< Bz +2¢ >+Co stant
= ——arcsinh | ———v— nstan
VA2 + Bz +C  JC |x|vV4AC — B?

we find that, for ¢,d € (—1,1),

41 d .
/c L+t\/(d=t)(t—c) - D) (3.44)

d
/ 1 dt _ 0 (3.45)
e L=t \/(d=t)(t—c) V(1 =c)(1=d)
and using these along with (3.43), we have
2(a® — b?)
d = —_— .4
et (a+b+2)?2 (3.46)
2(a? +b?)
= — -1 A4
ed (a+b+2)2 (347)

(S)

Proposition 3.3. Let z; represent the i-th largest particle on the pS-th line in a p-q hexagon

bead model, with ¢ = kp. In the limit p — oo, to leading order,

ws) (1—K)(k+1-25)| 4/kSA+k-2S5) \
. (1+k)? ST At Re (3.48)
foralli=1,...,N. Furthermore, the density of the eigenvalues is given by
p(k+1)/(d—y)(y —¢)
exbea = 4
PHexb d(y) 27.(.(1 _ y2) (3 9)
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where ¢ and d are given by

(1—k)(1+k—28) — 4/ES(AL + k- 8)

¢ = e (3.50)
(1—k)(1+k—25)+4/ESA+k—9)
d = TR (3.51)

Proof. We consider a log-gas of the form (2.33) with V as in (3.42) and with a = |kp — Sp|/N,,
b = |p — Sp|/Np, where N, = r(Sp) for  as in (3.1). Then this log-gas is a representation of the
single line PDF for the particles prS), (see (3.8)), and so the solutions to (3.44) and (3.45) will be

the leading order region of support for these particles. We have three cases to consider:
o If S<1,then N, =pS,andsoa=(k—95)/Sand b= (1-295)/S.
o If1<S<k,then Ny=p,andsoa=k—Sandb=95—1.

o If k< S<k+1 then Ny =(1+k—-S)p, andsoa=(S—k)/1+k—S5)and b=
(S=1/1+k-25).
In all three cases, inputting the appropriate form of a and b into (3.46) and (3.47) gives
21— k)(k+1-29)

c+d = e (3.52)
K2+ (1-25)2 —2k(1+2S)
ced = e (3.53)

So conveniently, the same rule for ¢ and d is used for all three sections, and solving (3.52) and
(3.53), we see that they are as in (3.50) and (3.51). It is clear that ¢ < z < d is equivalent to
(3.48), and imputting these values of ¢ and d into (2.40), as well as using (3.44), (3.45) and the
fact that in all three cases, Np(a + b+ 2) = p(k + 1), gives (3.49). O

3.4 Bulk scaling

Having found the region of support and density profile, we now have everything we need to work
in the bulk regime. As in §3.3, we let the ratio ¢/p = k be constant, and relabel the lines s = Sp,
so that S € (0,1 + k) is a continuous variable in the limit p — co. Then, as outlined in §2.7, our
aim here is to compute the scaled correlation kernal

K(Y,t;X,s) := lim LK <X5 + L,pS +t; X+ L,pSJr s> (3.54)

p—o p(Xs) p(Xs) p(Xs)
where Xg is the midpoint of the region of support (¢(S), d(S)) where ¢, d are as in (3.50), (3.51),
and p(Xg) is the density at Xg as found by (3.49). Evaluating these, we have that
1-k)(1+Ek—25)
(1+k)2

p 4/kSA+E-5)

‘= Ppus

X, =

and

PES) = o v k- X2)

The strategy to be adopted is to make use of a known asymptotic expansion for the large n
form of POTe™A+b7 (1) with x such that the leading behaviour is oscillatory (outside the interval
(¢,d) there is exponential decay) [14]. Based on experience with similar calculations [30, 29, 31],
as well as our result in the GUE* case in §2.7, we expect that this will show that to leading order

the sums are Riemann sums, and so turn into integrals in the limit p — oco.
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Proposition 3.4. Let a,b,x be given, and define the parameters A, p, 0,7 according to

A=la(z+1)+bx—1)*—4(a+b+1)(1—2?

2¢tP a(x+1)+blx —1)+iv—-A <p<
= —Tr ™,
VA Fa+b)(1—2?) (I+a+b)(1—a?) ’=
2a+1) o (atb+2)z —(Ba+b+2) —iv-A —r<f<T
(1-2)1+a+b) 2z —1)(1+a+b) -
20+1) iy _ (atb+2r+(a+3b+2)—iv-A <y <n (355)
A+z)(l+atd) 2(z+ 1)(1+a+b) 7= '
For A < 0 we have the large n asymptotic expansion
z Flat)+5+1
platan,f+bn) (J,‘) _ 4 2(a + 1) (3.56)
" mny/—A (I-z)(1+a+b)

+

w3
N

S R (=

1 1
xcos([ (a+1)+a+ ]9+[ (b+1)+ﬁ+§] —(n+ 2)p+ 4> (1+O(n))
valid for general a, f € R for a,b > 0. As noted in [15], results from [34, 9] imply that the O(1/n)
term holds uniformly in the parameters.

Actually (3.56) differs from the form reported in [14], with our v/—A in the denominator of
the first term on the RHS, whereas it is in the numerator of the corresponding term in [14], and
furthermore some signs and factors of 2 in the cosine are in disagreement. One check is to exhibit

the symmetry of the Jacobi polynomials
P (-a) = (~1)" P (@) (357)
For this we examine the effect on the parameters (3.55) under the mappings
T —x, a— b, b—a (3.58)
We see that A is unchanged, while
p— T —p, 0— —, v —0. (3.59)

Making the substitutions (3.58), (3.59) in (3.56), along with o — 3, 8 — a we see that indeed the
RHS is consistent with (3.57). Another check is to specialize to the case a = b = 0. Then with
x = cos¢, 0 < ¢ < 7 we can check from (3.55) that V—A = 2sin¢, p = 7/2, § = /2 — $/2,
v = —¢/2 and so

P{*?(cos ¢) ~ (%) - (sin ¢/2)a+1/21(cos $/2)5+1/2 cos ((n +le+B+1)/2)0 — (a+ 1/2)7T/2>

which agrees with the result in Szegd’s book [65]. We give our working in §6.2.
According to (3.36) the particular Jacobi polynomials appearing in the summation specifying
K in (3.54) depends on the range of values of the continuum line label S. Let us suppose that

1 < S <k, and so the number of particles on each line is p. In this case, and with s <t

p—1
K(y,pS + t;2,pS +5) = Y calw,y) P 0"+ (2) P00 (y) (3.60)

n=0
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where
(1 =)ot (1 +2)"*° (an +n — 5)!

Njan—sbnts) (an +n —t)!

en(z,y) = (3.61)

and with w := n/p,

The expression in the case s > t is the same except that the range of the sum is now over p to oo
instead of 0 to p — 1. With x and y given by
z=Xg+ S y=Xs+ .
bus bus
we want to replace the summand by its large n asymptotic form. Because of this form of = and v,
the parameters A, p, 0, in Proposition 3.4, as they apply to the Jacobi polynomials in (3.36), all

have expansions in inverse powers of 1/p.

Lemma 3.5. Let

X
z=Xg+ — (3.62)

The quantities (3.55) have the large p expansion
A=Ag+ A1 X/p+0(1/p%)
p=po+piX/p+O(1/p?)
0 =60+ 6.X/p+O(1/p%)
v =" +nX/p+0(1/p%)
where
Ao =[a(Xs+1)+b(Xs — 1) —4(a+b+1)(1 - X2)

%(az—b2+(2+a+b)2XS)
siro a(l+ Xgs) —b(1 — Xg) +iv/—A¢
2v/(1+a+0b)(1—X32)

wo _ —(a+b+2)Xs+ (Ba+b+2)+ivV—Ag
2y/2(1+a)(1+a+0b)(1— Xs)

(a+b+2)Xs+ (a+3b+2) —ivV—A7¢
2y/2(1+b)(1+a+b)(1+ Xg)

-1 a(l+Xg)+b(1—X,)

M sV, 1- X2

-1 a1+ Xs)— (b+2)(1 - Xg)

Ay

e —

9 =
! 2’U,S\/ —AO I—XS
B 1 (a+2)(1+ Xg) —b(1 — Xg)
M /Do 1+ Xg

The use of this result is that it allows the terms in the summation (3.60) to be exhibited to

have a Riemann sum form.

Proposition 3.6. Let x and y be as in (3.62), and let wy < w < 1 correspond to A(w) < 0. Let
w be fized, and n = wp — oo. To leading order in contribution to the summation in (3.60), we
can replace

e, ) P (@) P )
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with

(X —Y)(wa(1+Xg)+wb(1—Xg)) (2 +a+ b)

t—s 2ug(1-X32)
hr ) ™ =Bo
w\/—ANg wa(l+ Xg) + wb(1 — Xg) + dwy/—Ag e
Bel exp (QUS(l —xp* ”) ( 21 - X2) )

For 0 < w < wyq, corresponding to A > 0, to the same order the summand can be replaced by

ZET0.

