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In this paper we give some unifying methods for constructing five kinds of
additively labeled graphs from known ones.

G _ 1. INTRODUCTION

In the last more than twenty-five years, much attention has been paid to the graph labeling
problems. There is now extensive literature dealing with various kinds of labelings of graphs. The
increasing interest on labeling problems results from two reasons. One is the motivations of various
problems from natural, social and technological sciences, the other is the requirements of internal
development of graph theory. In general, it seems hopeless to get simple but nontrivial criterions
for judging which graphs admit labelings of a particular kind. Nevertheless, much work has been
done for some special classes of graphs. In this paper we will consider the problem of constructing
labeled graphs from known ones. In particular, several known results will be generalized.

Unless stated otherwise, terms and notations used here are consistent with [1]. Graphs we
consider are finite, undirected and éimple (i.e., without loops and multiple edges). An edge ¢ incident
with vertices # and v is denoted by e =uv. In such a case call u, v the end-vertices of e, or u, v
joined by e. A graph G of p vertices and g edges is indicated by G = G(p, g). By K, and Ep we mean
the complete graph and the empty graph on p vertices, respectively. For two graphs G and H, the
union G U H of them is the graph (V(G) L V(H), E(G) U E(H)). When G and H are vertex disjoint
we use G + H in place of G U H. If E is a subset of the edge set of the complement graph G of
G, G U E means the graph V(G), E(G) U E). If G and H are vertex disjoint, let G v H be the join
of the two graphs. That is G v H=(G + H) U E, where E is the set of all edges with one end-vertex
in V(G) and the other in V(H). In particular, G U Ky = G+ Ky =G v Ky = G. Let a, b be two integers
. call [a,b]={x:a<x<b and x is an integer} an interval. When a > b, let {a, b]=D. For two
intervals [a,b] and [c,d], let [a,bl+[c,dl={x+y:x€ [a,bl,ye [c,d]}. Particularly,
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c+[a bl=[c+a,c+b]. In general,let A+B={x+y:xe A, ye B} and c +A={c} +A for any
number sets A, B and number ¢. Denote Lc] and ¢ the largest integer no more than ¢ and the
smallest integer no less than ¢, respectively.

A (vertex) labeling of a given graph G by integers is an assignment of distinct nonnegative
integers to the vertices of G. This is to say that a labeling of G is an injection f: V(G) — N from
V(G) to the set N of nonnegative integers. For each v € V(G), f(v) is called the label of v or v is
f-labeled. In the paper, we use fuin and fnax to denote the minimum and maximum labels of the
vertices of G, respectively. Naturally, f induces an edge labeling fT:E(G)—> N defined by
f(uv) =f(u) + f(v) for each uv € E(G). Often, some additional constraints are attached to a labeling
fand its induced edge labeling f*. Different constraints result in different kinds of labelings. For
the purpose of this paper we list definitions of the following five kinds of labelings.

DEFINITION. Let G=G(p, q) and f be a labeling of G.

M IffVG) < [0, 9" — 1] and f(E(G)) =k, k+ q— 1] for a positive integer k, then fis called a
k-sequential labeling of G, where ¢’ =g+ 1if G is a tree and g’ = q otherwise;

(2) If f(V(G)) < [0,9—1] and FE(G)) =1k, k+q— 1], for an integer k, then f is said to be a
strong k-harmonious labeling of G;

3) If f(V(G)) <10, g] and fHEG)) =k, k+ g — 1], call fa strong k-elegant labeling of G;

(4 IfFAVIGN =10, p—1] and f(E(G)) = [k. k + g — 1], then fis called a strong k-indexer of G:

(5) I fHEG)) = {k, k+d, ..., k+(g— 1)d} is an arithmetic progression with first term k and
common difference d, fis said to be a (k, d)-arithmetic labeling of G.

Correspondingly, when a graph G admits a k-sequential labeling, strong k-harmonious labeling,

etc., then G is said to be a k-sequential graph, strongly k-harmonious graph, etc., respectively.

The five kinds of labeled graphs mentioned above have been studied by many authors and a
number of results concerning some special graphs belonging to some of the five kinds stated above
have been obtained ({2, 3, 4, 5]). Due to limited space, we cannot list these results. But we refer to
the following observations from the aforecited literature.

OBSERVATION 1. Let G=G(p, q) be a graph.

(1) If G is a k-sequential tree, then k < g =p — 1; if G is a k-sequential graph but not a tree, then
ksqg-2.

(2) If G is strongly k-harmonious, then k < g - 2.

(3) If G is strongly k-elegant, then k <gq.

(4) If G is strongly k-indexable, then k<2p—g =2 and g<2p 3.

