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Abstract

In these notes, we study the Chern-Gauss-Bonnet theorem which is among
the most profound results in geometry and topology. We will discuss four dif-
ferent but closely related approaches to this theorem. The first approach is
the original intrinsic proof of S.S. Chern. The second approach is based on the
Chern-Weil theory which was developed in a series of seminal works by S.S.
Chern in the 1940s. The deep geometric insights and fundamental techniques
from these two approaches shaped the later development of global differen-
tial geometry in the last century. The third approach has a strong analytic
flavour that is based on the analysis of the heat equation. This approach is
in spirit close to the modern analytic approach to the Atiyah-Singer index
theorem. The last approach we will discuss is based on Quillen’s supercon-
nection technique, which can be viewed as a superconnection analogue of the
Chern-Weil approach.

Along our path towards the aforementioned approaches, we will encounter
several landmark results in geometry and topology, such as intersection the-
ory, Lefschetz fixed point formula, Poincaré-Hopf index theorem, Poincaré
duality, Thom isomorphism, de Rham theorem, Chern-Weil theorem, Hodge
theory etc. To make these notes relatively self-contained, we will discuss the
major geometric and topological results that are essential to our study, which
may not always be covered in a standard course. These notes can thus be
viewed as an introduction to geometry and topology (or a second course) with
an essential aim towards the Chern-Gauss-Bonnet theorem.
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1 Introduction
The classical Gauss-Bonnet theorem provides a deep connection between geometry
(curvature) and topology (the Euler characteristic) for surfaces. It asserts that

the integral of the Gaussian curvature over a compact, oriented, two-
dimensional Riemannian manifold without boundary is equal to 2π times
the Euler characteristic of the manifold.

The Gaussian curvature is a local geometric object while the Euler characteristic is
a global topological quantity. The Gauss-Bonnet theorem provides a surprising link
between the integral of a local geometric quantity and global topology. It suggests
some kind of geometric rigidity that is constraint by topology: curvature behaves
like a conserved quantity whose “total” is dictated by topology. The theorem is
therefore a profound result from this perspective.

A first attempt of generalising the Gauss-Bonnet theorem to higher dimensions
appeared in the seminal paper of H. Hopf [Hop25] in 1925, who proved that the
integral of the total curvature of a hypersurface of Euclidean space is a topolog-
ical invariant. This remarkable insight was among the very first developments
that brought the global viewpoint into differential geometry and opened the era
of global differential geometry. A more precise form of the Gauss-Bonnet theorem
in higher dimensions was obtained independently by C.B. Allendoerfer [All40] and
W. Fenchel [Fen40] in 1940. In these two papers, the authors proved that on a
closed, oriented Riemannian manifold which is isometrically embedded in an Eu-
clidean space, the integral of the Lipschitz-Killing curvature is a constant multiple
of the Euler characteristic. In the later work of C.B. Allendoerfer and A. Weil
[AW43], the isometric embedding assumption was removed and a precise version of
the Gauss-Bonnet theorem for an arbitrary closed, oriented Riemannian manifold
was established. The main idea in [AW43] was to triangulate the manifold into
cells that could be isometrically embedded into Euclidean space so that the earlier
results of [All40, Fen40] could be applied (Nash’s embedding theorem was not yet
available during that time). Though the intrinsic formulation of the Gauss-Bonnet
theorem was already known in [AW43], the proofs in the aforementioned works
were clearly of extrinsic nature and were therefore not entirely satisfactory from a
geometric viewpoint.

The first intrinsic proof of the Gauss-Bonnet theorem in higher dimensions
appeared in the landmark paper of S.S. Chern [Che44] in 1944. Stated in a concise
and elegant form, the theorem asserts that

the integral of the (geometric) Euler form over a closed, oriented, even-
dimensional Riemannian manifold is equal to the Euler characteristic
of the manifold.
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This result is nowadays referred to as the Chern-Gauss-Bonnet theorem (CGB in
short). In the subsequent seminal papers [Che45, Che46], Chern further developed
his remarkable ideas and techniques in [Che44] into a new height, leading to a
fundamental theory of characteristic classes which is nowadays known as the Chern-
Weil theory. These works had far-reaching impact on the modern development of
geometry and topology, in particular in areas such as index theory, gauge theory and
global analysis etc. On the other hand, the heat equation approach of [MS67, Pat71]
is closely tied to the modern analytic approach to the Atiyah-Singer index theory,
where CGB appears as a fundamental example.

1.1 Overview of fundamental ideas

In the present notes, we discuss four different but closely related approaches to
the Chern-Gauss-Bonnet theorem, each having its own merit and significance. In
what follows, we summarise the philosophy behind these approaches in a conceptual
way. Since we have not yet introduced any mathematical concept, it is impossible to
give a very precise explanation about the methodology at this stage. More detailed
discussion will be given in the relevant chapters below.

Chern’s original intrinsic approach

The first approach [Che44] is the original intrinsic proof of S.S. Chern. The rather
deep insight of Chern was that the Euler form lifts to an exact form dΠ on the
sphere bundle. Let V be a smooth vector field on the base manifold which has
only isolated zeros. Through the aforementioned lifting, the total integral of the
Euler form turns out to be localised near the zeros of V as a consequence of Stokes’
theorem. In addition, due to the specific construction of Π, the localised integral
picks up the index of the vector field V at each zero. It follows that the total
integral of the Euler form is equal to the sum of the indices of V at its zeros. The
latter is precisely the Euler characteristic as a consequence of the Poincaré-Hopf
index theorem. This proves the CGB theorem.

The Chern-Weil perspective

The second approach [Che46] is based on the Chern-Weil theory, which takes a deep
step beyond Chern’s original proof. It provides a systematic way of constructing
suitable cohomology classes that detect the topological twisting of a vector bun-
dle (characteristic classes). In the context of CGB, it provides a natural way of
constructing the geometric Euler form and reveals in a fundamental way why this
Euler form lifts to an exact form on the sphere bundle (which was a key insight
in Chern’s original proof). This exactness property turns out to be rather explicit
and quantitative (the Chern-Weil theorem), which is described by means of the
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so-called transgression formula. Through explicit analysis based on this formula,
one can show that the cohomology class of the geometric Euler form coincides with
the topological Euler class, whose total integral yields the Euler characteristic due
to a standard topological result. This proves CGB.

The heat equation approach

The above two approaches have a quite geometric and topological nature. The
third approach [MS67, Pat71] is quite analytic on the other hand. It is based on
the analysis of the heat equation. The starting point is a beautiful and profound
geometric result known as the Hodge theorem. The Hodge theorem asserts that the
space of harmonic forms is isomorphic to the de Rham cohomology in each degree,
hence relating the Euler characteristic to the dimensions of the spaces of harmonic
forms. By using the Hodge theorem, the Euler characteristic can be expressed
as the supertrace of the heat semigroup on forms and the latter is a supertrace
integral of the heat kernel. In its small-time limit, only one particular term in
the heat kernel expansion would survive, which is precisely the Euler form through
explicit analysis. As a consequence, the Euler characteristic is the total integral of
the Euler form. This is exactly CGB.

The superconnecion approach

The fourth approach [ZF22] is based on Quillen’s superconnection technique (cf.
[Qui85, MQ86]). This approach is in spirit very close to the Chern-Weil approach
discussed earlier. The key insight is that the Euler form can be realised as the
so-called Chern character form associated with the induced superconnection on the
(complexified) exterior algebra bundle. By applying a version of the Chern-Weil
theorem for superconnections, one concludes that the cohomology class of the Chern
character (hence of the Euler form) is independent of the choice of superconnec-
tions. Now pick a smooth vector field V with isolated zeros. By deforming the
superconnection in a clever way, it turns out that the integral of the Euler form is
localised at the zeros of V, yielding their indices through explicit computation. The
proof of CGB is again finished by applying the Poincaré-Hopf theorem.

1.2 Organisation and guideline

I have no intention of writing a comprehensive book on geometry and topology,
given that there are already too many excellent texts on this topic. There is only one
essential motivation and objective in these notes: to understand the Chern-Gauss-
Bonnet theorem in depth. We will take this opportunity to introduce the landmark
results in geometry and topology that will be used along our path towards proving
the theorem. This will make the present notes relatively self-contained. Though it

9



is not strictly necessary, it would be helpful if the reader is familiar with some basic
algebraic topology, differential and Riemannian geometry. Some basic concepts and
tools from these topics that will be used in the main text are summarised in the
appendix.

Organisation

(i) The Gauss-Bonnet theorem. In Section 1.3, we discuss the Gauss-Bonnet the-
orem for surfaces following the connection-based approach of [ST67]. This section
is not strictly necessary for the purpose of CGB but will provide some important
geometric intuition towards the higher dimensional situation.

(ii) Chern’s intrinsic proof. In Chapter 5, we present Chern’s original intrinsic
proof of CGB. The argument relies on a basic topological result: the Poincaré-
Hopf index theorem. Our approach to this index theorem contains two major
steps. Chapter 2 is devoted to the development of the first step, which requires
some intersection theory from differential topology. Chapter 3 is devoted to the
development of the second step, which requires the Lefschetz fixed point formula
from algebraic topology. This is certainly not the shortest path of proving the
Poincaré-Hopf index theorem itself. We decide to take this approach because it
provides a nice opportunity of motivating and encountering various fundamental
results in topology. In Chapter 4, we discuss the differential counterpart of the
main algebraic topology results in Chapter 3.

(iii) The Chern-Weil perspective. In Chapter 7, we develop basics of the Chern-Weil
theory and present the second approach to CGB from the Chern-Weil perspective.
This provides deeper insight into Chern’s original proof in Chapter 5. The Chern-
Weil approach relies on the basic theory of connections on principal bundles, which
will be studied in Chapter 6.

(iv) The heat equation approach. In Chapter 10, we develop the heat equation
proof of CGB. The argument relies on the Hodge theory and explicit analysis of
heat kernels on vector bundles, which will be studied in Chapter 8 and Chapter 9
respectively.

(v) The superconnection approach. Chapter 11 is devoted the fourth proof of CGB
following Quillen’s technique of superconnections on super vector bundles. This
can be viewed as a superconnection version of the Chern-Weil approach developed
in Chapter 7.

Reader’s guideline

To understand Chern’s original proof, there is no need to read Chapter 2 and Chap-
ter 3 provided that the reader takes the Poincaré-Hopf index theorem as granted.
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Chapter 6 is somehow necessary to properly understand the Chern-Weil proof of
CGB, unless the reader is familiar with the basic language of connections on prin-
cipal bundles. Chapter 4 and Chapter 8 can be skipped, provided that the reader
assumes the de Rham theorem and the Hodge theorem. The construction of the
heat kernel in Chapter 9 is not strictly necessary. However, its small-time expansion
(Proposition 9.4 and Corollary 9.4), which is developed along the path of proving
its existence, is somehow necessary to understand the heat equation proof of CGB
(Patodi’s local index formula; see Theorem 10.2). Chapter 11 is quite independent
and does not rely on earlier chapters in any essential way.

Notation and conventions

To make the presentation smoother, throughout the rest of these notes we will
adopt the following conventions / notation unless otherwise stated.

1. By an (n-)manifold, we always mean an (n-dimensional) differentiable man-
ifold. A closed manifold is a compact manifold without boundary. Unless
otherwise stated, functions / vector fields / tensor fields / differential forms /
sections are always assumed to be smooth. The evaluation of a tensor field ξ
(e.g. a vector field or a differential form) at a location x is denoted as either
ξ(x) or ξx.

2. We always adopt Einstein’s convention of summation. Namely, any pair of
repeated indices in an expression are summed automatically over their domain
of definition. For instance,

Ri
jklaib

j ≜
∑
i,j

Ri
jklaib

j.

This also includes the case of multiindices, for instance,

aIω
I ≜

∑
I=(i1,··· ,ir)

aIω
I .

3. Depending on the context, the notation ⟨·, ·⟩ can refer to the Riemannian met-
ric or the pairing between cotangent and tangent vectors or more generally,
the action of a linear functional on a vector.

4. (P)ONB means (positively oriented) orthonormal basis. (P)ONF means (pos-
itively oriented) orthonormal frame field.

5. For the multiindex I = (i1, · · · , in), we set

sgn(I) ≜ sgn(i1, · · · , in) ≜


1, if I is an even permutation of {1, · · · , n};
−1, if I is an odd permutation of {1, · · · , n};
0, if I is not a permutation of {1, · · · , n}.
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We also use sgn(σ) to denote the sign of a permutation σ.

6. Unless otherwise stated, the notation ·̂ means removing the current object.
For instance,

θ1 ∧ · · · ∧ θ̂i ∧ · · · θn ≜ θ1 ∧ · · · ∧ θi−1 ∧ θi+1 ∧ · · · ∧ θn,

ω(X1, · · · , X̂i, · · ·Xn) ≜ ω(X1, · · · , Xi−1, Xi+1, · · · , Xn).

7. The notation A ⋐ B means that the closure of A is contained in the interior
of B (i.e. Ā ⊆ B̊).

1.3 The Gauss-Bonnet theorem for surfaces

We begin our journey by establishing the classical Gauss-Bonnet formula for sur-
faces. The main theorem is recaptured as follows.

Theorem 1.1 (The Gauss-Bonnet Theorem). Let M be a closed, oriented, two-
dimensional Riemannian manifold. Then

1

2π

∫
M

KvolM = χ(M). (1.1)

Here K is the Gaussian curvature of the Levi-Civita connection, volM is the Rie-
mannian volume form and χ(M) is the Euler characteristic of M .

The intrinsic definition of the Gaussian curvature will be given in Section 1.3.3.
The definition of the Euler characteristic will be given in (1.2). In the sequel, we
will adopt the approach of [ST67] to prove Theorem 1.1. This approach is very
close to the spirit of connections on principal bundles, which will be elaborated in
Chapter 6. The heart of the argument, which has a geometric nature, lies at a
proper interpretation of the Gaussian curvature (see Theorem 1.7).

1.3.1 A combinatorial formula for the Euler characteristic

The Euler characteristic is a topological invariant which counts the signed total
number of “holes” in all dimensions. Its precise definition is given as follows.

Definition 1.1. Let M be a closed n-manifold. The Euler characteristic of M is
the integer defined by

χ(M) ≜
n∑
k=0

(−1)k dimHk(M ;R), (1.2)

where Hk(M ;R) is the k-th singular cohomology group of M with real coefficients.
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Remark 1.1. One can replace the singular cohomology by the de Rham cohomology.
Indeed, according the de Rham theorem the two types of cohomology groups are
isomorphic (see Theorem 4.5). The finite dimensionality of Hk(M ;R) is addressed
in Proposition 4.1. One can also replace R by any other field with characteristic
zero and replace cohomology by homology.

In this subsection, we recall a simple combinatorial formula for the Euler char-
acteristic. This formula will be useful for our later proof of the Gauss-Bonnet
theorem. We first introduce the concept of a simplicial complex.

Definition 1.2. Let V be a real vector space. A (closed) k-simplex in V is a closed
subset of V which admits the form

[v0, v1, · · · , vk] ≜
{ k∑

i=0

aivi : ai ⩾ 0,
∑
i

ai = 1
}
,

where v0, v1, · · · , vk are k + 1 elements in V such that the vectors

v1 − v0, · · · , vk − v0

are linearly independent. An open simplex in V is the interior of a closed simplex.
By definition, it has the form

(v0, v1, · · · , vk) ≜
{ k∑

i=0

aivi : ai > 0,
∑
i

ai = 1
}
.

The dimension of a k-simplex (either open or close) is k. The closed faces (re-
spectively, open faces) of a closed simplex [v0, v1, · · · , vk] are the closed simplices
[vj0 , vj1 , · · · , vjl ] (respectively, open simplices (vj0 , vj1 , · · · , vjl)), where {j0, j1, · · · , jl}
is a nonempty subset of {0, 1, · · · , k}.

Notation. We often use the symbol (s) or s to denote an open simplex and use [s]
to denote a closed one.

Example 1.1. A 0-simplex is a point (vertex). A 1-simplex is an open (finite) line
segment. A 2-simplex is an open solid triangle on a plane.

Definition 1.3. A simplicial complex K is a finite set of open simplices in some
Euclidean space RN such that the following properties hold true.

(i) If an open simplex (s) ∈ K, then all open faces of [s] ∈ K;

(ii) If (s1), (s2) ∈ K and (s1) ∩ (s2) ̸= ∅, then (s1) = (s2).

The dimension of K is the maximum dimension of the open simplices in K. We use
|K| to denote the (compact) point set union of the open simplices of K equipped
with the relative topology as a subset of RN .
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Next, we recall the notation of triangulation in the context of manifolds.

Definition 1.4. A smooth triangulation of a manifold M is a pair (K,h) where K
is a simplicial complex and h : |K| → M is a homeomorphism such that for every
(s) ∈ K, the map h|[s] : [s] → M admits an extension hs to a neighbourhood U
of [s] in the vector subspace of [s] such that hs : U → M is a smooth embedded
submanifold.

It is a well-known result that every closed manifold admits a smooth triangula-
tion. We will not prove this fact and will refer the interested reader to [Mun66] for
a discussion. The following result provides a combinatorial way of computing the
Euler characteristic in terms of a triangulation. Its proof, which requires the use of
simplicial homology, will be given in Section 4.7.1 (see Proposition 4.5, Definition
4.11 and Remark 4.10).

Theorem 1.2. Let (K,h) be a smooth triangulation of M . Then the Euler char-
acteristic of M can be computed as

χ(M) =
dimK∑
k=0

(−1)kαk, (1.3)

where αk denotes the number of open k-simplices in K. In particular, for a closed,
2D manifold M with a smooth triangulation as a 2D simplicial complex, one has

χ(M) = # of vertices−# of edges +# of 2D faces.

Remark 1.2. Since χ(M) is a topological invariant, the formula (1.3) does not
depend on the actual triangulation of M .

1.3.2 Metric connection and parallel transport

Let M be an oriented, 2D Riemannian manifold. In this subsection, we recall the
basics of metric connection. This will provide some essential tools for our later study
of the Gaussian curvature. To keep the presentation smooth, we will only provide
proofs that are not contained in the more general results developed in Chapter 6.

The idea of a connection, or a covariant derivative, is to provide an intrinsic
way of differentiating tensor fields (most basically, vector fields) along arbitrary
directions on a manifold. For a smooth function f : M → R, one can canonically
define its directional derivative at a location x ∈ M along a direction v ∈ TxM
without introducing any geometric structure. Indeed, pick a smooth curve γ :
(−ε, ε) → M with x0 = x and ẋ0 = v. The directional derivative ∇vf is simply
given by

∇vf ≜ lim
t→0

1

t
(f(γt)− f(x)).
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Since f is R-valued, the difference f(γt) − f(x) makes sense in the usual way and
the above limit is well-defined.

Now suppose that Y is a vector field on M . If one tries to follow the above
route to define the “directional derivative” of Y at x along v, i.e. by naively setting

“∇vY ≜ lim
t→0

1

t
(Yγt − Yx)”, (1.4)

one immediately recognises that the difference Yγt −Yx makes no sense (Yγt and Yx
live on different tangent spaces). A natural attempt to fix this idea is to “parallel
transport” the vector Yγt along the curve γ back to the starting point x0 = x so
that one obtains a new vector Ỹt ∈ TxM . The limit

lim
t→0

1

t
(Ỹt − Yx)

would make sense (at least formally), because Ỹt and Yx now live on the same vector
space TxM .

From the above perspective, a connection is essentially a notion of parallel trans-
port (of tangent vectors) along smooth curves in M . In the Riemannian context,
a metric connection is a notion of parallel transport which preserves lengths and
angles. This is a very natural condition to impose.

Suppose that γ : [0, 1] → M is a smooth curve in M and v ∈ Tγ0M is a vector
with unit length. We wish to introduce a parallel transport of v along γ, i.e. a
vector vt ∈ TγtM with unit length for every t. One can think of (γ0, v) as an element
of the sphere bundle SM (see Definition 1.5 below). The aforementioned parallel
transport becomes the search for a lift of the base curve γ to a curve ut = (γt, vt)
(0 ⩽ t ⩽ 1) in S(M) starting at (γ0, v). As we will see, such a lift is uniquely
determined by requiring that the tangent vector u̇t is horizontal for all t. In other
words, a metric connection should be viewed as an assignment of a horizontal
subspace Hu ⊆ TuSM to each point u ∈ SM which satisfies some structural and
consistency relations. This is the infinitesimal viewpoint of connection which we
will make precise shortly.

The sphere bundle

Recall that M is an oriented, 2D Riemannian manifold.

Definition 1.5. The sphere bundle over M is defined by

SM ≜ {(x, v) : x ∈M, v ∈ TxM, |v|TxM = 1}.

We denote π : SM →M as the canonical projection.
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The space SM is a three-dimensional manifold. The easiest way to see this
is to realise that SM = f−1(1), where f : TM → R is the smooth function on
the tangent bundle TM defined by f(x, v) ≜ ⟨v, v⟩TxM . It is easy to check that
(df)(x,v) ̸= 0 for all (x, v) ∈ f−1(1). It follows from the implicit function theorem
that SM = f−1(1) is a closed submanifold of TM with dimension 4− 1 = 3. Note
that for each x ∈ M , the fiber π−1(x) is the unit circle on TxM . The space SM is
locally trivial, in the sense that for any x ∈M , there exists an open neighbourhood
U of x such that π−1(U) is diffeomorphic to U ×S1. Here S1 = {eit : t ∈ R} denote
the circle group where the product is given by complex multiplication. Note that
S1 is an abelian Lie group whose Lie algebra is just R with exponential map given
by t 7→ eit.

An essential structure of SM is that it admits an action by S1 from the right.
Given u = (x, v) ∈ SM and g = eit ∈ S1, we define

Rg(u) ≜ ug ≜ (x, veit),

where veit is the unit vector in the plane TxM obtained by rotating v counter-
clockwise by an angle of t with respect to the given orientation on TxM . This
action depends only on t mod 2π and is thus well-defined. It is plain to check
that (ug1)g2 = u(g1g2). In addition, any two elements (x, u) and (x, v) is related by
v = ug for a unique g ∈ S1.

Remark 1.3. In the spirit of Sections 6.9 and 6.10, the “correct” bundle for metric
connections to live is the special orthonormal frame bundle

SO(M) ≜ {(x; ε1, ε2) : x ∈M, {ε1, ε2} is a positive ONB of TxM}.

This bundle admits a right-action by the rotation group

SO(2) =
{( cos θ − sin θ

sin θ cos θ

)
: θ ∈ R

}
which is defined by a change of basis:

(x; ε1, ε2)g 7→ (x; (ε1, ε2) · g), (x; ε1, ε2) ∈ SO(M), g ∈ SO(2).

The Lie algebra of SO(2) is

so(2) =
{( 0 −θ

θ 0

)
: θ ∈ R

}
.

In the current 2D setting, it is obvious that SM ∼= SO(M), because a positive ONB
{ε1, ε2} of TxM is uniquely determined by the unit vector e1 along with the given
orientation. Also note that SO(2) ∼= S1 and so(2) ∼= R in the obvious way.
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The fundamental vector field and the canonical form

There are two canonical objects on SM which are both important to our discussion.
The first one is the fundamental vector field. A tangent vector V ∈ TuS(M)

is said to be vertical if it is tangential to the circle π−1(x). The space of vertical
vectors at u is denoted as Vu. Obviously, dimVu = 1. At each point u = (x, v),
there is a distinguished vertical vector defined by

Vu ≜
d

dt

∣∣∣
t=0

(x, veit). (1.5)

This is the unique unit tangent vector to the circle π−1(x) at v whose direction is
consistent with the orientation. By varying u, one obtains a vertical vector field

V : SM ∋ u 7→ Vu ∈ Vu.

Due to one-dimensionality, every vertical vector field W can be written as W = fV
with some real-valued function f on SM .

Definition 1.6. The vector field V constructed above is called the fundamental
vector field on SM .

The other one is the canonical form. This is an R2-valued 1-form θ = (θ1, θ2)
which is defined in the following way. Let X ∈ TuSM where u = (x, v) ∈ SM .
Then we set (θ1(X), θ2(X)) to be the coordinates of (dπ)uX ∈ TxM with respect
to the PONB {v, iv}, i.e.

(dπ)uX = θ1(X) · v + θ2(X) · iv.

Definition 1.7. The R2-valued 1-form θ is called the canonical form on SM .

Proposition 1.1. (i) Vu = ker θu = {X ∈ TuSM : θ1(X)u = θ2(X)u = 0}.
(ii) One has

R∗
g

(
θ1

θ2

)
=

(
cos t sin t
− sin t cos t

)(
θ1

θ2

)
for all g = eit ∈ S1.

(iii) The form θ1 ∧ θ2 descends to the volume form volM on M , namely, θ1 ∧ θ2 =
π∗volM .

Proof. In view of Remark 1.3, this is a special case of Proposition 5.2.
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Connections on SM

We now give the precise definition of a connection on SM (cf. Definition 6.8).

Definition 1.8. A connection Γ on SM , or a metric connection on M, is an
assignment of a linear subspace (horizontal subspace) Hu of Tu(SM) at every u ∈
SM which satisfies the following properties.

(i) Tu(SM) = Vu ⊕Hu for all u ∈ SM .

(ii) Hug = (dRg)uHu for all u ∈ SM and g ∈ S1.

(iii) The assignment u 7→ Hu is smooth.

Let Γ be a connection on SM . One can construct a 1-form ω ∈ Ω1(SM) from
Γ in the following way. Let X ∈ TuSM and write X = Y + Z where Y ∈ Vu and
Z ∈ Hu. There is a unique λ ∈ R such that Y = λVu, where V is the fundamental
vector field defined by (1.5). Set ω(X)u ≜ λ. This defines a linear functional on
TuSM , which yields a 1-form on SM by varying u. One has the following basic
theorem.

Theorem 1.3. The 1-form ω satisfies the following two properties:

(i) ω(V )u = 1 for all u ∈ SM ;

(ii) R∗
gω = ω for all g ∈ S1.

Conversely, given any 1-form ω on SM satisfying (i) and (ii), there is an associated
connection Γ defined by Hu ≜ kerωu = {X ∈ TuSM : ω(X)u = 0}.

Proof. This is a special case of Theorem 6.1 and Proposition 6.5.

Remark 1.4. On a general principal bundle, Property (ii) should be stated as R∗
gω =

Ad(g−1)ω (cf. Theorem 6.1). One does not see the adjoint action here because S1

is abelian. This is a very special feature of two dimensions.

As we discussed at the beginning, a connection Γ on SM induces a notion of
parallel transport of tangent vectors along smooth curves in M . The key result to
make this precise is Theorem 1.4 below .

Definition 1.9. A piecewise smooth curve ut ∈ SM is said to be horizontal if
u̇t ∈ Hut at every differentiable point t.

Theorem 1.4. Let γ : [a, b] → M be a piecewise smooth curve. For each u =
(γa, v) ∈ π−1(γa), there exists a unique horizontal curve u : [a, b] → SM such that
ua = u and π(ut) = γt for all t.

Proof. This is a special case of Theorem 6.2 and Corollary 6.1.
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By varying u ∈ π−1(γa) in Theorem 1.4, one obtains a map

σγ : π
−1(γa) 7→ π−1(γb), u 7→ ub.

This extends to a map

τγ : TγaM → TγbM, v 7→ ∥v∥σγ(v/∥v∥).

It will be proved in Proposition 6.19 that τγ is a linear isometry (the essential reason
is that the connection Γ is assumed to be defined on SM in the first place). In
addition, it does not depend on the parametrisation of γ.

Definition 1.10. The map τγ is called the parallel transport along the curve γ.

The notion of parallel transport induces an intrinsic way of differentiating
smooth vector fields on M along arbitrary directions (the covariant derivative).
Let x ∈ M and v ∈ TxM . Let Y be a smooth vector field on M . We now modify
the naive limit (1.4) into the following precise definition:

∇vY ≜ lim
t→0

1

t

(
τ0,tYγt − Yx

)
,

where γ : (−ε, ε) → M is any smooth curve satisfying γ0 = x, γ̇0 = v and τ0,t is
the parallel transport from TγtM to TxM along γ. It can be shown that the above
limit exists and is independent of the choice of γ representing (x, v). For two vector
fields X, Y ∈ Γ(TM), we define

(∇XY )(x) ≜ ∇XxY, x ∈M.

This gives rise to a connection (or a covariant derivative)

∇ : Γ(TM)× Γ(TM)→ Γ(TM), (X, Y ) 7→ ∇XY

on the tangent bundle in the sense of Definition 6.12 (see Proposition 6.8). This is
a metric connection in the sense that it is compatible with the Riemannian metric:

X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩

for all X, Y, Z ∈ Γ(TM). This is again due to the fact that ∇ comes from a
connection on the sphere bundle SM (see Proposition 6.19).

1.3.3 Torsion and curvature forms

In this subsection, we define the torsion and curvature forms of a metric connection
and derive their basic structure equations. We will also introduce the key concept
of Gaussian curvature which appears in the Gauss-Bonnet formula (1.1). Let Γ be
a connection on SM whose connection form is ω.
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Definition 1.11. The torsion form of Γ is the R2-valued 2-form Θ on SM defined
by

Θ(X, Y ) ≜ dθ(hX, hY ), X, Y ∈ Γ(TSM),

The curvature form of Γ is the real-valued 2-form Ω on SM defined by

Ω(X, Y ) ≜ dω(hX, hY ), X, Y ∈ Γ(TSM).

Here h· denotes the projection onto the horizontal component.

Remark 1.5. Θ and Ω are the exterior covariant derivatives of θ and ω respectively
(cf. Definitions 6.14, 6.17 and 6.22).

By definition, the forms Θ and Ω are horizontal (this means Θ(X, Y ) = 0 if
at least one of X, Y is vertical and the same for Ω). They satisfy the following
structure equations of Cartan.

Theorem 1.5. (i) (The first structure equation)

dθ1 = ω ∧ θ2 +Θ1, dθ2 = −ω ∧ θ1 +Θ2.

(ii) (The second structure equation) dω = Ω.

Proof. Through the identification

ω ↔
(

0 −ω
ω 0

)
, Ω↔

(
0 −Ω
Ω 0

)
and also observing that ω ∧ ω = 0, the result is a special case of Theorem 6.6.

According to Theorem 6.5, the family {θ1, θ2, ω} of 1-forms defines a basis of
T ∗
uSM at every u ∈ SM . In particular, the family

ω ∧ θ1, ω ∧ θ2, θ1 ∧ θ2 (1.6)

provides a basis of Λ2T ∗
uSM at every u ∈ SM . Therefore, any 2-form on SM can

be written as a unique linear combination among the elements in (1.6). Since both
Θ and Ω are horizontal by definition , they cannot contain an ω-component. In
other words, they must have the form

Θi = hiθ
1 ∧ θ2, Ω = −K̃θ1 ∧ θ2

for some functions hi, K̃ ∈ C∞(SM) (i = 1, 2). The above minus sign is a conven-
tion to ensure that K̃ descends to the sectional curvature of ∇ on M (see Lemma
1.1 and Remark 1.6). The structure equations can thus be viewed as the expansion
of dθ and dω with respect to the basis (1.6).

20



Lemma 1.1. The function K̃ descends to M . More precisely, there exists K ∈
C∞(M) such that K̃ = K ◦ π. In addition, one has Ω = −π∗(KvolM).

Proof. Since ω is Rg-invariant for all g ∈ S1, so is dω = Ω (the second structure
equation). Since Ω is also horizontal, it follows that Ω descends to a 2-form on M ,
i.e. Ω = π∗τ for some τ ∈ Ω2(M). On the other hand, recall from Proposition
1.1 (iii) that θ1 ∧ θ2 descends to SM (in fact, θ1 ∧ θ2 = π∗volM). Therefore, the
function K̃ must also descend to a function onM and the relation Ω = −π∗(KvolM)
follows.

Definition 1.12. The function K is called the Gaussian curvature of the connec-
tion Γ.

Remark 1.6. The Gaussian curvature K(x) is precisely the sectional curvature of
∇ with respect to the plane TxM ; one can show that

K(x) = ⟨R(ε1, ε2)ε2, ε1⟩TxM

where R(·, ·)· is the curvature tensor of ∇ defined by (6.46) and {ε1, ε2} is any ONB
of TxM.

Among others, there is a special metric connection which has a vanishing torsion.
This simplifies the first structure equation and is particularly useful in Riemannian
geometry.

Theorem 1.6 (Fundamental Theorem of Riemannian Geometry). There exists a
unique metric connection whose torsion form is identically zero.

Proof. This is a special case of Theorem 6.9.

Definition 1.13. The metric connection given by the above theorem is called the
Levi-Civita connection on M .

Under the Levi-Civita connection, the structure equations are expressed as

dθ1 = ω ∧ θ2, dθ2 = −ω ∧ θ1, dω = Ω.

Throughout the rest, we will always work with the Levi-Civita connection.

1.3.4 Geometric interpretation of Gaussian curvature

In this subsection, we give a geometric interpretation of the Gaussian curvature.
Essentially, the Gaussian curvature measures the amount of rotation obtained by
parallel transporting a vector along a closed curve which bounds a topological disk.
Here we formulate a 2-simplex version which is directly applicable to our later proof
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of the Gauss-Bonnet theorem (cf. Remark 1.7 below for the more general case).
Let Γ be the Levi-Civita connection on SM whose connection form is ω.

Let [s] = [v0, v1, v2] be a closed 2-simplex. Let h : [s] → M be a smooth
embedding which admits a smooth extension to a neighbourhood of [s]. Suppose
that [s] is oriented in the way that h is orientation-preserving on the interior of
[s]. We label the three vertices v0, v1, v2 so that the induced boundary orientation
on ∂[s] is v0 → v1 → v2. Define the curve γ : ∂[s] → M by restricting h to the
boundary ∂[s] ≜ v0 → v1 → v2 → v0.

Theorem 1.7. Let w ∈ Th(v0)M be a unit vector. Then one has

τγ(w) = w exp
(
i

∫
[s]

h∗(KvolM)
)
,

where τγ : Th(v0)M → Th(v0)M is the parallel transport along γ. In other words, the
parallel transport τγ is the counterclockwise rotation by an angle of

∫
[s]
h∗(KvolM)

with respect to the orientation of Th(v0)M .

We first state a lemma which will be useful for the proof of Theorem 1.7.

Lemma 1.2. Let α : [a, b]→M be a smooth curve. Suppose that α̃, β̃ : [a, b]→ SM
are smooth curves which satisfy π(α̃) = π(β̃) = α and α̃a = β̃a. Then there exists
a unique smooth function θ : [a, b] → R such that θa = 0 and β̃t = α̃te

iθt for all
t ∈ [a, b]. Suppose further that α̃ is horizontal. Then one has ω( ˙̃βt) = θ̇t for all
t ∈ [a, b].

Proof. Write β̃t = α̃tgt for gt ∈ S1. Then g : [a, b] → S1 is a smooth function with
ga = 1. Since R is simply-connected, the function g admits a unique smooth lift
θ : [a, b]→ R satisfying θa = 0 and gt = eiθt . The first claim thus follows.