Proof. Using Proposition 3.4 and applying Stirling’s approximation to (3.61) we have

caesp) e gy ple=rimen ) - (L20) T (L) RO (369
1/2
X 22 +: +5) ( Aley> [n2(a 4 1)(b+1)]*)/2 cos(Ay. ) cos(Ay 1) (1+0(n™h)
where
Aps=[nla+1)—s+ %}am +nb+1)+s+ %]% —(n+ %)px + 7 /4

X Y
for Ay, pz, 0z, vz, as in Lemma 3.5. Letting n = pw, = Xg + — and y = Xg + —, we have
pus pus

(1 B y)an/g (1 n x)bn/Q (1- 11?2)8/2 _ e(X_Y)(uu;(ul;(i(f;%u;b(uxs)) (1) (t—s)/2 . O(p—l)
" 1+y (1 —y2)r2 X

and
Aps — Ay =wlla+ 101+ b+ 1)y —pi](X =Y) + (t —5)(00 —70) + O(p_l)

From Lemma 3.5,

(@+1)01 + (b+ 1)y —p1 = m

so, using a simple trigonmetric identity, the RHS of (3.63) can be rewritten

2u5(17x§)

(2+a+D) (X —Y)(wa(1+Xg)+wb(1-Xg)) <p2w2(a+1)(b+1)>(t_s)/2

T 7A0 c 1-— ng
wy/—A _

From Lemma 3.5

w?(a+1)(b+1) (t=2)/2 pilt=3)(B0—0) _ wa(l 4+ Xg) + wb(l — Xg) + iwy/—Ag e
1-X2 B 2(1 — X32)

so using the fact that Re(e™) = cosz gives the result O
Proposition 3.7. Let K(Y,t; X, s) be as in (3.54) and let S be such that 1 < S < k. Also, let

wa(l+ Xg)+wb(l—Xg) k-1 [(1+k-S)S
vi= 5 = (3.64)
2rug(l — X2) k+1 k

We have FY1)
_ ot
K(KtaXv S) - F(X7S)

K*(Y,t; X, s) (3.65)
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where
F(X,s) = (prug)’ e ™ (3.66)

and

1 t—s
/ (v* +27%) 2 cos (7TZ(X -Y)+(t—s) arctan(f)) dz s<t
& - U

K (Yt X, 5) = v
—/ (v* 4+ 2%) 2 cos (ﬂz(X YY)+ (t—s) arctan(;)) dz s>t
1

(3.67)

Proof. Recalling the definition of K (3.54), we begin with the case s < t, and so converting the

RHS of (3.60) into a Riemann sum, using Proposition 3.6 and noting that v has no w dependence,

we have .
K, t;X,8) = ——pt=5H1em™X=Y) (ry )5 T 3.68
(Vi X5) = s (mus) (3.68)
where
1 . — — t—s
I:/ MRQ[GXP VTR vy (o oY [
we TV—Lo 2ug(l — X32) 2mug(l — X3)

We change variables to
y = wH/ —AO
-~ 2rug(l — X32)
Then z = 0 when w = wy by the defintion of wg, and z = 1 when w = 1 because \/ —Ag|w=1 =
2mug(1 — X2). Also

b+2
dz:udw

vV 7A0’/T’U,S

so we have L
7= us/ Re [eiZ”(X_Y) (v+iz)"° |dw
0

Using the identies that = + yi = /22 + 2 2*°**19/T "and Re(e’®) = cos(z), the result follows.

For s < t, (3.60) is to replaced by

Ky, pS + 15,95 + 8) = = 3 eu(, y) PL0) () Lm0 )
n=p

Thus, up to a minus sign, the asymptotic form is given by (3.68), but with the terminal of inte-

gration in Z now from 1 to co. This gives result for s < . O

Corollary 3.8. With the scaled correlation function pgux specified by
PBulk,(r) (X1, t1); .. 5 (Xr, 1))
. 1 " X1 X, >
= lim { —— Xs+ —=,pS+t1);...;( Xs+ ——,pS + tr
po (P(XS)) P <( ST ey P s ey s )
and K* specified by (3.67), we have

ﬁBulk,(T)((Xla t1)7 cees (Xra tr)) = det[K* (Xi7 t’u X]7 tj)]i,jZl,...,'r (369)

Proof. In the region 1 < S < k, this is an immediate consequence of Proposition 3.7. The
correlation function in the region £ < S < 1 + k follows from the form in the region 0 < S < 1

upon making the mappings
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which from (3.67) is indeed a symmetry of (3.54). To show that (3.69) is valid for 0 < S < 1
requires deriving the analogue Proposition 3.7 in this case. Recalling (3.36), and with s < ¢, we

must then obtain the large p form of

pS+s—1
K(y,pS+ta,pS+s)= Y cnla,y) Pl =) (2) B0 y)
n=0
where ) 01 . |
_ ,\an— n—s t— )
PN L L (B L LR
Néan—s,bn—s) n!
and with w := n/p,
k—S 1-S5
a:=—-, b= ——
w w

This is done using the same general strategy as for 1 < .S < k, obtaining a result consistent with
(3.67). O

At the beginning of this section, it was remarked that the bead model was introduced by
Boutillier [11] as a continuum limit of a dimer model on the honeycomb lattice. The corresponding

scaled correlation was calculated to be of the form (3.69) but with K™ replaced by J,,, where

IR
Py / (e’z(x_y)('y +1iz4/1— 72)’5_S> dz, s<t
(Y, X,5) =4 T/ (3.71)
——/ (eiz(X_Y)(v +1iz4/1— VQ)t_s) dz, s>t
2m Jr [—1,1]

The parameter 7, |y| < 1, represents an anisotropy in the underlying a x b x c-hexagon, with v =0
corresponding to the symmetrical case.

We observe that the factor (y+ity/1 —42)"~* in the integrands of (3.71) can be replaced by (1+
itﬂ/v))“s without changing the value of the determinant. Changing scale J,(Y,¢; X, s) —
nJ (7Y, t; X, s), and comparing the resulting form of (3.71) with (3.67) shows the two results to

be the same, upon the identification
5

Vi

although the quantity on the RHS is always positive. This latter feature is a consequence of the

=0 (3.72)

calculations relating to our finitized bead model being carried out under the assumption that ¢ > p.
From the symmetry of the hexagon, the case ¢ < p is obtained by simply replacing X, Y in (3.71)
by —X,-Y, or equivalently replacing v in (3.67) by —v. This then allows us to extend (3.72) to
the region —1 < 7 < 0, by replacing the v in the denominator by |v|.

It is also worth mentioning the interpretation of pgy, () When k = 1. In this case, v = 0,
and the term arctan(z/v) is not strictly well defined. However, if we consider the case k =1+ ¢,
elir;lo arctan(z/v) = 7/2 and so (3.67) is equivalent to the bulk GUE* kernel in (2.105).

3.5 Soft edge scaling

Following the work on the GUE*, we now go about finding a form of the correlation functions for
the hexagon bead model in the soft edge scaling limit. To proceed further we require the following

asymptotic form of the Jacobi polynomials,
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Proposition 3.9. [44] Define variables k., v and 1 by

—-b b
kpn=2n+a+b+1, cosw:a , cos*y:a+

n HTI

Using these variables, we now define

2 sin4(¢ +7)
M,, = — cos it & L A
cos(¥ + ), Tn K2 sin 1 sin -y

Then, for x = M, + 0, X,

(a,b) —-X/2
P,gavw(x):\/ 0N (Ai(X)+O(N‘2/3){ ©o X0 ) (3.73)

(1—2)2(1+x)°(1 — z2) 1, X <0

To use this asymptotic form, we consider particles on line pS +Ttp2/ 3

for some real values S, ¢, T,
and for large p. Then, as before we keep the ratio ¢/p = k constant as we take p large, and work in
the ‘middle section’, with S € (1, k). Then we have a(t) = p(k—S)—7tp*/, b(t) = p(S—1)+7tp?/3.

We note that with this setting,

oy (L= R4k —28) + 4/kST+ k= 5)

p—o0 1+ k)2

(3.74)

which is exactly our d value from (3.51). This shows that this asymptotic form of the Jacobi

polynomials has the values centered around the largest particle on the line, to leading order.