Proof. We prove (4) only, the others can be proved similarly. Let f: V(G) — [0, p— 1] be a
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strong k-indexer of G, then f7(E(G))=[k k+q~1]. Since for any edge e=uv € E(G), f'(e)
=f(u) +fv) < (p— 1)+ (p—2), we must have k+ g — 1 <2p — 3. This gives k £2p — g — 2. For the
same reason f(E(G))c[l,2p—3]; so we have g<2p~3 (this has been observed in [4]
independently).

OBSERVATION 2. (1) For a graph G other than a tree, the k-sequential labelings coincide with
the strong k-harmonious labelings of G. Hence the class of k-sequential graphs other than trees is
exactly the class of strongly k-harmonious graphs.

(2) For a tree, the k-sequential labelings, the strong k-elegant labelings and the strong k-indexers
all agree. So the class of k-sequential trees, of strongly k-elegant trees and of strongly k-indexable
trees are identical.

(3) The terms of k-sequential labelings, strong k-harmonious labelings and strong k-indexers
agree on the class of connected unicyclic graphs.

The aim of this paper is to give some unifying methods for constructing new labeled graphs from
old ones. The results obtained in this paper will be handy to produce a wide variety of additively
labeled graphs of any of the considered types. Therefore, they may be useful to check or illustrate
structural properties of graphs that admit a given type of labeling. The results may be also helpful
to solve some extremal problems concerning labeled graphs discussed in this paper. The methods
used fall into three categories: methods by adding or deleting edges, by joining graphs and by adding
new edges connecting many labeled graphs.

2. ADDING AND DELETING EDGES

Perhaps the simplest-and most natural idea for constructing labeled graphs is to use elementary
edge transformation for a given labeled graph. The following theorem is self-evident.

THEOREM 1. Let G be a k-sequential (strongly k-harmonious, strongly k-elegant, strongly
k-indexable or ( k, d)-arithmetic) graph with a k-sequential labeling (strong k-harmonious labeling,
strong k-elegant labeling, strong k-indexer or (k, d)-arithmetic labeling, respectively) f. For each
i € f(E(G)), let ¢; be the edge of G with f1(e;)=i. Let E;= {uv € E(E) W +fW)=i}. IfE;+ O,
then for each ¢} e E;, the graph G + e[—e; is k-sequential graph (strongly k-harmonious graph,
strongly k-elegant graph, strongly k-indexable graph or (k, d)-arithmetic graph, respectively).

The following five theorems indicate how we can construct one kind of labeled graphs from
another. The proofs are fairly easy, so we prove Theorem 3 only.

THEOREM 2. Let G be a k-sequential tree of p vertices with a k-sequential labeling f.

(1) If k=1, then the graph obtained from G by adding an edge the end-vertices of which are
labeled i and p — i for some i (1 £i<p—1)is I-sequential. It is also strongly 1-harmonious.
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(2) Ifk=p—1, then for every i, 0 si< l_p—?)—_', the graph obtained by adding an edge, which

connects two vertices labeled i and p—2—i, to G is (p—2)-sequential. It is also strongly
(p — 2)-harmonious.

) Ifl<k<p-1,thenforeachi,0<i< L%—z—_l, the graph obtained by adding an edge, which

connects the vertices labeled i and k—i—1 to G, is (k—1)-sequential, it is also strongly
k+p-2

(k — 1)-harmonious. Furthermore, for each i, k<i SL——%—J, the graph obtained from G by

adding the edge the end-vertices of which are labeled i and k+p~—i—1 is k-sequential. It is also
strongly k-harmonious.

THEOREM 3. Let G=G(p, q) be a k-sequential graph other than a tree. Then deleting the

| k-labeled edge from G results in a strongly (k + 1)-elegant graph and deleting the (k + q — 1)-labeled

edge results in a strongly k-elegant graph. Conversely for any strongly k-elegant graph

G=G(p, g), we have

q+2
2

labels is q+ 1. And, the graph obtained from G by adding the edge connecting these two vertices

) Ifk=1andp > ), then there exist two nonadjacent vertices of G, the sum of whose

is 1-sequential, as well as strongly 1-harmonious.

+2
(2) Ifk=qgandp > rg—z——.l, then there are two nonadjacent vertices of G the sum of whose labels

is g — 1. Connecting these two vertices gives a (q— 1)-sequential graph. This graph is strongly
(g = )-harmonious as well.

3) If 1 <k< g, we have two subcases:

(i) Ifk>2(q—p)+ 3, then there exist two vertices not adjacent in G such that the sum of their
labels is k — 1. And, connecting these two vertices in G results in a (k— 1)-sequential (also strongly
(k = 1)-harmonious) graph.