For the second claim, let us first differentiate the relation β̃t = α̃tgt to obtain
that

˙̃βt = ˙̃αtgt + β̃tg
−1
t dgt. (1.7)

Now suppose that α̃ is horizontal. Then the first term of (1.7) is also horizontal
and is thus annihilated by ω. In addition, by using gt = eiθt it is easily seen that
the second term of (1.7) is just the vertical vector θ̇tVβ̃t . Therefore, one has

ω
( ˙̃βt) = ω

(
˙̃αtgt
)
+ ω

(
β̃tg

−1
t dgt

)
= 0 + θ̇t = θ̇t,

which proves the second claim.

Proof of Theorem 1.7. Fix w ∈ Th(v0)M. Let γ̃ : ∂[s] → SM be the horizontal lift
of γ starting at (h(v0), w). Denote the endpoint of γ̃ by (h(v0), w

′). Our goal is to
show that

w′ = w exp
(
i

∫
[s]

h∗(KvolM)
)
. (1.8)
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The main idea is to construct a lift h̃ : [s] → SM of the map h (i.e. π ◦ h̃ = h) in
a way that

h̃|[v0,v1]∪[v1,v2] = γ̃|[v0,v1]∪[v1,v2], (1.9)

where [vi, vi+1] denotes the edge of [s] connecting vi to vi+1.
Assume such a lift h̃ exists. Then one can write∫

[s]

h∗(KvolM) =

∫
[s]

h̃∗ ◦ π∗(KvolM) = −
∫
[s]

h̃∗dω

= −
∫
[s]

dh̃∗ω = −
∫
∂[s]

h̃∗ω.

The second equality follows from the second structure equation and Lemma 1.1.
The last equality follows from Stokes’ theorem. According to (1.9) and the con-
struction of γ̃, one knows that h̃|[v0,v1]∪[v1,v2] is horizontal. In particular, ω( ˙̃ht) = 0
for all t ∈ [v0, v1] ∪ [v1, v2]. It follows that∫

[s]

h∗(KvolM) = −
∫
[v2,v0]

ω
( ˙̃βt), (1.10)

where β̃ ≜ h̃|[v2,v0]. Let us set α̃ ≜ γ̃|[v2,v0]. Since both α̃, β̃ are lifts of α ≜ γ|[v2,v0]
with the same initial point and α̃ is horizontal, one knows from Lemma 1.2 that
β̃t = α̃te

iθt (t ∈ [v2, v0]) where θt satisfies θv2 = 0 and ω(β̃t) = θ̇t for all t ∈ [v2, v0].
By substituting this into (1.10), one obtains that∫

[s]

h∗(KvolM) = −
∫
[v2,v0]

θ̇t = −θv0 .

Therefore,

α̃v0 = β̃v0e
−iθv0 = β̃v0 exp

(
i

∫
[s]

h∗(KvolM)
)
.

But β̃v0 = (h(v0), w) and α̃v0 = (h(v0), w
′) by construction. This gives the desired

relation (1.8).
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Now it remains to construct the map h̃ properly. For each v ∈ [v0, v2], we define
h̃|[v1,v] to be the horizontal lift of h|[v1,v] starting at (h(v1), γ̃v1), where [v1, v] denotes
the segment joining v1 to v. By varying v on the edge [v0, v2], one obtains a map
h̃ : [s] → SM which lifts h. On the edge [v1, v0], since the starting point of h̃ is
the endpoint of γ̃|[v0,v1], it follows from the uniqueness of horizontal lift that h̃|[v1,v0]
equals the reversal of γ̃|[v0,v1]. Namely, h̃|[v0,v1] = γ̃|[v0,v1]. For the same reason, one
also has h̃|[v1,v2] = γ̃|[v1,v2]. This shows that h̃ satisfies the required property (1.9).

Remark 1.7. One can also prove (in fact, a more general version of) Theorem 1.7
from the covariant derivative perspective. Let ∇ be the Levi-Civita connection
on TM . Let γ : [0, 1] → M be a piecewise smooth, simple closed curve in M
with γ0 = γ1 = x. Suppose that γ bounds a domain D whose closure is contained
in a topological disk. We assume that the orientation of γ is consistent with the
orientation on D induced from M . This ensures that Stokes’ theorem takes the
following form: ∫

γ

η =

∫
D

dη

for any η ∈ Ω1(D̄). Let w ∈ TxM and let w′ be the parallel transport of w along
γ. We claim that

w′ = w exp
(
i

∫
D

KvolM

)
. (1.11)

To prove this, let {e1, e2} be a local PONF on a neighbourhood U of D̄. Such a
frame field exists because D̄ is contained in a topological disk; for instance, one can
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pick a PONB of the tangent space at the center of the disk and parallel transport
it along radii. Since ∇ is compatible with the metric, its local connection form on
U with respect to {e1, e2} takes values in so(2) (see Appendix B.9). As a result,
there exists a 1-form η ∈ Ω1(U) such that

∇e1 = −η ⊗ e2, ∇e2 = η ⊗ e1. (1.12)

The relation Ω = −π∗(KvolM) descends to the relation

dη = −KvolM (1.13)

on U . Let {Wt}0⩽t⩽1 be the parallel transport of w along γ. One can write

Wt = (cosφt)e1(xt) + (sinφt)e2(xt),

where (φt)0⩽t⩽1 is a uniquely defined continuous function once the initial value φ0

is fixed (the angle from e1(x) to w). By using the relation (1.12), it is easily seen
that the parallel property

∇ẋtWt = 0 ⇐⇒ φ′
t = −η(ẋt).

It follows from (1.13) and Stokes’ theorem that

φ1 − φ0 = −
∫
γ

η = −
∫
D

dη =

∫
D

KvolM .

This gives the relation (1.11), noting that by definition φ1 − φ0 is the angle of
rotation obtained from the parallel transport along γ. An immediate consequence
of (1.11) is the following interpretation of the Gaussian curvature:

K(x) = lim
D→0

“Rotation angle by parallel transport along ∂D”

volM(D)
,

where the limit D → 0 is taken by contracting γ to the trivial curve fixing the base
point x.

1.3.5 The Gauss-Bonnet theorem for 2-simplices

In this subsection, we establish the Gauss-Bonnet theorem for 2-simplices. The
formula involves the geodesic curvature of a curve which we shall first define. As
before, we work with the Levi-Civita connection on M .

Definition 1.14. Let γ : I →M be a smooth curve which is parametrised at unit
speed (i.e. ∥γ̇t∥ = 1 for all t), where I a subinterval of R. We say that γ is a
geodesic if the lifted curve γ̃t ≜ (γt, γ̇t) ∈ SM is horizontal.
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Remark 1.8. A curve γ is a geodesic if and only if its unit tangent vector field is
parallel along γ, i.e. ∇γ̇t γ̇t = 0 for all t.

Definition 1.15. Let γ : I →M be a smooth curve which is parametrised at unit
speed. The geodesic curvature of γ at time t is defined by kg(t) ≜ ω( ˙̃γt), where
γ̃t ≜ (γt, γ̇t) as before. Its total geodesic curvature is

τg(γ) ≜
∫
I

kg(t)dt.

Intuitively, the total geodesic curvature measures the extent to which γ fails to
be a geodesic. Indeed, if γ is a geodesic, one has kg(t) ≡ 0. It is also clear that the
definition of τg(γ) extends to the situation where γ is piecewise smooth.

Let us make the same assumptions on the 2-simplex [s] = [v0, v1, v2] and the map
h as in Theorem 1.7. The Gauss-Bonnet theorem for 2-simplices further expresses
the rotation angle

∫
[s]
h∗(KvolM) of the parallel transport in terms of the total

geodesic curvature of the boundary curve and the interior angles of h[s].

Theorem 1.8. One has∫
[s]

h∗(KvolM) = −τg(γ) +
∑

(interior angles of h[s])− π,

where γ is the boundary curve of h[s] with unit speed parametrisation.

Proof. We first make a useful observation. Suppose α : [a, b]→M is a smooth curve
at unit speed. Let α̃t ≜ (αt, α̇t) be its canonical lift and let ᾱt be its horizontal
lift starting at (α0, α̇0). According to Lemma 1.2, one can write α̃t = ᾱte

iθt , where
θa = 0 and ω( ˙̃αt) = θ̇t for all t. It follows that

τg(α) =

∫ b

a

ω( ˙̃αt)dt = θb − θa = θb.

In other words, the angle from τα(α̇a) to α̇b is precisely the total geodesic curvature
of α. Here τα(α̇a) is the parallel transport of α̇a to Tαb

M along α.
Under the above observation, the proof of the theorem becomes very easy. Let

γ(j) : [aj, aj+1] → M be the curve h|[vj ,vj+1] (j = 0, 1, 2 with v3 ≜ v0) which is
reparametrised at unit speed. Let w′ be the tangent vector obtained by parallel
transporting the initial vector γ̇0 along the entire boundary curve γ. Recall from
Theorem 1.7 that

w′ = γ̇0 exp
(
i

∫
[s]

h∗(KvolM)
)
.

To reset w′ back to the initial γ̇0, one needs to apply a rotation of angle

τg(γ) +
∑

(exterior angles of γ). (1.14)
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In fact, let w1 be the vector obtained by parallel transporting γ̇0 along γ(0). Ac-
cording to the previous fact, the angle from w1 to γ̇(1)a1+ is equal to

τg(γ
(0)) + “exterior angle at γa1”.

By rotating w1 by this angle at γa1 , it is ensured that the starting vector for the next
stage of parallel transport (i.e. along γ(1)) is γ̇(1)a1+. Arguing in the same manner,
when one travels along the entire curve γ and attempts to reset the final vector
w′ back to γ̇0, the angle (1.14) is precisely the additional rotation required. To
summarise, one has obtained that∫

[s]

h∗(KvolM) + τg(γ) +
∑

(exterior angles of γ) = 2kπ (1.15)

for some k ∈ Z.
We claim that k = 1. This is most easily seen by using a continuity argument.

Suppose for now g0 is an Euclidean metric on h[s], which is induced from [s] ⊆ R2

through the map h. Then both K and τg(γ) are zero in this case. The relation
(1.15) reduces to the obvious Euclidean trigonometric identity∑

(exterior angles of a triangle) = 2π.

Now let us consider the family of metrics gρ ≜ (1−ρ)g0+ρg,where g is the original
metric on M . It is not hard to show that the quantities

Kρ, τgρ(γ), (exterior angles of γ)ρ,

all being defined with respect to gρ, depend continuously on the parameter ρ. There-
fore, the integer kρ appearing in (1.15) (now also depending on ρ) must also be a
continuous function of ρ. As a consequence, kρ ≡ 1. This proves the relation (1.15).

The result of the theorem now follows from the simple fact that the sum of an
interior angle and the corresponding exterior angle is equal to π.

1.3.6 The Gauss-Bonnet theorem for surfaces

Proof of Theorem 1.1. Fix a triangulation (K,h) of M . Let ni be the number of
open i-simplices in K (i = 0, 1, 2). According to Theorem 1.2, one has

χ(M) = n0 − n1 + n2. (1.16)

The above relation can be further simplified with the following observation: every
2-simplex has three edges and every 1-simplex is a face of precisely two distinct
2-simplices. This leads to the relation that 3n2 = 2n1, thus yielding

χ(M) = n0 −
3n2

2
+ n2 = n0 −

n2

2
(1.17)
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from the formula (1.16).
On the other hand, one has from Theorem 1.8 that∫

M

KvolM =
∑

2-simplices [s]

(
− τg(∂[s]) +

∑
(interior angles of h[s])− π

)
.

For the total geodesic curvature term, one has∑
2-simplices

τg(∂[s]) = 0.

This is because every 1-simplex, as a face of a 2-simplex, appears exactly twice but
with opposite orientations. In addition, the sum of interior angles at each 0-simplex
is always 2π. Therefore, one concludes along with (1.17) that∫

M

KvolM =
∑

2-simplices [s]

(∑
(interior angles of h[s])− π

)
= 2πn0 − n2π = 2πχ(M).

This proves the Gauss-Bonnet formula for surfaces.

Example 1.2. For a closed, oriented surface Mg with genus g ⩾ 0 (a 2-sphere with
g handles attached), under any Riemannian metric one has

1

2π

∫
Mg

Kvol = 2− 2g,

because the RHS is known to be the Euler characteristic of Mg.

Remark 1.9. The Gauss-Bonnet formula (1.1) holds for any metric connection. The
essential reason is that the 2-forms K1volM and K2volM arising from two metric
connections differ by an exact form. Indeed, let ω1, ω2 be two metric connections
on SM . Then ω1 − ω2 is horizontal and Rg-invariant for all g ∈ S1. As a result,
ω1 − ω2 = π∗α for some α ∈ Ω1(M). For the corresponding curvature forms, one
has

π∗(K2volM −K1volM) = Ω1 − Ω2 = dω1 − dω2 = dπ∗α = π∗dα,

which implies that K2volM −K1volM = dα. It follows from Stokes’ theorem that∫
M

(
K2volM −K1volM

)
=

∫
M

dα = 0.

In other words, the cohomology class of KvolM (and thus the integral
∫
M
KvolM)

does not depend on the choice of the metric connection. This fact will be studied in
a more fundamental way (and in a much more general context) from the perspective
of Chern-Weil theory in Chapter 7.
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We conclude this introductory chapter with a nice topological application of the
Gauss-Bonnet theorem. It suggests that the Euler characteristic is the obstruction
to an everywhere nonvanishing (smooth) vector field on a closed, oriented surface.

Corollary 1.1. Let M be a closed, oriented surface. Suppose that Madmits an
everywhere nonvanishing smooth vector field. Then χ(M) = 0.

Proof. Suppose that such a vector field V exists. Fix any Riemannian metric on M .
One can then define a smooth map V̄ :M → SM by setting V̄ (x) ≜ (x, Vx/∥Vx∥).
By applying V̄ ∗ to the relation dω = −π∗(KvolM), one finds that

d(V̄ ∗ω) = −(π ◦ V̄ )∗(KvolM) = −KvolM .

In particular, KvolM is an exact form, hence having zero integral over M . It follows
from the Gauss-Bonnet formula that χ(M) = 0.

Example 1.3. The 2-sphere has Euler characteristic two. As a result, it does not
admit any smooth nonvanishing vector field. This is the famous Hairy Ball Theorem
(which is a nice mathematical demonstration that life can never be perfect). The
same is true for any closed, oriented surface with genus g ⩾ 2.
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2 Intersection theory
Chern’s original proof of the CGB theorem relies on a classical result in topology:
the Poincaré-Hopf index theorem for vector fields. This is stated as follows.

Theorem 2.1 (The Poincaré-Hopf Theorem). Let M be a closed, oriented manifold
and let V be a smooth vector field on M with only isolated zeros. Then the sum of
indices over all zeros of V is equal to the Euler characteristic of M :∑

x∈Z(V )

indx(V ) = χ(M), (2.1)

where Z(V ) ≜ {x ∈M : V (x) = 0} denotes the zero set of V .

The number indx(V ), which is known as the index of V at x, will be defined
in Section 2.7. The sum in (2.1) is well-defined since Z(V ) is a finite set as a
consequence of compactness. Our approach to proving (2.1) is based on intersection
theory and the Lefschetz fixed point formula. Let ∆ ≜ {(x, x) : x ∈M} denote the
diagonal of the product space M ×M . Let I(∆,∆) be the self-intersection number
of ∆ inside M ×M , which will be defined in Definition 2.5. The proof of (2.1)
contains two major steps.

Step 1.
∑

indx(V ) = I(∆,∆).

Step 2. I(∆,∆) = χ(M).

The proof of Step 1 has a geometric nature, which uses ideas and tools from inter-
section theory. This will be developed in the current chapter. On the other hand,
the proof of Step 2 is quite topological (and it has nothing to do with the vector
field V ). As we will see, it is a direct consequence of the more general Lefschetz
fixed point formula, whose proof relies on several fundamental tools from algebraic
topology such as Poincaré duality, Thom isomorphism and intersection product
formula. We will develop this step in the next chapter.

Our approach to the Poincaré-Hopf theorem is not the shortest one. We choose
this longer path so that the reader will have the opportunity to encounter several
landmark results in classical algebraic and differential topology, most of which being
of fundamental importance on their own.

2.1 A heuristic interpretation of the Poincaré-Hopf theorem

We use a special situation to illustrate why the formula (2.1) is expected to hold.
Let M be a closed surface and assume that it is triangulated as a simplicial complex
of dimension two (see Definition 1.4). Consider a vector field V which is constructed
in the following way (cf. Remark 2.6). Let xs denote the center of each simplex s
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in the given triangulation (a face, an edge or a vertex). The vector field V is set to
vanish at all the xs’s. If s is an edge, the vector field V flows from xs into the two
vertices of s along the edge in the obvious way. If s is a face, the flow lines of V
within s all start from xs and end at one of the vertices of s, except for the three
special ones which end at the center of the edges.

Figure 2.1: A vector field with isolated zeros.

Apparently,

xs is a


source, if s is a face;
saddle point, if s is an edge;
sink, if s is a vertex.

It will be apparent from Definition 2.11 of the index indxs(V ) that

indxs(V ) =

{
1, if s is a sink or a source;
−1, if s is a saddle point.

As a consequence, one has∑
s

indxs(V ) = # of sinks +# of sources−# of saddle points

= # of vertices +# of faces−# of edges
= χ(M).

This is the Poincaré-Hopf formula (2.1).

Remark 2.1. An immediate application of the Poincaré-Hopf formula is again the
Hairy Ball Theorem, which asserts that the two-sphere S2 does not admit nonva-
nishing smooth vector fields (cf. Corollary 1.1 and Example 1.3 for a geometric
proof based on the Gauss-Bonnet formula). Indeed, if such a vector field V existed,
the LHS of (2.1) would just be zero since there were no zeros of V . However, one
knows that χ(S2) = 2. This leads to a contradiction to the formula (2.1).
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2.2 Transversal intersection

Let X, Y, Z be oriented manifolds without boundary. We assume that f : X → Y
is a given smooth map and Z is a closed, embedded submanifold of Y .

Definition 2.1. We say that f is transversal to Z, denoted as f ⋔ Z, if

Im(df)x + Tf(x)Z = Tf(x)Y (2.2)

for any x ∈ f−1Z.

Remark 2.2. Sometimes it is needed to allow X to have boundary. In this case, in
addition to the condition (2.2) for interior points one also requires that

(df)x(Tx∂X) + Tf(x)Z = Tf(x)Y

for boundary points x ∈ ∂X ∩ f−1Z. Unless otherwise stated, we always assume
that X has no boundary.

Proposition 2.1. Suppose that f ⋔ Z. Then f−1Z is a submanifold of X with
dimension dimX + dimZ − dimY .

Proof. We work locally. Let the dimensions of X, Y, Z be k, n,m respectively. Let
V ⊆ Rn be a cube centered at the origin which represents a local parametrisation
of Y , such that the zero slice

W ≜ {(y1, · · · , yn) ∈ V : ym+1 = · · · = yn = 0}

defines a local parametrisation of Z. Let U ≜ f−1V and G ≜ π ◦ f, where π : Rn →
Rn−m denotes the projection onto the vertical component.
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We want to show that f−1W = G−1({0}) is a (k+m−n)-dimensional submanifold
of U . To this end, it suffices to show that (dG)x is surjective for all x ∈ f−1W .
Indeed, let ξ ∈ T0Rn−m ∼= Tf(x)Rn−m. By the transversality property, one can write
ξ = v + w where v = (df)x(u) for some u ∈ TxX and w ∈ Tf(x)W. It follows that
ξ = (dG)x(u) and thus (dG)x is surjective.

Of particular interest is the situation where X is compact and dimX+dimZ =
dimY, which will always be assumed in the sequel unless otherwise stated. Suppose
that f ⋔ Z. In this case, (df)x is necessarily injective for every x ∈ f−1Z. In
addition, it follows from Proposition 2.1 that f−1Z is a 0-dimensional submanifold,
hence a finite collection of points in X.

Definition 2.2. Let V,W be real and oriented finite dimensional vector spaces. The
direct sum orientation of V ⊕W is defined by claiming that {v1, · · · , vn, w1, · · · , wm}
is a positively oriented basis if {v1, · · · , vn} is a positive basis of V and {w1, · · · , wm}
is a positive basis of W .

Definition 2.3. Suppose that f ⋔ Z. For each x ∈ f−1Z, the orientation number
of f with respect to Z at x is defined to be 1 if the direct sum orientation of
Im(df)x ⊕ Tf(x)Z coincides with the orientation of Tf(x)Y . It is defined to be −1
otherwise. Here the orientation of the subspace Im(df)x is the one induced from
TxX. The intersection number of f with respect to Z is the integer defined by

I(f, Z) ≜
∑

x∈f−1Z

ix(f).
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2.3 Intersection number of a smooth map

It is useful to have a notion of intersection number I(f, Z) where f is only assumed
to be a smooth map. The basic idea is to “wiggle” f into a map g which intersects Z
transversally and use the intersection number of g to define I(f, Z). This definition
turns out to be independent of the choice of g due to the homotopy invariance of
the intersection number. To make this idea precise, we need to recall some general
results from intersection theory. The reader is referred to [GP74] for the detailed
proofs.

Let X, Y, Z be oriented manifolds where X is compact and Z is a closed, em-
bedded submanifold of Y . Only X is allowed to have boundary. The follow result
asserts that one can always “wiggle” a smooth map to intersect a manifold transver-
sally.

Theorem 2.2. (i) (Transversal Homotopy Theorem) Let f : X → Y be a smooth
map. Then there exists g : X → Y such that g ≃ f and g ⋔ Z.

(ii) (Homotopy Extension Theorem) Let f : X → Y be a smooth map. Suppose
that f ⋔ Z on C and ∂f ⋔ Z on ∂X ∩ C for some closed subset C ⊆ X. Then
there exists a smooth map g : X → Y homotopic to f , such that g ⋔ Z, ∂g ⋔ Z
and g = f on a neighbourhood of C.

From now on, we assume that dimX + dimZ = dimY . The next result is the
key to the homotopy invariance of the intersection number.

Proposition 2.2. Suppose that X = ∂W for some oriented manifold W whose
induced boundary orientation is consistent with the orientation of X. Let f : X →
Y be a smooth map such that f ⋔ Z. Suppose that f admits a smooth extension
F : W → Y . Then I(f, Z) = 0.

Sketche of proof. By the Homotopy Extension Theorem (see Theorem 2.2 (ii)), one
may assume WLOG that F ⋔ Z. According to Proposition 2.1, F−1Z is a compact,
one-dimensional submanifold of W (possibly disconnected and with boundary). As
a consequence, it is a finite disjoint union of objects of the the following two kinds:

(a) a closed loop contained in the interior of W ;

(b) an arc with two distinct endpoints on the boundary X.

Type-(a) loops will not contribute to the intersection number I(f, Z). For an arc
γ from Type-(b), let p, q be its endpoints. The main observation is that ip(f)
and iq(f) have opposite signs. The precise proof of this fact requires homological
methods which will not be discussed here. Nonetheless, the intuition is easily seen
from the figure below.
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Here dimX = 1, dimZ = 2 and Y = R3. The orientation of Im(df)p ⊕ Tf(p)Z
is determined by the basis {up, vp, wp} while the corresponding orientation at q is
determined by {uq, vq, wq}. It is clear that

orientation{up, vp, wp} = −orientation{uq, vq, wq},

because at point q the orientation of Im(df) gets flipped while the Z-orientations
{vp, wp} and {vq, wq} are consistent. It follows that the intersection numbers of f
arising from Type-(b) arcs are all cancelled in pairs. One therefore concludes that
I(f, Z) = 0.

Corollary 2.1 (Homotopy Invariance of Intersection Number). Suppose that fi ⋔ Z
(i = 0, 1) and f0 ≃ f1. Then I(f0, Z) = I(f1, Z).

Proof. Let W ≜ X× [0, 1] and we orient W in the way that the induced orientation
on the bottom boundary X × {0} is the given X-orientation. Note that the top
boundary X × {1} has an opposite orientation. Let F : W → Y be a smooth
homotopy between f0 and f1. It follows from Proposition 2.2 that

I(f0, Z)− I(f1, Z) = I(F |∂W , Z) = 0.

Therefore, the intersection number is homotopy invariant.

Now we can define the intersection number for a general smooth map.

Definition 2.4. Let f : X → Y be a smooth map. The intersection number of f
with respect to Z is defined to be I(f, Z) ≜ I(g, Z) where g : X → Y is any smooth
map such that g ≃ f and g ⋔ Z. If X is itself a closed, embedded submanifold of
Y , we set I(X,Z) ≜ I(ι, Z) where ι : X → Y is the inclusion.

As a special example, we give the definition of the number I(∆,∆) which ap-
pears in the first major step for the Poincaré-Hopf theorem.
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Definition 2.5. Let M be a closed and oriented manifold. Let ∆ ≜ {(x, x) : x ∈
M} denote the diagonal of the product space M × M . We orient both ∆ and
M ×M in the obvious way in accordance with the orientation of M . The number
I(∆,∆), which is defined by taking X = ∆ = Z and Y =M ×M in Definition 2.4,
is called the self-intersection number of the diagonal inside M ×M .

2.4 Degree of a smooth map

An important example of intersection number is the degree of a smooth map. Let
X, Y be closed, oriented manifolds of the same dimension and assume that Y is
connected. Let f : X → Y be a given smooth map.

Definition 2.6. The degree of f is the integer defined by I(f, {y}) where y is any
given point in Y . It is denoted as deg f.

Lemma 2.1. The number deg f is well-defined, i.e. it is independent of the choice
of y ∈ Y .

Proof. Let y ∈ Y be given fixed. According to the Transversal Homotopy Theorem
(Theorem 2.2 (i)), one can assume WLOG that f intersects Z = {y} transversally.
This means that (df)x : TxX → TyY is an isomorphism for all x ∈ f−1{y}. By
the compactness of X, one knows that f−1{y} is a finite set, say {x1, · · · , xk}. As
a result, there exist neighbourhoods Ui of xi and V of y such that f−1V is the
disjoint union of the Ui’s and f |Ui

: Ui → V is a diffeomorphism. By continuity, the
intersection number I(f, {y}) (which is the sum of the orientation numbers ixj(f))
remains constant when one changes y to any z ∈ V . In particular, the function
y 7→ I(f, {y}) is locally constant. It follows from the connectedness of Y that it is
also globally constant.

Suppose that f ⋔ {y}. In the above proof, one has seen that

deg f =
∑

x∈f−1(y)

sgn
(
(df)x

)
where sgn((df)x) = 1 if (df)x : TxX → Tf(x)Y is orientation preserving and
sgn((df)x) = −1 otherwise. In addition, the number deg f depends only on the ho-
motopy class of f . The following result provides an alternative characterisation of
the degree, which is often taken as an equivalent definition. Let n ≜ dimX = dimY.

Proposition 2.3. One has ∫
X

f ∗α = deg f ×
∫
Y

α (2.3)

for any n-form α on Y.
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Proof. We continue to use the notation from the proof of Lemma 2.1, in particular,
the representative f as well as the stack of diffeomorphisms f |Ui

: Ui → V . Recall
that xi = f−1{y} ∩ Ui. The proof consists of the following steps.

(i) The formula (2.3) holds if α is supported in V. Indeed, on each Uj one has∫
Uj

f |∗Uj
α =

{∫
V
α, if f |Ui

is orientation-preserving;
−
∫
V
α, if f |Ui

is orientation-reversing.

Since f ∗α is supported in ∪iUi, it follows that∫
X

f ∗α =
k∑
j=1

∫
Uj

f |∗Uj
α =

k∑
j=1

ixj(f)×
∫
V

α = deg f ×
∫
Y

α.

(ii) Let M,N be closed, oriented manifolds with the same dimension. The integral∫
M
g∗α (α is any top form on N) depends only on the homotopy class of g. To see

this, let G : M × [0, 1] → N be a homotopy between g0 and g1. Since α is a top
form, one has dα = 0. It follows from Stokes’ theorem that

0 =

∫
M×[0,1]

G∗dα =

∫
M×[0,1]

d(G∗α)

=

∫
M×{0,1}

G∗α = ±
( ∫

M

g∗1α−
∫
M

g∗0α
)
.

(iii) Let φ : Y → Y be a diffeomorphism and φ ≃ id. Then∫
X

f ∗φ∗α =

∫
X

f ∗α,

∫
Y

φ∗α =

∫
Y

α.

This follows immediately from (ii). In particular, the formula (2.3) is valid for all
α supported in φ(V ).

(iv) The family

U ≜ {φ(V ) : φ is a diffeomorphism over Y, φ ≃ id}

is an open cover of Y. Let z ∈ Y. We want to show that z = φ(y) for some
diffeomorphism φ that is homotopy equivalent to the identity. A natural way of
constructing such a φ is through the flow of diffeomorphisms induced by a vector
field (see Appendix B.1). Suppose that z, y are close enough so that they are
contained in a coordinate chart that is diffeomorphic to an open ball B in Rn. In
this case, it is elementary to construct a vector field W (e.g. supported in B) such
that its induced flow of diffeomorphisms φt : Y → Y satisfies φ1(y) = z. For
instance, one can simply flow from y to z along the line segment joining them.
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Obviously, φ1 ≃ φ0 = id. For a general position z ∈ Y , by path-connectedness
one can join y to z through a finite sequence of points z1, · · · , zr such that zi, zi+1

satisfy the above property for each i. One can then flow from y to z through the
chain y → z1 → · · · → zr → z.

(v) Proof of (2.3) for general α. Choose a partition of unity {ψj} subordinated to
the open cover U defined previously (in particular, suppψj ⊆ φ(V ) for some φ).
Let α be an n-form on Y . Since ψjα is supported on some φ(V ), one knows from
Step (iii) that ∫

X

f ∗(ψjα) = deg f ×
∫
Y

ψjα.

Therefore, one has∫
X

f ∗α =
∑
j

∫
X

ψj(f) · f ∗α = deg f ×
∑
j

∫
Y

ψjα = deg f ×
∫
Y

α.

The proof of the formula (2.3) is thus complete.

A simple application of the degree is that

deg f ̸= 0 =⇒ f surjective.

Indeed, if f is not surjective, one can choose a top form supported outside the image
of f whose integral over Y is nonzero. The formula (2.3) implies that deg f = 0.

Example 2.1. Let A be an n×n invertible matrix. Let Sn−1 = {x ∈ Rn : |x| = 1}
denote the unit sphere which is equipped with the canonical orientation induced
from Rn. Then one has

deg
[
x 7→ Ax

|Ax|
: Sn−1 → Sn−1

]
=

{
1, detA > 0;

−1, detA < 0.
(2.4)

Indeed, suppose that detA > 0. Then there exists a smooth curve At ∈ GL+
n (R)

such that A0 = A and A1 = id. It follows from the homotopy invariance of the
degree that

deg
[
x 7→ Ax

|Ax|
: Sn−1 → Sn−1

]
= deg

[
x 7→ x

|x|
: Sn−1 → Sn−1

]
= 1.

If detA < 0, one connects A to diag(−1, 1, · · · , 1) through GL−
n (R) and the same

argument yields the other scenario of (2.4).
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2.5 Lefschetz maps and the Lefschetz number

Fixed points of a smooth map can be studied from the perspective of intersection
theory. Suppose that f : M → M is a given smooth map on a closed, oriented
n-manifold M . Let ∆ denote the diagonal of M ×M and let

Γ(f) ≜
{
(x, f(x)) : x ∈M

}
be the graph of f. Note that both ∆ and Γ(f) are closed, n-dimensional subman-
ifolds of M ×M . The orientations on the spaces M ×M , ∆ and Γ(f) are chosen
to be the natural ones induced from M .

The basic observation is that x ∈M is a fixed point of f (i.e. f(x) = x) if and
only if (x, x) is an intersection point between Γ(f) and ∆. It is thus natural to first
consider the situation of transversal intersection.

Definition 2.7. Let x ∈M be a fixed point of f . We say that x is a Lefschetz fixed
point if Γ(f) (more precisely, the inclusion map id × f : M → M ×M) intersects
∆ transversally at (x, x), i.e. if

Im(id× (df)x)⊕ Tx,x∆ = Tx,x(M ×M).

The map f is said to be Lefschetz if Γ(f) ⋔ ∆, i.e. every fixed point of f is
Lefschetz.

According to Proposition 2.1, the set of fixed points of a Lefschetz map is a
0-dimensional submanifold and thus a finite subset of M .

Definition 2.8. Let f be a Lefschetz map. The local Lefschetz number of f at a
fixed point x, denoted as Lx(f), is the orientation number of Γ(f) with respect to
∆ at (x, x). The global Lefschetz number of f , denoted as L(f), is the intersection
number I(Γ(f),∆). In other words,

L(f) =
∑

x:f(x)=x

Lx(f),

where Lx(f) = 1 if the direct sum orientation of Im(id × (df)x) ⊕ Tx,x∆ coincides
with the product orientation Tx,x(M ×M) and Lx(f) = −1 otherwise.

Below is a simple criterion for Lefschetz fixed points and a simple way of com-
puting the local Lefschetz number.

Lemma 2.2. A fixed point x ∈ M of f is Lefschetz if and only if id − (df)x :
TxM → TxM is a linear isomorphism. In this case, one has

Lx(f) =

{
1, if id− (df)x preserves orientation;
−1 if id− (df)x reverses orientation.

(2.5)
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Proof. (i) By comparing dimensions, it is easily seen that a fixed point x is Lefschetz
if and only if

Im(id× (df)x) ∩ Tx,x∆ = {0}.

Elements (v, w) in Im(id× (df)x) ∩ Tx,x∆ are of the form

(v, w) = (v, (df)xv) = (v, v) ⇐⇒ v ∈ Ker(id− (df)x).

Therefore, x is Lefschetz if and only if Ker(id− (df)x) = {0}.
(ii) Let {v1, · · · , vm} be an oriented basis of TxM . The family

B ≜ {(v1, (df)xv1), · · · , (vm, (df)xvm), (v1, v1), · · · , (vm, vm)}

defines a basis of Tx,x(M×M) and the orientation of B is the direct sum orientation
of

Im(id× (df)x)⊕ Tx,x∆.

One can use Gaussian elimination to turn B into a new basis without changing its
orientation; more precisely,

B →{(v1, (df)xv1), · · · , (vm, (df)xvm),
(0, (id− (df)x)v1), · · · , (0, (id− (df)x)vm)}

→{(v1, 0), · · · , (vm, 0), (0, (id− (df)x)v1), · · · , (0, (id− (df)x)vm)} =: B′.

The first arrow follows by subtracting the (k +m)-th component by the k-th com-
ponent of B, and the second arrow follows by eliminating (df)xvk in the k-th com-
ponent using the isomorphism (id− (df)xvk) from the (k+m)-th component. Since
B′ is block diagonal, its orientation coincides with the orientation of Tx,x(M×M) if
and only if id− (df)x is orientation preserving. The formula (2.5) thus follows.

2.6 Computing the Lefschetz number through mapping de-
gree

Since the global Lefschetz number L(f) is defined through the intersection number,
it is not necessary to assume that f is a Lefschetz map.

Definition 2.9. The global Lefschetz number of a smooth map f : M → M is
defined to be L(f) ≜ I(id× f,∆).