Proposition 3.10. Define pairs (z;,S;) by

€T, = xo(Sl) + X¢0p72/3, S; =85+ tﬂ'pil/g (375)
where
B (1—k)(1+Ek—28;)+4/kS;(L+k—S;)
wo(Si) = (1+ k)2
and
. : S(1+k—5)02
2/3

and let the scaled correlation function psg be specified by

s, (X1, t1);. .5 (X0 1)) = lim (p~2/%0) p(y ((21,p51);- -5 (20, PS,)) (3.76)

p—0o0

where p(y is given by (3.35) with ¢ = kp. Then we have

pse,m (X1, t1); .5 (Xe, b)) = det[Ksp(Xi, ti; X5, t5)]i j=1,..r (3.77)
where -
/ CTOA N (u+ X)Ai(u+Y)du  s<t
Ksp(Y,t; X,s) =4 "% 0 (3.78)
7/ COA (u+ X)Ai(u+Y)du s>t
Moreover,
r ol 1
lim (p_2/30) / dry .. / dz, piry ((21,p81);- - -5 (0, 2Sr)) (3.79)
p=ee 11 Yr
= dry ... dxy, ﬁS’E,(r)((Xlatl);'";(X’r‘)t’r‘))
Yi Y;
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Proof. Considering (3.76) and (3.77), our aim here is to compute the scaled correlation kernal
K*(Y,t; X,s) := lim 2 K K (z,pSs;y,pSy)

where K is as in Proposition 3.2, and, recalling (2.59), show that

A(t,Y)
A(s, X)

Ksp(YV,t;X,s) = K*(Y,t; X, 5) (3.80)

for some non zero function A(s, X). For 1 < S <k, and with s < ¢, K is given by

al, - ay,b,
Z (0 + a0 — DIB" @) P ()

K(y,pSy;x,pSy) = (1 — — (3.81)
= (p+ay, — ! ./\/'157? <)
where a, = p(k—S,), by = p(S, —1). Looking at (3.73), it is true that for # = 2¢(S,) +op~¥/*X,
(a,b) —-X*/2 *
Kp—10p—1(Sz)N, e X2 X* >0
P(a b) \/ p—tYp— Ai(X*)+ O —2/3 ’
=212 =29 | M)+ 00 1, X* <0
where
X — 7o(Sz) M, 1(Sz) + XUP_2/3
UP—Z(S-T)
and so
(1 —y)a (14 z)bs & (p+az — DY p+b, —1)!
K (2,pS2;y,pSy) = K 3.82
( D= = &Y (v ey~ D+, — 1) (352

y \/ap_ms 2)op1(5y)
(=221 =)

Noting that

7X*/2 X* O 7Y*/2 Y* 0
Ai(X )AI(Y*)+O(p2/3){e A2 {i L2

1, X*<0 , Y* <0

Mye1(S2) = 20(S2) + SM(S) + O(Up-+ /5" + B /?)
where
41-k)(1+k—2S)  2[k*(S?+55—-2)—k(6S>—55+1)—k*(1+5)—S(1-29)]

My (S) = T (1+k)3/ESA+k-2S)

(3.83)
and that o, ; = ap2/3[(1 + O(p~ /3 + Ip~ )], we let | = wp~'/3, so that X* is to leading order
O(1). With this substitution, we recognise (3.82) as a Riemann sum and convert to an integral.
Use of Stirling’s formula (2.114) shows that

i} wp_z(sx)ap_l(sy) (p+az —)!(p+ by — 1)!
PNTA -2 - \ o tay - Dip+ b — 1)

B(s,X) op'P(1 + k) wrtesnie—n .
= ’ (1+k—9) 1 /3
B(Y) T (w(5))2° (1+067)

where
—p?/37s/2 343
(s B 75285 —k—1) 1,3 (Q+k—-28)(1+k)rs
B(S’X)<p SA+k S>> eXp(4S(1+k—S)p 2(1+ k- 5252
Thus
K*(Y,t; X,s) = (3.84)
A(s, X) [ wrtine—n (k+1)o? . (=M (S)w (=M (S)w
Ry it it
ALY /O e SFk-5 - (xO(S))2A1 - + X | Ai . +Y ) dw
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where
(14 x)be
1—2x)%

Making the change of variables © = —M;jw/o, noting from (3.83) that

A(s, X) = B(s, X)

—(k+1)o3
Mi(S) = —F——
) = TG
and using the definition of 7, (3.84) becomes
A(s, X) [
K*(Y,t; X,s) = (s, )/ e“COAG (u+ X) Al (u+Y) du (3.85)
A(ta Y) 0

satisfying (3.80). When s > ¢, (3.81) is the same but for a change of sign and that the sum instead
goes from —oo to 0. This results in the integral in (3.85) instead being over all negative u and
again (3.80) is satisfied.

As with the bulk scaling, the correlation function in the region & < S < 1+ & follows from
the form in the region 0 < S < 1 upon making the mappings (3.70). To show that the scaled

correlations for 0 < S <1 are of the form (3.77), the same method as above is applied, however
S+sTp2/3 Qg ,be ay by
P (= b, — 0 P @) P ()

K — /3
(y,t;z,8) = (L —y)™ (1 + x)bw2p2 T(t—s) Z
-1 (p—by —1)! N:éi";’bm)

for s <t is used, rather than (3.81). The calculation is sufficiently similar and will not be shown
here. O

3.6 Directed solid-on-solid model interpretation

At the end of §1.3 it was remarked that the rhombus tiling of an a x b x ¢ hexagon has an equivalent
interpretation as a b x ¢ grid of stacked cubes, with the precise relationship between positions of
the particles specifying the tiling and the heights of the cubes being given by (1.46). Likewise the
present hexagon bead model allows an interpretation in terms of heights and so specifies a certain
directed solid-on-solid model.

Consider a p x ¢ integer grid {(¢,5) : 1 < i < p, 1 < j < q}. At each site (i,7) associate a

height variable x; ; chosen from the uniform distribution [0, 2], and require that
Ti1 < Ti2 << Tiqs 1,5 < T2 j << Te,j (386)

so that heights increase along rows and up columns. Rotate the rectangular grid 45° anti-clockwise
and mark in lines parallel to the y axis through the lattice points, so obtaining p + ¢ — 1 lines.
By an appropriate relabelling of the heights in terms of their ordering on the particular lines it
is clear that the ordering (3.86) correspond to the interlacing on neighbouring lines z® < g+
Furthermore, choosing each z; ; from the uniform distribution on [0, 2] is equivalent to constraining
the particles to have co-ordinates between —1 and 1 in the hexagon bead model.

The directed solid-on-solid interpretation calls for the computation of some quantities which
relate directly to the height variables. Thus it is natural to seek the limiting shape of the height
profile as the number of lines forms a continuum, and it is similarly natural to seek the correlations

between heights along particular rows or columns. We turn our attention to the limiting shape.
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In the large p limit, with ¢ = kp for some fixed ratio k > 1, the density profile on a line n = pS,
S € (0,1 + k], for the hexagon bead model was found in Proposition 3.3, with the support of the
density the interval [cg,dg] with ¢ and d given by (3.50) and (3.51). To interpret these results in
terms of the directed solid-on-solid model, we first agree to scale the p x ¢ integer grid by 1/p, so
that it is a p x ¢ grid in the rectangle [0, k] x [0,1]. Then, recalling the relationship between the

hexagon bead model and a 45° rotation of the p x ¢ grid, we define a mapping

(2,y) = (X(5),Y(5)) +7(9)(¢,t) (3.87)
where
0,1-5,8 0<85<1
X(9),Y(9),7(S)=¢ S§—-1,0,1 1<S<k

S—1,001+k—S k<S<1+k

1
We note that 7(S) = —r(pS) for r(t) the number of particles on line ¢ as in (3.1), and the positions
(X(95),Y(S)) make up the left and bottom boundary of the [0, k] x [0, 1] rectangle. The inverse of
(3.87) is given by

— r<y<l
1+z—y T=Y=
S=({1+z-y), t=1y r—k+1<y<z (3.88)
y
— 2 0<y<az—k+1
k—z+vy =y=7 +

The interpretation of this mapping is that the expected height at position (x,y), h(x,y) say, is
exactly one more than the expected position of the r(S)t-th lowest particle on line pS in the
hexagon bead model, where ¢ and S are given by (3.88). Thus, for ¢t and S given by (3.88),
h(z,y) = f(S(z,y),t(z,y)) for some function f. By the interpretation of the mapping, we can find
f(S,t) by solving

f(St)—1
/ pHexbead(u)du = T(S)t
-1
since the LHS gives the number of particles lower than f(S,t) — 1, which we require to be r(S5)t.