(ii) If k< 2p — q — 2, then there exist two nonadjacent vertices of G the sum of whose labels is
k+q. Adding the edge connecting these two vertices results in a k-sequential (also strongly
k-harmonious) graph.

Proof. The first part of the theorem is obvious. Let’s prove the second part. Let f: V — [0, q]
be a strong k-elegant labeling of G.

(1) If k=1 and there exist no two vertices the label sum of which is g + 1, then

p=1fVIG) =1{0} nfI(GH]+I[1, q] N AV(G)]
<1 +rg1=rf’;—21
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This contradicts our hypothesis. So there are two vertices # and v such that f(u) + f(v) =g + 1. Note
g+le fAEG)), uv ¢ E(G). Since G + uv has g+ 1 edges, fis a 1-sequential labeling (also strong
1-harmonious labeling) of G+ wv.

+2
2) Ifk=gq,p> '—q_z__-’, by analogous argument as in (1) we know that there are two nonadjacent

vertices u and v such that f(u) +f()=q—1 and G+uv is a (g — 1)-sequential (also strongly
(g~ 1)-harmonious) graph.

(3) Suppose 1 <k<gq, k>2(g— p)+3 and there are no two vertices with label sum k- 1; then
p=1fVGH] =110, k— 110 fIV(G)] + Tk, g1 N F(VIG))]
<[El4g-k+1

s£§l+q—k+1 “
ie., kL2(g—-p)+3,
a contradiction. Hence there exist u, v € V(G) with f(w) + f(v) =k — 1. u, v must be nonadjacent
since k— 1 ¢ fT(E(G)). It is clear that fis a (k — 1)-sequential (strong (k — 1)-harmonious) labeling
of G+ uv.

The proof for the case k < 2p — g — 2 is similar to that above. We omit it.

THEOREM 4. If G is a strongly k-harmonious graph, then the graph obtained from G by deleting
the k-labeled edge is strongly (k+ 1)-elegant, and the graph obtained from G by deleting the
(k+ g — 1)-labeled edge is strongly k-elegant.

THEOREM 5. Let G=G(p, q) be strongly k-harmonious, then it is also strongly k-indexable if
p 2 q. Onthe other hand if G is strongly k-indexable and p < g, then it is also strongly k-harmonious.
Moreover, a strongly k-harmonious graph G = G(p, q) plus m(= q — p) isolated vertices is strongly
k-indexable.

THEOREM 6. If G = G(p, q) is strongly k-elegant and p 2 q + 1, then it is strongly k-indexable.
Conversely if G is strongly k-indexable and p < q+1, then it is strongly k-elegant. A strongly
k-elegant graph with p < q+ 1 plus q—p+ 1 isolated vertices results in a strongly k-indexable
graph.

3. JOINING GRAPHS

In [2], T. Grace proved that if T is a k-sequential tree, then Tv K, is also k-sequential for any
nonnegative integer n. This result was generalized in [6] as follows.
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THEOREM 7 ([6]). Let G = G(p, q) be any k-sequential graph and n a positive integer. Then
G+ Em) \ En is also k-sequential for each integer m withq—p+1<sm<q—p+k

We find this method is applicable to other kinds of labeling graphs. For harmonious graphs we
have

THEOREM 8. Let G=G(p, q) be a strongly k-harmonious graph. Then for every positive integer
n and integer m with g —p<m<q—p+k, (G +K,) v K, is also strongly k-harmonious.

Proof. Let H=(G+Ky) v Ky V(K)={v1,...,0,). Then H=H(p+m+n,q+(p+mn).
Suppose f: V(G) — [0, g—1] is a strong k-harmonious labeling of G. Define g: V(H) = N as
follows. Let g(v)=f(v) for each ve V(G). Then g(V(G)c[0,g—-11<[0,p+m—1] and
[0, p + m— 1\g(V(G)) contains exactly m integers. Let’s label the m vertices of K,, with these m
integers in any way. Thus g(V(G +K,,))) =[0, p+ m — 1]. Let

g)=k+q+(@-D(p+tm), 1<isn

The smallest label of vy,...,v, is gluy)=k+qg=p+m, and the largest one is g(v,) =k+gq
+(n-Dp+m)<2g-2+@m—-1)(p+m)<g+(p+mn~—1, So g:V(H)— [0, |[EH)| - 1] is in-
jective.

Note that g'(E(G))=[k k+g—1]1 and g()+g(V(G+ fm)) =lk+q(i—-D(p+m), k+qg+
i(p+m)—1] for 1<i<n. We have g (EH)=[k,k+q+n(p+m)—1]. Thus g is a strong
k-harmonious labeling of H. This completes the proof.