Note that L(f) is well-defined according to Theorem 2.2. Such an extension is
useful because one does not always have a Lefschetz map. In our study, we will
be particularly interested in the following situation where f only has isolated fixed
points (but they need not be Lefschetz).
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Example 2.2. Let V be a smooth vector field on a closed manifold M with only
isolated zeros. Let ft :M →M be the flow of diffeomorphisms induced by V . When
t is small, the fixed points of ft are precisely the zeros of V (they are thus isolated
by assumption). However, ft needs not be Lefschetz in general. For instance,
consider the vector field V (x) = sin2 πx on the circle M = R/Z. The point 0 = 1
is the unique zero of V . We claim that the graph of ft is tangential to ∆ at (0, 0)
(in particular, the intersection is not transversal). To see this, one notes that the
function t 7→ ∂xft(x) satisfies the ODE

d

dt
∂xft(x) = 2π

(
sin πft(x)

)
cos(πft(x))∂xft(x), ∂xf0(x) = 1.

Since ft(0) = 0 for all t, it follows that ∂xft(0) = 1 for all t. As a result, the tangent
vector of the graph (x, ft(x)) at (0, 0) is the vector (1, 1).

We want to have a general method of computing L(f) when f is only assumed
to have isolated fixed points. Such a method is inspired by the following fact. Let
x ∈ M be a Lefschetz fixed point of f. Let U be a positively oriented coordinate
chart around x which does not contain other fixed points of f . We may therefore
assume WLOG that f : U ⊆ Rn → Rn where 0 ∈ U , f(0) = 0 is the unique fixed
point in U which is Lefschetz.

Lemma 2.3. Let Bε be the ε-ball centered at 0 whose closure is contained in U .
Then one has

L0(f) = deg
[
x 7→ x− f(x)

|x− f(x)|
: ∂Bε → Sn−1

]
.

Here both spheres ∂Bε and Sn−1 are oriented in the standard way from the ambient
Euclidean space (see Example C.1).

Proof. By the homotopy invariance of the degree, one may take ε as small as needed.
Since f(0) = 0, one can write

f(x) = (df)0(x) +R(x)

where R(x)/|x| → 0 as x→ 0. Define

ft(x) ≜ (df)0(x) + tR(x), t ∈ [0, 1], x ∈ ∂Bε.

Note that

|x− ft(x)| ⩾ |x− (df)0(x)| − |R(x)|
= |x| ·

[∣∣(id− (df)0)
(
x/|x|

)∣∣− |R(x)|/|x|].
Let

c ≜ inf
y:|y|=1

∣∣(id− (df)0)(y)
∣∣,
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which is strictly positive since 0 is Lefschetz. By choosing ε small enough so that
|R(x)|/|x| < c/2 for all x ∈ ∂Bε, it follows that

|x− ft(x)| ⩾
cε

2
∀x ∈ ∂Bε.

In particular, the map

gt(x) ≜
x− ft(x)
|x− ft(x)|

, t ∈ [0, 1], x ∈ ∂Bε

is well-defined. As a result, one concludes from Example 2.1 and Lemma 2.2 that

deg g1 = deg g0 = sign of det
(
id− (df)0

)
= L0(f).

The result of the lemma thus follows.

Lemma 2.3 suggests the following definition in general.

Definition 2.10. Let x ∈M be an isolated fixed point of a smooth map f :M →
M . Choose any positively oriented chart (U,φ; yi) around x which does not contain
other fixed points and satisfies φ(x) = 0. Fix a small ε > 0 such that

Bε ≜ {y = (y1, · · · , yn) : |y| < ε} ⋐ φ(U)

and f(φ−1Bε) ⊆ U . The local Lefschetz number of f at x is defined by

Lx(f) = deg
[
y 7→ y − (φfφ−1)(y)

|y − (φfφ−1)(y)|
: ∂Bε → Sn−1

]
, (2.6)

where both ∂Bε and Sn−1 are oriented in the standard way from the ambient
Euclidean space Rn.

By using the homotopy invariance of the mapping degree, one can show that
the number Lx(f) does not depend on ε nor on the coordinate chart U . We are
now ready to present the formula for computing L(f).

Theorem 2.3. Let f :M →M be a smooth map over a closed, oriented manifold
M which only possesses isolated fixed points. Then one has

L(f) =
∑

x:f(x)=x

Lx(f) (2.7)

where Lx(f) is the local Lefschetz number defined by (2.6).
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The key idea of proving Theorem 2.3 is to “wiggle” f into a Lefschetz map in
a tractable way. More specifically, one can “split” each fixed point x of f into a
bunch of Lefschetz fixed points xi of a Lefschetz map g ≃ f which agrees with f
outside a small neighbourhood of x. It is then seen that Lx(f) equals the sum of
the local Lefschetz numbers of g at those xi’s. The formula thus follows from the
Lefschetz case and the homotopy invariance of the global Lefschetz number.

We first make precise the splitting of a fixed point.

Lemma 2.4. Let U be an open subset in which x ∈ U is the unique fixed point of f .
Let K ⊆ U be a compact neighbourhood of x. Then there exists a smooth homotopy
ft :M →M (0 ⩽ t ⩽ 1) such that the following properties hold true.

(i) f0 = f .

(ii) ft = f outside K for all t ∈ [0, 1].

(iii) f1 has only Lefschetz fixed points in U (they are thus all in K).

Proof. Since the statement is essentially local, one may assume WLOG that f :
U ⊆ Rn → Rn and x is the origin. Fix an open neighbourhood 0 ∈ V ⋐ K. Choose
a bump function ϕ ∈ C∞ such that ϕ = 1 on V and ϕ = 0 on Kc. Let a ∈ Rn be a
vector which will be chosen later on. We define

ft(y) ≜ f(y) + tϕ(y)a.

It is clear that f0 = f and ft = f outside K for all t.
Let

c ≜ min
K\V
|f(y)− y|,

which is strictly positive by assumption. One has

|ft(y)− y| ⩾ |f(y)− y| − |a| ⩾ c− |a|

for all y ∈ K\V and t ∈ [0, 1]. We require a to satisfy |a| < c/2. This ensures that

|ft(y)− y| > 0

for all y ∈ K\V and t ∈ [0, 1]. In particular, all fixed points of ft in U are inside
V .

To make f1 Lefschetz on U , one first observes that

id− (df1)y = id− (df)y (2.8)

for all y ∈ V (because ϕ = 1 on V ). In addition, y is a fixed point of f1 in V if and
only if y − f(y) = a. We now choose a to be a regular value of the map (id− f)|V
such that |a| < c/2. This is possible due to Sard’s theorem (see Theorem B.6). By
the definition of regular value and the relation (2.8), one knows that id− (df1)y is
a linear isomorphism for all fixed points y of f1 in V . As a consequence, all fixed
points of f1 in V (thus in U) are Lefschetz.
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Next, we compute the local Lefschetz number of f at x through the above
splitting.

Lemma 2.5. Fix Bε ⊆ φ(U) as in Definition 2.10. Let ft be the homotopy given
by Lemma 2.4, so that f1 has only Lefschetz fixed points {x1, · · · , xk} in U and they
are all inside φ−1(Bε). Then one has

Lx(f) =
k∑
i=1

Lxi(f1).

Proof. Let Bi be a small Euclidean ball centered at φ(xi) (i = 1, · · · , k). Consider
the manifold W ≜ Bε\ ∪i Bi with boundary ∂W = ∪i∂Bi ∪ ∂Bε and induced
boundary orientation from W . Define the function

G : W → Sn−1, G(y) ≜
y − (φf1φ

−1)(y)

|y − (φf1φ−1)(y)|
.

This is well-defined since there are no fixed points of f1(y) in W . Let ξ ∈ Sn−1 be
a regular value of G|∂W so that G|∂W intersects {ξ} transversally in Sn−1. Since
G is a smooth extension of G|∂W to W , one knows from Proposition 2.2 and the
definition of mapping degree that

deg
[
G|∂W : ∂W → Sn−1

]
= I(G|∂W , {ξ}) = 0. (2.9)

On the other hand, note that f = f1 on ∂Bε by Lemma 2.4. It follows from the
definition of Lxf , the relation (2.9) and Lemma 2.3 that

Lxf =deg
[
y 7→ y − (φf1φ

−1)(y)

|y − (φf1φ−1)(y)|
: ∂Bε → Sn−1

]
=

k∑
i=1

deg
[
y 7→ y − (φf1φ

−1)(y)

|y − (φf1φ−1)(y)|
: ∂Bi → Sn−1

]
=

k∑
i=1

Lxi(f1).

This proves the result of the lemma.

By applying the above two lemmas, one can now easily establish the formula
(2.7).

Proof of Theorem 2.3. Let x(1), · · · , x(r) be all the isolated fixed points of f . Ac-
cording to Lemma 2.4, one can deform f into a Lefschetz map f1 which only has
Lefschetz fixed points x(i)1 , · · · , x

(i)
ki

near x(i) and coincides with f outside a neigh-
bourhood of {x(1), · · · , x(r)}. It follows from the homotopy invariance of intersection
number and Lemma 2.5 that

L(f) = L(f1) =
r∑
i=1

ki∑
j=1

L
x
(i)
j
(f1) =

r∑
i=1

Lx(i)(f).
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The proof of Theorem 2.3 is thus complete.

2.7 Index of a vector field

We now define the index of a vector field at an isolated zero, which is a key quantity
appearing in the Poincaré-Hopf theorem.

Definition 2.11. Let V be a smooth vector field on an oriented manifold M . Let
x ∈ M be an isolated zero of V (i.e. V (x) = 0 and V (y) ̸= 0 for all y near x).
Choose any positively oriented chart (U,φ; yi) around x such that φ(x) = 0. Fix a
small ε > 0 such that Bε ⋐ φ(U) and V (y) ̸= 0 for all y ∈ φ−1(Bε)\{0}. The index
of V at x is defined by

indx(V ) ≜ deg
[
y 7→

( V i(y)√
V 1(y)2 + · · ·+ V n(y)2

)
1⩽i⩽n

: ∂Bε → Sn−1
]
.

Here we write V (y) = V i(y)∂yi (y = φ(y)) on U . Both spheres ∂Bε and Sn−1 are
oriented in the standard way from the ambient Euclidean space Rn.

Similar to the local Lefschetz number, the index indx(V ) does not depend on ε
or the choice of the local chart U . Now we can complete the first major step for
the proof of Theorem 2.1.

Theorem 2.4 (Step 1 for Poincaré-Hopf). Let V be a smooth vector field on a
closed, oriented n-manifold M which has only isolated zeros {x1, · · · , xk}. Then
one has

k∑
i=1

indxi(V ) = (−1)nI(∆,∆). (2.10)

Remark 2.3. By considering the diffeomorphism (x, y) 7→ (y, x) on M ×M, one can
show that I(∆,∆) = 0 when n is odd. The proof of this fact is left as an exercise.
As a result, the formula (2.10) can be rewritten as

k∑
i=1

indxi(V ) = I(∆,∆).

This is consistent with what we stated at the beginning of this chapter.

Proof. Let {ft} be the flow of diffeomorphisms induced by V . Then ft ≃ id.
In addition, when t is small, fixed points of ft are precisely the zeros of V , i.e.
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{x1, · · · , xk}, and they are all isolated fixed points by assumption. According to
Theorem 2.3, one has

I(∆,∆) = I(Γ(ft),∆) =
k∑
i=1

Lxi(ft)

=
k∑
i=1

deg
[
y 7→ x− ft(x)

|x− ft(x)|
: ∂Bi → Sn−1

]
. (2.11)

Here Bi is a small ball around xi as before and we have omitted the reference to
the local coordinate map φ for simplicity. On the other hand, by the definition of
the flow {ft} one can write

ft(x) = x+ tV (x) + t2R(t, x)

for some smooth function R(t, x). It follows that

x− ft(x)
|x− ft(x)|

= − V (x) + tR(t, x)

|V (x) + tR(t, x)|
≃ − V (x)

|V (x)|

on each Bi for small t. Therefore,

deg
[
x 7→ x− ft(x)

|x− ft(x)|
: ∂Bi → Sn−1

]
= deg

[
x 7→ − V (x)

|V (x)|
: ∂Bi → Sn−1

]
= (−1)nindxi(V ). (2.12)

The result follows by substituting the relation (2.12) into (2.11).

We conclude this chapter with the existence of a smooth vector field on a closed
manifold which has only isolated zeros. Recall that a critical point p of a function f :
M → R (i.e. df = 0 at p) is said to be nondegenerate if the matrix

(
∂2xixjf(p)

)
1⩽i,j⩽n

is invertible, where (U ;xi) is any local chart around p (this definition does not
depend on the choice of the chart). A Morse function is a smooth function whose
critical points are nondegenerate. It is clear that critical points of a Morse function
are all isolated (thus they form a finite set if M is compact).

Proposition 2.4. Let M be a closed manifold. Then there exists a smooth vector
field V on M which has finitely many zeros and they are all isolated.

Proof. According to [AD14, Proposition 1.2.4], Morse functions on M always exist
(in fact, Morse functions are dense in the space of continuous functions under the
uniform topology; see [AD14, Theorem 1.2.5]). Fix a Morse function f. Let g be
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a Riemannian metric on M (the existence of a Riemannian metric is standard; for
instance, one can use a partition of unity to construct one). The gradient vector
field ∇f with respect to g is a smooth vector field whose zeros are precisely the
critical points of f .

Remark 2.4. The zeros of the vector field V constructed in the above proof are in
fact nondegenerate, in the sense that the Jacobian of V at each zero, viewed as a
linear transform over Rn under a local chart, is nondegenerate.

Remark 2.5. A more “explicit” way of constructing a Morse function is the following.
Let f be an arbitrary smooth function. Consider a perturbation of f defined by

ga(x) ≜ f(x) +
N∑
i=1

aiψi(x),

where a = (a1, · · · , aN) ∈ RN and ψi ∈ C∞(M). Suppose that N and the ψi’s are
chosen properly so that

Span
{
dψ1(x), · · · , dψN(x)

}
= T ∗

xM

for all x ∈M . One can then show that (e.g. by using Sard’s theorem) for a generic
vector a, the function ga is a Morse function.

Remark 2.6. Here is another way of constructing a vector field with isolated zeros
without using a Morse function. Choose a smooth triangulation h : |K| → M
(see Definition 1.4) which always exists according to [Mun66]. For each simplex
(s) = (v0, · · · , vk) ∈ K, let xs ≜ h(bs) where bs is the barycenter of (s), i.e.
bs =

1
k+1

∑k
i=0 vi. We define a vector field V which vanishes at xs for every (s) ∈ K.

Near each xs, the vector field V flows inward from the barycenters of the simplices
having (s) as a face and flows outward towards the barycenters of the faces of (s).
Locally, the flow line directions emitting from (respectively, entering) the barycenter
xs of a k-simplex (s) form a (k−1)-dimensional (respectively, (n−k−1)-dimensional
with n = dimM) submanifold (cf. Section 2.1 and Figure 2.1).
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3 The Lefschetz fixed point formula
The goal of this chapter is to prove the following result, which yields the conclusion
of Step 2 for the Poincaré-Hopf theorem.

Theorem 3.1. Let M be a closed, oriented manifold and let ∆ ≜ {(x, x) : x ∈M}
be the diagonal. Then the self-intersection number of ∆ inside M ×M is equal to
the Euler characteristic of M , i.e. I(∆,∆) = χ(M).

Theorem 3.1 together with Theorem 2.4 completes the proof of the Poincaré-
Hopf theorem. The heart of this chapter is the proof of a fundamental result
in algebraic topology, which is known as the Lefschetz fixed point formula. This
formula relates the intersection number of a smooth map with its induced traces
on homology groups. Theorem 3.1 will be seen as a direct corollary of this formula.

3.1 Main theorem and idea of proof

We begin by stating the core theorem of this chapter.

Theorem 3.2 (The Lefschetz Fixed Point Formula). Let M be a closed, oriented
n-manifold and let f :M →M be a smooth map. Then one has

I(id× f,∆) =
n∑
k=0

(−1)kTr
[
f ∗ : Hk(M ;R)→ Hk(M ;R)

]
. (3.1)

Here f ∗ denotes the induced homomorphism on the singular cohomology groups
Hk(M ;R).

Remark 3.1. From the definition of I(f,∆) (see Definition 2.3 and Definition 2.4),
the above result shows that if the RHS of (3.1) is nonzero, the map f must have at
least one fixed point.

The formula (3.1) immediately concludes Step 2 for the Poincaré-Hopf index
theorem.

Proof of Step 2 for Poincaré-Hopf. Let us take f = id in the formula (3.1). The
LHS becomes I(∆,∆) and the RHS is precisely χ(M); since f ∗ = id one has

Tr
[
f ∗ : Hk(M ;R)→ Hk(M ;R)

]
= dimHk(M ;R).

This completes the entire proof of the Poincaré-Hopf index theorem.
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Now our task becomes proving the Lefschetz fixed point formula (3.1). The
approach we take here, which has a topological flavour, is largely inspired by [MS74].
Before developing the main topological tools, we first explain the essential idea.
There are two key insights.

(i) Submanifolds are represented by cohomology classes. Let X be a closed, oriented
n-manifold. The orientation of X is represented by a top homology class [X] ∈
Hn(X) (the fundamental class). The cap product operator (see Section 3.3.1 below)

∩[X] : Hn−k(X)→ Hk(X), c 7→ c ∩ [X] (3.2)

provides an isomorphism between Hn−k(X) and Hk(X) for any 0 ⩽ k ⩽ n. This
is known as the Poincaré duality. Now suppose that A is a closed, oriented k-
submanifold of M . The fundamental class of A can be viewed as a homology
class [A] ∈ Hk(X) under inclusion. According to the Poincaré duality (3.2), it
corresponds to a cohomology class D([A]) ∈ Hn−k(X). This provides a topological
way (cohomology classes) of representing geometric objects (submanifolds).

(ii) Intersection of submanifolds are represented by the cohomology cup product.
Let A,B be closed, oriented submanifolds of X. Suppose that A intersects B
transversally so that A ∩B is also an oriented submanifold of X. The intersection
product formula asserts that

D([A ∩B]) = D([A]) ∪D([B])

where D(·) is the aforementioned Poincaré dual and ∪ is the cohomology cup prod-
uct. This provides a topological interpretation of geometric intersection.

We now return to the discussion of the Lefschetz fixed point formula. The
main idea (similar to what we did in Section 2) is to perform intersections in the
product space. Let f : M → M be a smooth map. Since both sides of (3.1)
are homotopy-invariant, one may assume that f is a Lefschetz map (cf. Theorem
2.2 and Corollary 2.1). We consider the ambient space X = M × M together
with submanifolds A = Γ(f) (the graph of f in X) and B = ∆ (the diagonal
embedding of M). Note that Γ(f) intersects ∆ transversally since f is Lefschetz.
The intersection product formula yields that

D([Γ(f) ∩∆]) = D([Γ(f)]) ∪D([∆]) (3.3)

at the level of cohomology. It will be easily seen that the LHS of (3.3) corresponds
to the intersection number I(f,∆). For the RHS, the crucial point is that the
Poincaré dual D([∆]) ∈ Hn(M ×M) corresponds to the Thom class of the normal
bundle over ∆ inside X. This requires an in-depth study of the so-called Thom
isomorphism theorem. Using topological tools, one can further express D([∆]) in
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terms of a cohomology basis over M :

D([∆]) =
∑
i

(−1)deg bibi × b#i . (3.4)

Here {bi} is a basis of H∗(M ;R) and {b#i } is its dual in the sense that

⟨bi ∪ b#j , [M ]⟩ = δij.

By using the representation (3.4), one can easily compute the cup product on the
RHS of (3.3). This yields the RHS of the Lefschetz formula (3.1).

In what follows, we will develop the main topological tools towards proving
Theorem 3.2 in the spirit of the above discussion.

Convention. If we only write Hk(M) or Hk(M), that means the underlying coeffi-
cient ring is Z. Otherwise, we will write Hk(M ; Λ) or Hk(M ; Λ) for a general coeffi-
cient ring Λ. The main examples of Λ are either Z or one of the fields Q,R,C,Z/2Z
(the last one is related to the nonorientable case).

3.2 Orientation and the fundamental class

Recall from Definition B.8 (as well as the paragraph following that definition) that
an n-manifold M is orientable if it admits a nowhere vanishing n-form ω. This is
equivalent to saying that there is an atlas overM whose transition functions all have
positive Jacobian determinants. The aim of this section is to study orientability
from an equivalent homological perspective.

We first prove a technical lemma which will be useful in the sequel. For x ∈
K ⊆ L ⊆M , we use

ρx : Hi(M,M\K)→ Hi(M,M\{x}), ρK : Hi(M,M\L)→ Hi(M,M\K)

to denote the inclusion homomorphisms for the relative homology groups.

Lemma 3.1. Let K be a nonempty compact subset of M . Then the following
statements hold true.

(i) Hi(M,M\K) = 0 for all i > n.
(ii) Let α ∈ Hn(M,M\K). Then α = 0 if and only if ρx(α) ∈ Hn(M,M\{x}) is
zero for all x ∈ K.

Proof. We divide the argument into the following steps.

(i) M = Rn, K is compact and convex.
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Fix x ∈ K. It is not hard to show that the inclusion ι : Rn\K → Rn\{x} is a
homotopy equivalence. Therefore, one has

ρx : Hi(Rn,Rn\K)
∼=−→ Hi(Rn,Rn\{x}) ∼=

{
0, i ̸= n;

Z, i = n,
(3.5)

where the second isomorphism follows from (A.18). The two claims of the lemma
are an immediate consequence of (3.5) in this case.

(ii) Suppose that the lemma is true for K1, K2 and K1 ∩K2 (with a general M).
Then it is also true for K1 ∪K2.

According to (A.16), there is a long exact sequence

· · · → Hi+1(M,M\(K1 ∩K2))→ Hi(M,M\(K1 ∪K2))
ι∗−→ Hi(M,M\K1)⊕Hi(M,M\K2)→ Hi(M,M\(K1 ∩K2))

→ · · · → H0(M,M\K1)⊕H0(M,M\K2)→ H0(M,M\(K1 ∩K2))→ 0. (3.6)

Suppose i > n. One has from (3.6) and the assumption that

0→ Hi(M,M\(K1 ∪K2))→ 0.

In particular, Hi(M,M\(K1 ∪K2)) = 0 which proves the first claim of the lemma
in this case. For the second claim, let α ∈ Hn(M,M\(K1 ∪K2)) and assume that
ρx(α) = 0 for all x ∈ K1 ∪K2. Let

(α1, α2) ≜ ι∗(α) ∈ Hn(M,M\K1)⊕Hn(M,M\K2),

where ι∗ is the canonical inclusion map appearing in the sequence (3.6). Fix x ∈ K1.
The following commutative diagram

Hn(M,M \ (K1 ∪K2)) Hn(M,M \K1)

Hn(M,M \ {x})
ρx ρx

shows that ρx(α1) = 0. Since this is true for all x ∈ K1, it follows from the
assumption for the K1-case that α1 = 0. Similarly, one also has α2 = 0. On the
other hand, since Hn+1(M,M\(K1 ∩ K2)) = 0, one knows from (3.6) that ι∗ is
injective. Therefore, α = 0. This proves the second claim of the lemma in this
case.

(iii) M = Rn, K = K1 ∪ · · · ∪Kr where each Ki is compact and convex.

This case follows from Steps (i), (ii) and induction.
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(iv) M = Rn, K is compact.

For the first claim, let α ∈ Hi(Rn,Rn\K) with i > n. Write α = [σ] where
∂σ ∈ Ci−1(Rn\K). By the compactness of K, one can draw closed Euclidean balls
B̄1, · · · , B̄r such that

K ⊆
r⋃
j=1

B̄j =: L

and ∂σ ∈ Ci−1(Rn\L). It follows that σ represents an element α′ ∈ Hi(Rn,Rn\L)
and one has α = ρK(α

′). Step (iii) shows that Hi(Rn,Rn\L) = 0 and thus α′ = 0.
As a result, one has α = 0.

For the second claim, let α ∈ Hn(Rn,Rn\K) and assume that ρx(α) = 0 for
all x ∈ K. As before, one has α = ρK(α

′) for some α′ ∈ Hn(Rn,Rn\L). Define
(α1, · · · , αr) ≜ i∗(α

′) where

i∗ : Hn(Rn,Rn\L)→
r⊕
j=1

Hn(Rn,Rn\B̄j)

is the inclusion homomorphism. Pick a point xj ∈ K ∩ B̄j for each j = 1, · · · , r.
The following commutative diagram

α′ ∈ Hn(Rn,Rn \ L) α ∈ Hn(Rn,Rn \K)

αj ∈ Hn(Rn,Rn \ B̄j) 0 ∈ Hn(Rn,Rn \ {xj})
∼=

shows that αj = 0 for every j. Therefore, i∗(α) = 0. Since i∗ is injective (for a
similar reason as in Step (ii)), it follows that α = 0.

(v) M is general, K is contained in an open set U which is diffeomorphic to Rn.

For any x ∈ K, one has the commutative diagram

H∗(M,M \K) H∗(U,U \K)

H∗(M,M \ {x}) H∗(U,U \ {x}),

ρx ρx

∼=

where the horizontal isomorphisms are a consequence of excision. Both claims of
the lemma follow from the above diagram and Step (iv) in this case.

(v) M is general, K is compact.
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Write K = K1 ∪ · · · ∪Kr where each Kj is contained in some open set diffeo-
morphic to Rn (also true for finite intersections among them). The result of the
lemma follows from Steps (ii), (v) and induction.

We now define the notion of orientation from the homological viewpoint. Note
that Hn(M,M\{x}) ∼= Z for any x ∈ M , which follows easily from excision. In
particular, the group Hn(M,M\{x}) has precisely two generators.

Definition 3.1. A manifold M is said to be orientable if there exists an assignment
(an orientation)

x 7→ µx : a generator of Hn(M,M\{x}),
such that for any x ∈M, there exists a neighbourhoodN of x and µ ∈ Hn(M,M\N)
satisfying µy = ρy(µ) for all y ∈ N . A manifold equipped with an orientation is
called an oriented manifold.

Remark 3.2. It will be proved in Proposition 3.4 that the above definition is equiv-
alent to the more familiar Definition B.8 from the differential viewpoint.

Theorem 3.3. Let M be an oriented n-manifold with orientation {µx : x ∈ M}.
Let K be a compact subset of M . Then there exists a unique µK ∈ Hn(M,M\K)
such that µx = ρx(µK) for all x ∈ K.

Proof. (i) Uniqueness follows from the second claim of Lemma 3.1.

(ii) Suppose that the claim is true for Kj with µKj
∈ Hn(M,M\Kj) (j = 1, 2).

Consider the long exact sequence of relative homology groups which we used in
Step (ii) of the proof of Lemma 3.1. Uniqueness implies that

j∗(µK1 , µK2) = ρK1∩K2(µK1)− ρK1∩K2(µK2) = 0.

It follows from exactness that (µK1 , µK2) ∈ Im(i∗), i.e. (µK1 , µK2) = i∗(µK) for
some µK1∪K2 ∈ Hn(M,M\(K1∪K2)). Therefore, the claim is true for K1∪K2 with
the (unique) class µK1∪K2 .

(iii) Let K be a given compact set. By the definition of orientation, for each
x ∈ K there exists a neighbourhood Nx of x and µNx ∈ Hn(M,M\Nx) such that
ρy(µNx) = µy for all y ∈ Nx. By reducing Nx if necessary, we assume that Nx is
compact. Due to the compactness of K, one can write

K ⊆
r⋃
j=1

Nxj =: L

for some r ⩾ 1 and x1, · · · , xr ∈ K. Part (ii) and induction implies that the claim
is true for L with a unique class µL. By setting µK ≜ ρK(µL), one obtains the
result for the compact set K.
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Suppose further that M is compact. Taking K =M in the above theorem leads
to the following important concept.

Definition 3.2. Let M be a closed, oriented n-manifold. The homology class
µM ∈ Hn(M) given by Theorem 3.3 with K = M is called the fundamental class
of M . We also denote µM as [M ].

Remark 3.3 (The nonorientable case). The above discussion naturally applies to
the situation when Λ = Z2. In this case, Hn(M,M\{x};Z2) has a unique generator
(the unique nonzero element) for every x ∈ M . The property stated in Definition
3.1 is always valid; given x ∈ M one can choose a small neighbourhood N so that
Hn(M,M\N ;Z2) ∼= Z2 (by excision) and simply take µN to be the unique nonzero
element of Hn(M,M\N ;Z2). Theorem 3.3 also applies without any orientability
assumption. For a closed manifold M , its fundamental class over Z2 is thus always
well-defined. This is useful when M is not orientable. If M is oriented with funda-
mental class [M ], the corresponding fundamental class over Z2 is just the image of
[M ] under the homomorphism Hn(M)→ Hn(M ;Z2) induced by 1Z 7→ 1Z2 .

3.3 The Poincaré duality theorem

In this section, we prove an important duality result in algebraic topology. Let
M be a closed, oriented n-manifold with fundamental class [M ]. The Poincaré
duality theorem provides a natural isomorphism between H i(M) and Hn−i(M).
The precise construction of this isomorphism requires the notion of cohomology
cap product which we first define.

3.3.1 Cohomology cap product

Let X be a topological space. The cap product is the bilinear operator

∩ : Ci(X)× Cn(X)→ Cn−i(X)

characterised by the duality relation

⟨φ, ψ ∩ σ⟩ = ⟨φ ∪ ψ, σ⟩

for all φ ∈ Cn−i(X), ψ ∈ Ci(X) and σ ∈ Cn(X). Here ∪ is the cup product (see
Definition A.11) and ⟨·, ·⟩ denotes the pairing between singular cochains and chains.
Geometrically, ψ∩σ means that ψ eats the back i-face of σ leaving its front (n− i)-
face as an (n − i)-simplex (in the case when σ is a singular n simplex). This is
described by the following result.

Proposition 3.1. Let σ = [v0, · · · , vn] be a singular n-simplex in X and let ψ ∈
Ci(X). Then one has

ψ ∩ σ = ⟨ψ, σ|[vn−i,··· ,vn]⟩σ|[v0,··· ,vn−i].
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Proof. By the definition of the cap and cup products, one has

⟨φ, ψ ∩ σ⟩ = ⟨φ ∪ ψ, σ⟩ = ⟨φ, σ|[v0,··· ,vn−i]⟩⟨ψ, σ|[vn−i,··· ,vn]⟩
=
〈
φ, ⟨ψ, σ|[vn−i,··· ,vn]⟩σ|[v0,··· ,vn−i]

〉
for any φ ∈ Cn−i(X).

The cap product satisfies the following basic properties. Recall that ∂ is the
boundary map on singular chains and δ (defined as the dual of ∂) is the coboundary
map on singular cochains (see Definition A.7 and Definition A.9).

Proposition 3.2. (i) (φ ∪ ψ) ∩ σ = φ ∩ (ψ ∩ σ).
(ii) 1 ∩ σ = σ.

(iii) ∂(ψ ∩ σ) = ψ ∩ ∂σ + (−1)deg σ−degψδψ ∩ σ.
(iv) (Naturality of cap product) f∗(f ∗ψ ∩ σ) = ψ ∩ f∗σ where f : X → Y is a
continuous map, ψ is a singular cochain in Y and σ is a singular chain in X.

Proof. (i) One has

⟨ζ, (φ ∪ ψ) ∩ σ⟩ = ⟨ζ ∪ φ ∪ ψ, σ⟩ = ⟨ζ ∪ φ, ψ ∩ σ⟩ = ⟨ζ, φ ∩ (ψ ∩ σ)⟩

for any cochain ζ (with suitable degree).

(ii) Obvious.

(iii) Write i ≜ degψ and n ≜ deg σ. Let φ ∈ Cn−i−1(X). According to the ∂-δ
duality and the Leibniz rule (A.4), one finds that

⟨φ, ∂(ψ ∩ σ)⟩ = ⟨δφ, ψ ∩ σ⟩ = ⟨δφ ∪ ψ, σ⟩
= ⟨δ(φ ∪ ψ), σ⟩ − (−1)n−i−1⟨φ, δψ ∩ σ⟩
= ⟨φ ∪ ψ, ∂σ⟩+ (−1)n−i⟨φ, δψ ∩ σ⟩
= ⟨φ, ψ ∩ ∂σ + (−1)n−iδψ ∩ σ⟩.

The result thus follows.

(iv) One has

⟨φ, f∗(f ∗ψ ∩ σ)⟩ = ⟨f ∗φ, f ∗ψ ∩ σ⟩ = ⟨f ∗φ ∪ f ∗ψ, σ⟩
= ⟨f ∗(φ ∪ ψ), σ⟩ = ⟨φ ∪ ψ, f∗σ⟩ = ⟨φ, ψ ∩ f∗σ⟩

for any singular cochain φ in Y .
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The third property of Proposition 3.2 shows that the cap product descends to
(co)homology groups, namely, one has a well-defined cap product operator

∩ : H i(X)×Hn(X)→ Hn−i(X).

The cap product also extends naturally to a pair (X,A) (A is a subset of X):

∩ : Ci(X,A)× Cn(X,A)→ Cn−i(X). (3.7)

Indeed, let ψ ∈ Ci(X,A) (i.e. ψ ∈ Ci(X) annihilates singular i-chains in A) and let
[σ] ∈ Cn(X,A). One defines ψ∩[σ] ≜ ψ∩σ where σ is any representative of [σ]. This
is well-defined since different representatives differ by a singular n-chain in A, whose
back i-face (as a singular i-chain in A) is annihilated by ψ. In a similar fashion,
the relative cap product (3.7) also descends to relative (co)homology groups:

∩ : H i(X,A)×Hn(X,A)→ Hn−i(X). (3.8)

This will be useful in our later study of the Poincaré duality.

3.3.2 Cohomology with compact support

The Poincaré duality theorem also requires the notion of singular cohomology with
compact support.

Definition 3.3. A cochain a ∈ Ci(X) is said to have compact support if there
exists a compact set K ⊆ X such that a ∈ Ci(X,X\K) (i.e. a annihilates singular
i-chains in X\K). The Z-submodule of i-cochains with compact support is denoted
as Ci

c(X). The cohomology of the complex C∗
c (X), which is denoted as H∗

c (X), is
called the singular cohomology of X with compact support.

Remark 3.4. The space H i
c(X) is isomorphic to the direct limit of H i(X,X\K),

where the limit is taken over compact subsets of X (see [MS74, Spa66]). As a
result, an element a ∈ H i

c(X) is represented by a relative cohomology class a′ ∈
H i(X,X\K) with some compact set K. Two representations a′ ∈ H i(X,X\K)
and a′′ ∈ H i(X,X\L) are identified if their images in H i(X,X\(K ∪ L)) coincide.
If X is compact, the groups H i

c(X) and H i(X) are the same thing.
Let M be an oriented n-manifold. There is a notion of integration over M

in the algebraic topology sense. Let a ∈ Hn
c (M) which is represented by some

a′ ∈ Hn(M,M\K). Let µK ∈ Hn(M,M\K) be the relative homology class given
by Theorem 3.3. Using the natural pairing ⟨·, ·⟩ between (relative) cohomology and
homology (see Appendix A.3), one can define a number ⟨a′, µK⟩ ∈ Z. It is routine
to check that this integer does not depend on the choice of the representative a′.
We denote it as IM(a). If M is compact, one has IM(a) = ⟨a, [M ]⟩ where [M ] is the
fundamental class of M .