Recalling (3.49), this can be rewritten

F(St)—1 —u)(u—-c
[ (k+ 1);%@_ u2))( S) gy — (St (3.89)

CS

for ¢g, ds given by (3.50), (3.51).
In the simplest case k = 1, the rectangle becomes the unit square, with a symmetric height

profile h(x,y) = h(y, x) (recall (3.86)). Here it suffices to solve the S < 1 case of (3.89)

/f(s,t>1 VDI =2

du = St
-D 7('(1—’U,2) Y s

where D = 1/S5(2 — S). Use of computer algebra allows us to conclude

2

1 1-D
<arcsinv +7/24++1—D? <arctan < T2 11) + 7T/2>) (3.90)

™

St

where v = (f(S,t) — 1) /D. Thus, for z < y, we obtain an equation for h(z,y) by substituting

T

S=l+z—y, t=-——
TroY 1+z—y

(3.91)
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Figure 8: A plot of the surface h(z,y) in the case k = 1, as calculated using (3.90) and (3.91)

into (3.90), which is solved using a root finding routine. This solves for the y < x cases as well,
since h(y,z) = h(x,y). A graph of the resulting surface is plotted in Figure 8

In considering the solid-on-solid model, it is natural to consider the distributions of heights
along a particular row or column. Recalling the relationship between the heights interpretation
and the bead model, this encourages us to find the distributions of the largest particle on lines
1,...,q, as these particles correspond to the heights along the back row of the p x ¢ solid-on-solid
model. To begin, we introduce the notation Eo({l;; (ui,1)}i=1,.. ) to denote the probability that
there is no particle in the interval (u;, 1) on line [; for ¢ = 1,...,n. The PDF p™*({l;,u;) }i=1,....n)

for the largest particle on line I; being u; for i = 1,...,n then follows by partial differentiation by

max — an L. . .
p ({Zu ul)}z:l,...,n) - aul . aUn EO({Z’L? (uzv 1)}1:1,...,n)

According to [27, §8.1], it is possible to express Eo({l;; (u;,1)}i=1,... n) in terms of correlation

functions

() ) 1 mitetmy

Eo({li; (ui 1) Yz, Z Z A " (3.92)

mi1=0 my=0

1 1
></ dy§ll>.../ dﬁ;l).../
U1 u1 u

1
In n
dyg )/ d%n)p(zyzlmn)( o 1U A ’Lay] )})
Un

n

88



for r(t) the number of particles on line ¢ given by (3.1), where the term my = --- = m,, = 0 is
taken to equal unity. It is furthermore the case that, in general, if the k-point correlation function

p(k) has a determinantal form
Py (1, 10)5 - (2, k) = det[K (2, L3 25, 1) )i j=1,...k

the multiple sum (3.92) can be summed [27, §9.1]. This can be done by defining the n x n matrix
Fredholm integral operator K ({l;; (u;,1)}i=1,...n) with kernel

K(ZU, TRUHT 1)}1:1,...,71) = [Xa:e(ui,l)K(‘Ta lizy, lj)XyE(uj,l)] (3.93)

i,7=1,....,n

We then have that

Eo({li; (ui 1) }ima,.n) = det (1 = K({li; (ui, 1) }i=1,...n)) (3.94)

where the meaning of the determinant can be taken as the product over the eigenvalues of the
operator. Thus for the case of the p, ¢ bead model, Ej is given by (3.94) for the Fredholm integral
operator K ({l;; (ui,1)}i=1,... n) with kernel defined by (3.93), with K(y,t;z,s) given by (3.36).

We can also compute the scaled limit of Ey by making use of Proposition 3.10. We know from
[64], [7] that the convergence of the integrals (3.79) implies that the scaled limit of p can be applied
term-by-term in (3.92).

Corollary 3.11. Let z; and S; be related to X; and t; respectively as in (3.75). We have
I\}LIHOO Eo({pSi; (zi, 1) }iz1,...n) = det (1 — Ksp({ti, (Xi,00) Fi=1,...n)) (3.95)

where Kgg({t;, (X;,00)}iz1.....n) is the n x n matriz Fredholm integral operator with kernel

.....

Ksp(X, Y3 {t;; (X5,00)i=1,..n) = [Xxe(xi,00Ks8(X, t:: Y, 1)) Xve(x, )]

for Ksp(Y,t; X, s) as in (3.78)

i,j=1,...n

The expression (3.95) is precisely that for the cumulative distribution function of the scaled
largest eigenvalue in the Dyson Brownian motion model of complex Hermitian matrices [59] (see
[27, Ch. 11] for an account of the model). It characterizes as well the fluctuations in a large class
of growth models of the so called KPZ universality class [59]. As a recent development this same
functional form has been shown to result from the continuum KPZ equation itself, when solved for

so called narrow wedge initial conditions [62].

3.7 Hard edge

In our finitized bead model the particles are confined to the interval (—1,1) in the y direction
according to the definition of the model. We know from Proposition 3.3 that the support of the
density does not in general extend to these boundaries. An exception, with respect to the upper
boundary y = 1, is the line number n = ¢. This gives rise to a hard edge boundary for particles

on this and neighbouring lines, and consequently we expect

pre,r (X, t); .5 (X b)) = plijgo Koy (L —rX1,qg+t) (1= kXpqg+t:)  (3.96)

for some scale value k dependent on p To evaluate the explicit form of (3.96) we require a corre-

sponding asymptotic formula of the Jacobi polynomials.
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Theorem 3.12. (Theorem 8.11 from [65]) Let PI(\;Z’b) (x) be the Jacobi polynomials (3.10) for some
fized real a, b. Then

2 .
. —a pla,b) oz _(z\
lim NP (1 2N2> (2) Jo(z) (3.97)
where J, is the Bessel function (2.117)

We note here that the Jacobi polynomials in the correlation functions (3.36) at line ¢t = g+t; are
of the form P;'_tél’q_p“i). Using our usual construction for scaled limits with ¢ = kp and p — oo,
this means that the b term is growing like p. However, (3.97) is defined only for set a and b. Since
the RHS of (3.97) has no b dependence (as expected), it is likely that it is only required that the
a term is fixed, and that N dependence in the b term is allowed. However, as we have no proof
of this fact, we will instead use the simplest case ¢ = p (ie k = 1) so that the b term is fixed with

respect to p as well.

Proposition 3.13. Define pairs (z;,S;) by

X;
2p?

r=1- Si=p+t

for some positive real X;, and let the scaled correlation function pgp be specified by

ﬁHE,(r)((letl)Q---§(Xr7tr)): lim (211)2) P(r) ((1‘1;51);-“;(337‘:57‘))) (398)

p—0o0

where py is given by (3.35) with ¢ = p. Then we have
puE, @) (X1, t); 5 (Xrs b)) = det[ K p(Xay ti; X, t5)]ij=1,....r (3.99)

where

1, 1(t—s)

; 1 J‘S| (\/ﬁ) J‘t| (\/W) du s<t
[ (V) g (V) s>

Kup(Y,t;X,s) = (3.100)

(compare with (2.121))

Proof. Considering (3.98) and (3.99) and recalling (2.59), to establish (3.100) it is enough to show
that

_ 1 h(X,s) e X
Kpp(Y,t; X,s) = lim — K (1-— t;l— — 3.101
HE( » by 75) pi{go 2p2 h(Kt) ( 2p27p+ ) 2p27p+8> ( )
for K as in (3.36) with ¢ = p, where h(X, s) is some non-zero function of X and s. From (3.36)
with ¢ = p,
K(l-— tl— — =|-—= 2-— 102
( o2 P E 2p2’p+s> (2192) < 2p2) (3.102)
P plshlsh (1 _ x ) pUellth (4 v
Z A(p + t, l) p—|s|—1 2p2 p—|t]—1 2p2 s <t
(Is].ls]) -
— A(p+s,1) pr‘s|fl
x 0 plshlsh (1 _ x ) pllebleh (1 _ v
. Z Alp+1t,1) “p—|s|-1 2p2 ) " p—|t|-l ) >t
= Alp+s,1) N;\j‘lslli\)l
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where A(s,1) is given by (3.37). Using a slightly modified form of (3.97),

s (1 5 = (V) (v (1 24))

for X > 0. We now make a change of variables [ = wp. With this substitution, we recognise

(3.102) as a Riemann sum and to leading order the RHS is equal to

/1 Jjs| (\/Y(l - w)> Jit) (ﬁ(l - “’)) A(p + t, wp)
0

<
N Ap+sup =

g2lsl plsl—It1+1y1t1/2 x—sl/2 |

e (\/7((1 _ )> i <\F(1 _ w)) Alp+t,wp) |
B /—00 /\/(gl_"sl))_‘ | A(p + s, wp) wos>1
' | (3.103)

From (3.37) we have
Alp +t,wp) = 2 (p —wp + 1) (=1) 21D
and from (3.11) we have
22lsl+1 ((p — wp)!)?
2p(1 —w)+1(p—wp—s)l(p—wp+ s)!