By using similar methods as used in the above proof, we can prove the following

THEOREM 9. Let G = G(p, q) be a strongly k-elegant graph. Then for any integers n 20 and
m satisfying g—p+1sm<qg-p+k, (G+ Em) \% I_(,l is also strongly k-elegant.

THEOREM 10. Let G=G(p,q) be a strongly k-indexable graph and m=q—p-+k, then
(G+ Enz) v K, is strongly k-indexable.

Proof. Let H=(G+E,,,) vKi=H(p+m+1, g+p+m) and f: V(G) =10, p— 1] be a strong
k-indexer of G. Let G(v) = f(v) for each v € V(G) and the m vertices of K,, be labeled with m integers
in [0, p + m — 1\g(V(G)). Label the only vertex of K; with p+m. Then g: V(H) = [0, p+ m] is a
bijection. It is easy to check that g (E(H)) = [k, k + g+ p + m — 1]. This completes the proof.

The method of Theorem 7 was used in [5] for (k, d)-arithmetic graph. But in Theorem 10 of [5],
a vital condition “Q is an arithmetic progression with common difference d” was neglected. Also
in the proof of that theorem the label of x; € X seems to be k+gd —a+d(p +r)(i— 1) instead of
k+ gd — fnin(G) + d(p + n)(i — 1), where a is the first term of Q. Here we give the revised versions
of the theorem and the proof, and then generalize the theorem. Note first that if G is a (k, d)-arith-
metic graph, then the graphs obtained from G by adding or deleting any number of isolated vertices
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are also (k, d)-arithmetic graphs. So without loss of generality we may suppose a (k, d)-arithmetic
graph has no isolated vertices. We have

THEOREM 11. Let G =G(p, q) be a (k, d)-arithmetic graph without isolated vertices, and f be
a (k, d)-arithmetic labeling of G. If f{V(G)) can be arranged as a subsequence P of an arithmetic
progression Q with common difference d such that the last term of Q is finax, then (G + E,,,) v _I-{-,,) is
a (k, d)-arithmetic graph, where m=|Q\P| and n 2 1 is any integer.

Actually Theorem 11 is an immediate corollary of the following:

THEOREM 12. Let G=G(p, q) be a (k, d)-arithmetic graph without isolated vertices, and f be
a (k, d)-arithmetic labeling of G. Let W be a subset of V(G) such that (1) frx € fIW); (2) f(W) can
be arranged as a subsequence of an arithmetic progression Q with common difference d; (3) the
last term of Q is that of P, and (4) Q Nf(VI(G\W)=D. Then ((GIW] +K)VK)UG is a
(k, dy-arithmetic graph, where m =|O\f(W)| and n 2 1.

Putting W= V(G) in Theorem 12, we get Theorem 11.

Proof. Let a be the first term of Q; then a <min {f(v) : v € W} = fy,;, by condition (1). Let
s=|Wl,thenQ=1{a,a+d,...,a+(m+s—1)d}. Let V(E,,)= {vy,...,v,}. Define a labeling g of
H=(GIW]+K,) vK,) UG as follows. Let g(v) =f(v) for every v e V(G), then Q\g(W) =0\
f(W) contains exactly m integers. Label the vertices of K., with these m integers in any way. Then
gWU VK =0.

Let

gwy=k+gd—a+({i-1)m+s)d, 15i<n.

We will prove that g is an injection. Because of the condition (4), g(V(G) N g(V(E,,,)) =. So
to prove g is injective it suffices to show that for each i=1,...,n,g)e QU f(V(G\W)
= O\AW)) U f(V(G)). Suppose to the contrary that g(v;) € (Q\AW)) U fAIV(G)) for some i.

CASE 1. g(v) € fIV(GY)

Let g(vy) =f) for v € V(G), ie., a+f(V)=k+qgd+ (i — 1)(m+s5)d 2k + qd. Since G contains
no isolated vertices we may suppose u is adjacent to v in G. Then f(u) 2 fyn = a by (1). So
f(u) +f)2k+qgd. This contradicts the fact f(u)+f(v)+f'(uv)e fEG)=1{kk+d, ...,
k+(qg-1)d}.

CASE 2. g(u) e Q\AW)

Because of (3) we have g(v;) <max {f{v) : v e W} =f(v,). Then

a+f)>k+gd+({i—-1)(m+s)d

We can reach a contradiction by the same argument as in case 1. Thus we have proved g is

injective.
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Since g(v) +g(Wu V(_I?m)) ={k+qd+(@—D(m+s)d, k+qgd+(i—D(m+s)d+d,... . k+qd
+i(m+ 5)d —d}, 1 £i<n, we conclude that g (E(H)) is an arithmetic progression with the first term
k and common difference d. This completes the proof.