Definition 3.4. The number IM(a) is called the integral of a over M .
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3.3.3 The Poincaré duality

By using the cap product, we now proceed to establish the Poincaré duality. Let
M be a closed, oriented n-manifold with fundamental class [M ]. The main theorem
is stated as follows.

Theorem 3.4 (The Poincaré Duality). The homomorphism

∩[M ] : H i(M)→ Hn−i(M), a 7→ a ∩ [M ] (3.9)

defined by taking cap product with [M ] is an isomorphism for every 0 ⩽ i ⩽ n.

Proof. We shall consider a more general situation. Suppose thatM is an oriented n-
manifold (without assuming compactness). We generalise the duality map (3.9) in
the following way. Let a ∈ H i

c(M) which is represented by some a′ ∈ H i(M,M\K).
Let µK ∈ Hn(M,M\K) be relative homology class given by Theorem 3.3. We then
define (see (3.8))

P i
M(a) ≜ a′ ∩ µK ∈ Hn−i(M).

By using the characterising property of µK (cf. Theorem 3.3), one can check that
P i
M(a) does not depend on the representative a′. It follows that there is a well-

defined homomorphism
P i
M : H i

c(M)→ Hn−i(M). (3.10)

When M is compact, the map P i
M is just the earlier ∩[M ] defined by (3.9). With

the above preparation, we now prove the theorem in the following steps.

(i) P i
M is an isomorphism for all i if M = Rn.

Let B̄ be any closed ball. Similar to (3.5), one has

H i(Rn,Rn\B̄) ∼=

{
Z, if i = n;

0, otherwise.

By taking direct limit, it follows that

H i
c(Rn) ∼=

{
Z, if i = n;

0, otherwise.

The claim holds trivially if i ̸= n because both sides of (3.10) are zero.
To prove that P n

Rn is an isomorphism, it suffices to show that P n
Rn maps a

generator of Hn
c (Rn) to a generator of H0(Rn). Let a be the unique element of

Hn
c (Rn) such that ⟨a′, µB̄⟩ = 1 ∈ Z where a′ ∈ Hn(Rn,Rn\B̄) is any representative

of a with some closed ball B̄. By definition, one has

⟨1H0(Rn), P
n
Rn(a)⟩ = ⟨1H0(Rn), a

′ ∩ µB̄⟩
= ⟨1H0(Rn) ∪ a′, µB̄⟩ = ⟨a′, µB̄⟩ = 1.
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Therefore, P n
Rn(a) is a generator of H0(Rn).

(ii) Let M = U ∪ V where U, V are open subsets. Suppose that P i
U , P

i
V , P

i
U∩V are

isomorphisms for all i. Then P i
M is an isomorphism for all i.

The main observation is that there is a Mayer-Vietoris sequence

· · · → H i
c(U ∩ V )→ H i

c(U)⊕H i
c(V )→ H i

c(M)→ H i+1
c (U ∩ V )→ · · · (3.11)

for the compactly supported cohomology. Presume that such a sequence is valid.
By applying the Five Lemma (see Lemma A.2) to the commutative diagram

· · · H i
c(U ∩ V ) H i

c(U)⊕H i
c(V ) H i

c(M) H i+1
c (U ∩ V ) · · ·

· · · Hn−i(U ∩ V ) Hn−i(U)⊕Hn−i(V ) Hn−i(M) Hn−i−1(U ∩ V ) · · ·

P i
U∩V P i

U⊕P i
V P i

M P i+1
U∩V

where the bottom row is the usual Mayer-Vietoris sequence for homology (see
(A.15)), one concludes that the vertical homomorphism in the middle is an iso-
morphism (since the other four are). Therefore, the theorem is true for U ∪ V .

To justify the long exact sequence (3.11), one uses the following commutative
diagram

· · · Hi(M,M \ (K ∩ L)) Hi(M,M \K)⊕Hi(M,M \ L) Hi(M,M \ (K ∪ L)) · · ·

· · · Hi(U ∩ V, U ∩ V \ (K ∩ L)) Hi(U,U \K)⊕Hi(V, V \ L) Hi(M,M \ (K ∪ L)) · · ·

∼= ∼= id

Here K (respectively, L) is a compact subset of U (respectively, V ). The two
rows are the usual Mayer-Vietoris sequences for relative cohomology. The vertical
isomorphisms are obtained by excision. The desired long exact sequence follows
by taking direct limits over compact K’s within U and compact L’s within V
respectively.

(iii) Suppose that M is a closed, oriented n-manifold. Then P i
M is an isomorphism

for all i.

Recall from Theorem B.3 that there exists a finite good cover of M , say M =
∪kj=1Uj, where each Uj is open and any of their (nonempty) intersections is dif-
feomorphic to Rn. It follows from Steps (i), (ii) and induction that P i

M is an
isomorphism for every i. This completes the proof of the Poincaré duality theorem.

Definition 3.5. The cohomology class corresponding to α ∈ Hn−i(M) under the
isomorphism (3.9) is called the Poincaré dual of α.
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Remark 3.5. With some extra technical effort, one can show that the homomor-
phism P i

M defined by (3.10) is an isomorphism even in the noncompact case (see
[MS74]).

We briefly mention a useful extension of the Poincaré duality theorem to the
case with boundary. Let M be a compact, oriented n-manifold with boundary. This
means a preferred generator µx ∈ Hn(M,M\{x}) is chosen for every x ∈ M\∂M
such that the condition in Definition 3.1 holds. Note that as a topological space,
M contains both the interior and the boundary sets. In this case, there is a unique
relative homology class [M,∂M ] ∈ Hn(M,∂M) such that ρx([M,∂M ]) = µx for ev-
ery x ∈M\∂M . This induces an orientation on ∂M in a natural way; the resulting
fundamental class of ∂M is the image of [M,∂M ] under the connecting homomor-
phism in the long exact sequence for the pair (M,∂M) (see (A.7)). The Poincaré
duality theorem in this setting asserts that both of the following homomorphisms

∩[M,∂M ] :H i(M,∂M)→ Hn−i(M), (3.12)
∩[M,∂M ] :H i(M)→ Hn−i(M,∂M)

are isomorphisms. The reader is referred to [Bre93] for the details.

Remark 3.6. The Poincaré duality theorem has an obvious extension to the case
when the coefficient ring Λ is a field. In this case, the corresponding fundamental
class [M ]Λ is the image of [M ] under the homomorphism Hn(M) → Hn(M ; Λ)
induced by 1Z 7→ 1Λ.

3.4 The Thom isomorphism theorem

Here comes a basic question: how can one construct the Poincaré dual of a homology
class α ∈ Hn−i(M)? A typical situation is when α is represented by a submanifold,
i.e. α = [S] where S is a closed, oriented (n−i)-submanifold of M with fundamental
class [S] (viewed as a homology class in M). To understand this question, we need
to spend some time discussing another fundamental result: the Thom isomorphism.

3.4.1 Canonical generator of Hr(Rr,Rr
0)

We first recall a standard computation in Rr which will play a basic role in the
sequel. Let Rr

0 ≜ Rr\{0}. It is well known that Hr(Rr,Rr
0)
∼= Z (see (A.18)). A

canonical generator of Hr(Rr,Rr
0) can be obtained in the following way.

First of all, consider the triple (R,R0,R−) where R− ≜ (−∞, 0). The long
exact sequence (A.10) of relative cohomology applied to this triple yields the exact
sequence

0 = H0(R,R−)→ H0(R0,R−)
δ→ H1(R,R0)→ H1(R,R−) = 0,
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where δ is the connecting homomorphism. In particular, δ an isomorphism in this
case. There is a distinguished generator a of H0(R0,R−); the evaluation of a on
0-simplices in R+ ≜ (0,∞) is identically equal to 1 and it annihilates R−. We set
e ≜ δ(a). Note that e is a generator of H1(R,R0).

One can now apply the Künneth theorem to see that

H1(R,R0)⊗ · · · ⊗H1(R,R0)︸ ︷︷ ︸
r

∼= Hr(Rr,Rr
0).

Under the above isomorphism, the class

er ≜ e× · · · × e︸ ︷︷ ︸
r

(3.13)

is a generator of Hr(Rr,Rr
0) (here × is the cohomology cross product; see Definition

A.13). This is referred to as the canonical generator.

Remark 3.7. In the above construction, a preferred orientation of Rr (the standard
orientation) is implicitly chosen when one decides to use the triple (R,R0,R−) rather
than (R,R0,R+). In fact, the latter flips the sign of e, which can be interpreted as
a change of orientation.

3.4.2 Orientation of a real vector bundle

Recall from Definition B.16 that a real vector bundle (E,M, π;V ) is orientable if
it admits a local trivialisation whose transition functions all have positive deter-
minant. In particular, one can choose an orientation of the vector space Ex (the
fiber at x) in a globally consistent manner. The aim of this subsection is to study
orientability of a real vector bundle from an equivalent (co)homological perspective.

Let V be an r-dimensional real vector space V which is equipped with the stan-
dard Euclidean topology. Let V0 ≜ V \{0}. Recall from (A.18) and its cohomology
version that

Hr(V, V0) ∼= Z ∼= Hr(V, V0). (3.14)

In particular, there are precisely two generators of Hr(V, V0) (same for Hr(V, V0)).

Lemma 3.2. The following three objects are equivalent:

(i) an orientation of V , i.e. an equivalence class of bases of V (two bases are
equivalent if their transformation matrix has positive determinant);

(ii) a generator of Hr(V, V0);

(iii) a generator of Hr(V, V0).
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Proof. An orientation of V is represented by a basis {ε1, · · · , εr}. This provides an
isomorphism between Rr and V . Let u denote the image of the standard generator er
of Hr(Rr,Rr

0) (see (3.13)). Then u is a generator of Hr(V, V0) which is independent
of the basis representing the given orientation of V (left as an exercise). Through the
duality Hr(V, V0) ∼= HomZ(Hr(V, V0),Z), there exists a unique class a ∈ Hr(V, V0)
such that ⟨u, a⟩ = 1. This a is a generator of Hr(V, V0). It is represented by any
r-simplex [v0, · · · , vr] ⊆ V whose center is the origin and {v1−v0, · · · , vr−v0} form
a positively oriented basis. Flipping the orientation of V changes both u 7→ −u
and a 7→ −a.

We now move to a real vector bundle (E,M, π;Rr) and define its orientability
from the cohomological viewpoint.

Definition 3.6. The bundle E is said to be orientable if there exists an assignment
x 7→ ux ∈ Hr(Ex, (Ex)0) (an orientation) such that the following properties hold
true.

(i) ux is a generator of Hr(Ex, (Ex)0) for every x ∈M .

(ii) For any x ∈M, there exists a neighbourhood N of x and a relative cohomology
class uN ∈ Hr(π−1N, (π−1N)0) such that uN |y = uy for all y ∈ N . Here (π−1N)0 is
the space of nonzero elements of π−1N and

·|y : Hr(π−1N, (π−1N)0)→ Hr(Ey, (Ey)0)

is the standard restriction homomorphism.

A real vector bundle equipped with an orientation is called an oriented vector
bundle.

Proposition 3.3. Definition 3.6 and Definition B.16 are equivalent.

Proof. Suppose that E is oriented in the sense of Definition 3.6. One can obtain an
oriented local trivialisation in the following way. Given x ∈ M , pick an arbitrary
local trivialisation ψ : π−1N → N × Rr. We may assume that N is a contractible
neighbourhood of x and is chosen small enough so that a relative cohomology class
uN is also defined according to Definition 3.6 (ii). It is clear that (ψ−1)∗uN =
±1 × er. If it is a plus sign, one keeps ψ as it is. Otherwise, one applies an
orientation reversing automorphism of Rr to get a new trivialisation ψ̂ satisfying
(ψ̂−1)∗uN = 1× er. By varying x, one obtains an oriented local trivialisation of the
bundle E whose transition functions all have positive determinants.

Conversely, suppose that {Uα, ψα} is a given local trivialisation whose transition
functions have positive determinants. Let x ∈ M and assume that x ∈ Uα. Using
the linear isomorphism ψα|Ex : Ex → Rr, one can define ux ≜ (ψα|Ex)

∗er. It follows
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that ux is a generator of Hr(Ex, (Ex)0) which is independent of the choice of Uα
containing x. To justify Condition (ii) of Definition 3.6, one simply defines

uα ≜ (ψ−1
α )∗(1× er) ∈ Hr(π−1Uα, (π

−1Uα)0).

Then uα|y = uy for any y ∈ Uα.

Restricting to the tangent bundle, all notions of orientability we have seen so
far are equivalent.

Proposition 3.4. Let M be an n-manifold. The following statements are equiva-
lent.

(i) M is orientable in the sense of Definition B.8.

(ii) M is orientable in the sense of Definition 3.1.

(iii) TM is orientable.

Proof. (i) =⇒ (iii). Suppose that there exists an open cover U = {(Uα;xiα)} of
M by coordinate charts whose Jacobians all have positive determinants. Each
chart (Uα;x

i
α) gives rise to a trivialisation of TUα with respect to the local frame

field {∂x1α , · · · , ∂xnα}. The transition functions of this local trivialisation is just the
Jacobians of the change of coordinates from U . Therefore, they all have positive
determinants. This shows that TM is orientable in the sense of Definition B.16.

(iii) =⇒ (i). Suppose that {(Uα; e1,α, · · · , en,α)} is a local trivialisation of TM ,
where {e1,α, · · · , en,α} is a local frame field on Uα, and the transition functions all
have positive determinants. Let ωα ≜ η1α ∧ · · · ∧ ηnα where {ηiα} is the coframe field
dual to {ei,α}. Let {φα} be a partition of unity subordinated to {Uα} with the same
index (see Theorem B.2 (ii)). Define

ω ≜
∑
α

φαωα.

It is easily seen that ω is a smooth n-form on M . In addition, by writing

ω =
∑
α

φα
(∑

β

det ραβωβ
)

where ραβ is the transition function and noting that det ραβ > 0 whenever Uα∩Uβ ̸=
∅, one has ω(x) ̸= 0 for every x ∈M .

(ii)⇐⇒ (iii). Let x ∈M and let U be a small open neighbourhood of x. There
are isomorphisms

Hn(M,M\{x}) ∼= Hn(U,U\{x}) ∼= Hn(TxM, (TxM)0). (3.15)
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The first isomorphism follows from excision on M . The second isomorphism can
be obtained by putting a Riemannian metric on M, using the exponential map (as
a local diffeomorphism around x) and applying excision on TxM . There is also a
canonical isomorphism

Hn(TxM, (TxM)0) ∼= HomZ(Hn(TxM, (TxM)0),Z). (3.16)

Using the isomorphisms (3.15, 3.16), there is a natural correspondence between gen-
erators of Hn(M,M\{x}) and of Hn(TxM, (TxM)0). Indeed, let µx be a generator
of Hn(M,M\{x}). One then defines ux to be the unique element in Hn(M,M\{x})
such that ⟨ux, µx⟩ = 1 through the duality (3.16). Vice versa. By varying x, one
thus obtains a correspondence between an orientation of M (in the sense of Def-
inition 3.1) and an orientation of TM (in the sense of Definition 3.6). The local
classes µN and uN in the underlying definitions also correspond in a similar way;
indeed, when N is small one has the canonical isomorphisms

Hn(M,M\N) ∼= Hn(M,M\{x}), µN ←→ µx,

Hn(TN, (TN)0) ∼= Hn(TxM, (TxM)0), uN ←→ ux.

This proves the equivalence between an orientation on M and an orientation on
TM in the algebraic topology sense.

3.4.3 The Thom class and Thom isomorphism

Let (E,M, π;Rr) be a real, oriented vector bundle over a closed manifold M . Let
E0 ≜ {e ∈ E : e ̸= 0}. The goal of this subsection is to construct a relative
cohomology class u ∈ Hr(E,E0), such that the cohomology cup product

a 7→ a ∪ u

induces an isomorphism between Hj(E) and Hj+r(E,E0) for every j.
We work over a general coefficient ring Λ with unit 1Λ. Let {ux : x ∈M} be the

given orientation of E. By abuse of notation, the image of ux in Hr(Ex, (Ex)0; Λ)
induced by 1Z 7→ 1Λ is still denoted as ux. The main theorem is stated as follows.

Theorem 3.5 (The Thom Isomorphism). There exists a unique relative cohomology
class u ∈ Hr(E,E0; Λ) such that u|x = ux for all x ∈M . In addition, the map

∪u : Hj(E; Λ)→ Hj+r(E,E0; Λ), a 7→ a ∪ u (3.17)

is an isomorphism for every j ∈ Z.

Remark 3.8. When j < 0, one has Hj(E; Λ) = 0. In this case, the isomorphism
(3.17) is understood as the statement that Hj+r(E,E0; Λ) = 0.
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Proof. (i) E =M × Rr is the trivial bundle.

Assume that E is oriented by Rr, i.e. ux = i∗x(e
r) where er is the canonical

generator of Hr(Rr,Rr
0; Λ) and ix : {x} × Rr → Rr is the standard identification.

Let π2 : E → Rr denote the projection onto the second component. Define u ≜ π∗
2e
r.

Then u|x = ux for all x ∈M . To see that ∪u is an isomorphism, one considers the
following commutative diagram

Hj(E)

Hj(M) Hj+r(M × Rr, M × Rr
0).

∪er

×er

The bottom map is an isomorphism due to the Künneth theorem (see Theorem
A.2). The vertical map is an isomorphism because M is a deformation retract of
E (contracting the entire fiber to the base point). Therefore, ∪u must also be an
isomorphism.

(ii) Suppose that M =M ′ ∪M ′′ and the theorem is true for E|M ′, E|M ′′, E|M ′∩M ′′

with classes u′, u′′, u∩ respectively. Then the result holds for M .

For simplicity, we write E ′ ≜ E|M ′ , E ′′ ≜ E|M ′′ and E∩ ≜ E|M ′∩M ′′ . Consider
the Mayer-Vietoris sequence

· · · → 0 = Hr−1(E∩, E∩
0 ; Λ)→ Hr(E,E0; Λ)

i∗→ Hr(E ′, E ′
0; Λ)⊕Hr(E ′′, E ′′

0 ; Λ)
j∗→ Hr(E∩, E∩

0 ; Λ)→ · · ·

for the relative cohomology (see (A.17)), where

i∗(v) ≜ (v|E′ , v|E′′), j∗(v′, v′′) ≜ v′′|E∩ − v′|E∩ .

Since j∗(u′, u′′) = 0, one has by exactness that (u′, u′′) ∈ Im(i∗), i.e. (u′, u′′) = i∗(u)
for some u ∈ Hr(E,E0; Λ). Clearly, u|x = ux for every x. The uniqueness of u
follows from the injectivity of i∗.

The isomorphism property of ∪u follows from the Five Lemma applied to the
commutative diagram

· · · Hj−1(E∩) Hj(E) Hj(E′)⊕Hj(E′′) Hj(E∩) · · ·

· · · Hj−1+r(E∩, E∩
0 ) Hj+r(E,E0) Hj+r(E′, E′

0)⊕Hj+r(E′′, E′′
0 ) Hj+r(E∩, E∩

0 ) · · · ,

∪u∩ ∪u ∪u′⊕∪u′′ ∪u∩

noting that ∪u∩ and ∪u′ ⊕ ∪u′′ are both isomorphisms.

(iii) Since M is closed, there is a trivialisation of E consisting of at most finitely
many members. The result thus follows from the previous two steps and induction.
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Definition 3.7. The relative cohomology class u ∈ Hr(E,E0) is known as the
Thom class of E. The isomorphism (3.17) is called the Thom isomorphism.

Remark 3.9. The Thom isomorphism theorem remains valid over a noncompact
base manifold M with coefficient ring Λ being a principal ideal domain. The ex-
tension to this case requires additional tools from homological algebra. The reader
is referred to [MS74] for the details.

3.5 The Poincaré dual of a submanifold

We now return to the question raised at the beginning of Section 3.4 about con-
structing the Poincaré dual of a submanifold. Let X be a closed, oriented n-
manifold. We use D : H∗(X) → Hn−∗(X) to denote the inverse of the Poincaré
duality (3.9) (the Poincaré dual). In other words, one has

D(a) ∩ [X] = a (3.18)

for any homology class a in some Hn−i(X).
A particular situation is the case when the homology class a comes from a sub-

manifold of X. Let A be a closed, oriented (n− i)-manifold that is closed embedded
as a submanifold of X. The aim of this section is to understand the Poincaré dual
of the homology class [A] in X. Stated in vague terms, the main theorem we shall
prove in this section is that the Poincaré dual of [A] in X is the (absolute) Thom
class of the normal bundle of A in X. See Proposition 3.5 and Corollary 3.1 for the
precise formulation. This is a nice result as it provides a cohomological description
(the Poincaré dual as a Thom class) of a geometric object (the submanifold).

3.5.1 Normal bundle and tubular neighbourhood

We begin by defining the normal bundle. For simplicity, we will just assume that
A is an actual subset of X.

Definition 3.8. The normal bundle of A in X, denoted as NX
A , is the real vector

bundle over A whose fiber at each x ∈ A is the quotient space Nx ≜ TxX/TxA.

We will fix an orientation of NX
A in the following way. Let x ∈ A. Pick any

complementary subspace V of TxA in TxX (i.e. TxX = TxA⊕V ). The quotient map
TxX → Nx restricts to an isomorphism between V and Nx. A basis {f1, · · · , fi} of
Nx is declared to be positive if

{e1, · · · , en−i, f ′
1, · · · , f ′

i}

is a positive basis of TxX whenever {e1, · · · , en−i} is a positive basis of TxA. Here
f ′
j is the element in V corresponding to fj under the aforementioned isomorphism.

65



We let the reader check that the above orientation of NX
A at x does not depend

on the choice of the splitting factor V . By varying x ∈ A, one obtains a well-
defined orientation on NX

A , which is canonically induced from the ones on A and
X. Heuristically, this orientation is determined by the following condition:

or(X) = or(A)⊕ or(NX
A ), ("base→fiber" orientation) (3.19)

where or(·) means orientation.
Sometimes it is more convenient to work with a homotopy equivalent version of

the normal bundle: a tubular neighbourhood.

Definition 3.9. A tubular neighbourhood of A in X is an open neighbourhood U
of A in X that is diffeomorphic to an open neighbourhood of the zero section of
NX
A .

Theorem 3.6 (Tubular Neighbourhood Theorem). A tubular neighbourhood exists.

Proof. Fix a Riemannian metric g on X. Consider the bundle N̄X
A whose fiber N̄x

at x ∈ A is the orthogonal complement of TxA in TxX with respect to the given
metric. It is easily seen that NX

A and N̄X
A are isomorphic as vector bundles. By the

compactness of A, there exists ε > 0 such that the exponential map

exp : Dε(N̄
X
A )→ X (3.20)

maps the ε-disk bundle Dε(N̄
X
A ) ≜

{
v ∈ N̄X

A : ∥v∥g < ε
}

diffeomorphically onto an
open neighbourhood of A in X.

This is by definition a tubular neighbourhood of A in X.

Remark 3.10. From the above proof, it is clear that the tubular neighbourhood can
be chosen to be diffeomorphic to NX

A .

We will use N to denote the normal bundle NX
A and use T to denote the closure

of the tubular neighbourhood of A constructed in the previous proof. Note that
T is a (closed) disk bundle over A whose fibers are closed disks with spherical
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boundary. In addition, as a submanifold T carries an induced orientation from X
. This orientation is consistent with (3.19).

There are obvious identifications

H i(X,X\A) ∼= H i(T, ∂T ) ∼= H i(N,N0), (3.21)

which will be used frequently in the sequel. The first isomorphism of (3.21) fol-
lows from the relations H i(X,X\A) ∼= H i(T, T\A) (excision) and H i(T, T\A) ∼=
H i(T, ∂T ) (∂T is a deformation retract of T\A). The second isomorphism of
(3.21) is obtained in the same way. Let uN ∈ H i(N,N0) be the Thom class
of N with respect to the orientation (3.19). We denote uT ∈ H i(T, ∂T ) and
u
X,X\A
A ∈ H i(X,X\A) as the counterparts of uN under the isomorphisms (3.21).

We also denote uXA ≜ j∗(u
X,X\A
A ) where j∗ : H i(X,X\A) → H i(X) is the natural

map (the absolute Thom class).

3.5.2 The Thom class and Poincaré dual

Recall that T inherits an orientation from X which is consistent with (3.19). In
particular, there is a well-defined (relative) fundamental class [T, ∂T ] ∈ Hn(T, ∂T )
and a Poincaré duality map (3.12). We use PX (respectively, PT ) to denote the map
(3.9) (respectively, (3.12)). We also denote DX ≜ P−1

X (respectively, DT ≜ P−1
T ) as

the Poincaré dual. The main result of this subsection is stated as follows.

Proposition 3.5. The Poincaré dual of [A] in T is equal to the Thom class uT ,
i.e. DT

(
(ιTA)∗([A])

)
= uT , where ιTA : A→ T is the inclusion map.

Proof. Let vT ≜ DT

(
(ιTA)∗([A])

)
. For each x ∈ A, our aim is to show that τ ≜ vT |x is

the positive generator of H i(Tx, ∂Tx). Let B be a small closed disk around x so that
T |B ∼= B×Di =: W where Di is the closed i-disk. Let w ≜ vT |W ∈ H i(W,B×∂Di).
The relation vT ∩ [T, ∂T ] = [A] descends to the local relation that

w ∩ [W,∂W ] = [B, ∂B]. (3.22)

On the other hand, noting that

H i(W,B × ∂Di) ∼= H0(B)⊗H i(Di, ∂Di),

one can write w = 1B ⊗ τ . Since [W,∂W ] = [B, ∂B]× [Di, ∂Di], the relation (3.22)
implies that ⟨τ, [Di, ∂Di]⟩ = 1. As a consequence, τ is the positive generator of
H i(Tx, ∂Tx).

The following result is a consequence of Proposition 3.5. It justifies the earlier
claim that the Poincaré dual of a submanifold is the absolute Thom class of the
normal bundle.
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Corollary 3.1. The Poincaré dual of [A] in X is equal to uXA , i.e. DX((ι
X
A )∗([A])) =

uXA , where ιXA : A→ X is the inclusion.

Proof. This follows immediately from the commutative diagram

Hn−i(A) Hn−i(T ) H i(T, ∂T ) H i(X,X \ A)

Hn−i(X) H i(X),

ιTA

ιXA

DT

ιXT

∼=
(3.21)

noting that DT sends (ιTA)∗([A]) to uT by Proposition 3.5.

3.6 Intersection product formula

In this section, we give a cohomological description of intersection: the intersection
product formula. This plays an essential role in the later proof of the Lefschetz
fixed point formula.

Let X be a closed, connected and oriented n-manifold. Let A,B be closed,
oriented and embedded submanifolds of X with dimensions n−i, n−j respectively.
We assume that A intersects B transversally (see Definition 2.1 with f = id). In
particular, i+ j ⩽ n and A ∩B is a submanifold of X with dimension n− i− j.

We orient A ∩ B in the following way. Let x ∈ A ∩ B. A basis U of Tx(A ∩ B)
is declared to be positive if the following property holds true:

• Extend U to a family B = {V ,U ,W} ⊆ TxX such that B is a basis of TxX,
{V ,U} is a basis of TxA and {U ,W} is a basis of TxB. If {V ,U} and {U ,W}
are both positively oriented, then B is also positively oriented.

We leave it as an exercise to show that the above orientation of Tx(A ∩ B) is
well-defined. By varying x in A ∩B, one obtains an orientation of A ∩B.

Let [A], [B], [A∩B] be the fundamental classes of A,B,A∩B respectively. Here
we view them as homology classes in X without writing the inclusion homomor-
phisms for simplicity. Recall that DX = P−1

X : Hn−∗(X)→ H∗(X) is the Poincaré
dual (inverse of (3.9)).

Definition 3.10. The intersection product between [A] and [B] is the homology
class [A] · [B] ∈ Hn−i−j(X) defined by the relation

DX([A] · [B]) = DX([A]) ∪DX([B]),

where ∪ is the cohomology cup product.
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Remark 3.11. If i+j = n, the intersection A∩B is just a finite set of discrete points.
In this case, [A ∩ B] = I(A,B)[pt] ∈ H0(X), where I(A,B) is the intersection
number of A with respect to B (see Definition 2.3) and [pt] is the homology class
defined by any 0-simplex (a point) in X.

The main result of this section is stated as follows. It provides a cohomological
description of geometric intersection.

Theorem 3.7 (Intersection Product Formula). [A ∩B] = [A] · [B].

Proof. Let NX
A be the normal bundle of A in X which is oriented by the convention

(3.19). Similarly, let NB
A∩B be the normal bundle of A∩B in B, whose orientation is

induced from the orientations of A∩B and B through the same convention (3.19).
Let NX

A |A∩B be the bundle obtained by restricting NX
A to A ∩ B (the pullback of

NX
A by the inclusion ιAA∩B : A ∩B → A; cf. (B.18)).

Under the above orientation conventions, it is apparent that

NX
A |A∩B ∼= NB

A∩B (3.23)

as oriented vector bundles (namely, there is an orientation-preserving bundle iso-
morphism between them).

Let uX,X\A
A ∈ H i(X,X\A) and uXA ∈ H i(X) denote the relative and absolute

Thom classes (see the discussion at the end of Section 3.5.1). The next crucial
observation is that

u
B,B\A∩B
A∩B = r1

(
u
X,X\A
A

)
, uBA∩B = r2

(
uXA
)
, (3.24)

where
r1 : H

i(X,X\A)→ H i(B,B\A ∩B), r2 : H
i(X)→ H i(B)

are the restriction homomorphisms. The first relation of (3.24) follows from the
characterisation of Thom class and the fact that both sides restrict to the positive
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generator of the i-th relative cohomology group of (NX
A |A∩B)x ∼= (NB

A∩B)x at every
x ∈ A ∩ B; the latter claim is an immediate consequence of (3.23). The second
relation of (3.24) follows from the first one and the commutative diagram

u
X,X\A
A ∈ H i(X,X \ A) uXA ∈ H i(X)

u
B,B\A∩B
A∩B ∈ H i(B,B \ A ∩B) uBA∩B ∈ H i(B).

r1 r2

Using the second relation of (3.24) and duality, the proof of the intersection
product formula now becomes a matter of algebraic manipulation. Indeed, by
Definition 3.10 of the intersection product, it suffices to prove that

(ιXA∩B)∗[A ∩B] = (uXA ∪ uXB ) ∩ [X], (3.25)

By Corollary 3.1, one has

(ιXA∩B)∗[A ∩B] = (ιXB )∗(ι
B
A∩B)∗[A ∩B]

= (ιXB )∗
(
uBA∩B ∩ [B]

)
= (ιXB )∗

(
r2
(
uXA
)
∩ [B]

)
= uXA ∩

(
(ιXB )∗[B]

)
= uXA ∩

(
uXB ∩ [X]

)
= (uXA ∪ uXB ) ∩ [X].

The third equality follows from (3.24), the fourth equality follows from the natu-
rality of cap product (see Proposition 3.2 (iv)) and the last equality follows from
Proposition 3.2 (i). This proves the relation (3.25), which therefore completes the
proof of the theorem.

3.7 The Lefschetz fixed point formula

In this section, we develop the proof of Theorem 3.2 following the strategy outlined
in Section 3.1. Let M be a closed, oriented n-manifold. The essential idea is to
apply intersection theory to the pair (Γ(f),∆), where

Γ(f) ≜ {(x, f(x)) : x ∈M}

is the graph of f and
∆ ≜ {(x, x) : x ∈M}

is the diagonal in M ×M.
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3.7.1 The diagonal class

Let N be the normal bundle of ∆ in M × M (see Definition 3.8). There is a
canonical isomorphism N ∼= TM which is defined by

TxM ∋ (x, v) 7→
(
(x, x), [(−v, v)]

)
∈ Nx =

TxM ⊕ TxM
T(x,x)∆

. (3.26)

We orient N by TM (which is in turn oriented by M itself) through this isomor-
phism. Note that this orientation is consistent with (3.19), where both ∆ and
M ×M are oriented by M .

Let
u′ ∈ Hn(M ×M, (M ×M)\∆) ∼= Hn(N,N0)

be the Thom class of N with respect to the above orientation. For each x ∈M , let
µx ∈ Hn(M,M\{x}) be the preferred generator (coming from the orientation of M)
and let ux ∈ Hn(M,M\{x}) be its dual, i.e. ⟨ux, µx⟩ = 1. Define jx :M →M×M
by jx(y) ≜ (x, y) (the vertical slice at x).

Lemma 3.3. u′ is the unique class in Hn(M×M, (M×M)\∆) such that j∗xu′ = ux
for every x ∈M .

Proof. Pick a Riemannian metric on M . Fix x ∈M and let Bε be the closed ε-ball
on TxM (ε small). Consider the following two maps:

φ1 : Bε →M ×M, φ1(v) ≜
(
expx(−v), expx(v)

)
,

φ2 : Bε →M ×M, φ2(v) ≜
(
x, expx(v)

)
.

Note that φ1 ≃ φ2 through the homotopy

v 7→
(
expx(−tv), expx(v)

)
0⩽t⩽1

.
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As a result, φ∗
1 = φ∗

2 on Hn(M×M, (M×M)\∆). Since u′ is the Thom class, it re-
stricts to the local orientation class of the normal bundle N at x, which corresponds
to ux under the isomorphisms

Hn(M ×M, (M ×M)\{(x, x)}) ∼= Hn(Nx, (Nx)0). (3.27)

By identifying Hn(Bε, Bε\{0}) with (3.27), one has φ∗
1u

′ = ux. On the other
hand, under the same identification one has φ∗

2u
′ = j∗xu

′. Therefore, j∗xu′ = ux.
Uniqueness follows from the characterisation of the Thom class.

Definition 3.11. The diagonal class u′′ ∈ Hn(M ×M) is the image of u′ under
the inclusion homomorphism Hn(M ×M, (M ×M)\∆)→ Hn(M ×M).

The following result shows that the diagonal class u′′ “concentrates” at the di-
agonal ∆ in an algebraic sense.

Lemma 3.4. One has (a× 1) ∪ u′′ = (1 × a) ∪ u′′ for all a ∈ H∗(M), where × is
the cohomology cross product.

Proof. Let pi : M × M → M denote the projection onto the i-th component
(i = 1, 2). Then one has

p∗1a = a× 1, p∗2a = 1× a
for any a ∈ Hk(M). Let Nε be a tubular neighbourhood of ∆ in M ×M (ε small).
It is easy to show that p1|Nε ≃ p2|Nε .

As a result,
p∗1a|Nε = p∗2a|Nε ∈ Hk(Nε).

Following the arrows in the commutative diagram

Hk(M ×M) Hk(Nε)

Hk(M ×M,M ×M \∆) Hk(Nε, Nε \∆)

ι∗

∪u′ ∪u′

∼=
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where ι : Nε →M ×M denotes the inclusion, one finds that

(p∗1a) ∪ u′ = (p∗2a) ∪ u′. (3.28)

The result follows by applying the inclusion homomorphism H∗(M × M, (M ×
M)\∆)→ H∗(M ×M) to the relation (3.28).

3.7.2 Slant product and dual cohomology basis

In this subsection, we work over a field Λ. Our aim is to prove the following result,
which provides a representation of u′′ in terms of a cohomology basis. Note that
Hk(M ; Λ) is finite dimensional for every k, since M is assumed to be closed.