PN

and so applying Stirling’s formula (1.16) we have

1 A(p+t,wp)

Ths) A
Ny 1o AP 5 P)

= (~) RO (1 — ) T L O(1fp) (3.104)

Then, combining (3.103) and (3.104),

1 h(X,s) Y X
— K(1-— p+t1- =
pingo 2p2 h(Y, t) ( 2 27p+ ) 9 23p+8>

t s+1

——J|y ((1 - w)\/)?) Jj| ((1 - w)\/?) dw s<t

- (? t—s+1
/_Oo wQ) " Jjs) ((1—w)\/)?) Ty ((1_w)\/;7) dw s>t

for h(Y,t) = (—1)%(Hlt‘)Z*lt‘pt*ltlY‘t|/2. After a change of variables u = (1 — w)? we see that this
satisfies to (3.101). O
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4 Aztec diamond

A common theme of this thesis has been the link between random tilings of geometric shapes
and interlacing particle models, by equating the positions of certain types or orientations of tiles
with particles. It was mentioned in §1.4 that any particular tiling of an Aztec diamond by 2 x 1
dominoes has an underlying particle picture associated with it, and it was shown in [43] that these
particles have the same behaviour as those of the GUE* eigenvalue process in a certain scaled limit,
using the correlation functions for the particles, found in [41]. It is also shown in [41] that as N
grows large, the ‘free area’ of the Aztec diamond (which in the particle picture corresponds to the
positions of the particles for the first N/2 lines and the positions where the particles arent for lines
k > N/2) takes the shape of a circle. In this section we will recreate these result, along with finding
the known result of the number of possible tilings of an Aztec diamond, 2V N+1/2 by finding the
joint PDF of these particles. Furthermore we introduce a half Aztec diamond, and show that the
corresponding particle system has the same behaviour as the antisymetric GUE eigenvalue process
in a certain scaled limit, and that the shape of the free area is that of a semi-circle as N grows
large, using the same methods. These results have been reported in the publication ‘Interlaced

particle systems and tilings of the Aztec diamond’ by Fleming and Forrester [24]

4.1 The joint PDF and finding Ay

As mentioned in §1.4, any tiling of an Aztec diamond of order N by 2x 1 dominoes has a correspond-

ing particle configuration. In an appropriate co-ordinate system, these particles occupy distinct
positions xgk) > > z,(ck) restricted to the lattice points 0,1,2,..., N on line k (k =1,...,N),
and obey the interlacing condition (1.47). A crucial point in relation to our study is the inverse

mapping, from the particles to the tiles. It turns out that the mapping is not a bijection, and that
certain tilings give rise to the same particle system. To see this, consider a particle at xz(-k%) on

line k — 1. Suppose furthermore that one of the inequalities in (1.47) is an equality. Then there
Ek_l). On the other hand, if the in-
terlacing condition (1.47) holds with strict inequalities there are precisely two domino orientations
(k-1)

%

is just a single possible domino orientation corresponding to x
corresponding to x . We will often refer to such dominoes as squares, because of the available
space they take up in the tiling regardless of which orientation they have (See Figure 9). Impor-
tantly, this means that unlike with the hexagon where the joint PDF was a product of interlacing
conditions with no other xl(j ) dependence, given a random tiling of the Aztec diamond with every
possible tiling equally likely, the corresponding particle system must be weighted according to the
number of particles for which the interlacing condition is strict. We introduce a(z*)), the number

of particles on line k for which one of the inequalities in (1.47) is an equality. Then

k
k
a(x( )) = E 5965@,151#1) + (5m§k) LD

L1
i=1
and the PDF for the particles on a random tiling of an Aztec diamond of order N is given by
oN(N+1)/2 N
PAztec<x(1)) o m(N)) _ i kI:[l 2—Ol(;c(k))x*(x(k) =< x(k+1)) (4.1)

(N+1) _

where we have introduced the virtual particles x; = N +1—1i, Ay is the number of possible

tilings of an Aztec diamond of order N, and X*(x(k) = x(k+1)) is the condition that the interlacing
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Figure 9: An example of two different tilings of an Aztec diamond of order 3 that have the same
corresponding particle system. Note that the particle associated with the changed tiles obeys a
strict interlacing with its two neighbours.

condition (1.47) holds.

Proposition 4.1. For the particle system corresponding to uniform random tilings of the Aztec

diamond of order N, when only considering lines m,..., N, (4.1) becomes
ztec m 2(R) *
Pozs (a2 = H 2@\ x (B < (kD) (4.2)
where )
Dy = An2~NOHD/2 TT (4.3)
i=1

Proof. Induction on m. The m =1 case is true from (4.1). Assuming the case is true for case m,

consider case m + 1.

Aztec (m+1) (N) o At —a(@®y xR (k1)
POt @™ ey = 0 ST =[] 2 X =2
i=1 ,m_g N =,
N k+1) bs j—1
x*(x®) < (k1)) t
= H a(x(k)) det Z 90t,a;+01p;
N o= m+1 t=a; i,5=1,...,m
where we have set a; = ch;"ji)% b, = T,T t1+)1 The sum in the determinant is a polynomial function

of a; and b; with highest degree term (bz —a; ) /4. Since the lower degree terms will have the same

dependence on a;, b; for each row 4, they can be cancelled out by column operations. Thus

N . .
1 *(x(k) = x(k+1)) b —a
Aztec (m+1) (N) _ X % 4
Pt (@ s @) D H 2a(x®) ot J j=1
A m+1 (k)
2(F) (k+1)
“mDmN H 2 <)
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where the determinant evaluation follows by noting that it must contain A(x(mﬂ))

as a factor,
and is of the same degree as A(x(m+1)). The case m 4+ 1 has thus been established, provided

Dypt1,n = m!D,, n, which is indeed a property of (4.3). O

We use Proposition 4.1 along with the same steps of its proof, to see that

Z Z PAztec (N))

il
i=1 (V) _g ANHJ 17
1

gN(N+1)/2
AW TY) (4.4)

Recalling that z(N+1) N + 1 — 4 and noting that the LHS of (4.4) must be 1 by definition of

probabilities, we conclude that
Ay = 2N(N+1)/2

This present derivation of Ay using the particle picture appears to be new.

4.2 The one-line PDF

Consider a random tiling of an Aztec diamond of order IV, shaded as in Figure 4. Imagine if instead
we defined the particles as everywhere a line intersected an unshaded square. It is clear to see that
this random particle system is the same as the original particle system, up to a relabelling of the
lines kK — N + 1 — k. In our original particle model, this second set of particles fills exactly the
lattice spaces that are not filled by the original set of particles. Thus, returning to our original set

(k)

of particles with positions z;"’, if we introduce new particles y( ) defined such that

e® yyWNHI=R) - — 101, N}
28 ANk =g
then we must have
PAsse(z W, a™) = P o (yH Ly 3) (4.5)

We use this fact to prove the following proposition

Proposition 4.2. Let {Z'l(»j)}i:17.,_7j be the positions of the i-th particle on the j-th line in the
j=1..,N
particle system as described above of a random tiling of the Aztec diamond by 2 x 1 dominoes. The

joint PDF for the xgj) with j =1,...,n is given by

A™) N+ 1-9) Xt E®)
PAztec (1), el (n)y _ 4.6
(1) (& z™) ON+(N—n)(n—1) }_[1 x(n).(N B xgn))! 11 (@) (4.6)

Proof. From (4.2)

ztec —n A(y(NJrlin)) N —a(y® *
P(/?vj.l —n,N) (y(N“ ), e ,y(N)) = H 2l )X (y(k) =< y(k+1)) (4.7)
DNt1-n.n k=N-+1-n

Using the fact that

A({0,1,... N} =]

A( (N+1— k))H 12'

Hi\Hl_l k (N+1fk)!( —$5N+17k))!

Recalling the definition of «, we note that on any pair of lines k, k + 1 there will be:

we have

A@y™) = (4.8)
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° a(y(k)) lattice positions with two y particles

o a(zN7R) lattice positions with two z particles

o k—ay®) =N —k—a(x™N"") lattice positions remaining

Hence
a(y®) =2k — N + a(zV ) (4.9)
So we have
NN
P(A]\%j'clc— N)(y(N+1_n)77y(N)) = ! A(x( ))Hi:1 Z!
" DNgr—nN [T, 2N — 2(™)!
N
% H 272k+Nfa(z(N"“>)X*(x(kar) < g(N=k+D))
k=N+1—n
which is equal to the RHS of (4.7). The relation (4.5) completes the proof. O
Corollary 4.3. Let {$§j)}i:17...7j be as in Proposition 4.2. Then the xgm) have PDF
j=1...,N
Aa(m)? (N - )
p(l’(m)) = ( m )(m) (m) H ( 1 ) (4.10)
2N+(N7m)(m71) Hi:l x; I(N — )l pulrs 2!