T. Grace’s result ([2]) can be generalized in another way. This is what we have just done for
(k, d)-arithmetic graphs in Theorem 12. For sequential graphs we have

THEOREM 13. Let G=G(p, q) be a k-sequential graph with a k-sequential labeling f and
a=fun If M =max {x:[a,a+x] cf(V(G)} 2k—a, then for every m with k—a<m<nt, the
graph H obtained from G by joining all vertices of V,,=f Ya,a+m)={ve V(G):a< )
S a+ m) with each of other n 2 0 additional isolated vertices is also k-sequential.

Proof. Letuy,...,v, be the n additional vertices as stated in the theorem.

If G is not a tree. Define g : V(H) — N in the following way. First let g(v) =f(v) for every
v € V(G), then g(V(G)) < [a, g — 1]. For each v;, let g(v)=k+g—a+ (i— 1)(m+ 1). The smallest
label of these n additional vertices is g(v)=k+qg—a=gq (since a<k), and the largest one is
g)=k+g—a+(n—-Dm+)=(@+nm+1)-1)+k-a-m)sq+nm+1)-1=|EH)| -1
So g is an injection from V(H) to {0, |E(H)| — 1]. Since g(V,,) ={a, a + m] we have

gw)+gV)=lk+g+({i~Dm+ ), k+qg+im+1)~1], 1<i<n

It is easy to see that g (E(H))=[k, k+q+n(m+ 1)—1]. Thus g is a k-sequential labeling of H.

If G is a tree, then a =0, f(V(G)) ={0, gl and m’ =g = k. Let g(v)=f(v) for each v € V(G) and
gy=k+q+ (- 1(m+1), 1 £i<n Aroutine calculation shows that g is a k-sequential labeling
of H. This completes the proof.

COROLLARY 1. IfT=T(p,p—1) is a k-sequential tree with a k-sequential labeling, then for
every integer m with 0 <m < p — 1, the graph obtained by adding any number of isolated vertices
to T and connecting every one of them to each vertex of T with label no more than m is also
k-sequential. In particular, Tv K, is k-sequential for each n = 0.

Because of Observation 2(1) we have

THEOREM 13’. Let G = G(p, q) be a strongly k-harmonious graph with a strong k-harmonious
labeling f and a=fyx- If m" =max {x:[a, a+x] cfAV(G))} 2k—a, then for each m,k—a<m
<w', the graph obtained from G by connecting all vertices of V,,=f ]([a, a+m)) to each of
n 2 0 additional isolated vertices is also strongly k-harmonious.

THEOREM 14. Let G=G(p, q) be a strongly k-elegant graph with a strong k-elegant labeling
f a=fun Let K,(n20) be the empty graph without common vertices with G. If
m =max {x:[a, a+x]1cf(V(G)} 2k—-a~—1, then for each m, k—a—1<m<m’, H=(G[V,]
v K, U G is strongly k-elegant, where G[V,,] is the subgraph of G induced by V,,=f~ Ya, a+m)).
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{vg,...,0,}. Let

g) =), ve V(G),
gw)=k+g-a+(i-1(m+1), 1<isn

Proof. Suppose V(Eg) =

Then g is the required strong k-elegant labeling of H.

The similarity of Theorem 13 for strongly k-indexable graphs is the following

THEOREM 15. Let G=G(p, q) be a strongly k-indexable graph w;'th a strong k-indexer f.
Suppose p < q+ 1. Then there exists a vertex u of G with fw) =k + q—p, and the graph obtained
by attaching any number of pendant edges to G at u is also strongly k-indexable.

Proof. Since k < 2p — q—2 by observation 1 (4), we have k+q —p € 10, p — 11 =f(V(G)). So
there exists u € V(G) such that f(u) =k+q—p.

Let uvy, . . . , v, be the additional pendant edges attached at u and H be the resultant graph. Put

g)=fv), ve V(G),
gw)=p+i-1, 1<i<n

Then g : V(H) — [0, p+n— 1] is a bijection and g (E(H)) =k, k+q+n—1]. So g is a strong
k-indexer of H.

It is notable that in Theorem 7 we can join G + I—<,,, to a star instead of an empty graph. We have

THEOREM 16. Let G =G(p, q) be a k-sequential graph (strongly k-harmonious graph, strongly
k-elegant graph) and S, .1 a star of n+ 1 vertices. If m=q—~p + k then H= (G + Em) vS, 1 isa
k-sequential graph (strongly k-harmonious graph, strongly k-elegant graph, respectively) as well.

