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Haldane phases of SU(N) spin chains
Quantum system of spins §l transforming under SU(N)
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An SU(N)-invariant system is in a Haldane phase (see [1]) if
e its ground state |v) is unique (no symmetry breaking)
e there is an energy gap (constrains choice of irrep V)

e there is symmetry fractionalization

Fractionalized emergent boundary spins

An open chain may exhibit stable emergent boundary spins
Explicit realization: AKLT-like construction |2}

S physical spin V — boundary spin B3
auxiliary spins 5 and B j K singlet bond

Symmetry fractionalization:
The center Zr C SU(N) acts trivially on physical spins V...
...but non-trivially on emergent boundary spins B and B*

Specific realizations

For SU(4) one may, e.g., realize the following Haldane phases
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AKLT Hamiltonians for the self-dual rep for N = 2,4,6 (2, 5, 6]
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The AKLT Hamiltonians for the adjoint rep are known and in-
volve powers of S - S5 and spin-spin couplings of the form 7]
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Notes: e d is the completely symmetric rank-3 tensor
e [he second term breaks inversion symmetry

Classification of Haldane phases
The center of SU(N) is given by
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Zy 2L wl, - w
In an irrep ), the center acts as D (wl) = wM T where
Young tableau(\) = = |\| = Boxes(\) mod N
Assuming [V| = 0, the element wl € Zp acts as

S physical spin V — boundary spin B E
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In other words: V is a linear rep of PSU(N) := SU(N)/Z 5 while

the boundary spins B and B™ transform in projective reps

Result: PSU(N) admits N—1 distinct Haldane phases [3]

Cold atom realization
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Features of ultra-cold alkaline-earth Fermi gases [8]:
e Large nuclear spin

e Decoupling of electronic and nuclear spin
e Confirmation of SU(N) symmetry in /Sr and 173Yb [9, 10]

SU(N) Fermi-Hubbard model

V3 hopping
strong coupling
q S . % “half-filling”

Half-filling: = Physical spin: }% (self-dual)

SU(N) Heisenberg model
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Detection in terms of non-local string order

The N phases of PSU(N) spin chains can be distinguished in
terms of a matrix-valued string order parameter |4]

String operator T
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In the thermodynamic limit this evaluates to (in a specific basis)

(T — R exp (%(a —b)[B]) (with R = 0 for [B] = 0)

A conjecture on SU(N) Heisenberg spin chains

Claim: The non-trivial inversion-symmetric topological phases
above are also realized in the corresponding Heisenberg model

Check: So far only for SU(4) [5, 6, 11]; SU(6) pending [6]

(Adiabatic interpolation, confirmation of edge modes and string order)

Symmetry group SU(2) SU(4) SU(6) SU(8) SU(10)  SU(N)

: n!(n+1)!
Dim of self-dual rep 3 20 175 1764 19404 it
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