Proof. (4.10) is a direct result or applying the methods of the proof of Proposition 4.1 to Proposition
4.2 for m = n. O

This has been derived using different arguments in [40] (in particular the weighted particle
system is not specified by (4.1)), where it is recognised as a particular example of a discrete

1
orthogonal polynomial unitary ensemble based on a particular Krawtchouk weight with p = —. In

1
the case p = 2 the monic Krawtchouk polynomials obey the discrete orthogonality equation

> PN P () = g (@)
—————pan(T T) = 50, .
2N — gy PaN PN 922a(N — q)! "
=0

(see e.g. [49]) and so we can use these to check the normalization constant in (4.10) by noting it

is of the form in (2.1) with
1

(N — z)!
and using Lemma 2.1. Thus, with (4.10) written

w(z) =

1 i 1
(m)y — (m)y2
pa™) = Z A2 ]
¢ i=1 xgm)!(N - ﬂﬁgm))!

we must have, by Lemma 2.1,
m—1 oN—2i;

O:Ilw—m

which is indeed consistent with (4.10)
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4.3 Large N

As mentioned earlier, it was shown in [43] that in a certain scaled limit, the particle system for
the Aztec diamond converges to the GUE™ eigenvalue process. We will show this convergence by

scaling the joint PDF found in Proposition 4.1.

Proposition 4.4. Let the points zi(j) = (2x§j) — N)/\/N be a rescaling of the points zgj) in the
Aztec diamond particle system as described above, where N is the order of the Aztec diamond.
Given that the a?l(-j) have PDF Péfff;c as described in (4.6), one has

P(A?,Z’rtte)zc(x(l); e 733(”)) - PGUE*,TL(Z(l)a ey Z(n))

where Poyg- m s as in (1.29), as N — oo, where the convergence is uniform on compact sets.

Proof. Changing variables from z to z in (4.6) and applying Stirling’s approximation (1.16), noting
that

n n(n+1)/4 n k
® _ (N (k)
[T A= () [T A e
k=11=1 k=1:1=1
gives
A(z(M)

n—1
e~ i 37 [T (=9 < 20%0) + O(N—172)

j=1

Azt (1) (n)y
P(l,nlic(aj IRERRE " ) - (271_)71/2

Comparing this with (1.29) we see that the leading order term is equal to PGUE*’H(Z(1)7 . ,z(”)).
O

In addition to the link to the GUE™ eigenvalue process, it was shown in [41] that in a tiling
of an Aztec diamond of order N, the ’free area‘, the area of the Aztec diamond containing both
horizontal and vertical tiles, converges in leading order to a perfect circle as N — co. We will
recreate this result in the particle interpretation, by finding the region of support of the particles
by applying the log-gas method as used in §2.2 and §3.3 to the one line PDF for the particles from
Corollary 4.3.

(sN)

Proposition 4.5. Let z; represent the the i-th largest particle on the sN-th line in the particle

1
model associated with a tiling of an Aztec diamond of order N, where 0 < s < 5 To leading order

g (1 —/I-(1- 23)2) <M < g (1 + \/m) (4.12)

Proof. We will use the same log-gas method as for the GUE* and hexagon bead model. As written,
the one line PDF (4.10) in Corollary 4.3 is a lattice gas variant of the log-gas (2.33) in the case § = 2

. In the limit N — oo, the lattice gas approaches the continuum log-gas upon the substitution

(sN)

z,” = Ny

%

(4.13)

where, to leading order in N, 0 < yiSN) < 1. Thus, we consider a log-gas with IV, = sN particles
and Boltzmann factor as in (2.33) with § = 2 and

vy b
(NOIN = N
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and, as before, we aim to solve (2.41), (2.42) for ¢ and d in the limit N — oco. Noting that
V(t) =V (1 —t), (2.41) gives that for some 0 <W <1/2, ¢=1/2—W and d =1/2+ W. Noting

that 2V (y)
. y) y
My =log (1 - y)

we compute that, in the limit N — oo, to leading order (2.42) reduces to

/*W tlog(t/(1—1)) . o
\/ + W —t)(t+W —3)

A change of variables t = u + 1/2 reduces this further, to give

w

log(1+ 2

/ ulog(l+2u) , (4.14)
w VW2 —q2

This integral can be computed exactly for 0 < s < 1/2, giving
1—V1—4W?2 =25

and thus, to leading order in N,

1 1
5(1— T—(1-25)7) <y §§<1+\/1—(1—23)2)
Reversing the change of variables (4.13) gives (4.12). O

Corollary 4.6. [}1] The so called ‘free area’, or disordered region, of a tiling of the Aztec diamond

of order N, is to leading order a perfect circle as N — oo.

Proof. By the definition the region of support and the relationship between the tiling and the
particle model, the disordered region of the Aztec diamond is the intersection of the region of
support of the particles, which correspond to the shaded tiles, and the region of support of the
‘holes’, the lattice points which contain no particle, which correspond to the unshaded tiles (see
Figure 4). Recalling the relationship between the particles and the holes, in particular (4.5), we
must have that for 1/2 < s < 1, the region of support of the particles is [0, N], and for all 0 < s < 1,
the region of support of the the holes on line sN is given by the region of support of the particles
on line (1 — s)N. Thus, for ¢(sN), d(sN) the upper and lower bounds of the disordered region of
the sN-th line of a tiling of the Aztec diamond of order N

c(sN)=N(1—-+/1-(1-25)2)/2

d(sN) = N(1+ /1 — (1 — 25)2)/2
The graphs of these two functions on the s, y-plane give a circle centred at (N/2, N/2) with radius
N/2. O
4.4 Half Aztec diamond

Consider an Aztec diamond of order N = 2(M + 1), and define a restriction on the tiling of this
Aztec diamond such that in the particle picture as defined above, a particle at  on line j implies
no particle at  on line N 4+ 1 — j. Because of the interlacing restriction, this means that in the

tiling picture the whole middle column between lines k = M + 1 and M + 2 will consist of free
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squares as seen in Figure 9 (the interlacing will be strict between these two lines). If we delete
everything to the right of these squares (so that we are left with just the lines k = 1,..., M) we
are left with what we will call a half Aztec diamond of order M.

Consider an Aztec diamond of order N = 2(M + 1) tiled such that its middle column is all
squares as above (lines M + 1 and M + 2 interlace strictly) and that the tiling is symmetric about
this column of squares. We will call any such tiling of an Aztec diamond symmetric. With A}, the
number of symmetric tilings of an Aztec diamond of order N and H); is the number of tilings of

a half Aztec diamond of order M, it is clear that we must have

A;(MJrl) = Hyp 2"

We would like to initiate our study of the half Aztec diamond by using the particle picture to
compute Hy;. We begin by noting that the joint PDF for the weighted particle system in a half

Aztec diamond is

oM(M+1)/2 M . . -
k=1

PHAZtCC(x(l), o ,l‘(M))

(cf. (4.1)) with the restriction that the particles on line M +1 are of the form MY —ong 439,

%

Using the same method as in the derivation of Proposition 4.1 it follows from (4.15) that

M 2M+42 2M(M+1)/2
Z Z P(H]\?)ztec(x(M)) — —— A .T(M+1))
i=1 4 (M)_q Hy [Tj=, 5!

Noting that the LHS must equal 1, we evaluate the RHS with MY — 90 43 — 2 to find

i
Hyy = 2MM+1) (4.16)
and thus C5y = 2V* Note that
lim L logAy =2 lim L log Hpy
N—oo N2 N—oo N2 M=N/2—1
as to be expected from the interpretations of these quantities as entropies for the tiling problem.
Thus to leading order the entropy is proportional to the volume, and the value of the full Aztec
diamond is twice that of the half Aztec diamond.

There is a second particle system associated with symmetric tilings. This is obtained by rotating
the half Aztec diamond — which has M vertical lines — by 90° to obtain a half Aztec diamond
positioned with long side horizontal and thus having N = 2(M + 1) vertical lines. The first of
these is empty of particles and last one is full. Ignoring these two lines we have 2M lines where
successive lines 2n — 1 and 2n (n = 1,..., M) have n particles. See Figure (10) for an example.
We would like to develop the properties of this particle system.

Analogous to (4.15), although with Hj; substituted by its evaluation (4.16), the joint PDF for
this weighted particle system is

2M
PHAztecQ(x(l)’ o ,l‘(QM)) _ H Q—Q(I(k))x* (l‘(k) =< .If(k+1)) (417)
k=1

(2M+1)

where the virtual particles z; = M + 2 — i have been introduced.
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Figure 10: Top: a tiling of an Aztec diamond of order 6 with the symmetry restriction described
at the beginning of §4.4. Bottom left: The result after deleting lines 3 through 6, a half Aztec
diamond of order 2. Bottom right: The same half Aztec diamond rotated 90°, with particles as
described above (4.17)
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Proposition 4.7. Let

m—1 m—1
Hymoyar = [[(20)!  Homoar = J] (2 +1)! (4.18)
=1 1=1

For the particle system corresponding to a uniform random tilings of the half Aztec diamond of

order M as described above, when only considering lines 2n — 1,...,2M, (4.17) becomes
A ((z(2n=1) _ 1)2 2M
I Rl | IR S CRP )
2n—1,M E=2n—1
while when only considering lines 2n,...,2M, (4.17) becomes

n 1 n (2n) 1 2M
PHAztecZ(x(2n)7 o ’x(ZA{)) _ A ((x(2 ) — 5)2) Hi:l(xi — 5) H 2—a(x<k>)x* (x(k-) = x(k-&-l))

(2n,2M) H
2n,M k—o2n

Proof. We proceed as in the proof of Proposition 4.1. The 2n — 1 = 1 case is true from (4.17).