Proof. Suppose G is k-sequential and fis a k-sequential labeling of G. Let vg be the center and
vy, ..., U, the pendant vertices of S, . ;. Define a labeling g of H as follows. Let g(v) =f(v) for
every v € V(G). Then [0, k + g — 1]\g(V(G)) contains exactly m integers. Label the m vertices of
K with these m integers. Then g(V(G+ Km)) =[0,k+g—1]. Now let g(vg)=k+q and
g)=>{+Dk+q+i—-1 (1<i<n). It is easy to check that g"(E(H))=[k (n+2)(k+q)
+ n— 1] and the maximum vertex label of Hunder g is (n+ 1)(k+ @) +n—1, which is less than the
number of edges of H. So g is a k-sequential labeling of H.

The above proof is applicable also to the case when G is strongly k-harmonious or k-elegant
graph. This completes the proof.

The method given in Theorem 16 gives exactly the same result as Theorem 10 when applied to

strongly k-indexable graphs.

4. ADDING EDGES OVER DIFFERENT GRAPHS

This section is devoted to methods of adding edges over a number of labeled graphs to get new
labeled graphs. First we have the following rather general result.
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THEOREM 17. Let Ti=T{p;, pi— 1) be a ki-sequential tree, 1 <i<n, k;<...<k,. Suppose
these n trees are pairwise vertex disjoint and ; is such that p;<l;<min {k;+p;~ 1, p;+p; .
—kiy1—1}, 1€i<n Then we can add to Ty+...+T, kiyy—ki—p;+2i+1 edges, which
connects vertices of T; and T;,, for each i,1<i<n-—1, such that the resultant graph is
ky-sequential.

n
Proof. Suppose f; is a k;-sequential labeling of T;. Let [ =0and f: v W(T;) — N be such that
i=1
fo)=fiw)y++...+l-y), ve VT),1<i<n. Then f(VTY)=[L+...+Li,h+.. .+,
+ p;— 1]. Since p; < I; for each i, we know f'is an injection. Note that
f+(E(T,)= [2(l1+ e +l,'__1)+k,', 2L+ .. .+li_1)+k,'+p,"2], 1£ign.
We have

FET+. . +TY) =y ky+ 20 +. .+ L, _ ) +p,— 2]\
n-1

U k20 +. L)Lk w200+ L+ 1) - 1]

i=1
=[ky, k,+2(L+. ..+ _)+p,—2)\
n

v 20+ HL_)+H L+ krp-L-1+])):

i=1
J=0,1,. .. kis1—ki—p;+2L;}.
Since
OSk,--i-p,-—l,-—l

Sk+pi—L—1+j

S+ pi— L= D+ —ki—pi+21)

=k + -1

SpitpPiv1—2
and fV(T)=10,p;i~ 11, fVT;1))=[0,pis1~1], we have k+p;—Li-1+jef(UT))
+f(V(T;+1)). Hence

E;j={uw:ue V(T),ve V(T s flw) 4 fi o 0) =k +p— ;= 1 +j}
¢®, 1SzSn—l,OS]SkH_l—k,—p,+21i.
Let ¢; be any edge in Ej; then
Fle=20+. ..+ L_ )+ L+ (+p~ - 1+j).
Put E={e;:1<i<n—1,0<j<ky ~k—p;+2l;} and H=(T;+...+T,)UE. Then H has
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n n—1 n—1
T p;verticesand p,+k,—k;—1+2 X [;edges. Note that fyx=pp,— 1+ Z l;<|E(H)} and the
i=1 i=1 i=1

n—1

above procedure shows that f(EH))=[ky, pr+k,—2+2 X [} is an integer interval containing

i=1
|E(H)| integers. Thus fis a k;-sequential labeling of H. This ends the proof.
Taking ;= p;, 1 <i<n, in Theorem 17, we get

COROLLARY 2. Let T;=Ti(ps pi— 1) be a ki-sequential tree, 1 <i<n, ki <...<k, Then we
can add to Ty+...T, ki.1—ki+pi+1 edges, which connect vertices of T; and T;., for
each i, 1 £i<n—1, such that the resultant graph is k-sequential.

Ty, ..., T,are pairwise isomprphic and [y =...=1[,_ in Theorem 17 we get

COROLLARY 3. Let T=T(p,p— 1) be a k-sequential tree and Ty, . . . , T, be n pairwise vertex ;
disjoint copies of T. If pSI<min {k+p—1,2p—k+1}, then we can add to T)+...+T, x
20l—p+1 edges connecting over T; and T;,1, 1<i<n~—1, such that the new graph is also :

k-sequential.