Proposition 3.6. Let {b1, · · · , br} be a basis of the cohomology ring H∗(M ; Λ).
Then there exists a dual basis {b#1 , · · · , b#r } in the sense that

⟨bi ∪ b#j , [M ]⟩ = δij (3.29)

for all i, j. In addition, one has

u′′ =
r∑
i=1

(−1)deg bibi × b#i , (3.30)

where × is the cohomology cross product.

Remark 3.12. By abuse of notation, we used the same u′′ to denote the image of
u′′ (over Z) under the homomorphism Hn(M ×M)→ Hn(M ×M ; Λ) induced by
1Z 7→ 1Λ.

The proof of Proposition 3.6 relies on the notion of slant product, which we
shall first define. Let X, Y be given topological spaces. Recall that the Künneth
theorem provides a canonical isomorphism

Hk(X × Y ; Λ) ∼=
⊕
i+j=k

H i(X; Λ)⊗Hj(Y ; Λ). (3.31)

Definition 3.12. The slant product is the map

/ : Hk(X × Y ; Λ)⊗Hj(Y ; Λ)→ Hk−j(X; Λ)

induced by the relation

(a⊗ b)/β 7→ ⟨b, β⟩a, a ∈ Hk−∗(X; Λ), b ∈ H∗(Y ; Λ), β ∈ Hj(Y ; Λ)

under the Künneth isomorphism (3.31).
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Lemma 3.5. The slant product is left H∗(X)-linear, i.e.(
(a× 1) ∪ b

)
/β = a ∪ (b/β) (3.32)

for any a ∈ H∗(X; Λ), b ∈ H∗(X × Y ; Λ) and β ∈ H∗(Y ; Λ).

Proof. It suffices to consider b = b′ × b′′ with b′ ∈ H∗(X; Λ) and b′′ ∈ H∗(Y ; Λ). In
this case, by using the relation (A.20) one finds that(

(a× 1) ∪ b
)
/β = ⟨b′′, β⟩(a ∪ b′) = a ∪

(
⟨b′′, β⟩b′

)
= a ∪ (b/β).

The relation (3.32) thus follows.

The slant product provides a very simple relation between the diagonal class u′′
and the fundamental class [M ].

Lemma 3.6. u′′/[M ] = 1 ∈ H0(M ; Λ).

Proof. Fix any x ∈ M . We want to show that (u′′/[M ])|x = 1 ∈ Λ. Consider the
map

Jx : {x} ×M →M ×M, Jx(x, y) ≜ (x, y).

Using the commutative diagram

Hn(M ×M) H0(M)

Hn({x} ×M) H0({x})

·/[M ]

J∗
x

·/[M ]

and noting that J∗
xu

′′ = 1× j∗xu′′, it suffices to show that

⟨j∗xu′′, [M ]⟩ = 1. (3.33)

To this end, consider the following commutative diagram

Hn(M ×M,M ×M \∆) Hn(M,M \ {x})

Hn(M ×M) Hn(M)

j∗x

j∗x

where the vertical arrows are the inclusion homomorphisms. According to Lemma
3.3, one has

⟨j∗xu′′, [M ]⟩ = ⟨ρ∗xux, [M ]⟩ = ⟨ux, ρx([M ])⟩ = ⟨ux, µx⟩ = 1.

Here ρx : Hn(M) → Hn(M,M\{x}) is the inclusion homomorphism and ux ∈
Hn(M,M\{x}) (respectively, µx ∈ Hn(M,M\{x})) is the local orientation coho-
mology (respectively, homology) class at x. The claim (3.33) thus follows.
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We are now in a position to prove Proposition 3.6.

Proof of Proposition 3.6. By using the Künneth isomorphism

Hn(M ×M ; Λ) =
n⊕
k=0

Hk(M ; Λ)⊗Hn−k(M ; Λ),

one can write
u′′ = b1 × c1 + · · ·+ br × cr, (3.34)

with some ci ∈ Hn−deg bi(M ; Λ).
Let a ∈ H∗(M ; Λ) be any given cohomology class. Recall from Lemma 3.4 that(

(a× 1) ∪ u′′
)
/[M ] =

(
(1× a) ∪ u′′

)
/[M ]. (3.35)

By Lemma 3.5 and Lemma 3.6, the LHS is just a. The RHS equals∑
i

(−1)deg a deg bi(bi × (a ∪ ci))/[M ] =
∑
i

(−1)deg a deg bi⟨a ∪ ci, [M ]⟩bi.

We now choose a = bj. The relation (3.35) thus becomes

bj =
∑
i

(−1)deg a deg bi⟨bj ∪ ci, [M ]⟩bi.

Since {bi} is a cohomology basis, one finds that

(−1)deg bj deg bi⟨bj ∪ ci, [M ]⟩ = δij.

The relation (3.29) follows by defining

b#i ≜ (−1)deg bici.

It is clear from (3.29) that the family {b#i } is linearly independent and thus provides
a basis of H∗(M ; Λ). The relation (3.30) is also immediate from (3.34) and the
definition of b#i .

As an application of Proposition 3.6, one can obtain another proof of the
Poincaré duality theorem which is now stated in terms of cohomology.

Corollary 3.2 (The Poincaré Duality). There is a canonical isomorphism

P̂M : Hk(M ; Λ)→ HomΛ(H
n−k(M ; Λ),Λ), (3.36)

P̂M(a)(b) ≜ ⟨b ∪ a, [M ]⟩, a ∈ Hk(M ; Λ), b ∈ Hn−k(M ; Λ)

for every k = 0, 1, · · · , n.
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Proof. Let {bi} and {b#i } be the bases given by Proposition 3.6. We claim that the
family

{b#i : deg bi = k} (3.37)

is a basis of Hn−k(M ; Λ) . Indeed, suppose that∑
i:deg bi=k

λib
#
i = 0

with some λi ∈ Λ. By taking cup product with bj (deg bj = k) and using the relation
(3.29), one finds that λi = 0. As a result, the family (3.37) is linear independent.
In particular,

dimHk(M ; Λ) ⩽ dimHn−k(M ; Λ).

By interchanging the roles of k and n − k, one obtains the reversed inequality as
well. Therefore,

dimHk(M ; Λ) = dimHn−k(M ; Λ)

and the family (3.37) is a basis of Hn−k(M ; Λ).
By using the relation (3.29) again, it is easily seen that the family{

P̂M(bi) : deg bi = k
}

is dual to (3.37), i.e. P̂M(bi)(b
#
j ) = δij.As a result, it is a basis of HomΛ(H

n−k(M ; Λ),Λ).
It follows that bi 7→ P̂M(bi) is a basis correspondence and the map P̂M is therefore
an isomorphism.

Remark 3.13. Under the natural isomorphismHn−k(M ; Λ) ∼= HomΛ(H
n−k(M ; Λ),Λ)

(which is valid since Λ is a field), the two maps PM and P̂M are identical.

3.7.3 The Euler class and Euler characteristic

In this subsection, we introduce the (topological) Euler class and investigate its
relation with the Euler characteristic.

Definition 3.13. Let (E,M, π;V ) be a real, oriented vector bundle of rank r over
a closed manifold M . The Euler class of E, denoted as e(E) ∈ Hr(M), is the image
of the Thom class u of E under the homomorphism

Hr(E,E0)
j∗→ Hr(E)

∼=→ Hr(M), u 7→ e(E).

Here the first map j∗ is the inclusion homomorphism. The second map is the
pullback by the zero section, which is an isomorphism since M is a deformation
retract of E.
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Remark 3.14. If Λ is a field, the image of e(E) under 1Z 7→ 1Λ is still denoted as
e(E) ∈ Hr(M ; Λ).

We now establish a basic result which asserts that the natural pairing between
the Euler class of TM and the fundamental class of M yields the Euler character-
istic.

Proposition 3.7. One has

e(TM) = ∆∗(u′′) and ⟨e(TM), [M ]⟩ = χ(M), (3.38)

where ∆ :M →M ×M (∆(x) ≜ (x, x)) is the diagonal embedding.

Proof. The first relation in (3.38) is a direct consequence of the following commu-
tative diagram

Hn(M ×M,M ×M \∆) Hn(M ×M) Hn(M)

Hn(N,N0) Hn(TM, (TM)0) Hn(TM).

∼=

∆∗

π∗

Here N is the normal bundle of ∆ in M×M (recall from (3.26) that N ∼= TM) and
π : TM → M is the bundle projection. To prove the second relation, one recalls
from Proposition 3.6 that

u′′ =
∑
i

(−1)deg bibi × b#i

over a field, say Λ = R. By using the first relation in (3.38) (more precisely, the
same induced relation over R), one has

e(TM) =
∑
i

(−1)deg bibi ∪ b#i .

It follows from the duality relation (3.29) that

⟨e(TM), [M ]⟩ =
∑
i

(−1)deg bi⟨bi ∪ b#i , [M ]⟩ =
n∑
k=0

(−1)k dimHk(M ;R).

Note that the above equation is a numerical identity and the RHS is an integer.
Therefore, the same identity also holds over Z. This completes the proof of the
second relation in (3.38).
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3.7.4 Proof of Theorem 3.2

Finally, we are in a position to prove the Lefschetz fixed point formula, which
therefore also completes the proof of the Poincaré-Hopf index formula. Here the
coefficient ring is assumed to be the real field R.

Proof of Theorem 3.2. Since both sides of (3.1) are homotopy invariant, one may
assume without loss of generality that the graph Γ(f) of f intersects ∆ transversally.
According to the intersection product formula (Theorem 3.7), one has

[Γ(f) ∩∆] = [Γ(f)] · [∆], (3.39)

where both Γ(f) and ∆ are oriented by M in the obvious way. The LHS of (3.39)
is just I(id× f,∆)[pt] by Remark 3.11. Now we compute the RHS.

Let D : H2n−∗(M ×M ;R)→ H∗(M ×M ;R) denote the Poincaré dual map in
M ×M . According to Corollary 3.1, one has D([∆]) = u′′. Denote v ≜ D(Γ(f)).
It follows from Definition 3.10 of the intersection product that

[Γ(f)] · [∆] = ⟨v ∪ u′′, [M ×M ]⟩[pt]
= (−1)n⟨u′′ ∪ v, [M ×M ]⟩[pt]
= (−1)n⟨u′′, v ∩ [M ×M ]⟩[pt]
= (−1)n⟨u′′, [Γ(f)]⟩[pt]. (3.40)

Let F :M →M ×M be defined by F (x) ≜ (x, f(x)). Note that F∗([M ]) = [Γ(f)].
By using the representation (3.30) of u′′ in terms of a cohomology basis {bi} and
its dual {b#i }, one finds that

⟨u′′, [Γ(f)]⟩ =
〈∑

i

(−1)deg bibi × b#i , F∗([M ])
〉

=
〈∑

i

(−1)deg biF ∗(bi × b#i ), [M ]
〉

=
〈∑

i

(−1)deg bibi ∪ f ∗b#i , [M ]
〉
, (3.41)

where the last equality follows from the simple relation that F ∗(bi×b#i ) = bi∪f ∗b#i
(left as an exercise).

Since {b#i } is a cohomology basis, one can write f ∗b#i =
∑

j λijb
#
j uniquely with
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some λij ∈ R. It follows from the relation (3.29) that〈∑
i

(−1)deg bibi ∪ f ∗b#i , [M ]
〉

=
∑
i,j

(−1)deg bi⟨bi ∪ λijb#j , [M ]⟩ =
∑
i

(−1)deg biλii

=
n∑
k=0

(−1)kTr
[
f ∗ : Hn−k(M ;R)→ Hn−k(M ;R)

]
. (3.42)

By substituting (3.42) back into (3.41, 3.40) and changing the index k to n − k,
one concludes that

[Γ(f)] · [∆] =
n∑
k=0

(−1)kTr
[
f ∗ : Hk(M ;R)→ Hk(M ;R)

]
× [pt].

The Lefschetz fixed point formula (3.1) follows by equating the LHS with [Γ(f) ∩
∆] = I(id× f,∆)[pt].
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4 The differential viewpoint
In this chapter, we establish the differential counterparts of various topological re-
sults (Poincaré duality, Thom isomorphism, intersection product formula) in the
previous chapter using the de Rham cohomology. Such correspondence is not sur-
prising in view of the de Rham theorem, which will be addressed in Section 4.7.

4.1 The Poincaré lemma

We first introduce another important type of cohomology, which is the differential
counterpart of singular cohomology with compact support (cf. Definition 3.3).

Definition 4.1. Let M be a manifold. We use Ω∗
c(M) to denote the complex of

differential forms on M with compact support. The exterior derivative operator d
is well defined on Ω∗

c(M). The resulting cohomology H∗
c (M) is known as the de

Rham cohomology of M with compact support (or compactly supported cohomology
in short).

In this section, we compute the two types of de Rham cohomology of Rn. This
is known as the Poincaré lemma.

Theorem 4.1. One has

Hp(Rn) ∼=

{
R, p = 0;

0, p ̸= 0,
Hp
c (Rn) ∼=

{
R, p = n;

0, p ̸= n.

4.1.1 One-dimensional case

Theorem 4.1 will be proved by induction on the dimension n. In this subsection,
we first handle the one-dimensional case, which is a rather elementary matter.

Proof of Theorem 4.1 for R1. (i) (The de Rham cohomology) If f is a smooth func-
tion on R1, one has df = 0 ⇐⇒ f = constant. This proves H0(R1) ∼= R. If
ω = g(x)dx is a 1-form on R1, one can write ω = df , where f(x) ≜

∫ x
0
g(y)dy. This

proves H1(R1) = 0.

(ii) (Compactly supported cohomology) If f is a closed 0-form, it has to be a
constant function, hence being identically zero since it has compact support by
assumption. Therefore, H0

c (R1) = 0.
For the first order cohomology, consider the integration map∫

R1

: Ω1
c(R1)→ R, ω 7→

∫
R1

ω.
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It is obvious that
∫
R1 is surjective. We claim that

ker

∫
R1

= {df : f ∈ C∞
c (R1)}. (4.1)

Indeed, suppose that ω = df for some f ∈ C∞
c (R1). Then∫

R1

ω =

∫
R1

df = f(∞)− f(−∞) = 0.

Conversely, suppose that ω ∈ ker
∫
R1 . Write ω = g(x)dx for some g ∈ C∞

c (R1) and
define f(x) ≜

∫ x
−∞ g(y)dy. Then f ∈ C∞

c (R1) (because
∫
R1 ω = 0) and ω = df .

Therefore, the claim (4.1) holds. It follows that H1
c (R1) ∼= R.

4.1.2 Proof of Theorem 4.1: de Rham cohomology

We now prove the first part of the Poincaré lemma. The main strategy is to prove
that

H∗(Rn × R1) ∼= H∗(Rn). (4.2)

Once this is established, the result follows immediately from the one-dimensional
case and induction.

To prove the isomorphism (4.2), we consider the following two maps:

π : Rn × R1 → Rn, π(x, t) ≜ x

s : Rn → Rn × R1, s(x) ≜ (x, 0).

Apparently, s∗π∗ = id : H∗(Rn) → H∗(Rn) because πs = id. It remains to prove
the following result.

Lemma 4.1. π∗s∗ = id : H∗(Rn × R1)→ H∗(Rn × R1).

Proof. The key point is to construct a linear operator

Kp : Ω
p(Rn × R1)→ Ωp−1(Rn × R1)

for each degree p, which satisfies the relation

id− π∗s∗ = ±(dKp ±Kp+1d) (4.3)

on Ωp(Rn × R1). We leave it as an exercise to show that the relation (4.3) implies
id = π∗s∗ on cohomology.
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To construct Kp, one first observes that any differential form on Rn × R1 is a
linear combination of forms of the following two types:

Type I : (π∗ϕ) · f(x, t); Type II : (π∗ϕ) ∧ (f(x, t)dt),

where ϕ ∈ Ω∗(Rn) and f(x, t) is a smooth function on Rn × R1. We define Kp by
sending any Type I form to zero and sending any Type II form

(π∗ϕ) ∧ (f(x, t)dt) 7→ (π∗ϕ) ·
∫ t

0

f(x, s)ds. (4.4)

We leave it as an exercise to check that

id− π∗s∗ = (−1)p−1(dKp −Kp+1d)

on Ωp(Rn × R1) for every degree p (consider the evaluation on Type I and Type
II forms separately). This proves the desired relation (4.3), hence completing the
proof of the first part of Theorem 4.1.

Remark 4.1. The family of operators {Kp} is known as a homotopy operator be-
tween the two chain maps id and π∗s∗. The construction of a homotopy operator
satisfying (4.3) is a standard homological algebra technique for proving that two
different chain maps induce identical actions at the (co)homology level.

The following extension of Theorem 4.1 will be useful to us. A subset U ⊆ Rn is
said to be star-shaped with center x ∈ U if the closed line segment xy is contained
in U for every y ∈ U .

Lemma 4.2. Let U be a star-shaped domain (i.e. open and connected subset) in
Rn. Then

Hp(U) ∼=

{
R, p = 0;

0, p ̸= 0.

Proof. The idea is very similar to the proof of Lemma 4.1. The key is to construct
an operator Sp : Ωp(U)→ Ωp−1(U) for every p > 0, such that

id = ±(dSp ± Sp+1d). (4.5)

If such an operator exists, it is clear that every closed p-form is exact, hence yielding
that Hp(U) = 0 for every p > 0. The fact that H0(U) ∼= R is obvious since closed
0-forms on a connected manifold are constant functions.

Assume WLOG that U is centered at the origin. To construct the operator Sp,
one first defines (cf. (4.4))

Ŝp : Ω
p(U × R)→ Ωp−1(U)
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by sending a Type I form to zero and sending a Type II form

(π∗ϕ) ∧ (f(x, t)dt) 7→ ϕ ·
∫ 1

0

f(x, t)dt.

Next, let ρ : R→ R be a smooth function such that

ρ(t) = 0 for t ⩽ 0; ρ(t) = 1 for t ⩾ 1; 0 ⩽ ρ ⩽ 1.

Consider the map
T : U × R→ U, T (x, t) ≜ ρ(t)x.

This is well-defined since U is star-shaped. One can check that the operator Sp ≜
ŜpT

∗ satisfies the relation (4.5) with suitable signs. Details are left as an exercise.

4.1.3 Proof of Theorem 4.1: compactly supported cohomology

The second part of the Poincaré lemma is proved using a similar strategy. Note
that compactly supported differential forms on Rn ×R1 are linear combinations of
forms of the following two types:

Type I : (π∗ϕ) · f(x, t); Type II : (π∗ϕ) ∧ (f(x, t)dt),

where ϕ ∈ Ω∗(Rn) and f ∈ C∞
c (Rn × R1). First of all, we define the map

π∗ : Ω
∗
c(Rn × R1)→ Ω∗−1

c (Rn) (4.6)

by sending Type I forms to zero and sending Type II forms

(π∗ϕ) ∧ (f(x, t)dt) 7→ (π∗ϕ) ·
∫
R1

f(x, t)dt.

Next, let e = e(t)dt ∈ Ω1
c(R1) be a given fixed bump form such that

∫
R1 e(t)dt = 1.

We also define the map

e∗ : Ω
∗
c(Rn)→ Ω∗+1

c (Rn × R1), e∗(ϕ) ≜ (π∗ϕ) ∧ e.

Lemma 4.3. Both π∗ and e∗ are chain maps, i.e. one has dπ∗ = π∗d and de∗ = e∗d.

Proof. Left as an exercise.

Note that π∗e∗ = id by definition. It remains to show that

e∗π∗ = id : H∗
c (Rn × R1)→ H∗

c (Rn × R1). (4.7)
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Once this is proven, it follows that

π∗ : H
∗+1
c (Rn × R1)→ H∗

c (Rn),

is an isomorphism whose inverse is e∗. The Poincaré lemma for compactly supported
cohomology thus follows from the one-dimensional case and induction.

As in the de Rham cohomology case, the key point to proving the relation (4.7)
is the construction of a linear operator

Lp : Ω
p
c(Rn × R1)→ Ωp−1

c (Rn × R1)

satisfying id− e∗π∗ = ±(dLp − Lp+1d) for every degree p (cf. (4.3)). We define Lp
by sending any Type I form to zero and sending any Type II form

(π∗ϕ) ∧ (f(x, t)dt) 7→ (π∗ϕ) ·
(∫ t

−∞
f(x, s)ds− A(t)

∫ ∞

−∞
f(x, s)ds

)
,

where A(t) ≜
∫ t
−∞ e(s)ds. In the same way as before, the following lemma shows

that {Lp} is indeed a homotopy operator between id and e∗π∗, thus yielding the
relation (4.7) and completing the proof of Theorem 4.1.

Lemma 4.4. One has

id− e∗π∗ = (−1)p−1(dLp − Lp+1d) (4.8)

on Ωp
c(Rn × R1) for every degree p.

Proof. (i) Let ω = (π∗ϕ)f(x, t) be a Type I p-form where ϕ ∈ Ωp(Rn). By the
definitions of π∗ and Lp, one has (id− e∗π∗)ω = ω and

(dLp − Lp+1d)ω = −Lp+1

[
dπ∗ϕ · f + (−1)p(π∗ϕ)

( ∂f
∂xi

dxi +
∂f

∂t
dt
)]

= (−1)p−1(π∗ϕ)
(∫ t

−∞

∂f

∂s
ds− A(t)

∫ ∞

−∞

∂f

∂s
ds
)

= (−1)p−1(π∗ϕ)f(x, t) = (−1)p−1ω.

(ii) Let ω = (π∗ϕ) ∧ (f(x, t)dt) be a Type II p-form where ϕ ∈ Ωp−1(Rn). First of
all, one has

(id− e∗π∗)ω = (π∗ϕ) ∧ (fdt)−
(∫ ∞

−∞
fds
)
(π∗ϕ) ∧ e.
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On the other hand,

dLpω =d
[
(π∗ϕ)

(∫ t

−∞
fds− A(t)

∫ ∞

−∞
fds
)]

=(dπ∗ϕ)
(∫ t

−∞
fds− A(t)

∫ ∞

−∞
fds
)

+ (−1)p−1(π∗ϕ) ∧
(
dxi
∫ t

−∞

∂f

∂xi
ds+ fdt

− e(t)dt
∫ ∞

−∞
fds− A(t)

∫ ∞

−∞

∂f

∂xi
ds
)

and

Lp+1dω =Lp+1

[
(dπ∗ϕ) ∧ (fdt) + (−1)p−1(π∗ϕ) ∧ ∂f

∂xi
dxi ∧ dt

]
=(dπ∗ϕ)

(∫ t

−∞
fds− A(t)

∫ ∞

−∞
fds
)

+ (−1)p−1(π∗ϕ ∧ dxi)
(∫ t

−∞

∂f

∂xi
ds− A(t)

∫ ∞

−∞

∂f

∂xi
ds
)
.

It follows that

(dLp − Lp+1d)ω = (−1)p−1(π∗ϕ) ∧
(
fdt− e(t)dt

∫ ∞

−∞
fds
)

= (−1)p−1(id− e∗π∗)ω.

This proves the desired relation (4.8).

Remark 4.2. The map π∗ is essentially integration along the fiber by viewing Rn×R1

as a (trivial) vector bundle over Rn with fiber R1 (cf (4.13)).

We define the generator of Hn
c (Rn) to be the unique cohomology class [ω] ∈

Hn
c (Rn) whose total integral with respect to the standard orientation of Rn is equal

to one. The following corollary is immediate from the previous discussion.

Corollary 4.1. Let e1(t), · · · , en(t) ∈ C∞
c (R1) with

∫
R1 ei(t)dt = 1 for every i.

Then the form
e1(x

1) · · · en(xn)dx1 ∧ · · · ∧ dxn

is a representative of the generator of Hn
c (Rn).
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4.2 The Poincaré duality revisited

In this section, we establish the differential counterpart of the Poincaré duality
theorem (more specifically, of Corollary 3.2). Let M be an oriented n-manifold.
For every 0 ⩽ k ⩽ n, we define the linear operator

P̂ diff
M : Hk(M)→ Hn−k

c (M)∗, P̂ diff
M ([ω])([η]) ≜

∫
M

η ∧ ω (4.9)

for [ω] ∈ Hk(M) and [η] ∈ Hn−k
c (M).

The (differential) Poincaré duality theorem is stated as follows. Recall that a
good cover of M is an open cover {Uα} such that any (nonempty) finite intersection
Uα1 ∩ · · · ∩ Uαk

is diffeomorphic to Rn.

Theorem 4.2. Suppose that M has a finite good cover. Then P̂ diff
M is an isomor-

phism for every k.

Remark 4.3. Theorem 4.2 holds without assuming the existence of a finite good
cover. However, we will only prove the theorem under this additional assumption
for simplicity.

We first recall the Mayer-Vietoris sequences for the two types of de Rham coho-
mologies, in particular, the explicit description of the connecting homomorphisms
which will be used in the proof of Theorem 4.3. Let U, V be open subsets of M
with U ∩ V ̸= ∅. Let {φU , φV } be a partition of unity subordinated to {U, V } on
U ∪ V .

(i) (The de Rham cohomology) Recall from (B.14) that there is a long exact se-
quence

· · · → Hk(U∪V )
i∗→ Hk(U)⊕Hk(V )

j∗→ Hk(U∩V )
δk→ Hk+1(U∪V )→ · · · . (4.10)

Here
i∗([ω]) ≜ ([ω]|U , [ω]|V ), j∗([ω], [τ ]) ≜ [τ |U∩V − ω|U∩V ].

The connecting homomorphism δk is defined in the following way. Let [ω] ∈ Hk(U∩
V ). The pair of forms

(−d(φV ω), d(φUω)) ∈ Ωk+1(U)⊕ Ωk+1(V )

agree on U ∩ V and hence they patch to a global form τ ∈ Ωk+1(U ∪ V ). Then
δk[ω] ≜ [τ ]. Note that τ is supported in U ∩ V.
(ii) (Compactly supported cohomology) There is also a long exact sequence for the
compactly supported cohomology:

· · · → Hk
c (U ∩ V )

i∗→ Hk
c (U)⊕Hk

c (V )
j∗→ Hk

c (U ∪ V )
δkc→ Hk+1

c (U ∩ V )→ · · · .
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This is induced from the short exact sequence

0→ Ωk
c (U ∩ V )

i∗→ Ωk
c (U)⊕ Ωk

c (V )
j∗→ Ωk

c (U ∪ V )→ 0.

Here
i∗([ω]) ≜ (−[ω], [ω]), j∗([ω], [τ ]) ≜ [ω + τ ].

The connecting homomorphism is explicitly given as follows. Let [ω] ∈ Hk
c (U ∪V ).

The form τ ≜ d(φV ω) is compactly supported in U ∩ V . Then δkc [ω] ≜ [τ ].

The following fact is a simple application of the Mayer-Vietoris sequences.

Proposition 4.1. Suppose that M has a finite good cover. Then both Hk(M) and
Hk
c (M) are finite dimensional for every k.

Proof. We only the consider H∗(M). The compactly supported case is treated
in a similar way. Let U, V be open subsets of M such that U, V, U ∩ V are all
diffeomorphic to Rn (in particular, they all have finite dimensional cohomology
groups by the Poincaré lemma). The Mayer-Vietoris sequence (4.10) together with
the Rank-Nullity theorem shows that

Hk(U ∪ V ) ∼= ker i∗ ⊕ Imi∗ ∼= Imδk−1 ⊕ Imi∗.

Since
dim(Imδk−1) ⩽ dimHk−1(U ∩ V ) <∞,

dim(Imi∗) ⩽ dimHk(U) + dimHk(V ) <∞,
one concludes that Hk(U ∪ V ) is finite dimensional. The general case with more
than two open subsets follows by induction on the cardinality of the cover, which
is finite by assumption.

We now proceed to prove Theorem 4.2. The argument is parallel to the singular
case (cf. Section 3.3.3).

Proof of Theorem 4.2. (i) If M = Rn, the result is immediate from the Poincaré
lemma. Indeed, in this case one only needs to prove that the linear map

H0(Rn)→ Hn
c (Rn)∗, f 7→

[
ω 7→

∫
Rn

fω
]

is an isomorphism. But this is obvious since they are both isomorphic to R by the
Poincaré lemma and this map is clearly nonzero.
(ii) Let U, V be open subsets of M such that U, V, U ∩ V are all diffeomorphic to
Rn. Consider the commutative diagram

· · · Hk(U ∪ V ) Hk(U)⊕Hk(V ) Hk(U ∩ V ) Hk+1(U ∪ V ) · · ·

· · · Hn−k
c (U ∪ V )∗ Hn−k

c (U)∗ ⊕Hn−k
c (V )∗ Hn−k

c (U ∩ V )∗ Hn−k−1
c (U ∪ V )∗ · · ·

δk

(δkc )∗

A B C (4.11)
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where the two rows come from the Mayer-Vietoris sequences and the vertical ho-
momorphisms are the Poincaré duality map. It is straight forward to check that
the squares A and B are both commutative. We claim that Square C is sign-
commutative, i.e. ∫

U∩V
ω ∧ δcτ = ±

∫
U∪V

(δω) ∧ τ (4.12)

for any ω ∈ Ωk(U ∩ V ) and τ ∈ Ωn−k−1
c (U ∪ V ), where δ, δc are the connecting

homomorphisms in the previous long exact sequences (with superscripts omitted).
Indeed, by the explicit expression of δc and the closedness of τ , one has∫

U∩V
δcτ ∧ ω =

∫
U∩V

d(φV τ) ∧ ω

=

∫
U∩V

(dφV ) ∧ τ ∧ ω = (−1)deg τ
∫
U∩V

τ ∧ (dφV ) ∧ ω.

In addition, by the explicit expression of δ and the closedness of ω (also noting that
δω is supported in U ∩ V ), one has∫

U∪V
τ ∧ (δω) = −

∫
U∩V

τ ∧ d(φV ω) = −
∫
U∩V

τ ∧ (dφV ) ∧ ω.

The relation (4.12) thus follows.
Now the Poincaré duality for U ∪V follows from the known cases for U, V, U ∩V

and the Five Lemma applied to the diagram (4.11).

(iii) As usual, for a manifold admitting a finite good cover, the result follows from
above cases and induction on the cardinality of the good cover.

Corollary 4.2. Suppose that M is a connected, oriented n-manifold which admits
a finite good cover. Then the integration map∫

M

: Hn
c (M)→ R, [ω] 7→

∫
M

ω

is an isomorphism.

Proof. According to Theorem 4.2, one has Hn
c (M)∗ ∼= H0(M) ∼= R. Therefore,

Hn
c (M) ∼= R. The claim follows by simply observing that the integration map

∫
M

is nonzero.

4.3 The Thom isomorphism revisited

We discuss the Thom isomorphism from the perspective of de Rham cohomology.
In contrast to the singular case (3.17) which requires the knowledge of the Thom
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class, it is much easier to write down the inverse isomorphism in the de Rham case,
which is just integration along the fiber. In what follows, let (E,M, π;Rr) be a
real, oriented vector bundle of rank r over a manifold M .

Definition 4.2. A differential form ω ∈ Ω∗(E) is said to have compact support
along the fiber if (π−1K) ∩ suppω is compact for any compact subset K ⊆ M .
The complex of such differential forms is denoted as Ω∗

cv(E). The cohomology of
(Ω∗

cv(E), d) is called the de Rham cohomology of E with compact support along the
fiber and it is denoted as H∗

cv(E).

We now construct a linear operator

π∗ : Ω
∗+r
cv (E)→ Ω∗(M) (4.13)

which is a natural generalisation of (4.6). Over a positively oriented trivialisation
ψ : π−1U → U ×Rr, any form in Ω∗

cv(E) is locally a linear combination of forms of
the following two types:

Type I : (π∗ϕ) ∧ f(x, t)dti1 ∧ · · · ∧ dtil with l < r,

Type II : (π∗ϕ) ∧ f(x, t)dt1 ∧ · · · ∧ dtr,

where ϕ ∈ Ω∗(M) and f(x, t) ∈ C∞
cv (E|U). We define π∗ by sending any Type I

form to zero and sending any Type II form

(π∗ϕ) ∧ f(x, t)dt1 ∧ · · · ∧ dtr 7→ ϕ ·
∫
Rr

f(x, t)dt1 ∧ · · · ∧ dtr.

Lemma 4.5. The operator π∗ is well-defined (i.e. it does not depend on the trivi-
alisation or the local representation of the form) and commutes with d.

The operator π∗ is known as the integration map along the fiber. According to
Lemma 4.5, π∗ descends to a homomorphism on corresponding cohomology groups.
The (differential) Thom isomorphism theorem is stated as follows.

Theorem 4.3. Let (E,M, π;Rr) be a real, oriented vector bundle of rank r over a
closed manifold M . Then

π∗ : H
j+r
cv (E)→ Hj(M)

is an isomorphism for every j ⩾ 0.

Proof. The proof is parallel to the singular case (cf. Theorem 3.5). We extend
the claim to the situation where M has a finite good cover (see Appendix B.5;
recall from Theorem B.3 that every compact manifold has a finite good cover). If
E = U × Rr where U is diffeomorphic to Rn, the claim can be proved in exactly
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the same way as in Section 4.1.3 (the Poincaŕe lemma for compactly supported
cohomology). Next, suppose that the claim is true for E|U , E|V and E|U∩V . By
applying the Five Lemma to the following commutative diagram

· · · Hj+r
cv (E|U∪V ) Hj+r

cv (E|U )⊕Hj+r
cv (E|V ) Hj+r

cv (E|U∩V ) Hj+r+1
cv (E|U∪V ) · · ·

· · · Hj(U ∪ V ) Hj(U)⊕Hj(V ) Hj(U ∩ V ) Hj+1(U ∪ V ) · · · ,

π∗ π∗

δcv

π∗ π∗

δ

one concludes that the claim also holds for E|U∪V . Here the bottom row is the
Mayer-Vietoris sequence (B.14) and the top row is defined similarly. Now let M be
a manifold with a finite good cover. One can choose a finite good cover which is at
the same time a positively oriented local trivialisation of E. The claim thus follows
by induction on the number of the members in the cover as well as the previous
steps.

Under the assumption of Theorem 4.3, let T : H∗(M)→ H∗+r
cv (E) be the inverse

of π∗. Define
Φ ≜ T ([1]) ∈ Hr

cv(E).

Then the integral of Φ along each fiber of E is equal to one. In addition, note that

π∗((π
∗ω) ∧ η) = ω ∧ π∗η (4.14)

for all ω ∈ Ω∗(M) and η ∈ Ω∗
cv(E). The relation (4.14) can be easily proved using

local expressions, which is left as an exercise. By applying (4.14) to η = Φ (more
precisely, any representative of Φ), one has

π∗((π
∗ω) ∧ Φ) = ω ∧ π∗Φ = ω

for all ω ∈ Ω∗(M). As a result, the map T is explicitly given by

T ([ω]) = (π∗[ω]) ∧ Φ.

Proposition 4.2. Φ is the unique cohomology class in Hr
cv(E) such that Φ|x is the

generator of Hr
c (Ex) (the unique cohomology class whose total integral over Ex with

respect to its given orientation is one) for every x ∈M .