Assume the n = 2m — 1 case is true. Then summing (4.7) on the (2m — 1)-th line gives

(2m) (2m)
Ty T, A ((x(Qm—l) _ %)2) 2M *
—a(zt™)  x (. (K) (k+1)
> > PNy [I 2@ @® <)
(=D _g2m) 221y m==4 k=2m—1
1 2M "
= det[dij], .y . H 2@ )\ (z(0) < (kD)
Hom_1.01 J=1 Iy
where, with a; = xESZ)Jrz, b; = J:filni)ﬂ
bl 1
Z 2*5t,b1 (t _ 5)2@*1)7 1=1
dij =14 5/ )
Z 27 0a; =0ty (¢ — 5)2(1—”, i=2,...,m
t=a;
This implies
2™Mm)!
PHAztecQ :L,(Qm)’ o 7:L,(QM) -« 7
(2m,2M)( ) H2m—1,M(2m)!
. 1326-1) T om 1) M
% det [(”35331 - 5) } (xgz - 2) [T 272@"x* @® < 2+)
i,7=1,....m ;=1 k=2m

which recalling (4.18) establishes the case n = 2m. Repeating this process. summing now (4.7) on

line 2m, gives

A ((x(anl) N ;)2) 2M

pHAstec2 ((2m41) - (2M)y 2 9=a@®)y = (k) L fht1)
(2m+1,2M)( ) Qmm!H2m7M k:g_l ( )
and this (again recalling (4.18)) establishes the case n = 2m + 1. O

As above with the Aztec diamond, the ‘holes’, or possible positions {1,...,M + 1} that do
not contain a particle in this half Aztec diamond picture, form a second system with the same
probabilistic law as the first read right to left rather than left to right. Using this, we find a result

analogous to Proposition 4.2.
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Proposition 4.8. Let {:vz(-j)}, 1. [3/2] be the positions of the i-th particle on the j-th line in the
=1..
particle system as described above of a random tiling of a half Aztec diamond of order M by 2 x 1

dominoes. Then, for

22n(M—n+1) 2211(]W—n)
Gion—1 = =m , Gion = =m , 4.19
BT T (2M — 20+ 25 + 1) BT T (2M — 20+ 2j)! (4.19)
the joint PDF for the xz(j) with y =1,...,2n — 1 is given by
piAme () gy LT ! (4.20)
(1,2n—1) Gran—1 Pt (xl(?n—l) +M)!(M+ 1_ (2n—1))!
2n—2
o2n-1) 1 oan—1 o a:(k)
L (e ) o o
1<i<j<n
while the joint PDF for the xgj) with j =1,...,2n is given by
n (2n) 1
1 (;7" = 3)
PHAiLteCQ(CC(l), o 7m(Qn)) — % 2 (4.21)
(1,2n) G1.2n };[1 (331('2”) MM 41— ngzn)),
1 2n—1 (k)
(2n) 142 (2n) L (k) (k+1)
< T (632 )Hz < D)
1<i<j<n
Proof. As with the proof of Proposition 4.2, we introduce particles yl(k) defined such that
2By yGMAI=k) - — {1,... M}
2 ®) A yM+1-k) 0
so that we have
PEAS(@ )2 ) = PIAS gy (M, A0) (122
Noting that
Lo Lo
1T (@i =5 = (& —5) | = [ @-z)@i+e-1)
1<i<j<n 1<i<j<n
we use the fact that
M
M G+i-n=T1%
1<i<j<M+1 i=1
to see that
[T @ +y -1 (4.23)
1<i<j<n
2M—n+1 2M—n+1 M .
- 11 (M) GMntD) g ﬁ (2! 1) (! ) 11 (29)!
i J @M—nt1) 3 5!
1<i<j<n i=1 (z; + M)! j=1
where r = [#2M="*+Y| Tt is also not hard to compute that
oen) 1 (2M + 2)! 1
H(y, —5) = Saite | T7M—nt1, (2M—2n+1 (4.24)
277 2 (M + D) M (4 Il

i=1 i
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Taking ngff;zznzM)(y(zMJFQ*Q"), . ,y(QM)) as in (4.7) and applying (4.23), (4.24) and slightly
modified versions of (4.8) and (4.9) gives the RHS of (4.20).

Similarly, taking Pg}“wszz%}zM) (yGMFLI=2n) (M)
slightly modified versions of (4.8) and (4.9) gives the RHS of (4.21). The relation (4.22) completes

the proof. O

as in (4.7) and applying (4.23) and

Corollary 4.9. Let the xl(j) be as in Proposition 4.8. Then, for Hp ar as in (4.18) and G1,, as
n (4.19), the xg%fl) have PDF

P(I-2ITAlztle)c2 (x(2n— 1)

i 1
— — (4.25)
E =) L A+ 1 — 2P D)

1 T A
< T (6= 52— - 32

1<i<j<n

Gl 2n— 1H2n 1,M

while the xg%) have PDF

P(I—Qlﬁ)ztec2 (I(Zn)) _ (426)
n (2n) 1

GronHonn 5 @ + MM +1 -2 G, N0 2 b

We remarked above that the one-line PDF (4.10) corresponds to a discrete orthogonal poly-
nomial unitary ensemble based on a particular Krawtchouk weight. Again, we may use he monic
Krawtchouk polynomials (4.11) to check the normalizations in (4.25) and (4.26). From (4.11) we
see that

N 1 92M+14)
ZM @+ A + 1=y Pe2den @ Mpari @+ M) = oo rma5as

Using the fact that this weight function is even about the point = 1/2, a simple mapping from

r— x+ 3 allows us to use Lemma 2.3, and so we must have

n—1 ;
22M (24)!
GronHonm = g) 24 (2M + 1 — 2i)!

n—1
GionHon v =

=0

22M (24 4+ 1)!
24422 M — 2i)!

which is consistent with the definitions of H and G, (4.18) and (4.19).
As the Aztec diamond particle system converged to the GUE™ eigenvalue process in a certain
limit, this half Aztec diamond particle system can be shown to coverge to the Antisymmetric GUE

eigenvalue process in a certain limit.

Proposition 4.10. Let the points )\(]H) : xgj)/\/M be a rescaling of the points acgj) in the half
Aztec diamond picture as described above, where M is the order of the half Aztec diamond. Given
that the J:Z(.j) have PDF Pg%md as described in Proposition 4.8, one has

PHAzteC2 (I(l)

n+1

PR ’x(’ﬂ)) - PAntiSymGUE,(n) ()‘51)5 cey

where PantisymGUE,(n) 95 given by (1.60) for n even and (1.61) for n odd, as M — oo, where the

convergence is uniform on compact sets.
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Proof. The proof involves a simple change of variables and use of Stirling’s formula (1.16), analo-

gous to the proof of Proposition 4.4. O

We will conclude by using the log-gas method outlined in §2.2 to show that the free area of the

half Aztec diamond is a half-circle.

Proposition 4.11. Let :UESM) represent the the i-th largest particle on the sIN -th line in the particle
model associated with a tiling of a Half Aztec diamond of order M, where 0 < s < 1. To leading

order
0<a™ < My/T=(1—5)2 (4.27)

Proof. The lower bound is implied. To find the upper bound, we proceed using the same method
as for the full Aztec diamond case in §4.3. Here however, we will be dealing with Boltzmann factors
of the form

N,

H |z? — $3|ﬁ H e PV (k) (4.28)
k=1

1<i<j<N, =
so (2.34) becomes
V(z) = / p(t) log |22 — £2]dt.
0

If we define p(—x) := p(x), then this can be expressed

Vi = [ " p(y) log|a — yldy

—a

similar to (2.34), although now (2.35) becomes

/ ) p(y)dy = 2N, (4.29)

—a

In the limit M — oo, (4.25) and (4.26) approach a continuum log-gas (4.28) upon the substitution
x = Mz where, to leading order, 0 < z < 1.