THEOREM 18. Let G=G(p, q) be a k-sequential (strongly k-harmonious, strongly k-elegant)
graph other than a tree with a k-sequential (strong k-harmonious, strong k-elegant) labeling f, and /

Gy . .., Gy be n pairwise vertex disjoint copies of G. If max r_‘zi‘]’ B+ 13 <1< qB=finax) then we
can add to Gy + . ..+ G, 2l—q edges connecting over G; and G|, 1 £i<n—1, such that the
graph obtained is k-sequential (strongly k-harmonious, strongly k-elegant, respectively).

Proof. Let g(v)=fv)+(i- DI, ve V(G). Then g(GY) < [(i— DI, ((—1DI+B), [Si<n.
Since B+ 1 £/, the n intervals [(i — 1)], (i — 1)+ B] (1 £i < n) are disjoint from one another. Hence

q
2

g E(G)) =Tk +2(i = DI, k+2(i — 1)l + g — 11 (1 £i <n) are also pairwise disjoint. We have

g is an injection from V(G| +...+G,) to [0, (n — 1)l + B]. Because 12[%12 , the n intervals

n—1
S EG +.. . +C ) =Tk k+2n—Dl+g—1N U [k+2(—Dl+q k+2il-1]

i=1 ,

n—1

=ik k+2(n—-Dl+g-1N U {260-Di+k+g-1+j:

i=
j=0,1,...,21—g—1}. :

Since

k<k+qg-—1
Lk+g-—1l+j
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Sk+qg-—I+Q2l—-g-1)
=k+1-1
<k+g-1,

k+q—1+je f(E(G)) for each j and hence Ejj= {uv:ue V(G),v € V(G;.), flu) +f(v)=k+q
n-12-¢g-1

—l+j} 2D, 1<i<n-1,05j<2l—g—1. Let E be any subset of U U Ejsuch that E
i=1  j=0

intersects each Ej at exactly one element. Then H=(G; +... +G,) VU E=H(np, g+ 2(n - 1))).
Note that gpax =B+ (n—-Di<g+(n-NI<g+2n—1) and g “(EH) =k, k+2(n— 1)l+q— 1].
We conclude that g is a k-sequential labeling of H.

By taking !/ = q in the theorem above we get

COROLLARY 4. Let G=G(p, q) be a k-sequential (strongly k-harmonious, strongly k-elegant)
graph which is not a tree, and Gy, . . ., G, be n copies of G. Then in G, + ...+ G, we can add q

edges connecting over G; and G;., for each i, 1 £i<n—1, such that the resultant graph is
k-sequential (strongly k-harmonious, strongly k-elegant, respectively).

The following theorem is a partial generalization of Theorem 17.

THEOREM 19. Let G;= Gi(p;, q;) be k;-sequential with g;=p;—1orp;, 1<i<n, k) <... 2k,
Ifq/<L<min {ki+ gy qi+ giv1 —kis1 —kiv1— 1}, 1Si<n—1, where qi= q;+ 1 if G is a tree and
q; otherwise, then we can add to G\ + ...+ G, ki, —k;—q;+2l; edges connecting over G; and
Gi.1, 1 <i<n— 1, such that the graph obtained is k;-sequential.

i-1
Proof. Let f; be a ki-sequential labeling of G; and f(v)=fi(v)+ Z [, ve V(G), 1<isn
=1

i-1

q'<q, <l; for each i,f is an injection and the n intervals f(E(G))={2 Z L+k;,

Since > z

i-1
2 X l+k+g;— 1] (1 £i<n)are pairwise disjoint, we have
=1

n—1 n-1 i-1
G +.. .+ G =Tk 2 T Lk, tq,=IN U 2 2 +ki+q,2 3 Ltk —1]

i=1 t=1 t=1 =
n—1 n—1 i-1
=2 T Ltktg =11 U (2 2 Lkl (gl
i=1 =1
j=0, 1,...,ki+|—k,‘—q,'+2[i—1}. °
Since
OSk,"‘l'q,‘—‘l,'

Skitgi—li+j

SRR
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Ski+g— L+ —k—-gq+2-1)
=kiy =1
Skici+ (gt gip1—ki—D -1
=¢;+qi.1—2
and f(V(G)) =0, g/ — 1], which is deduced from g; = p;— 1 and f; is injective, we have
E;={uv:ue V(G),ve VG, ). fi(w) +fioiW=k+q, - L+j} O
for each i and j. Let ¢; be any edge in E; and E={¢;:1<isn-1, 0Lj<ki1—ki—q;

n-1 n—1

+21,"—1}. ThenH=(G|+...+G,,)UE=H( p p,-,qn+k,,—kl+2 = li)’fmax< z li+qn"°'1
=1 i

i=1 =1
n—1 n-1

£ X L+q,<|EH)|-1, and FEHE) =k, guthn+2 .Z I;—1]. We conclude that fis a k-

i=1 i=1
sequential labeling of H.