Proof. Clearly, Φ has the claimed integral property by definition. Suppose that Φ′

is another class satisfying the same property. According to the relation (4.14),

π∗(π
∗ω ∧ Φ′) = ω ∧ π∗Φ′ = ω

for all ω ∈ Ω∗(M). It follows that T ([ω]) = (π∗[ω]) ∧ Φ′. Taking [ω] = [1], one
concludes that

Φ = T ([1]) = (π∗[1]) ∧ Φ′ = Φ′.

This proves the uniqueness of Φ.
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Definition 4.3. The map

T = π−1
∗ = π∗(·) ∧ Φ : H∗(M)→ H∗+r

cv (E)

is called the (differential) Thom isomorphism. The cohomology class Φ is called
the (differential) Thom class of E.

Remark 4.4. Φ is the differential counterpart of the singular Thom class u in The-
orem 3.5.

4.4 The Poincaré dual of a submanifold revisited

In this section, we reexamine the Poincaré dual of a submanifold from the dif-
ferential perspective. We continue to use the same notation as in Section 3.5. In
particular, we consider a closed, oriented (n−i)-submanifold A of a closed, oriented
n-manifold X.

Definition 4.4. The (differential) Poincaré dual of A is the unique cohomology
class [ωA] ∈ H i(X) such that ∫

X

η ∧ ωA =

∫
A

(ιXA )
∗η

for all [η] ∈ Hn−i(X), where ιXA : A→ X is the inclusion.

The Poincaré dual [ωA] is well-defined due to Theorem 4.2. Our goal of this
section is to show that [ωA] coincides with the Thom class of the normal bundle of
A in X.

Let N (respectively, T ) be the normal bundle (respectively, a closed tubular
neighbourhood) of A in X. We may choose T such that T̊ is diffeomorphic to N
(see Theorem 3.6 and Remark 3.10). As in Section 3.5.1, we orient T by X and
also orient N according to the convention

or(X) = or(A)⊕ or(N). (4.15)

Let Φ ∈ H i
cv(N) be the Thom class of N with respect to the above orientation.

Since N is diffeomorphic to T̊ , one can view Φ as a cohomology class in H i
c(T̊ ),

hence a class in H i(X) by zero extension outside T̊ . This class is denoted as Φ̄.
The main result we shall prove is stated as follows, which is the differential

counterpart of Corollary 3.1.

Proposition 4.3. The Poincaré dual of A equals the Thom class of N , i.e. [ωA] =
Φ̄.

Proposition 4.3 follows from a product integration formula which we first discuss.
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Definition 4.5. Let E be a real, oriented vector bundle of rank r over an oriented
n-manifold M . Pick any positively oriented local trivialisation {(Uα, ψα)} of E,
where {(Uα, φα)} is a positively oriented atlas of M . The local product orientation
of E is defined by claiming that{

π−1(Uα), (φα ◦ π, ρ2 ◦ ψα)
}

is a positively oriented atlas of E (in the manifold sense). Here ρ2 denotes the
projection of Uα × Rr onto the Rr-component.

Remark 4.5. For the normal bundle N (or the tubular neighbourhood T ), the local
product orientation is consistent with the convention (4.15).

Lemma 4.6 (Product Integration Formula). Let E be equipped with the local prod-
uct orientation under the setting of Definition 4.5. Then one has∫

E

(π∗τ) ∧ ω =

∫
M

τ ∧ (π∗ω)

for all τ ∈ Ωp
c(M) and ω ∈ Ωq

cv(E) provided that p + q = n + r, where π∗ is the
integration map defined by (4.13).

Proof. Left as an exercise (Hint: work locally and consider Type I and Type II
forms separately).

Proof of Proposition 4.3. Let η be an arbitrary closed (n − i)-form on X. Since
A is a deformation retract of T , one has π∗(ιTA)

∗ = id on H∗(T̊ ). As a result,
(ιXT )

∗η = π∗(ιXA )
∗η+ dτ for some τ ∈ Ωn−i−1(T̊ ). Since Φ̄ is compactly supported in

T̊ , one has

∫
X

η ∧ Φ̄ =

∫
T

η ∧ Φ̄ =

∫
T

π∗(ιXA )
∗η ∧ Φ̄ +

∫
T

dτ ∧ Φ̄.

According to Stokes’ theorem and the fact that Φ̄ = 0 on ∂T ,∫
T

dτ ∧ Φ̄ =

∫
T

d(τ ∧ Φ̄) = 0.

In addition, according to Lemma 4.6 and the characterisation of the Thom class,∫
T

π∗(ιXA )
∗η ∧ Φ̄ =

∫
A

(ιXA )
∗η ∧ π∗Φ̄ =

∫
A

(ιXA )
∗η.

Therefore, ∫
X

η ∧ Φ̄ =

∫
A

(ιXA )
∗η.

The claim thus follows from the definition of [ωA].
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4.5 Intersection product formula revisited

The differential counterpart of the intersection product formula (cf. Theorem 3.7)
can be derived easily by using the Thom class. We assume the same set-up and
notation as in Section 3.6. In particular, A,B are closed, oriented submanifolds of a
closed, oriented n-manifold X with dimensions n− i, n−j respectively. We assume
that A intersects B transversally and orient the submanifold A ∩ B according to
the convention described at the beginning of Section 3.6. Let [ωA], [ωB], [ωA∩B] be
the differential Poincaré dual of A,B,A ∩ B respectively (see Definition 4.4). The
following result is the differential counterpart of Theorem 3.7.

Theorem 4.4. [ωA∩B] = [ωA] ∧ [ωB].

Before proving Theorem 4.4, we first state a simple property of the Thom class.

Lemma 4.7. Let E,F be real oriented vector bundles over M . We orient E⊕F by
the direct sum orientation. Let Φ(E),Φ(F ),Φ(E ⊕ F ) denote their Thom classes
respectively. Then

Φ(E ⊕ F ) = π∗
1Φ(E) ∧ π∗

2Φ(F ),

where π1 : E ⊕ F → E and π2 : E ⊕ F → F are the projections.

Proof. One has∫
Ex⊕Fx

(
π∗
1Φ(E) ∧ π∗

2Φ(F )
)
|x =

(∫
Ex

Φ(E)|x
)
×
(∫

Fx

Φ(F )|x
)
= 1.

The result follows from the characterisation of the Thom class (see Proposition
4.2).

Proof of Theorem 4.4. Let NA, NB, NA∩B be the normal bundles of A,B,A∩B in
X respectively. Under the orientation convention (3.19) for normal bundles as well
as the orientation convention for A ∩B, it is easily seen that

NA∩B ∼= NA ⊕NB

as oriented vector bundles. The result thus follows from Lemma 4.7 as well as the
identification between the Poincaré dual and Thom class (Proposition 4.3).

4.6 The Euler class and global angular form: a geometric
construction in rank two

Let (E,M, π;Rr) be an oriented vector bundle where M is a manifold admitting a
finite good cover (so that Theorem 4.3 applies). The differential counterpart of the
Euler class is defined as follows (cf. Definition 3.13).
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Definition 4.6. The (differential) Euler class of E is defined by e(E) ≜ s∗0Φ ∈
Hr(M), where s0 :M → E is the zero section and Φ is the Thom class of E.

In this section, we give a geometric construction of the Euler class in the case
when r = 2. We assume additionally that E is equipped with a (fiberwise) Eu-
clidean metric. A key insight is that the pullback of e(E) to E0 ≜ {u ∈ E : u ̸= 0}
is represented by an exact form dΨ. This form Ψ has the essential property that
the integral of its restriction to the unit sphere in (E0)x is equal to −1 for every
x ∈ M . By using these properties of Ψ, one can obtain a simple construction of
the Thom class Φ.

Let {Uα} be a local trivialisation of E. Suppose that a local PONF is defined
on each Uα, so that one can consider polar coordinates

(rα, θα) : (E0)|Uα → (0,∞)× Rmod 2π

of elements in E0 with respect to Uα. For any α, β with Uα ∩ Uβ ̸= ∅, there is a
well-defined smooth function φβα (up to a constant multiple of 2π) such that

θβ − θα = π∗
0φβα, (4.16)

where π∗
0 : E0 →M is the projection map. More precisely, φβα is the counterclock-

wise rotation angle from the α-coordinate system to the β-coordinate system. If
ρβα : Uα ∩ Uβ → SO(2) are the transition functions of E, one has ρβα = eiφβα .

Lemma 4.8. There exists a 1-form ξα on Uα, such that

ξβ − ξα =
1

2π
dφβα

on any Uα ∩ Uβ ̸= ∅.

Proof. Let {ψγ} be a partition of unity subordinated to {Uγ}. Define

ξα ≜
1

2π

∑
γ

ψγdφαγ.

Then one has
ξβ − ξα =

1

2π

∑
γ

ψγd(φβγ − φαγ).

The main observation is that

φβγ = φβα + φαγ (mod 2π),

and hence d(φβγ − φαγ) = dφβα. It follows that

ξβ − ξα =
1

2π

∑
γ

ψγdφβα =
1

2π
dφβα.

This prove the claim of the lemma.
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Lemma 4.8 shows that dξα = dξβ on Uα ∩ Uβ. Therefore, they define a global
2-form e ∈ Ω2(M). Note that e needs not be exact, since the ξα’s may not patch
to a global 1-form on M .

Remark 4.6. If E is trivial, one can choose φβα to be a constant function. In this
case, e = 0. As a result, the form e measures the nontriviality (twisting) of the
bundle E to some extent. As we will see, e is a representative of the Euler class.

Next, one observes from the relation (4.16) and Lemma 4.8 that

π∗
0ξβ − π∗

0ξα =
1

2π
dπ∗

0φβα =
1

2π
(dθβ − dθα).

Equivalently, one has

− 1

2π
dθα + π∗

0ξα = − 1

2π
dθβ + π∗

0ξβ.

As a consequence, the forms − 1
2π
dθα + π∗

0ξα patch to a global 1-form Ψ ∈ Ω1(E0)
which is called the global angular form.

Lemma 4.9. One has dΨ = π∗
0e. In addition,∫

S(Ex)

i∗xΨ = −1

for every x ∈ M . Here S(Ex) is the unit circle on the fiber Ex, which is oriented
according to the convention that

or(Ex) = “outer normal”⊕ or(S(Ex)).

The map ix : S(Ex)→ E0 is the inclusion.

Proof. The first claim follows immediately from the definitions of e and Ψ. For the
second claim, let x ∈ Uα. Noting that i∗xπ∗

0ξα = 0, one has∫
S(Ex)

ixΨ = − 1

2π

∫ 2π

0

dθα = −1.

The result of the lemma thus follows.

One can easily construct a representative of the Thom class by using the global
angular form Ψ. Let

r : E → [0,∞), r(u) ≜ |u|E
be the radial function defined by the metric of E.
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Proposition 4.4. Let η : [0,∞)→ [0,∞) be a smooth function such that η = 1 on
[0, 1/2] and η = 0 on [1,∞). Then the form

d(η(r)Ψ) = η′(r)dr ∧Ψ+ η(r)π∗
0e (4.17)

extends smoothly to a global 2-form on E with compact support along the fiber. In
addition, ϕ is closed and [ϕ] is the Thom class of E.

Proof. The form η′(r)dr ∧ Ψ is well-defined near the zero section because η′ = 0
near the origin. The form η(r)π∗

0e naturally extends η(r)π∗e on E. This shows that
ϕ is well-defined. The support property of ϕ is obvious. The closedness of ϕ follows
from the relation dΨ = π∗

0e. Finally, one has∫
Ex

i∗xϕ =
(∫ ∞

0

η′(r)dr
)
∧
(∫

S(Ex)

Ψ
)
= 1

for every x ∈ M. It follows from Proposition 4.2 that ϕ is a representative of the
Thom class.

Corollary 4.3. The form e is a representative of the Euler class e(E).

Proof. It is clear from the construction (4.17) of ϕ that

s∗0ϕ = s∗0π
∗e = e.

Since [ϕ] is the Thom class, it follows from the definition of the Euler class e(E)
that [e] = e(E).

Remark 4.7. The extension of the above construction to the higher rank case will
be treated in Section 7.4 using the Chern-Weil theory. This is the heart of the proof
of CGB from the Chern-Weil perspective.

4.7 The de Rham theorem

In these notes, we have been switching between singular and de Rham cohomologies
freely. For instance, we used singular cohomology theory to address the Lefschetz
fixed point formula while we will mostly work with the de Rham cohomology when
we develop various geometric-analytic approaches later on. The aim of this section
is to establish a fundamental theorem of de Rham, which asserts that for a closed
manifold the singular cohomology with real coefficients is canonically isomorphic
to the de Rham cohomology. This theorem justifies the equivalent usage of the two
cohomology theories. The main theorem we shall prove is stated in Theorem 4.5.

The modern approach to the de Rham theorem is based on sheaf theory (cf.
[War83]). In this section, we present an elementary proof of this theorem following
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the excellent exposition of [ST67]. A nice benefit of this approach is that one gains a
concrete and explicit understanding about this isomorphism. A small disadvantage
is that one has to work with the simplicial cohomology instead (which in turn
relies on the combinatorial structure of a triangulation). The isomorphism between
the simplicial and singular cohomologies follows from standard algebraic topology
argument and will be addressed in Appendix A.7.

4.7.1 Simplicial homology and cohomology

We will define the simplicial (co)homology of a closed manifold M in terms of a
triangulation of M as a simplicial complex (cf. Definition 1.4). We first introduce
the notion of orientation for a simplex (cf. Definition 1.2).

Definition 4.7. Let s = (v0, v1, · · · , vk) be an open k-simplex. We identify two
representations (orderings)

(vi0 , · · · , vik) ∼ (vj0 , · · · , vjk)

of s if (i0, · · · , ik) is an even permutation of (j0, · · · , jk). An orientation of s is a
choice of one of the two equivalence classes. An oriented k-simplex is an open k-
simplex s together with a given orientation. We denote it as ⟨s⟩ = ⟨v0, · · · , vk⟩ if the
underlying orientation is given by the equivalence class of the ordering (v0, · · · , vk).

Let K be a simplicial complex in the sense of Definition 1.3. As a standard
route, in order to define the simplicial homology, we shall construct a (simplicial)
chain complex together with a boundary map. These are defined as follows.

Definition 4.8. For each k ⩾ 0, we define the k-th simplicial chain group of K
over R to be the real vector space generated by the (simplicial) k-chains, namely,

Csim
k (K;R) ≜ Span

{
⟨s⟩ : s ∈ K, dim s = k

}
.

In other words, {⟨s⟩ : s ∈ K, dim s = k} is a basis of Csim
k (K;R) and every element

of Csim
k (K;R) is uniquely expressed as

c =
∑

s∈K:dim s=k

λs⟨s⟩,

where all but finitely many λs ∈ R are zero.

Remark 4.8. We do not specify a preferred orientation of each s in the above
definition. If s = (v0, v1, · · · , vk), one has ⟨v0, v1, v2, · · · , vk⟩ = −⟨v1, v0, v2, · · · , vk⟩.
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Definition 4.9. We define the boundary map ∂simk : Csim
k (K;R) → Csim

k−1(K;R)
(k ⩾ 0) to be the unique linear map satisfying

∂simk ⟨v0, · · · , vk⟩ =
k∑
j=0

(−1)j⟨v0, · · · , v̂j, · · · , vk⟩

for any k-simplex (v0, · · · , vk) in K. As a convention, we set Csim
−1 (K;R) ≜ {0} and

thus ∂sim0 c = 0 for all c ∈ C0(K;R).

It is elementary to check that (∂sim)2 = 0. As a result, one obtains a chain
complex of real vector spaces

· · · ∂
sim

→ Csim
k (K;R) ∂

sim

→ Csim
k−1(K;R) ∂

sim

→ · · · ∂
sim

→ Csim
1 (K;R) ∂

sim

→ Csim
0 (K;R)→ 0.

As usual, one can construct the homology groups associated with this chain com-
plex.

Definition 4.10. For each k ⩾ 0, we define

Zsim
k (K;R) ≜

{
c ∈ Csim

k (K;R) : ∂c = 0
}
,

Bsim
k (K;R) ≜

{
∂simc : c ∈ Csim

k+1(K;R)
}
.

Elements of Zsim
k (K;R) (respectively, Bsim

k (K;R)) are called (simplicial) k-cycles
(respectively, k-boundaries). It is clear that Bsim

k (K;R) is a subspace of Zsim
k (K;R).

The quotient space

Hsim
k (K;R) ≜

Zsim
k (K;R)

Bsim
k (K;R)

is called the k-th simplicial homology group of K with real coefficients.

Remark 4.9. Since K consists of finitely many simplices, the spaces Zsim
k , Bsim

k , Hsim
k

are all finite dimensional. In addition, Csim
k (hence Hsim

k ) is zero if k > dimK.

Example 4.1. The following computations are left as an exercise.

(i) K is the boundary of a triangle:

Hsim
0
∼= Hsim

1
∼= R, Hsim

k = 0 for all k ⩾ 2.

(ii) K is a (closed) solid triangle:

Hsim
0
∼= R, Hsim

k = 0 for all k ⩾ 1.

(iii) K is the boundary of a tetrahedron:

Hsim
0
∼= Hsim

2
∼= R, Hsim

1 = Hsim
k = 0 for all k ⩾ 3.
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A basic topological feature of a simplicial complex is the Euler characteristic.

Definition 4.11. The (combinatorial) Euler characteristic of a simplicial complex
K is the integer defined by

χ(K) ≜
dimK∑
k=0

(−1)kβk,

where βk ≜ dimHsim
k (K;R) is known as the k-th Betti number of K.

Remark 4.10. Of course, χ(K) is just the (topological) Euler characteristic of the
underlying topological space |K|. This is a consequence of the fact that the sim-
plicial and singular homologies are isomorphic (see Theorem A.3).

Proposition 4.5. One has

χ(K) =
dimK∑
k=0

(−1)kαk,

where αk denotes the number of k-simplices in K.

Proof. Let n ≜ dimK. According to the Rank-Nullity Theorem, one has

αk = dimZsim
k + dimBsim

k−1

for every k = 0, 1, · · · , n (Bsim
−1 ≜ {0} by convention). By the definition of χ(K),

one has

χ(K) =
n∑
k=0

(−1)k
(
dimZsim

k − dimBsim
k

)
=

n∑
k=0

(−1)k dimZsim
k +

n∑
k=1

(−1)k dimBsim
k−1 (because Bsim

n = {0})

= dimZsim
0 +

n∑
k=1

(−1)k
(
dimZsim

k + dimBsim
k−1

)
=

n∑
k=0

(−1)kαk.

The result thus follows.

By dualising the previous constructions, one is naturally led to the consideration
of simplicial cohomology. As before, let K be a simplicial complex.
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Definition 4.12. The space of (simplicial) k-cochains is defined by Ck
sim(K;R) ≜

Csim
k (K;R)∗ (the vector space dual of Csim

k (K;R)). The coboundary map ∂∗sim :
Ck

sim(K;R)→ Ck+1
sim (K;R) is the unique linear map satisfying

(∂∗simφ)(c) = φ(∂simc)

for all φ ∈ Ck
sim(K;R) and c ∈ Csim

k+1(K;R).

It is clear that (∂∗sim)2 = 0. One can therefore introduce the following definition.

Definition 4.13. The k-th simplicial cohomology group of K with real coefficients
is the quotient space

Hk
sim(K;R) ≜

Zk
sim(K;R)

Bk
sim(K;R)

,

where

Zk
sim(K;R) ≜

{
φ ∈ Ck

sim(K;R) : ∂∗simφ = 0
}
,

Bk
sim(K;R) ≜

{
∂∗simφ : φ ∈ Ck−1

sim (K;R)
}

are the space of (simplicial) k-cocycles and k-coboundaries.

Proposition 4.6. Hk
sim(K;R) is canonically isomorphic to Hsim

k (K;R)∗.

Proof. Left as an exercise.

Remark 4.11. One can also consider simplicial (co)homology over other coefficient
rings. We choose to work with real coefficients because our aim is to establish its
relation with the de Rham cohomology (over R).

We conclude this subsection with a useful formula for the coboundary map ∂∗sim.
Given a k-simplex s ∈ K, we define φ⟨s⟩ ∈ Ck

sim(K;R) by

φ⟨s⟩(⟨t⟩) ≜

{
±1, if ⟨t⟩ = ±⟨s⟩;
0, if t ̸= s

for any ⟨t⟩ ∈ Csim
k (K;R).

Lemma 4.10. For any k-simplex s = (v0, · · · , vk) ∈ K, one has

∂∗simφ⟨v0,··· ,vk⟩ =
∑
v

φ⟨v,v0,··· ,vk⟩, (4.18)

where the above summation is taken over all vertices v ∈ K such that (v, v0, · · · , vk)
is a (k + 1)-simplex in K.
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Proof. Let ⟨t⟩ = ⟨w0, · · · , wk+1⟩ by any oriented (k+ 1)-simplex. By the definition
of ∂∗sim, one has(

∂∗simφ⟨v0,··· ,vk⟩
)
(⟨t⟩) = φ⟨v0,··· ,vk⟩(∂

sim⟨t⟩)

=
k+1∑
j=0

(−1)jφ⟨v0,··· ,vk⟩
(
⟨w0, · · · , ŵj, · · · , wk+1⟩

)
. (4.19)

The above expression is nonzero if and only if s is a face of t, say t = (v, v0, · · · , vk)
for some additional vertex v ∈ K. If ⟨t⟩ = ⟨v, v0, · · · , vk⟩, the RHS of (4.19) is
equal to 1 and the same is true for the RHS of (4.18) applied to ⟨t⟩. If ⟨t⟩ =
−⟨v, v0, · · · , vk⟩, both quantities are equal to −1. Therefore, the relation (4.18)
holds.

4.7.2 The de Rham isomorphism

Let M be a closed n-manifold. We fix a smooth triangulation (K,h) of M in the
sense of Definition 1.4 (which always exists according to [Mun66]). In particular,
h : |K| → M is a homeomorphism and for each s ∈ K, the map h|[s] extends to a
smooth embedding hs : U →M on a neighbourhood U of s in the subspace where
s lives.

Our aim is to establish a canonical isomorphism between Hk
dR(M) (de Rham

cohomology) and Hk
sim(K;R) (simplicial cohomology). From now on, we will omit

the sub/superscript “sim” in all objects related to the simplicial cohomology. The
reader should be aware that we are always working with the simplicial (rather than
singular) setting in the following discussion.

To build a homomorphism Īk : Hk
dR(M) → Hk(K;R), a standard route (from

the perspective of homological algebra) is to construct a chain map

I∗ : (Ω∗(M), d)→ (C∗(K;R), ∂∗),

namely, a linear map Ik : Ωk(M)→ Ck(K;R) for each k satisfying

∂∗ ◦ Ik = Ik+1 ◦ d. (4.20)

Here Ω∗(M) = {Ωk(M)}0⩽k⩽n is the de Rham complex of differential forms on M
and d is the exterior derivative operator. Once this is achieved, it is immediate that
Ik descends to a homomorphism Īk on cohomology.

Construction of Ik
The definition of Ik is nearly immediate. Let ω ∈ Ωk(M). We define Ik(ω) ∈
Ck(K;R) by setting

Ik(ω)(⟨s⟩) ≜
∫
⟨s⟩
h∗sω, ⟨s⟩ ∈ Ck(K;R) (4.21)
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and extend the definition linearly. To be more precise, recall that hs : U →M is a
smooth embedding where U is a neighbourhood of [s] = [v0, · · · , vk] in the subspace
S of [s]. We orient U by declaring that

{v1 − v0, · · · , vk − v0} (4.22)

is a positive basis of S. The integral on the RHS of (4.21) is then understood
in the usual differential geometric sense (cf. Appendix B.6) as the integral of a
k-form h∗sω on a regular domain [s] in an oriented k-manifold U . If one writes
h∗sω = gdx1 ∧ · · · ∧ dxk for some g ∈ C∞(U) where (xi)1⩽i⩽k are the coordinates
with respect to the basis (4.22), then∫

⟨s⟩
h∗sω =

∫
[s]

gdx1 · · · dxk

as a Lebesgue integral.

Remark 4.12. The intuition behind Ik is very simple: the action of a k-form ω on
any oriented k-simplex ⟨s⟩ is just defined to be “the integral of ω over ⟨s⟩”.

Lemma 4.11. I∗ = {Ik}0⩽k⩽n is a chain map, i.e. it satisfies the relation (4.20)
for every k.

Proof. Let ω ∈ Ωk(M) and ⟨s⟩ ∈ Ck+1(K;R). By the definition of Ik and Stokes’
theorem (see Theorem B.4), one has

Ik+1(dω)(⟨s⟩) =
∫
[s]

h∗s(dω) =

∫
[s]

dh∗sω =

∫
∂[s]

h∗sω = Ik(ω)(∂⟨s⟩).

This proves the relation (4.20).

As a consequence of Lemma 4.11, the map Ik descends to a homomorphism
Īk : Hk

dR(M)→ Hk(K;R).

Theorem 4.5 (The de Rham Theorem). Īk : Hk
dR(M)→ Hk(K;R) is an isomor-

phism for every k.

The proof of the de Rham theorem relies on the following two key lemmas: one
for surjectivity and the other for injectivity.

Lemma 4.12 (Surjectivity Lemma). For each k, there exists a linear map αk :
Ck(K;R)→ Ωk(M) such that Ik ◦ αk = id and d ◦ αk = αk+1 ◦ ∂∗.

Lemma 4.13 (Injectivity Lemma). Suppose that ω is a closed k-form and Ik(ω) =
∂∗φ for some φ ∈ Ck−1(K;R). Then there exists a (k−1)-form τ such that dτ = ω.
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We now complete the proof of the de Rham theorem, presuming the correctness
of the above two lemmas. The proofs of these two lemmas will be given in the next
two subsections.

Proof of Theorem 4.5. Let [φ] ∈ Hk(K;R). Define ω ≜ αk(φ) ∈ Ωk(M). Since
∂∗φ = 0, Lemma 4.12 shows that ω is closed and Ik(ω) = φ. Therefore, Īk([ω]) =
[φ]. This proves the surjectivity of Īk.

Let Īk([ω]) = 0. Then one has Ik(ω) = ∂∗φ for some φ ∈ Ck−1(K;R). It
follows from Lemma 4.13 that ω is exact (in particular, [ω] = 0). This proves the
injectivity of Īk.

Remark 4.13. Different triangulations of M induce isomorphic simplicial cohomol-
ogy groups; in fact, they are all isomorphic to the singular cohomology (see Ap-
pendix A.7).

4.7.3 More on simplicial complex

Before proving the two key lemmas, we need to introduce a few more notions from
simplicial complex.

Definition 4.14. Let (s) = (v0, · · · , vk) be an open k-simplex. For each x ∈ (s),
there is a unique vector (b0, · · · , bk) such that

bi > 0,
k∑
i=0

bi = 1 and x =
k∑
i=0

bivi.

The number bi is called the barycentric coordinate of x with respect to the vertex
vi in (s).

Let K be a simplicial complex of dimension n, whose topological point set is |K|.
For each 0 ⩽ r ⩽ n, we use Kr to denote the r-skeleton of K, i.e. the subcomplex
consisting of all simplices with dimension ⩽ r. Let K0 = {v1, · · · , vm} denote the
vertex set of K.

Definition 4.15. We define a coordinate function b = (b1, · · · , bm) : |K| → Rm in
the following way. Let x ∈ |K|. There is a unique (s) = (vi0 , · · · , vik) ∈ K such
that x ∈ (s). We then define bil(x) (0 ⩽ l ⩽ k) to be the barycentric coordinate of
x with respect to vil in (s) and set bj(x) ≜ 0 if j /∈ {i0, · · · , ik}.

Lemma 4.14. (i) The function bj : |K| → R is continuous for every j.

(ii) bj ⩾ 0 and
∑

j bj = 1.

(iii) x =
∑

j bj(x)vj for every x ∈ |K|.
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(iv) Let {i0, · · · , ik} ⊆ {0, · · · ,m}. Then bi0(x) · · · bik(x) ̸= 0 for some x ∈ |K| if
and only if (vi0 , · · · , vik) ∈ K.

Proof. Left as an exercise.

A benefit of working with a simplicial complex is that one can construct an
open cover in a quite explicit way. Given (s) = (vi0 , · · · , vik) ∈ K, we define the
star of s by

St(s) ≜
⋃

(t)∈K:
(s) is a face of (t)

(t).

Lemma 4.15. (i) St(s) is an open subset of |K|. In addition, x ∈ St(s) if and
only if bi0(x) · · · bik(x) ̸= 0.

(ii) {St(v) : v ∈ K0} is an open cover of |K|.

Proof. Left as an exercise.

4.7.4 Surjectivity lemma

We now formulate and prove a slightly stronger version of the surjectivity lemma.
To ease notation, we will omit the homeomorphism h and simply identify |K| with
M . Recall that

∫
⟨s⟩ ω = Ik(ω)(⟨s⟩) for any ⟨s⟩ ∈ Ck(K;R) and ω ∈ Ωk(M).

Lemma 4.16. For each k, there exists a linear map αk : Ck(K;R)→ Ωk(M) such
that the following properties hold true.

(i) Ik ◦ αk = id.

(ii) d ◦ αk = αk+1 ◦ ∂∗.
(iii) For each ⟨s⟩ ∈ Ck(K;R), αk(φ⟨s⟩) is compactly supported in St(⟨s⟩). In par-
ticular, αk(φ⟨s⟩)x = 0 for any x ∈ Kk−1.

Proof. (i) Construction of partition of unity.

The main input we shall use to construct forms on M is a partition of unity.
Recall that {v1, · · · , vm} is the vertex set of K. For each j, consider the sets

Fj ≜
{
x ∈ |K| : bj(x) ⩾

1

n+ 1

}
, Gj ≜

{
x ∈ |K| : bj(x) ⩾

1

n+ 2

}
,

where n ≜ dimK and bj : |K| → R is the function introduced in Definition 4.15.
It is clear that Fj ⊆ Gj ⊆ St(vj).
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We claim that {Fj : 1 ⩽ j ⩽ m} is a cover of M . Indeed, let x ∈ |K|. Then
x ∈ (s) = (vi0 , · · · , vik) for some (s) ∈ K. Since

x =
k∑
l=0

bil(x)vil ,
k∑
l=0

bil(x) = 1,

there is some l such that
bil(x) ⩾

1

k + 1
⩾

1

n+ 1
.

Therefore, x ∈ Fil .
Now pick a smooth function 0 ⩽ fj ⩽ 1 such that fj = 1 on Fj and fj = 0 on

Gc
j. Define gj ≜

fj∑m
l=1 fl

. Since {Fj} is a cover of M , the function gj is well-defined.
It is clear that {gj} is a partition of unity subordinated to {St(vj) : 1 ⩽ j ⩽ m}
and gj is compactly supported in St(vj).

(ii) Construction of αk.

It is enough to specify αk(φ⟨s⟩) for each ⟨s⟩ = ⟨vi0 , · · · , vik⟩ ∈ Ck(K;R). We
define

αk(φ⟨s⟩) ≜ k!
k∑
l=0

(−1)lgildgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik .

According to Lemma 4.15 (i), one has

St(s)c ⊆
k⋃
l=0

Gc
il
.

Since gil vanishes on Gc
il

by construction, it follows that αk(φ⟨s⟩) is compactly
supported in St(s).

(iii) d ◦ αk = αk+1 ◦ ∂∗.
Fix ⟨s⟩ = ⟨vi0 , · · · , vik⟩. By the definition of αk, one has

d ◦ αk(φ⟨s⟩) = (k + 1)!dgi0 ∧ · · · ∧ dgik . (4.23)
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On the other hand, according to Lemma 4.10,

αk+1 ◦ ∂∗(φ⟨s⟩) =αk+1

(∑′
φ⟨vj ,vi0 ,··· ,vik ⟩

)
=(k + 1)!

∑′

j

(
gjdgi0 ∧ · · · ∧ dgik

+
k∑
l=0

(−1)l+1gildgj ∧ dgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik
)
, (4.24)

where
∑′

j denotes the summation over all vertices vj ∈ K0 such that (vj, vi0 , · · · , vik)
is a (k + 1)-simplex in K.

The main observation is that the above summation is the same is the one taken
over all j /∈ {i0, · · · , ik}. Indeed, let vj ∈ K0\{vi0 , · · · , vik} and suppose that

(gjdgi0 ∧ · · · ∧ dgik)x ̸= 0

for some x ∈ |K|. Then

x ∈ St(vj) ∩ St(vi0) ∩ · · · ∩ St(vik).

According to Lemma 4.15 (i), one has

bj(x)bi0(x) · · · bik(x) ̸= 0.

It follows from Lemma 4.14 (iv) that (vj, vi0 , · · · , vik) ∈ K. As a consequence, for
those vj’s where (vj, vi0 , · · · , vik) does not form a simplex, one must have

gjdgi0 ∧ · · · ∧ dgik ≡ 0.

Similarly, the form gildgj ∧ dgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik is also identically zero for
the same vj’s.

Now one can rewrite the j-summation on the RHS of (4.24) as

∑
j /∈{i0,··· ,ik}

(
gjdgi0 ∧ · · · ∧ dgik +

k∑
l=0

(−1)l+1gildgj ∧ dgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik
)

=
∑

j /∈{i0,··· ,ik}

gjdgi0 ∧ · · · ∧ dgik +
k∑
l=0

(−1)l+1
∑
j ̸=il

gildgj ∧ dgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik

=
∑

j /∈{i0,··· ,ik}

gjdgi0 ∧ · · · ∧ dgik +
k∑
l=0

(−1)lgildgil ∧ dgi0 ∧ · · · ∧ d̂gil ∧ · · · ∧ dgik

=
∑

j /∈{i0,··· ,ik}

gjdgi0 ∧ · · · ∧ dgik +
k∑
l=0

gildgi0 ∧ · · · ∧ dgil ∧ · · · ∧ dgik

= dgi0 ∧ · · · ∧ dgik , (4.25)
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where we used the fact that
∑

j gj = 1 to reach the second and last equalities. The
relation

d ◦ αk(φ⟨s⟩) = αk+1 ◦ ∂∗(φ⟨s⟩)

follows by substituting (4.25) into (4.24) and comparing the result with (4.23).

(iv) Ik ◦ αk = id.

We prove this claim by induction. For k = 0, one has by definition that
α0(φ⟨vj⟩) = gj. It follows that∫

⟨vk⟩
α0(φ⟨vj⟩) = gj(vk) = δjk = φ⟨vj⟩(⟨vk⟩)

for any vk ∈ K0. Therefore, I0 ◦ α0(φ⟨vj⟩) = φ⟨vj⟩.
Suppose that the claim is true for αk−1. We want to show that∫

⟨t⟩
αk(φ⟨s⟩) =

{
1, if ⟨t⟩ = ⟨s⟩;
0, if ⟨t⟩ ≠ ⟨s⟩

(4.26)

for any ⟨s⟩, ⟨t⟩ ∈ Ck(K;R). The case when ⟨t⟩ ̸= ⟨s⟩ is obvious because αk(φ⟨s⟩) is
compactly supported in St(s) and hence vanishes identically on a neighbourhood
of [t]. For the other case, write ⟨s⟩ = ⟨vi0 , · · · , vik⟩ and consider the simplex ⟨r⟩ ≜
⟨vi1 , · · · , vik⟩. According to the relation we proved in Step (iii) and the induction
hypothesis, ∫

⟨s⟩
αk(∂

∗φ⟨r⟩) =

∫
⟨s⟩
d
(
αk−1(φ⟨r⟩)

)
=

∫
∂⟨s⟩

αk−1(φ⟨r⟩)

=

∫
⟨r⟩
αk−1(φ⟨r⟩) = 1.