In terms of the co-ordinate z; = z(2n71), the one body factor in (4.28) reads

i

2V ) 1
(M(1+2)+ D (M(1—2) + 1)! (4.30)

On line sM, N, = sM/2 and, from (4.30),

im 223 g (Hz) . (4.31)

M—o0 M 1—=2

According to (2.42) but taking into account (4.29), a is given by solving

a tlog (%)
dt = 2ms,
—a Va?—1t2

(cf. (4.14)) and the integral can be evaluated to give
1-vV1—-a’=s

Rearranging this and then converting from z to = gives (4.27).
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In terms of the co-ordinate z; = zi@n), the one body factor in (4.28) reads

e2V(2) — M=z
(M(142)+ ) (M(1—2)+ 1)

This gives the same equation for V’(z) as in (4.31), and thus proceeding as above leads to the same

upper bound (4.27). O

Corollary 4.12. The so called ‘free area’, or disordered region, of a tiling of a Half Aztec diamond

of order M, is to leading order a perfect half-circle as M — oo.
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(a) Pearcey (b) tacnode

Figure 11: Examples of the Pearcey and tacnode systems with 36 and 64 walkers respectively

5 Future directions

In this section a brief account of some topics relating to those of this thesis, and which have received
recent attention in the literature, will be reviewed.

We begin by considering two variants of the non-intersecting Brownian walker model displayed
in Figure 6. The first of these involves partitioning the walkers into two halves. The first set of
walkers are to start from z = —VN and the second from = = v/N. Both sets are conditioned
not to intersect, and to return to the origin at time 27". Analysis of the neighbourhood of t = T
and the x; near zero gives rise to what is referred to in the literature as the Pearcey kernel, first
identified in [12, 13] (see Figure 11a).

As a model of non-intersecting Brownian walkers the study of Daems and Kuijlaars [16] extend
this setting by formulating the correlation kernel in the case of a prescribed number of starting and
finishing points in terms of certain multiple orthogonal polynomials. Of this extension, the most
interesting is when there are two starting points and two end points, both symmetrical about the
origin (see Figure 11b). The starting positions can be chosen so that the envelopes meet at a single
point. The correlation kernel about the meeting point of the two envelopes was subsequently
analyzed in Adler, Ferrari and van Moerbeke [1], Borodin and Duits [5] and most recently by
Johansson [42]. Its limiting form is referred to as the tacnode kernel.

In following the limiting relationship between Brownian walkers and hexagon tiling problems as
discussed in §1.7, we would imagine that both the singularities in the Brownian walkers problems
giving rise to the Pearcey and tacnode kernels can also be realized as the limits of hexagon like
tiling problems. Rather than the tiling of a full hexagon, sections must be removed to generate
the seperate starting points and ending points required in the Pearcey and tacnode systems. In
the case of the Pearcey process this was noted in the equivalent form of a directed solid-on-solid
model in the work of Okounkov and Reshetikhin, [56]. A natural candidate for the realisation of
the tacnode is an indented hexagon (see Figure 12).

Another topic of recent attention is that of the dynamics of particle systems. In [53], Norden-
stam interprets the shuffling algorithm of [60] as a dynamics on the interlaced particle system in
tilings of the Aztec diamond. This dynamics has the feature that the positions of the particles
on line j 4+ 1 at time ¢ + 1 depend only on the positions of the particles on lines j and j + 1 at

time ¢. If we represent the position of the i-th largest particle in column j at time ¢ as xZ (t), then
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Figure 12: The basic shapes which would lead to the Pearcey and tacnode systems respectively

#)(j) = j —i+1and 2l(t +1) = 2J(t) + yij+ where y; j; = 0 or 1, that is the particles ‘first
appear’ filling the lowest positions of their line, and then either stay where they are or move up
one place. When both y; ;; = 0 and y; ;; = 1 result in xZ (t 4+ 1) obeying the interlacing condition
al7Nt) < &l (t4+1) < xI7[(t), then y; ;; takes either value with probability 0.5. When only one of
Yijt = 0 or y; ;¢ = 1 results in the interlacing being obeyed, then that is the value taken. As an
explicit example, here is a realisation of the shuffling algorithm at ¢ = 3, highlighting the different

situations in which y; ;; can or must take different values.

e o — Mustmove, yi33=1
° e <« Freetomove, %233=0o0rl

e o — Can'tmove, y333=0

We introduce new variables X7 (t) = 7 (t + ), and consider the the trajectories in ¢ for given i

and j. These obey the interlacing condition
X[ < X770 < X (1)

This turns out to be a discrete counterpart to an interlaced Brownian motion model studied by
Warren [66], which involves Brownian paths in a way that is similar to but different from the non-
intersecting paths discussed in §1.7. The idea is to begin with one Brownian path (corresponding
to the trajectory X{(t) in the discrete Aztec diamond model), then insert two Brownian motions,
one conditioned to be always above the first path, and the other conditioned to be always below
the first path (these Brownian motions correspond to the discrete trajectories X7 (t) and X2(t).
Next, the first Brownian motion is ignored, and three Brownian motions are inserted, conditioned
to intersect with the previous two Brownian motions (corresponding to discrete trajectories X3 (t),
X3(t) and X3(t)) and then the second two Brownian motions are ignored and four Brownian
motions are inserted, conditioned to intersect with the previous three Brownian motions, and
so on. The distribution of the n Brownian motions corresponding to the trajectories of X['(t),
t = 1,...,n is that of n non-intersecting Brownian paths as evaluated in §1.7. Furthermore,
transition probabilities between the Brownian motions corresponding to X7(¢) and X7*1(t) are

shown by Warren to have determinantal formulas.

106



6 Appendix

6.1 x(pu=<k)

Throughout this thesis, we often have the requirement that two sets, u and x say, interlace, which
we will represent by multiplying by x(u < k). Here we will give a precise meaning.
Let p = {p1,..-, im}, £ = {K1,..., Kk} be two sets of m and k real numbers respectively,

labelled so that gy > po > -+ > py and K1 > kg > -+ > Koy

o If [k—m|>2, x(n<k)=0.

o If k=m,
1 it Ky >pp >Ke>pe > o> Ky > Uy
xX(p = K) = .
0 otherwise
e Ifk=m+1,
1 i Ky >pr>Ke>pe> > Ky > i > Kmed
xX(p < k)= .
0 otherwise
e Ifk=m—1,

1 if H1 > K1 > o > Ko+ > Km—1 > lm

0 otherwise

x(u<f€)={

An important feature of this is that, where |k —m| =1, x(u < k) = x(k < )

6.2 Chen Ismail correction

Chen and Ismail [14] use the asymptotic method of Darboux (see e.g. [65]) applied to the generating

function
D BBt @)t = (14 &) (14 1 —af — by — (L +a+b)én ™ = f(1),  (6.1)
n=0

where ¢ and n depend on = and t according to

r—1
z+1

§= %(m + DA+ (1 + )" and = 3 (6.2)

The basic idea is to identify and analyze the neighbourhood of the t-singularities of f(t), to re-
place f(t) in (6.1) by its leading asymptotic form g(¢) in the neighbourhood of the singularities
(referred to as the comparison function), and finally to expand the latter about the origin to equate
coefficients of t" and so read off the asymptotic form of PoFamA+bn (g,

It is shown in [14] that the ¢-singularities of f(¢) occur at

bz —1)+a(x+1)+ivV-A

= —1—a —1-b
= (I+a+b)(1—a?) [+ &) [+ 4] (6.3)
where A is given by (3.55) and
bz —1)+a(z+1) £iVA Cz—1
§x = 2(1+a+b)(lfg:) > ni—erlfi (6.4)
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The comparison function is computed as
9(t) = By(ty —t)"2 4+ B_(t- — )7/
where
Bi = lim (ti - t)l/Qf(t).
t—t4
Since we know from [14] that

@y 2218 o
dile=es de?le—e. — (14 2)2(1+ E0)2to(1 +pg)2te 505

we calculate from (6.6) that

$(1+§i)“+1( (z+1)y/—Ax

By =

14 74)PHt
i/ —A
= T AL+ €)1 4y )P

(6.7)

The first of the formulas in (6.7) is not reported in [14], while the second is their (2.14), (2.15) but

with our e¥™/4(—A)~1/4 replaced by —(A)~4i and (—v/A)~/2i respectively.

The coefficient of £ in (6.5), and thus the leading asymptotic form of P{®+@mA+m) (1) according

to the method of Darboux, is equal to

(—1)" ( —1/2 ) (Bth;n_% +B,t:n_%>

n

To simplify this, we note from (3.55) and (3.27) that

e = ( 2(a+1) ))1/2eiw

1—2)atbrl

2(b+1) 2 .
1 = i
i ((1+x)(a+b+1)) ‘
264 2etip

e+l fla+b+1)(1—a?)
These substituted in (6.3) and (6.7) give

1
n—sz

Bgl”‘é + B_t_
= () eoshn g [ 2ot
“\V-a P A=A +atb)

X [(1 - igl()lili . b)} F+1)+5+3 [(1 - x2)(z b 1)] 5y

Bl

where

h8,v,p) = [n(a+1)+a+%]6+[n(b+1)+ﬁ+%]i7—(n+%)p+£

This, together with the expansion

(—1)”< ~1/2 ) _ T(nt3j) _nd

n

substituted in (6.8) gives (3.56).
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