THEOREM 20. Let G;=Gdpy,p) be strongly kr-harmonious, ki <...5k, If
pi<li<min {k;+p;,  pitpic1—kiz1— 1} 1<i€n, then we can add 1o
Gi+...+G,k;.y — k= p; +2l; edges which connect over G;and G;, 1, 1 Sisn—1, such that the
resultant graph is strongly k,-harmonious.

THEOREM 21. Let G;=G{p;, pi—1) be strongly k;i-elegant, 1<i<n, k <.. .2k, If g;<;
<min {ki+ ¢, g+ qis1~ ki1 +1}, 15isn—1, then we can add to G+...+G,
ki1 —k;— q; + 21; edges connecting over G; and G; 4\, 1 Si<n~ 1, such that the resultant graph
is strongly k-elegant.

The two theorems above can be proved by using similar method as used in the proof of
Theorem 19. Applying this method to strongly k-indexable graphs we have

THEOREM 22. Let G;=G{p; q;) be strongly k;-indexable, 1<i<n, k; <...<k,. Suppose
p;<min {k;+q;, pi+pic1—kiv1— 1} for each i, 1<i<n—1. Then we can add to Gi+...+G,
kis1— ki +2pi— q; edges connecting over G;and G, 1 Si<n~1, such that the resultant graph
is strongly ky-indexable.

COROLLARY 5. Let G=G(p, q) be a strongly k-indexable graph and Gy, .. ., G, be n copies
of G which are pairwise vertex disjoint. If p—q<k<p—1, then in G;+...+G, we can add
2p — q (= 3) edges connecting over G; and G, 1 £i<n— 1, such that the resultant graph is also
strongly k-indexable.

5. REMARKS

(1) The methods described in the previous sections are essentially constructive. In Setion 2, we
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have identified nonadjacent pairs of vertices that could be made adjacent or edges that could be
deleted to get new labeled graphs. From the procedure of the proofs for the theorems in Section 4
we know how we can add new edges. Because of these constructive characteristics, our methods
can be easily realized on computers.

(2) The methods can be used repeatedly.

(3) The sets Ej in the proofs of Corollaries 3 and 5 and Theorem 18 can be augmented, thus
enlarging the range of the chosen edges. Let f;=max {0,2i—n} fori=1,...,n—1. If fiis a
k-sequential labeling of T in Corollary 3, let

Ej={uw:(wv)e U U)XV, _) fw+fiv)=k+p-1+j-1}

r=g+1

n~1 20-p
and EC v U Ejbesuch that |[ENEj| =1 for every Ef. Then (T} +. ..+ T,) U Eis k-sequen-
i=] j=0

i
tial. In Theorem 17 one can take Ej={uv: (u,v) € U WG)XV(Gyir1- f(W)+f(v)=k+gq
t=t+1
— [+ j} in place of Ej;. In Corollary 5 one can take
i
Ej={uv:(,v)e U 1 VIG) X V(Gy i ) [ + i) =k +qg—p +]}
1=t +
instead of Ej;, where fj is a strong k-indexer of G.

(4) We can estimate how many different (upto isomorphism) labeled graphs one can obtain by
using the methods given in Section 4. For example, in Theorem 16 a lower bound is
n ko -k-p+2
11 I Ty
i=1 j=0
where
ki+pi—Li+j, ifk+p;—L;—1+j<min{p,p;}
ry=|Ez|={min {p, p;,y}, ifmin{p,p; \} -1 sk+p;—L;—1+j<max {p,p;,,} -1
Piv1— kb=, ifk+p— = 1+j2max {p, p;, >min {p, p;, (}.

Considering the remark (3) above this bound can be improved in the case of Corollary 3. In Theorem

a-1 2-¢g-1 n—-1 2-g-1 n—12-¢g-1
17 the lower bound is T IT |Efl=T1 II (-g)|Egl2 T 1 (i-¢t)
i=1  j=0 i=1  j=0 i=1  j=0
n-1 n=12p—gq—1
="' (i—t,~)]2’”". In the case of Corollary 5 the lower bound is 11 I1 (i — £)ry, where
i=1 i=1  j=0
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k+q—p+j+1, ifk+g-—p+j<p-1
3p—g-k—j+1, ifk+q-p+j2p.
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