On the other hand, by Lemma 4.10 and the second case of (4.26), one also has∫
⟨s⟩
αk(∂

∗φ⟨r⟩) =

∫
⟨s⟩
αk(φ⟨s⟩) +

∑′

j

∫
⟨s⟩
αk(φ⟨vj ,vi1 ,··· ,vik ⟩),

where the summation is taken over those vertices vj ̸= vi0 such that (vj, vi1 , · · · , vik)
is a k-simplex of K. But none of these simplices would be equal to (s). As a result,
the above

∑′
j-summation is zero. It follows that

∫
⟨s⟩ αk(φ⟨s⟩) = 1, which proves the

first case of (4.26). The induction step is therefore complete.

4.7.5 Injectivity lemma

The proof of the injectivity lemma relies crucially on the idea of extending closed
/ exact forms from lower to higher dimensional skeletons. We first summarise the
key lemma that achieves this purpose.
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Lemma 4.17. (i) Let ω be a closed k-form defined near ∂[s], where (s) is a given
l-simplex. Suppose additionally that∫

∂⟨s⟩
ω = 0 (4.27)

in the case when l = k + 1. Then there exists a closed k-form τ defined near [s],
such that τ = ω near ∂[s].

(ii) Let ω be a closed k-form defined near [s], where (s) is a given l-simplex. Suppose
that ω = dτ near ∂[s] for some (k−1)-form τ defined near ∂[s]. Suppose additionally
that ∫

⟨s⟩
ω =

∫
∂⟨s⟩

τ (4.28)

in the case when l = k. Then there exists an (k − 1)-form τ ′ defined near [s], such
that τ ′ = τ near ∂[s] and ω = dτ ′ near [s].

Remark 4.14. The condition (4.27) is necessary because if such a τ exists, one must
have

0 =

∫
⟨s⟩
dτ =

∫
∂⟨s⟩

τ =

∫
∂⟨s⟩

ω

by Stokes’ theorem. In a similar way, the condition (4.28) is also necessary.

Proof. We use (A)k (k ⩾ 0) to denote Property (i) and (B)k (k ⩾ 1) for Property
(ii) respectively. Our plan is to prove that

(A0) =⇒ (B)1 =⇒ (A)1 =⇒ (B)2 =⇒ · · · .

(i) Justification of (A0).

In this case, ω is a function defined near ∂[s]. If l > 1, by the closedness of ω
it must be constant near ∂[s]. One just takes its obvious (constant) extension to a
neighbourhood of [s]. If l = 1, say ⟨s⟩ = ⟨vi0 , vi1⟩. The condition (4.27) becomes
ω(vi0) = ω(vi1). This allows one to extend ω constantly to a neighbourhood of [s].

(ii) (A)k−1 =⇒ (B)k.

Let ω be a closed k-form defined near an l-simplex [s] and suppose that ω = dτ
for some (k − 1)-form τ near ∂[s]. Since [s] is star-shaped, one knows from the
Poincaré lemma (see Lemma 4.2) that ω = dτ1 for some (k − 1)-form τ1 near [s].
Note that τ1 − τ is closed near ∂[s]. In the case when l = k, one also has∫

∂⟨s⟩
(τ1 − τ) =

∫
⟨s⟩
dτ1 −

∫
∂⟨s⟩

τ =

∫
⟨s⟩
ω −

∫
∂⟨s⟩

τ = 0
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by assumption. It follows from Hypothesis (A)k−1 that there exists a closed (k−1)-
form σ defined near [s] such that σ = τ1 − τ near ∂[s]. Setting τ ′ ≜ τ1 − σ, it is
plain to see that τ ′ = τ near ∂[s] and

dτ ′ = dτ1 − dσ = ω − 0 = ω

near [s]. This proves the claim (B)k.

(iii) (B)k =⇒ (A)k.

Let ω be a closed k-form defined near ∂[s] for some l-simplex (s) = (vi0 , · · · , vil).
The key point is to show that ω is exact near ∂[s], i.e. ω = dµ for some (k − 1)-
form µ defined near ∂[s]. Presuming this is true, let f be a bump function which
is supported inside the domain D of µ and equals one near ∂[s]. Define

τ ≜

{
d(fµ), on D;

0, on Dc.

It is apparent that τ is a well-defined closed k-form on M . In addition, one has

τ = df ∧ µ+ fdµ = 0 ∧ µ+ 1 · ω = ω

near ∂[s]. This proves the extension property (A)k.
Now it remains to prove the exactness of ω near ∂[s]. To this end, let (t) ≜

(vi1 , · · · , vil) and choose a star-shaped neighbourhood V of [s]\(t) with respect to
the vertex vi0 . According to the Poincaré lemma again, there exists µ1 ∈ Ωk−1(V )
such that ω = dµ1 on V . This in particular holds near ∂[t]. In the case when
l = k + 1, setting c ≜ ∂⟨s⟩ − ⟨t⟩ ∈ Ck(V ;R) one also has∫

⟨t⟩
ω −

∫
∂⟨t⟩

µ1 =

∫
⟨t⟩
ω +

∫
∂c

µ1 =

∫
⟨t⟩
ω +

∫
c

ω =

∫
∂⟨s⟩

ω = 0

by assumption. It follows from Hypothesis (B)k that there exists a (k− 1)-form µ2

near [t] such that µ2 = µ1 near ∂[t] and ω = dµ2 near [t]. As a consequence, the
forms µ1 and µ2 patch to a well-defined form µ near ∂[s] which satisfies ω = dµ
near ∂[s].

We are now in a position to prove (a slightly stronger version of) the injectivity
lemma.

Lemma 4.18. Suppose that ω is a closed k-form and Ik(ω) = ∂∗φ for some φ ∈
Ck−1(K;R) (k ⩾ 1). Then there exists a (k − 1)-form τ such that dτ = ω and∫
⟨s⟩ τ = φ for any ⟨s⟩ ∈ Ck−1(K;R).
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Proof. The main strategy is to construct a sequence τ0, τ1, · · · , τn of (k − 1)-forms
inductively with the following properties.

(i) τl is defined near |K l| and dτl = ω near |K l|.
(ii) τl = τl−1 near |K l−1|.
(iii)

∫
⟨s⟩ τk−1 = φ(⟨s⟩) for any ⟨s⟩ ∈ Ck−1(K;R).

To construct τ0, we cover K0 by disjoint balls and apply the Poincaré lemma to
obtain a (k − 1)-form τ ′0 defined near |K0| such that dτ ′0 = ω near |K0|. If k ̸= 1,
we just define τ0 ≜ τ ′0. If k = 1, we set

τ0 ≜ τ ′0 + f,

where f is the locally constant function defined near |K0| by

f(vj) ≜ φ(vj)− τ ′0(vj), vj ∈ K0.

It is readily checked that τ0 satisfies the required properties.
Suppose that τ0, · · · , τl−1 have already been constructed. Given any l-simplex

(s) ∈ K, one has dτl−1 = ω near ∂[s]. If l = k, by applying the assumption of the
lemma and Property (iii) for τl−1, one also has∫

⟨s⟩
ω = φ(∂⟨s⟩) =

∫
∂⟨s⟩

τl−1.

It follows from Lemma 4.17 (ii) that there exists a (k − 1)-form τl(s) defined near
[s], such that

τl(s) = τl−1 near ∂[s], dτl(s) = ω near [s]. (4.29)
The property (4.29) allows one to patch the forms {τl(s)} to a well-defined (k− 1)-
form τ ′l near |K l| which satisfies Properties (i) and (ii).

If l ̸= k − 1, we just define τl ≜ τ ′l . If l = k − 1, we adjust τ ′k−1 by setting

τk−1 ≜ τ ′k−1 + αk−1(ψ),

where ψ ∈ Ck−1(K;R) is defined by

ψ(⟨s⟩) ≜ φ(⟨s⟩)−
∫
⟨s⟩
τ ′k−1, ⟨s⟩ ∈ Ck−1(K;R).

This precisely ensures that Property (iii) holds for τk−1. In addition, since αk−1(ψ)
vanishes near |Kk−2| (see Lemma 4.16 (iii)), one has τk−1 = τk−2 near |Kk−2|.
Finally, one also has

dτk−1 = dτ ′k−1 + dαk−1(ψ)

= dτ ′k−1 + αk(∂
∗ψ) = dτ ′k−1 = ω

near |Kk−1|, because αk(∂∗ψ) vanishes identically near |Kk−1|. Therefore, τk−1 sat-
isfies Properties (i), (ii) and (iii).
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4.7.6 Summary of singular and de Rham correspondence

Let D : H∗(M ;R)→ H∗
dR(M) be the actual isomorphism between singular and de

Rham cohomologies (inverse of Ī∗ in Theorem 4.5 composed with the isomorphism
between simplicial and singular cohomologies). Here H∗(M ;R) refers to the singu-
lar cohomology with real coefficients. It can be shown that D is a ring isomorphism
with respect to the (singular) cup and (differential) wedge products respectively. If
M is assumed to be oriented, one also has∫

M

Da = ⟨a, [M ]⟩

for all a ∈ Hn(M ;R), where [M ] is the fundamental class of M .
All results we developed so far in both the singular and de Rham settings are

consistent under the de Rham theorem. For instance, the de Rham image of the
singular Poincaré dual P−1

X ([A]) of the submanifold A (Definition 3.5) is the dif-
ferential Poincaré dual [ωA] (Definition 4.4). The de Rham image of the absolute
singular Thom class uXA (Corollary 3.1) is the differential Thom class Φ̄ (Proposition
4.3). More generally, the de Rham image of the singular Thom class (respectively,
singular Euler class) of a vector bundle is the differential Thom class (respectively,
differential Euler class). For the Thom class, one shall invoke the following version
of de Rham isomorphism:

H∗(E,E0;R)→ H∗
cv(E).

There is also a relative version of de Rham isomorphism:

H∗(T, ∂T ;R)→ H∗
dR(T, ∂T ),

where T is the closed tubular neighbourhood in the earlier submanifold context
and H∗

dR(T, ∂T ) is the relative de Rham cohomology group (the cohomology of forms
whose pullback to the boundary vanish). This relative de Rham isomorphism sends
the singular Thom class uT (Section 3.5.2) to the previous differential Thom class
Φ̄ (viewed as a relative de Rham class in H i

dR(T, ∂T )).
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5 The original intrinsic proof of S.S. Chern
In this chapter, we discuss Chern’s original intrinsic proof of the CGB theorem in a
self-contained way following Chern’s original paper [Che44] (cf. [CW93]). Through-
out this chapter, let M be a closed, oriented Riemannian manifold of dimension
n = 2m. Recall from Definition C.2 that the Riemann curvature tensor is given by

R(X, Y )Z ≜ ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z

for X, Y, Z ∈ Γ(TM). In this chapter, ∇ always denotes Levi-Civita connection.

5.1 The Chern-Gauss-Bonnet theorem

In this section, we formulate the CGB theorem and summarise the essential idea
behind Chern’s intrinsic proof.

5.1.1 The Euler form

The key concept appearing in CGB is the so-called Euler form which we shall first
define.

Let e = {e1, · · · , en} be a local PONF defined on some open subset U ⊆ M .
In other words, {e1(x), · · · , en(x)} is a PONB of TxM at every x ∈ U . To see the
existence of such a frame, one can for instance take a star-shaped open set U and
parallel transport an ONB of Tx∗M at the center x∗ of U along rays emitting from
x∗. Let {η1, · · · ηn} be the dual frame field of {e1, · · · , en}, i.e. ηi ∈ Ω1(U) with
ηi(ej) = δij.

Let A = (Aji )1⩽i,j⩽n be the local connection matrix of ∇ defined by

∇ei = Aji ⊗ ej. (5.1)

One can write Aji = Γjkiη
k, where Γjki are the Christoffel symbols of∇ with respect to

{ei}, i.e. ∇ekei = Γjkiej (cf. Section 6.9.5). We will use matrix notation exclusively.
For instance, η is viewed as an n× 1 column vector and ω is an n× n matrix.

The characterising properties of the Levi-Civita connection are summarised as
follows (cf. Section 6.10).

(i) The connection∇ is compatible with the metric if and only if Aji = −Aij, namely,
A is an so(n)-valued 1-form on U .

(ii) The connection ∇ is torsion free if and only if dη = −A ∧ η (under matrix
notation).

The local curvature matrix of ∇ with respect to {ei} is the so(n)-valued 2-form
on U defined by

F ≜ dA+ A ∧ A.
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Equivalently, (F i
j (ek, el))1⩽i,j⩽n is the matrix of R(ek, el) with respect to {ei} :

R(ek, el)ej = F i
j (ek, el)ei

Note that F is local; if ẽ = {ẽ1, · · · , ẽn} is another PONF which is related to e by
ẽ = e · Q for some Q ∈ C∞(U ; SO(n)), one has F = QF̃Qt where F̃ is the local
curvature form with respect to ẽ and Qt means the transposition of Q.

Now we are in a position to define the Euler form. Recall that dimM = n = 2m.

Definition 5.1. The Euler form is the 2m-form on M defined by

E ≜
1

22mπmm!

2m∑
i1,··· ,i2m=1

sgn(i1, · · · , i2m)F i1
i2
∧ · · · ∧ F i2m−1

i2m
. (5.2)

The first question we shall address is the intrinsicness of E .

Lemma 5.1. The Euler form does not depend on the choice of the PONF. In
particular, it is intrinsically defined on M .

Proof. Under a new PONF ẽ = e ·Q, one has F = QF̃Qt. It follows that

E0 ≜
∑
σ∈S2m

sgn(σ)F
σ(1)
σ(2) ∧ · · · ∧ F

σ(2m−1)
σ(2m)

=
∑
σ∈S2m

sgn(σ)
∑

i1,··· ,i2m

(
Q
σ(1)
i1

F̃ i1
i2
Q
σ(2)
i2

)
∧ · · · ∧

(
Q
σ(2m−1)
i2m−1

F̃
i2m−1

i2m
Q
σ(2m)
i2m

)
=

∑
i1,··· ,i2m

det(Qi1 , · · · , Qi2m)F̃
i1
i2
∧ · · · ∧ F̃ i2m−1

i2m
.

Note that det(Qi1 , · · · , Qi2m) = 0 if ik = il for some k ̸= l and

det(Qi1 , · · · , Qi2m) = sgn(i1, · · · , i2m) detQ = sgn(i1, · · · , i2m)

if (i1, · · · , i2m) is a permutation of (1, · · · , 2m). Therefore, one obtains that

E0 =
∑

i1,··· ,i2m

sgn(i1, · · · , i2m)F̃ i1
i2
∧ · · · ∧ F̃ i2m−1

i2m
.

This shows that the definition of E0 is independent of the local PONF e.

5.1.2 Main theorem and idea of Chern’s intrinsic proof

The main theorem of S.S. Chern is stated as follows.
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Theorem 5.1 (The Chern-Gauss-Bonnet Theorem). The integral of the Euler form
over a closed, oriented, 2m-dimensional Riemannian manifold M is equal to the
Euler characteristic of M : ∫

M

E = χ(M). (5.3)

The essential idea behind Chern’s original proof are summarised as follows.
The development of the underlying techniques has led to far-reaching implications
in global differential geometry.

1. The lift of the Euler form onto the special orthonormal frame bundle SO(M)
is an exact form. In other words, one can write π∗E = dΠ for some form Π
on SO(M), where π : SO(M)→M denotes the bundle projection.

2. Due to its specific construction, the form Π descends to a form Π′ on the
sphere bundle SM . More precisely, let π1 : SO(M)→ SM and π2 : SM →M
denote the bundle projections. There exists a form Π′ such that Π = π∗

1Π
′.

As a result, the lift of E onto the sphere bundle is exact: π∗
2E = dΠ′. This

part is a rather deep insight of Chern.

3. Let V be a smooth vector field on M with isolated zeros {pl : 1 ⩽ l ⩽ r}.
This defines a section

V̄ :M\
r⋃
l=1

{pl} → SM, V̄ (x) ≜
V (x)

|V (x)|
.

It follows from Step 2 that E = dV̄ ∗Π′ on M\{p1, · · · , pr}. Note that in
general, one cannot expect E to be exact on M . Here exactness is obtained
after puncturing M by the “holes” {p1, · · · , pr}.

4. Stokes’ theorem allows one to transfer the integral
∫
M
E to boundary integrals

around the isolated zeros pl:∫
M

E = − lim
ε→0+

r∑
l=1

∫
∂B(pl,ε)

V̄ ∗Π′.

A careful analysis into the shape of the form Π′ shows that the above localised
integral at pl picks up the index of the vector field V at pl in the limit:∫

∂B(pl,ε)

V̄ ∗(−Π′) = Indpl(V ) +O(ε) as ε→ 0+.

In view of the Poincaré-Hopf theorem, the CGB formula (5.3) thus follows.
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Remark 5.1. One will gain deeper insight into the construction of E after we discuss
the Chern-Weil theory in Chapter 7. Basically, the Euler form is a certain so(2m)-
invariant polynomial of the curvature (the Pfaffian). The Chern-Weil theory shows
that such construction is a cohomology class property (Euler forms defined from
different geometries yield the same cohomology class). Since the integral of the
Euler form depends only on its cohomology class, it is therefore reasonable to expect
that one picks up topological information and does not feel the actual geometry of
M .

5.2 Orthonormal frame bundle

Chern’s proof uses the special orthonormal frame bundle in an essential way. In
general, an advantage of working over frame bundles (more generally, over principal
bundles) is that there are intrinsic geometric quantities (e.g. connection and cur-
vature forms, horizontal vector fields etc.) which need not admit global projections
on M .

In this section, we recall some basic properties of this bundle and examine the
Levi-Civita connection from this perspective. Most discussions here follow naturally
from the general connection theory developed in Chapter 6 (as a special situation),
through which the reader will gain deeper understanding. We will only provide
proofs that are not contained in the more general results in that chapter. The
reader should also compare the discussion here with the two-dimensional situation
(cf. Section 1.3.2 and Section 1.3.3).

Definition 5.2. The special orthonormal frame bundle SO(M) over M is the bun-
dle of PONB at every point of M , namely,

SO(M) ≜
{
u = (x;X1, · · · , Xn) : x ∈M, {X1, · · · , Xn} is a PONB of TxM

}
.

The bundle SO(M) admits a canonical differential structure which makes it into
a manifold of dimension n(n+ 1)/2. The group SO(n) acts transitively on SO(M)
from the right along each fiber; under usual matrix notation the action is defined
by

(u = (x; (X1, · · · , Xn)), g) 7→ Rg(u) ≜ ug ≜ (x; (X1, · · · , Xn) · g).
In other words, the g-action transforms a PONB (X1, · · · , Xn) of TxM into another
one given by {Yi = gjiXj : 1 ⩽ i ⩽ n}. Any two such bases are related by a unique
element in the group. In particular, each fiber π−1(x) (π is the bundle projection)
is diffeomorphic to SO(n). Let U be an open cover of M where on each U ∈ U is
defined a PONF {ei}. Then

hU : U × SO(n)→ π−1U, hU(x, g) ≜ (x; (e1(x), · · · , en(x)) · g) (5.4)

defines a local trivialisation (as well as a local parametrisation if U is a coordinate
chart) of SO(M).
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5.2.1 Vertical subspaces and the canonical form

The fiber directions of SO(M) define the vertical subspaces of TSO(M) in a canon-
ical way, which do not depend on the geometry of M .

Definition 5.3. Let u = (x;X) ∈ SO(M). The vertical subspace Vu of TuSO(M)
is the space of vectors that are tangential to a curve passing through u and living
on the fiber π−1(x). Equivalently, Vu = ker(dπ)u.

Since the fiber π−1(x) is homeomorphic to SO(n), it is reasonable to expect that
Vu ∼= so(n). In fact, such an isomorphism is canonical (see Proposition 6.3).

Proposition 5.1. Let u ∈ SO(M) be given fixed. The map

so(n) ∋ A 7→ VA ≜
d

dt

∣∣∣
t=0
uetA ∈ Vu (5.5)

is a linear isomorphism.

On the bundle SO(M), there is a canonical Rn-valued 1-form θ = (θ1, · · · , θn)T
which is defined as follows. Let X ∈ TuSO(M). We define θ(X)u by the unique
expansion

(dπ)uX = θi(X)uXi,

where u = (x;X1, · · · , Xn). In other words, {θi(X)u} are the coefficients of (dπ)uX
with respect to the basis {X1, · · · , Xn} of TxM.

Let {ei} be a local PONF on some open subset U ⊆M and let {ηi} be its dual.
The canonical form θ admits the following local expression (see Lemma 6.7):

θi(x,g) ≜ (g−1)ijπ
∗ηjx = gjiπ

∗ηjx, (5.6)

where (x, g) (x ∈ U, g ∈ SO(n)) is the parametrisation of π−1U under the local
trivialisation {ei} (see (5.4)). In matrix notation, one has θ = gt · π∗η. Unlike
the forms ηi which are only local, a nice feature of SO(M) is that the forms θi are
globally well-defined.

Definition 5.4. The form θ is known as the canonical form on SO(M).

We summarise a few basic properties of the canonical form as follows.

Proposition 5.2. (i) For each u ∈ SO(M), one has

Vu = {Y ∈ TuSO(M) : ⟨θi, Y ⟩u = 0 for every i}.

(ii) R∗
gθ = g−1 · θ for all g ∈ SO(n).

(iii) The n-form θ1 ∧ · · · ∧ θn descends to the volume form volM on M . More
precisely, one has θ1 ∧ · · · ∧ θn = π∗volM .

116



Proof. The first two parts are proved in Proposition 6.14. To prove Part (iii), we
first show that θ1 ∧ · · · ∧ θn descends to M . Indeed, for any g ∈ SO(n), one has
from Part (ii) that

R∗
g

(
θ1 ∧ · · · ∧ θn

)
= R∗

gθ
1 ∧ · · · ∧R∗

gθ
n = a1j1 · · · a

n
jnθ

j1 ∧ · · · ∧ θjn

= (det a) · θ1 ∧ · · · ∧ θn = θ1 ∧ · · · ∧ θn,

where a ≜ g−1 and the last equality holds since a ∈ SO(n). Together with Part
(i), one concludes that the form θ1 ∧ · · · ∧ θn annihilates vertical vectors (i.e. (θ1 ∧
· · · ∧ θn)(X1, · · · , Xn) = 0 provided that at least one of the Xi’s is vertical) and is
invariant under SO(n)-actions. As a consequence, it descends to an n-form on M ,
namely, θ1 ∧ · · · ∧ θn = π∗τ for some τ ∈ Ωn(M).

It remains to prove that τ = volM . Let {e1, · · · , en} be a local PONF over some
open subset U ⊆M . Let s : U → SO(M) be the section defined by

s(x) ≜ (x; e1(x), · · · , en(x)).

By the definition of θ, for any v ∈ TxM one has

(s∗θi)x(v) = θi((ds)(v))s(x) = ⟨(dπ) ◦ (ds)v, ei⟩x = ⟨v, ei⟩x.

This shows that {s∗θ1, · · · , s∗θn} is dual to {ei} on U . It follows that

volM = s∗θ1 ∧ · · · ∧ s∗θn = s∗π∗τ = τ.

This proves the final claim.

5.2.2 Horizontal subspaces and connection form

Essentially, both the vertical subspaces and the canonical form are differential con-
cepts and do not depend on the geometry of M (they are in fact well-defined on
the general frame bundle and descend to SO(M) because of the Riemannian struc-
ture). We now introduce another important construction which is based on the
Levi-Civita connection on M and is thus geometric.

Definition 5.5. A curve ut = (γt;Xt) on SO(M) is said to be horizontal if each
component of Xt is parallel (as a vector field) along γt. A tangent vector H ∈
TuSO(M) is a horizontal vector if it is tangential to a horizontal curve passing
through u. The horizontal subspace Hu of TuSO(M) is the subspace of horizontal
vectors at u.

Note that the horizontal subspace Hu is determined by the Levi-Civita con-
nection. It is isomorphic to TxM under the projection (dπ)u. Indeed, for any
curve γt passing through x, there is a unique horizontal curve ut passing through
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u = (x;X) ∈ SO(M) such that π(ut) = γt; this curve is defined by ut = (γt;Xt)
where Xt is the parallel transport of X along γ. In addition, if two base curves γt
and γ̃t are equivalent at x (i.e. γ0 = γ̃0 = x and γ′0 = γ̃′0), their horizontal lifts
ut and ũt are also equivalent at u. The horizontal vector at u whose projection is
v ∈ TxM is called the horizontal lift of v at u.

Since ker(dπ)u = Vu and (dπ)u|Hu : Hu → TxM is an isomorphism, it is imme-
diate that TuSO(M) = Vu ⊕ Hu. This decomposition gives rise to the connection
form ω on SO(M) which is defined as follows. For

X = Y + Z ∈ Vu ⊕Hu,

we set ω(X)u to be the element of so(n) corresponding to the vertical vector Y
under the isomorphism (5.5). By varying u, one obtains an so(n)-valued 1-form
ω ∈ Ω1(SO(M)).

Let {ei} be a local PONF on some open subset U ⊆ M . Let A be the local
(so(n)-valued) connection matrix of ∇ with respect to {ei} (i.e. ∇ei = Aji ⊗ ej;
see (5.1)). The connection form ω admits the following local representation (see
Proposition 6.6):

ω(x,g) ≜ g−1 · dg + g−1 · π∗Ax · g. (5.7)

Here the term g−1 · dg is understood as follows. Let Y be a tangent vector at
u = (x, g) represented by a curve ut = (γt, gt) (xt ∈ U, gt ∈ SO(n) with u0 = (x, g)).
Then

⟨g−1 · dg, Y ⟩u = g−1 · g′0 ∈ so(n).

In the following proposition, we summarise the essential properties of the con-
nection form ω on SO(M) in the spirit of connections on principal bundles (cf.
Theorem 6.1).

Proposition 5.3. (i) The kernel of ω at each u ∈ SO(M) is precisely the horizontal
subspace Hu. This gives rise to a splitting TuSO(M) = Vu ⊕ Hu as a direct sum
that varies smoothly in u.

(ii) For any u ∈ SO(M) and a ∈ SO(n), one has Hua = (dRa)uHu.

(iii) For any V ∈ Vu, the matrix ⟨ω, V ⟩u ∈ so(n) is the element corresponding to
V under the canonical isomorphism (5.5).

(iv) R∗
aω = Ad(a−1)(ω) = a−1 · ω · a for all a ∈ SO(n).

Proof. (i) and (iii) just follow from the definition of ω. (ii) is a direct consequence of
(i) and (iv). We thus only need to prove (iv). Indeed, by using the local expression
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(5.7) one has

R∗
aω = R∗

a(g
−1 · dg + g−1 · π∗A · g)

= g−1(Ra ◦ ·) · d(g(Ra ◦ ·)) + g−1(Ra ◦ ·) · π∗A · g(Ra ◦ ·)
= a−1 · g−1 · dg · a+ a−1 · g−1 · π∗A · g · a
= a−1(g−1 · dg + g−1 · π∗A · g) · a = a−1 · ω · a

for all a ∈ SO(n). This gives the desired relation.

Remark 5.2. Currently, the connection form ω is defined in terms of the Levi-Civita
connection (through the induced notion of parallel transport). The general theory
of connections on principal bundles takes the opposite viewpoint. A connection on
SO(M) is an so(n)-valued 1-form on SO(M) which satisfy the four properties of
Proposition 5.3 (cf. Definition 6.8 and Proposition 6.5). Suppose that a connection
ω is given in this sense. One can then define horizontal curves and vectors (since
the horizontal subspaces are well-defined as the kernels of ω), and in particular, the
notion of parallel transport. This allows one to make sense of covariant derivative
of vector fields on M , therefore giving rise to an associated affine connection on the
tangent bundle TM . Such an affine connection must be compatible with the metric
because ω is so(n)-valued. It is the Levi-Civita connection (namely, satisfying the
additional torsion free property) if and only if dθ+ω∧ θ = 0 (cf. the first structure
equation in Theorem 6.6).

5.2.3 Curvature form and the lifted Euler form

We now define the curvature form of ω where ω is the connection form on SO(M)
associated with the Levi-Civita connection.

Definition 5.6. The curvature form of ω is the so(n)-valued 2-form on SO(M)
defined by Ω ≜ dω + ω ∧ ω.

One can also write
Ω = dω +

1

2
[ω ∧ ω], (5.8)

where the Lie bracket wedge [· ∧ ·] is defined through

[(α⊗ A) ∧ (β ⊗B)] ≜ (α ∧ β)⊗ [A,B]

for α, β ∈ Ω(P ) and A,B ∈ so(n) (cf. (6.29)). It is clear from (5.8) that Ω is so(n)-
valued. Unlike the local curvature matrix F = dA + A ∧ A, the curvature form Ω
is intrinsically defined over the entire SO(M). In addition, one has the following
basic properties of Ω. A form η on SO(M) is said to be horizontal if ι(V )η = 0 for
all vertical vector fields V , where ι(V ) is the interior product by V (see Definition
B.6).
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Lemma 5.2. (i) Locally, one has Ω = gt · π∗F · g. In particular, Ω is horizontal.

(ii) R∗
aΩ = at · Ω · a for all a ∈ SO(n).

Proof. (i) By using the local expression (6.11) of ω, one finds that

dω = dgt · dg + dgt · π∗A · g + gt · π∗dA · g − gt · π∗A · dg,
ω ∧ ω = (gt · dg + gt · π∗A · g) ∧ (gt · dg + gt · π∗A · g).

The claim follows by adding up the above two identities together with the obser-
vation that dgt · g + gt · dg = 0. The fact that Ω is horizontal is obvious from
this.

(ii) This is a direct consequence of Proposition 5.3 (iv).

The curvature form Ω satisfies the following Bianchi’s identity, which plays an
essential role in Chern’s intrinsic proof of the CGB theorem.

Proposition 5.4 (Bianchi’s identity). dΩ = Ω ∧ ω − ω ∧ Ω.

Proof. This is another straight forward computation:

dΩ = d(ω ∧ ω) = dω ∧ ω − ω ∧ dω
= (Ω− ω ∧ ω) ∧ ω − ω ∧ (Ω− ω ∧ ω) = Ω ∧ ω − ω ∧ Ω.

We now restrict to the even dimensional case (n = 2m) and define the lifted
Euler form on SO(M). Recall from Definition 5.1 that the Euler form E on M is
defined by (5.2).

Definition 5.7. The (lifted) Euler form on SO(M) is defined by

Ξ ≜
1

22mπmm!

2m∑
i1,··· ,i2m=1

sgn(i1, · · · , i2m)Ωi1
i2
∧ · · · ∧ Ω

i2m−1

i2m
.

Lemma 5.3. One has Ξ = π∗E . In particular, Ξ is horizontal and SO(2m)-
invariant, i.e. R∗

aΞ = Ξ for all a ∈ SO(2m).

Proof. By definition and Lemma 5.2 (i), one has

Ξ =
1

22mπmm!

∑
i1,··· ,i2m

∑
j1,··· ,j2m

sgn(i1, · · · , i2m)
(
gj1i1π

∗F j1
j2
gj2i2
)
∧

· · · ∧
(
g
j2m−1

i2m−1
π∗F

j2m−1

j2m
gj2mi2m

)
=

1

22mπmm!

∑
j1,··· ,j2m

sgn(j1, · · · , j2m)π∗F j1
j2
∧ · · · ∧ π∗F

j2m−1

j2m
= π∗E ,

where the second identity follows from the fact that det g = 1. As the pullback of a
form on M by π∗, it is immediate that Ξ is horizontal and SO(2m)-invariant.
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Remark 5.3. A differential form η on SO(M) is the pullback of some form on M (i.e.
η = π∗α for some α ∈ Ω(M)) if and only if η is horizontal and SO(2m)-invariant.
The proof of this fact is left as an exercise.

5.3 Chern’s intrinsic proof

In this section, we discuss Chern’s intrinsic proof of Theorem 5.1. The fundamental
idea is to construct a family of transgression forms on the sphere bundle and use
them to establish the exactness of the lifted Euler form.

5.3.1 Transgression forms and their descendence to sphere bundle

We begin by introducing the following key constructions, which are nowadays known
as the Chern transgression forms.

Definition 5.8. For each k = 0, 1, · · · ,m− 1, we define

Φk ≜
2m−1∑

i1,··· ,i2m−1=1

sgn(i1, · · · , i2m−1, 2m)Ωi1
i2
∧· · ·∧Ωi2k−1

i2k
∧ωi2k+1

2m ∧· · ·∧ωi2m−1

2m (5.9)

and

Ψk ≜
2m−1∑

i1,··· ,i2m−1=1

sgn(i1, · · · , i2m−1, 2m)Ωi1
i2
∧· · ·∧Ωi2k−1

i2k
∧Ωi2k+1

2m ∧ωi2k+2

2m ∧· · ·∧ωi2m−1

2m .

We also set Ψ−1 ≜ 0 as a convention.

Similar to the Euler form, it is routine to check that Φk,Ψk are intrinsic over
SO(M). Note that Φk ∈ Ω2m−1(SO(M)) and Ψk ∈ Ω2m(SO(M)). A crucial fact
is that the forms Φk,Ψk descend to the sphere bundle. We first recall the basic
definition.

Definition 5.9. The sphere bundle SM over M is the bundle of unit tangent
vectors:

SM ≜
{
(x, v) : x ∈M, v ∈ TxM, |v|TxM = 1

}
.

The bundle projection is denoted as π2 : SM → M . We also define the canonical
projection

π1 : SO(M)→ SM, π1((x;X1, · · · , Xn)) ≜ (x,Xn).

By definition, π = π2 ◦π1. The bundle (SO(M), SM, π1) is an SO(n−1)-bundle
where one identifies SO(n− 1) with{

a =

(
g 0
0t 1

)
: g ∈ SO(n− 1)

}
. (5.10)
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The action of a on (x;X1, · · · , Xn) ∈ SO(M) is defined by transforming the first
n− 1 vectors (X1, · · · , Xn−1) leaving the last vector Xn fixed. We say that a form
η on SO(M) descends to SM if there exists a form α on SM such that η = π∗

1α.
Similar to Remark 5.3, a form η descends to SM if and only if it is π1-horizonal
(i.e. ιV η = 0 for any π1-vertical vector field V ) and SO(n− 1)-invariant.

Lemma 5.4. The forms Φk,Ψk descend to the sphere bundle SM .

Proof. (i) The forms Φk,Ψk are SO(2m− 1)-invariant. Let a be given by (5.10)
with some g ∈ SO(2m− 1). According to Proposition 5.3 (iv) and Lemma 5.2 (ii),

R∗
aΦk =

2m−1∑
i1,··· ,i2m−1=1

ε(i1, · · · , i2m−1, 2m)(R∗
aΩ)

i1
i2
∧ · · · ∧ (R∗

aΩ)
i2k−1

i2k

∧ (R∗
aω)

i2k+1

2m ∧ · · · ∧ (R∗
aω)

i2m−1

2m .

The R∗
aΩ-terms are of the form

(R∗
aΩ)

α
β =

2m∑
δ,γ=1

aδαΩ
δ
γa

γ
β, α, β = 1, · · · , 2m− 1.

Due to the special form of a, the above sum only runs over δ, γ = 1, · · · , 2m − 1.
The R∗

aω-terms are of the form

(R∗
aω)

α
2m =

2m∑
δ,γ=1

aδαω
δ
γa

γ
2m, α = 1, · · · , 2m− 1.

Note that γ must be equal to 2m and δ essentially runs over 1, · · · , 2m− 1. Based
on these observations, one finds that

R∗
aΦk =

2m−1∑
i1,··· ,i2m−1=1

2m−1∑
j1,··· ,j2m−1=1

sgn(i1, · · · , i2m−1, 2m)gj1i1 · · · g
j2m−1

i2m−1

Ωj1
j2
∧ · · · ∧ Ω

j2k−1

j2k
∧ ωj2k+1

2m ∧ · · · ∧ ωj2m−1

2m

=
2m−1∑

j1,··· ,j2m−1=1

sgn(j1, · · · , j2m−1, 2m)Ωj1
j2
∧ · · · ∧ Ω

j2k−1

j2k

∧ ωj2k+1

2m ∧ · · · ∧ ωj2m−1

2m = Φk.

In a similar way, it can be shown that Ψk is also SO(2m− 1)-invariant.

(ii) The forms Φk,Ψk are π1-horizontal. The horizontality of Ω is contained in
Lemma 5.2 (i). In addition, recall from (5.7) that locally one has

ωj2m(x, g) =
2m∑
k=1

(
gkj dg

k
2m + gkj g

l
2mπ

∗Akl
)
, j = 1, · · · , 2m− 1. (5.11)
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Note that (gk2m)1⩽k⩽2m are the coefficients of X2m (the last vector of the frame
u = (x, g)) with respect to the local PONF {ei}. If

ut = (x;X1(t), · · · , X2m(t)) = (x, gt)

is a π1-vertical curve, the curve X2m(t) is constant and thus ġk2m(0) = 0 for all k.
As a result, ιV dgk2m = 0 for all π1-vertical vectors V ∈ TuSO(M). The second part
of (5.11) is clearly horizontal. This proves that ωj2m is also π1-horizontal. It follows
from the definitions of Φk,Ψk that they are both π1-horizontal.

5.3.2 Exactness of the Euler form on sphere bundle

According to Lemma 5.4, one can write

Φk = π∗
1Φ

′
k, Ψk = π∗

1Ψ
′
k (5.12)

for some Φ′
k ∈ Ω2m−1(SM) and Ψ′

k ∈ Ω2m(SM). In this subsection, we establish
the following key relation.

Lemma 5.5. The recursive relation

dΦ′
k = (2m− 2k − 1)Ψ′

k − 2kΨ′
k−1 (5.13)

holds for all k = 0, 1, · · · ,m− 1.

Proof. The argument is quite technical and we divide it into several steps. Recall
from the definition of Ω and Bianchi’s identity that

dΩ = Ω ∧ ω − ω ∧ Ω, dω = Ω− ω ∧ ω. (5.14)

These are two key relations that will be used in the main calculation. In what
follows, we always omit the summation sign over the repeated indices i1, · · · , i2m−1

(but noting that the range of summation is from 1 to n− 1).

(i) By using the definition of Φk and the relation (5.14), one can write

dΦk =sgn(i1, · · · , i2m−1, 2m)
[ k∑
l=1

Ωi1
i2
∧ · · · ∧ dΩi2l−1

i2l
∧ · · · ∧ Ω

i2k−1

i2k
∧ ωi2k+1

2m

∧ · · · ∧ ωi2m−1

2m +
2m−1∑
l=2k+1

(−1)l−1Ωi1
i2
∧ · · · ∧ Ω

i2k−1

i2k
∧ ωi2k+1

2m

∧ · · · ∧ dωil2m ∧ · · · ∧ ω
i2m−1

2m

]
=: Ak +Bk + Ck +Dk,

where
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Ak ≜
k∑

l=1

2m∑
α=1

sgn(i1, · · · , i2m−1, 2m)Ωi1
i2

∧ · · · ∧ Ω
i2l−1
α ∧ ωα

i2l
∧ · · · ∧ Ω

i2k−1
i2k

∧ ωi2k+1
2m ∧ · · · ∧ ωi2m−1

2m ,

Bk ≜ −
k∑

l=1

2m∑
α=1

sgn(i1, · · · , i2m−1, 2m)Ωi1
i2

∧ · · · ∧ ωi2l−1
α ∧ Ωα

i2l
∧ · · · ∧ Ω

i2k−1
i2k

∧ ωi2k+1
2m ∧ · · · ∧ ωi2m−1

2m ,

Ck ≜
2m−1∑
l=2k+1

2m∑
α=1

(−1)l−1sgn(i1, · · · , i2m−1, 2m)Ωi1
i2

∧ · · · ∧ Ω
i2k−1
i2k

∧ ωi2k+1
2m ∧ · · · ∧ ωα

2m ∧ ωil
α ∧ · · · ∧ ωi2m−1

2m .

Dk ≜
2m−1∑
l=2k+1

(−1)l−1sgn(i1, · · · , i2m−1, 2m)Ωi1
i2

∧ · · · ∧ Ω
i2k−1
i2k

∧ ωi2k+1
2m ∧ · · · ∧ Ω

il
2m ∧ · · · ∧ ωi2m−1

2m .

(ii) In the expression of Dk, by moving Ωil
2m to the place between Ω

i2k−1

i2k
and ωi2k+1

2m

one easily finds that

(−1)l−1sgn(i1, · · · , i2m−1, 2m)Ωi1
i2
∧· · ·∧Ωi2k−1

i2k
∧ωi2k+1

2m ∧· · ·∧Ωil
2m∧· · ·∧ω

i2m−1

2m = Ψk

for every 2k + 1 ⩽ l ⩽ 2m− 1. As a result, one has

Dk = (2m− 2k − 1)Ψk.

(iii) Observe that Ak, Bk, Ck all involve summation over α = 1, · · · , 2m. We claim
that the summation over α = 1, · · · , 2m − 1 is zero for each of these three terms.
Indeed, by rearranging terms one can write

Ak +Bk + Ck =
∑

1⩽α<β⩽2m−1

ωβα ∧ ηαβ + A′
k +B′

k,

where ηαβ are suitable (2m− 1)-forms and the terms A′
k, B

′
k are defined by freezing

α = 2m in the definitions of Ak, Bk respectively. Here the C ′
k-term is not needed

because Ck contains the factor ωαn which vanishes when α = 2m. It follows that

dΦk = (2m− 2k − 1)Ψk +
∑

1⩽α<β⩽2m−1

ωβα ∧ ηαβ + A′
k +B′

k. (5.15)

Our aim is to show that ηαβ = 0.
To this end, note that the forms ηαβ , A′

k, B
′
k, C

′
k are all expressed in terms of

linear combinations of exterior products among the Ωp
q , ω

r
2m’s. It was shown in

the proof of Lemma 5.4 that Ωq
p, ω

r
2m are π1-horizontal (so are the Φk,Ψk’s). As a

consequence, by applying ιV for any π1-vertical vector to both sides of (5.15) one
finds that ∑

1⩽α<β⩽2m−1

(ιV ω
β
α) ∧ ηαβ = 0. (5.16)
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Now fix a pair 1 ⩽ α < β ⩽ 2m − 1. Let Vα,β be the vertical vector at u =
(x; (X1, · · · , X2m)) represented by the rotation ut ≜ (x; (X1(t), · · · , X2m(t))) (−ε <
t < ε), where

Xα(t) ≜ (cos t)Xα + (sin t)Xβ, Xβ(t) ≜ −(sin t)Xα + (cos t)Xβ

and Xγ(t) ≜ Xγ for all γ ̸= α, β. By the definition (5.7) of ω and the construction
of ut, it is readily checked that

⟨ωβα, Vα,β⟩u = ⟨Xβ(0), Ẋα(0)⟩TxM = ⟨Xβ(0), Xβ(0)⟩TxM = 1

and ⟨ωτσ, Vα,β⟩u = 0 for all (σ, τ) ̸= (α, β). It follows from (5.16) with V = Vα,β that
ηαβ = 0 at u. The claim follows since α, β, u are arbitrary.

(iv) From Step (iii), one obtains that

dΦk = (2m− 2k − 1)Ψk + A′
k +B′

k.

By rearranging the factors and keeping track of sign properly, it is not hard to see
that each l-summand in the definition of A′

k or B′
k is equal to −Ψk−1. Therefore,

one has
dΦk = (2m− 2k − 1)Ψk − 2kΨk−1.

It follows from (5.12) that

π∗
1

(
dΦ′

k − (2m− 2k − 1)Ψ′
k + 2kΨ′

k−1

)
= 0.

On the other hand, by using a local section it is easily seen that π∗
1 is injective.

Therefore, one concludes that

dΦ′
k − (2m− 2k − 1)Ψ′

k + 2kΨ′
k−1 = 0,

which gives the desired relation.

Let us define the (lifted) Euler form on SM by Ξ′ ≜ π∗
2E . By using Lemma 5.5,

one can now establish the exactness of Ξ′.

Corollary 5.1. One has Ξ′ = dΠ′ where

Π′ ≜
m−1∑
k=0

Φ̃′
k; Φ̃′

k ≜
2−k

(2π)m(2m− 2k − 1)!!k!
Φ′
k. (5.17)

Proof. By the definition of Ψk, it is easily seen that

Ξ =
2m

22mπmm!
Ψm−1.
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This relation descends to SM due to the injectivity of π∗
1, namely, one has

Ξ′ =
2m

22mπmm!
Ψ′
m−1.

It is now a simple matter of algebra to deduce Ξ′ = dΠ′ based on this identity and
the recursive relation (5.13).

Remark 5.4. Of course, one also has Ξ = dΠ on SO(M), where Π is defined by the
same formula (5.17) with Φ′

k replaced by Φk. However, exactness of the Euler form
on SM is the heart of the whole argument.

Remark 5.5. Historically, it was a bit mysterious how Chern came up with the
specific construction of the forms Φk,Ψk in the first place. One possible observation
is that Ξ has the form “Ω∧ · · · ∧Ω” and a reasonable idea is to look for a family of
forms of the shape “Ω∧· · ·∧Ω∧ω∧· · ·∧ω”; the key relations in (5.14) yield certain
recursive relations among these forms, which eventually lead to the exactness of Ξ.

5.3.3 Local analysis of transgression forms

Another remarkable quantitative aspect of Chern’s proof is that the (2m− 1)-form
Π′ restricts to the normalised volume form on each fiber of SM . Let x ∈ M be
given fixed. The orientation on the unit sphere

Sx ≜ π−1
2 (x) =

{
v ∈ TxM : |v|TxM = 1

}
is taken to be the one induced from the oriented Euclidean space TxM . Recall from
Example C.1 that the normalised volume form on Sx is given by

ν =
(m− 1)!

2πm

2m∑
j=1

(−1)j−1xjdx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dx2m. (5.18)

Here (xi)1⩽i⩽2m are the extrinsic coordinates on TxM with respect to any fixed
PONB.

Lemma 5.6. Let ix : Sx → SM be the inclusion. Then

i∗xΠ
′ = i∗xΦ̃

′
0 = −ν (5.19)

and i∗xΦ̃′
k = 0 for all k ⩾ 1.

Proof. Define Φ̃k in the same way as Φ̃′
k with Φ′

k replaced by Φk (see (5.17)). Locally,
Φ̃′
k is just the pullback of Φ̃k by any local section s of π1. Since each Φ̃k (k ⩾ 1)

contains the term Ω = gt ·π∗F · g, it is obvious that i∗xΦ̃′
k = 0. For the same reason,

the term gt · π∗A · g appearing in any of the ω·
2m-terms in the expression of Φ̃0 is
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annihilated by i∗x (after restricting to Φ̃′
0 by s). The only nontrivial contribution

thus comes from the term

Φ̃0,main ≜
1

(2π)m(2m− 1)!!

2m−1∑
i1,··· ,i2m−1=1

2m∑
j1,··· ,j2m−1=1

sgn(i1, · · · , i2m−1)

gj1i1 · · · g
j2m−1

i2m−1
dgj12m ∧ · · · ∧ dg

j2m−1

2m .

This form indeed descends to SM . To see this, one first notes that

2m−1∑
i1,··· ,i2m−1=1

sgn(i1, · · · , i2m−1)g
j1
i1
· · · gj2m−1

i2m−1
= det

 gj11 · · · gj12m−1
...

...
g
j2m−1

1 · · · g
j2m−1

2m−1


for each fixed (j1, · · · , j2m−1). This determinant is nonzero only when (j1, · · · , j2m−1)
are all distinct. For any such distinct (2m − 1)-tuple, the relation gtg = id easily
yields that

gj2m2m = (−1)j2msgn(j1, · · · , j2m−1) det

 gj11 · · · gj12m−1
...

...
g
j2m−1

1 · · · g
j2m−1

2m−1

 ,

where j2m ≜ (j1, · · · , j2m−1)
c. Since

sgn(j1, · · · , j2m−1)dg
j1
2m ∧ · · · ∧ dg

j2m−1

2m = dg12m ∧ · · · ∧ d̂g
j2m
2m ∧ · · · ∧ dg2m2m

It follows that

Φ̃0,main ≜
(2m− 1)!

(2π)m(2m− 1)!!

2m∑
j2m=1

(−1)j2mgj2m2m dg
1
2m ∧ · · · ∧ d̂g

j2m
2m ∧ · · · ∧ dg2m2m, (5.20)

which is indeed a form on SM . For (x,X2m) ∈ SM , note that (gj2m)1⩽j⩽2m are the
coefficients of X2m with respect to a local PONF. In view of (5.18), the restriction
of (5.20) on the fiber Sx is precisely the negative of the normalised volume form.
The relation (5.19) thus follows.

Chern’s proof of Theorem 5.1 actually uses a perturbed version of Lemma 5.6
around isolated zeros of a vector field. The key estimate is contained in Lemma
5.7 below. Let V be a smooth vector field on M with isolated zeros {p1, · · · , pr}
and we assume that each pl is nondegenerate (see Proposition 2.4 and Remark 2.4
for a discussion on the existence of such a vector field). For each pl, we consider
a normal chart (U ;xi) around pl along with a PONF {ei} on U that is parallel
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along geodesic rays emitting from pl (see Appendix C.3 for the construction). Let
us write

V (x) = λi(x)ei(x) = V i(x)∂i

with some functions λi, V i on U .
We define the normalised vector field

V̄ :M\{p1, · · · , pr} → SM, V̄ (x) ≜
V (x)

|V (x)|
.

On the normal chart U , one has

V̄ (x) =
2m∑
i=1

λi(x)(∑
j λ

j(x)2
)1/2 ei(x).

For each small ε > 0, we define

V̂l,ε : ∂B(pl, ε)→ S2m−1, V̂l,ε(x) ≜
(V 1(x), · · · , V 2m(x))(∑

j V
j(x)2

)1/2 .

Here the sphere ∂B(pl, ε) is oriented under the outer normal orientation and S2m−1

is the standard sphere in Rn (with the standard orientation). We also denote
V̄l,ε ≜ V̄ |∂B(pl,ε) : ∂B(pl, ε)→ SM .

Lemma 5.7. There exist positive constants C, ε0 depending only on M and V , such
that the following estimate∣∣V̄ ∗

l,ε(−Π′)− V̂ ∗
l,εν
∣∣ ⩽ Cε−(2m−2)

holds for all ε ∈ (0, ε0) and l = 1, · · · , r uniformly over ∂B(pl, ε). Here ν denotes
the normalised volume form on S2m−1.

Proof. The computation is essentially the same as the proof of Lemma 5.6. The
1/ε-singularity comes from the terms

d
[ λi(x)(∑

j λ
j(x)2

)1/2] (1 ⩽ i ⩽ 2m)

inside the expression of V̄ ∗
l,ε(−Π′). In the decomposition

V̄ ∗
l,ε(−Π′) =

m−1∑
k=0

V̄ ∗
l,ε

(
− Φ̃′

k

)
,

the terms corresponding to k ⩾ 1 are all of order at most O(ε−(2m−3)) (because
they contain at most 2m − 3 number of dωi2m’s; see (5.9)). The leading term (i.e.
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the most singular term) therefore comes from Φ̃′
0; in fact, it is from Φ̃0,main defined

by (5.20) since those terms containing gt · π∗A · g have singularity of order at most
ε−(2m−2).

By definition, one can now write

V̄ ∗
l,ε

(
− Φ̃0,main

)
=

(2m− 1)!

(2π)m(2m− 1)!!

2m∑
j2m=1

(−1)j2m−1V̄ j2m (x)dV̄ 1(x) ∧ · · · ∧ ̂dV̄ j2m (x) ∧ · · · ∧ dV̄ 2m(x),

V̂ ∗
l,εν =

(2m− 1)!

(2π)m(2m− 1)!!

2m∑
j2m=1

(−1)j2m−1V̂ j2m (x)dV̂ 1(x) ∧ · · · ∧ ̂dV̂ j2m (x) ∧ · · · ∧ dV̂ 2m(x),

where we introduce

V̄ i(x) ≜
λi(x)(∑
j λ

j(x)2
)1/2 , V̂ i(x) ≜

V i(x)(∑
j V

j(x)2
)1/2

to ease notation. Let (σji ) be the matrix such that ei = σji ∂j. Then one has

λi(x)σji (x) = V j(x).

It is standard that σji (x) = δji + O(ε) as ε → 0+ uniformly in x ∈ ∂B(pl, ε) (see
(9.10)). It follows that

V̄ i(x) = V̂ i(x) +O(ε)

for all i uniformly in x ∈ ∂B(pl, ε). Similarly, one also has

dV̄ i − dV̂ i = O(1); dV̄ i, dV̂ i = O(ε−1).

As a consequence,

V̄ ∗
l,ε

(
− Φ̃0,main

)
− V̂ ∗

l,εν = O(ε−(2m−2)).

The desired claim thus follows.

5.3.4 Proof of CGB

We now gather the main ingredients obtained so far to present Chern’s proof of
Theorem 5.1. The strategy becomes quite clear at this stage.

Proof of Theorem 5.1. First of all, since π∗
2E = dΠ′ and π2 ◦ V̄ = id, one has

E = V̄ ∗dΠ′ = dV̄ ∗Π′ on M\{p1, · · · , pr}.

It follows from Stokes’ theorem and Lemma 5.7 that

∫
M\

⋃r
l=1B(pl,ε)

E = −
r∑
l=1

∫
∂B(pl,ε)

V̄ ∗
l,εΠ

′ =
r∑
l=1

∫
∂B(pl,ε)

V̂ ∗
l,εν +O(ε) (5.21)
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for all small ε. Here the boundary orientation ofM\∪rl=1B(pl, ε) is the inner-normal
orientation of the spheres ∂B(pl, ε) as the boundary of B(pl, ε).

On the other hand, according to Definition 2.11 of the index and Proposition
2.3, one has ∫

∂B(pl,ε)

V̂ ∗
l,εν = indpl(V )

∫
S2m−1

ν = indpl(V ). (5.22)

By substituting (5.22) into (5.21) and taking ε→ 0+, one concludes that∫
M

E = lim
ε→0+

∫
M\

⋃r
l=1B(pl,ε)

E =
r∑
l=1

indpl(V ) = χ(M).

The last identity follows from the Poincaré-Hopf theorem.
The proof of Theorem 5.1 is now complete.
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6 Basic theory of connections
In this chapter, we recall the basic theory of connections from the perspective of
principal bundles. This will provide deeper insight into several computations over
SO(M) in the previous chapter as well as some preliminary notions needed for the
Chern-Weil theory, which leads to another proof of the CGB theorem in the next
chapter. Putting aside CGB, this chapter is of fundamental importance in various
geometric contexts (e.g. gauge theory, index theory, low dimensional topology etc.).
The contents of this chapter essentially come from [KN63], which is undoubtedly
the best reference for this part.

Throughout the rest of this chapter, unless otherwise stated M is an n-manifold
and G is a matrix Lie group.

6.1 Principal bundles

We start with the definition of a principal G-bundle.

Definition 6.1. A principal G-bundle over M consists of a manifold P , an action
of G on P (G is called the structure group) and a projection π : P → M which
satisfy the following properties.

(i) π is a smooth surjective submersion.

(ii) G acts freely on P from the right and is fiber preserving (i.e. π(ug) = π(u) for
all u ∈ P and g ∈ G).

(iii) P is locally trivial in the sense that for every x ∈ M , there exists an open
neighbourhood U ⊆M of x and a diffeomorphism

ψ : π−1U → U ×G, ψ(u) = (π(u), φ(u)),

where φ is the G-component of ψ, such that φ is G-equivariant in the sense that
φ(ug) = φ(u)g for all u ∈ π−1U and g ∈ G.

We will use the notation (P,M, π;G) to denote a principal G-bundle.

Example 6.1. The trivial principal G-bundle is the product space P = M ×
G, where the group action is defined by multiplication from the right on the G-
component.

Example 6.2. Let

F(M) ≜ {(x;X1, · · · , Xn) : x ∈M, {X1, · · · , Xn} is a basis of TxM}.

The space F(M) admits a natural differential structure which makes it into an
(n+n2)-dimensional manifold. F(M) is a principal GL(n;R)-bundle over M whose
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right GL(n;R)-action on F(M) is defined by the usual matrix multiplication:(
(x;X1, · · · , Xn), g

)
7→ (x;Xig

i
1, · · ·Xig

i
n).

The bundle F(M) is known as the frame bundle over M . If M is a Riemannian
manifold, the orthonormal frame bundle O(M) is the subbundle consisting of or-
thonormal bases. This is a principal O(n)-bundle over M (cf. Section 5.2). The
bundle (SO(M), SM, π1; SO(n−1)) we used in Section 5.3 is a principal SO(n−1)-
bundle.

It is often useful to describe a principal bundle by means of local gluing data.
Suppose that (P,M, π;G) is a principal G-bundle. By definition, there exists an
open cover {Uα : α ∈ A} of M together with G-equivariant diffeomorphisms ψα :
π−1Uα → Uα × G (i.e. φα(ug) = φα(u)g). Given α, β ∈ A with Uα ∩ Uβ ̸= ∅, we
define

gβα : Uαβ ≜ Uα ∩ Uβ → G, gβα(x) ≜ φβ(u)φα(u)
−1

where u is any point on the fiber π−1(x). The G-equivariance of each φα ensures
that gβα is well-defined. In other words, the G-components of a point u ∈ P are
related by the transition rule φβ(u) = gβα(π(u))φα(u). The family of maps gβα
satisfy the following cocycle relation:

• gγα(x) = gγβ(x)gβα(x) for all x ∈ Uαβγ ≜ Uα ∩ Uβ ∩ Uγ provided that this
intersection is nonempty.

Note that the above cocycle relation implies that gβα(x) = gαβ(x)
−1 and gαα(x) = e.

The family {(Uα, ψα, gβα)} is called a local trivialisation of P .

Definition 6.2. A gluing cocycle with respect to an open cover {Uα : α ∈ A} is
a family of maps gβα : Uαβ → G (α, β ∈ A with Uαβ ̸= ∅) which satisfy the above
cocycle relation.

One has seen that a local trivialisation of a principal G-bundle gives rise to
a pair (U , g••) (local gluing data) where U = {Uα} is an open cover of M and
g•• = {gβα} is a gluing cocycle. Conversely, given such a pair one can construct a
principal G-bundle in the following way. Define the total space

P ≜
(⊔

α

({α} × Uα ×G)
)
∼

where ⊔ means disjoint union and the equivalence relation ∼ is defined by

(α, x, a) ∼ (β, y, b) ⇐⇒ y = x, b = gβα(x)a.

It is standard to show that P admits a natural differential structure. In addition,
with the projection π and G-action defined in the obvious way, (P,M, π;G) becomes
a principalG-bundle. The family {Uα, ψα, gβα} with ψα([(α, x, a)]) ≜ (x, a) is a local
trivialisation of this bundle. We refer the reader to [KN63, Proposition 5.2] for the
routine details.
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Definition 6.3. A homomorphism between two principal bundles (P ′,M ′, π′;G′)
and (P,M, π;G) consists of a smooth map f1 : P ′ → P and a homomorphism
f2 : G

′ → G such that
f1(u

′g′) = f1(u
′)f2(g

′)

for all u′ ∈ P ′ and g′ ∈ G′. It is called an embedding if f1 : P ′ → P is an
embedding and f2 : G

′ → G is a monomorphism. It is called an isomorphism if f1
is a diffeomorphism and f2 is an isomorphism.

A homomorphism (f1, f2) clearly preserves fibers, hence inducing a smooth map
fromM ′ toM . By abuse of notation, the aforementioned maps will all be denoted as
f . We are primarily interested in the situation whereM ′ =M andG′ = G. Suppose
that P, P ′ are principal G-bundles over M . In this case, by a homomorphism
(covering the identity idM) we specifically mean a smooth map f : P ′ → P such
that π ◦ f = π′ and f(u′g) = f(u′)g for all u′ ∈ P ′, g ∈ G. An automorphism is a
principal G-bundle isomorphism onto itself.

We would like to know under what condition(s) two pairs (U , g••), (V , h••) of
local gluing data determine isomorphic principal G-bundles over M . To answer
this question, we first make a simple observation. A pair {Wi, g

′
ji : i, j ∈ I} is said

to be a refinement of {Uα, gβα : α, β ∈ A} if for every i ∈ I, there exists some
α(i) ∈ A such that Wi ⊆ Uα(i) and g′ji = gα(j)α(i)|Wij

. It is apparent that (U , g••)
and any of its refinement define isomorphic principal G-bundles. We may therefore
assume without loss of generality that U = V = {Uα : α ∈ A}. The following result
provides an answer to the aforementioned question.

Proposition 6.1. Let U = {Uα : α ∈ A} be an open cover of M . Let gβα and
hβα be two gluing cocycles with respect to U . The two pairs (U , g••) and (U , h••)
define isomorphic principal G-bundles if and only if there exists a smooth map
Tα : Uα → G for each α ∈ A, such that

hβα(x) = Tβ(x)gβα(x)Tα(x)
−1 (6.1)

for all x ∈ Uαβ provided that Uαβ ̸= ∅.

Proof. Let P ′, P be the principal G-bundles over M associated with gluing data
(U , g••), (U , h••) and let ψ′

α = (π′, φ′
α), ψα = (π, φα) be the corresponding local

trivialisation maps respectively. Suppose that f : P ′ → P is an isomorphism.
Define Tα(x) ≜ φα(f(u

′))φ′
α(u

′)−1, where u′ is any point on the fiber of P ′ over x.
Then {Tα} satisfy (6.1).
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Conversely, given such maps {Tα} we define

f(u′) ≜ ψ−1
α (π′(u′), Tα(π

′(u′))φ′
α(u

′)).

Using the relation (6.1), one checks that f is a well-defined isomorphism between
P ′ and P .

Definition 6.4. Two gluing cocycles {gβα} and {hβα} are said to be cohomologous
if there exists a smooth map Tα : Uα → G for each α such that the relation (6.1) is
satisfied.

Another important concept is the reduction of a principal G-bundle.

Definition 6.5. We say that the structure group G of a principal G-bundle P is
reducible to a closed subgroup G′ if there exists an embedding f of some principal
G’-bundle (P ′,M, π′;G′) into (P,M, π;G) such that f : M → M is the identity
map and f : G′ → G is the inclusion. The bundle P ′ is called a G′-reduced bundle
of P .

Suppose that P is a principal G-bundle over M with local gluing data (U , g••).
The structure group G of a principal G-bundle (P,M, π;G) can be reduced to a
closed subgroup G′ if and only if there exists a local trivialisation {Uα, ψα, gβα}
such that gβα takes values in G′ (see [KN63, Proposition 5.3]).

Example 6.3. Let M be a Riemannian manifold. The orthonormal frame bundle
O(M) is an O(n)-reduction of the frame bundle F(M). If M is oriented, one can
further reduce F(M) to the special orthonormal frame bundle SO(M).

We can also consider the pullback of a principal bundle. Let (P,M, π;G) be a
principal G-bundle and let f : N →M be a smooth map. The space

f ∗P ≜ {(n, u) ∈ N × P : f(n) = π(u)}
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admits a principal G-bundle structure over N , where the projection is given by
π′(n, u) ≜ n and the right G-action is defined by (n, u)g ≜ (n, ug). Suppose that
{Uα, ψα = (π, φα), gβα} is a local trivialisation of P . Then

Vα ≜ f−1Uα; ψ
′
α(n, u) ≜ (n, φα(u)); hβα ≜ gβα ◦ f

defines a local trivialisation of f ∗P . The principal G-bundle f ∗P over N is called
the pullback of P by f .

6.2 Associated vector bundles

An important reason for considering principal bundles is that every vector bundle is
associated with a principal bundle. As we will see, geometric properties of a vector
bundle (e.g. connection and curvature) are inherited from the principal bundle in
a natural way.

6.2.1 Basic construction and examples

Let (P,M, π;G) be a principal bundle. Let ρ : G→ GL(V ) be a given representa-
tion of G on a K-vector space V (K = R or C). We define an equivalence relation
∼ρ on P × V by

(u, ξ) ∼ρ (ug−1, ρ(g)ξ), u ∈ P, ξ ∈ V, g ∈ G.

Let P ×ρ V denote the space of equivalence classes. It is easy to show that P ×ρ V
is a K-vector bundle with fiber V ; the projection map is induced from P (denoted
as π̄) and the linear structure on each fiber is defined by

λ[(u, ξ)] + [(u, η)] 7→ [(u, λξ + η)], ξ, η ∈ V, λ ∈ K.

Definition 6.6. P ×ρ V is called the associated vector bundle of (P, ρ).

Fix u ∈ P . The map
V ∋ ξ 7→ [(u, ξ)] ∈ Eπ(u) (6.2)

defines a linear isomorphism between V and Eπ(u). By abuse of notation, we will
just denote this map as u. Let {Uα, ψα, gβα} be a local trivialisation of P . Then

ψ̄α : π̄−1(Uα)→ Uα × V, [(u, ξ)] 7→ (π(u), ρ(φα(u))ξ)

defines a local trivialisation of P ×ρ V with transition functions ρ(gβα) : Uαβ →
GL(V ). Let {ε1, · · · , εr} be a given basis of V. Then the family{

si(x) ≜ ψ̄−1
α (x, εi) : x ∈ Uα, 1 ⩽ i ⩽ r

}
(6.3)

135



defines a local frame field of E (i.e. the family {s1(x), · · · , sr(x)} is a basis of Ex
at each x ∈ Uα).

Every vector bundle can be realised as an associated vector bundle. Indeed, let
E be a K-vector bundle of rank r over M . Let

F(E) = {(x; e1, · · · , er) : x ∈M, {e1, · · · , er} is a basis of Ex} (6.4)

be the frame bundle of E. As in Example 6.2, F(E) is a principal GL(r;K)-bundle
over M whose group action is given by(

(x; e1, · · · , er), g
)
7→ (x; gi1ei, · · · , girei).

The map (
(x; e1, · · · , er), ξ

)
7→ ξiei

induces a vector bundle isomorphism F(E) ×id Kr → E, where id denotes the
standard (matrix) representation of GL(r;K) over Kr. In addition, for fixed u =
(x; e1, · · · , er) the u-map (6.2) is given by u(ξ) = ξiei.

Example 6.4. The tangent bundle TM is isomorphic to the associated vector
bundle of (F(M), id) where F(M) is the frame bundle defined in Example 6.2.
More generally, the tensor bundle

T rsM ≜ TM ⊗ · · · ⊗ TM︸ ︷︷ ︸
r

⊗T ∗M ⊗ · · · ⊗ T ∗M︸ ︷︷ ︸
s

is isomorphic to the associated vector bundle of (F(M), idrs), where idrs is the rep-
resentation of GL(n;R) on the tensor product space

T rs ≜ (Rn)⊗r ⊗ (Rn)∗⊗s

induced from id in the obvious way.

Example 6.5. Let G be a matrix Lie group with Lie algebra g. The adjoint
representation of G on g is defined by

Ad : G→ Aut(g), Ad(g)(X) ≜ gXg−1.

The associated vector bundle P×Adg is called the adjoint bundle of P . It is denoted
as Ad(P ).

Example 6.6. Let ρ : G → GL(V ) be a representation and let ρ∗ ≜ (dρ)e : g →
End(V ) be the induced representation on the Lie algebra g. Define Endρ(V ) ≜
ρ∗(g). Elements of Endρ(V ) are those endomorphisms described by g-actions (in-
finitesimal symmetries). For any g ∈ G and X ∈ g, one has

ρ∗(Ad(g)X) = ρ(g)ρ∗(X)ρ(g)−1.
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In particular, Endρ(V ) is Ad-invariant. This allows one to define a representation
Adρ : G→ GL(Endρ(V )) by

Adρ(g)(T ) ≜ ρ(g)Tρ(g)−1, T ∈ Endρ(V ). (6.5)

The associated vector bundle P ×Adρ Endρ(V ) is called the bundle of infinitesimal
symmetries of E ≜ P ×ρ V and is denoted as Endρ(E). Clearly, it is a subbundle
of End(E).

6.2.2 G-structures on a vector bundle

Let E be a vector bundle over M with fiber V . We say that E admits a G-structure
if there exists a principal G-bundle P over M and a representation ρ : G→ GL(V )
such that E is isomorphic to P ×ρ V as vector bundles. In terms of local data,
E admits a G-structure if and only if there exists local gluing data (U , g••) and a
representation ρ : G → GL(V ) such that the vector bundle defined by (U , ρ(g••))
is isomorphic to E.

Example 6.7. Let E be a real vector bundle of rank r and suppose that there is
an Euclidean metric on E. Then E admits an O(r)-structure. To see this, consider
the orthonormal frame bundle

O(E) = {(x; e1, · · · , er) : x ∈M, {e1, · · · , er} is an ONB basis of Ex}

as a principal O(r)-bundle and the identity representation id : O(r) ↪→ GL(r;R).
The map (

(x; e1, · · · , er), (λi)1⩽i⩽r
)
7→ λiei ∈ Ex

induces an isomorphism between O(E) ×id Rr and E, hence yielding an O(r)-
structure for E. In particular, the tangent bundle over an n-dimensional Rieman-
nian manifold admits an O(n)-strucutre. Similarly, if E is a complex vector bundle
with a Hermitian metric, it admits an U(r)-structure.

Proposition 6.2. Different Euclidean (respectively, Hermitian) metrics on a real
(respectively, complex) vector bundle E of rank r induce isomorphic O(r)-structures
(respectively, U(r)-structures).

Proof. We first recall a simple fact from linear algebra. Let V be a finite dimen-
sional, real vector space and let h0, h1 be two Euclidean metrics on V. Then there
exists a unique linear isomorphism F : V → V which satisfies the following three
properties:

(i) F is h0-symmetric: h0(F (ξ), η) = h0(ξ, F (η)) for all ξ, η ∈ V ;

(ii) F is h0-positive-definite: h0(F (ξ), ξ) > 0 for all ξ ̸= 0;

(iii) h1(ξ, η) = h0(F (ξ), F (η)) for all ξ, η ∈ V .
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To prove this, let {ε1, · · · , εn} be a fixed ONB of V with respect to h0. Suppose
that such an F exists. Let A = (aji ) be its matrix with respect to {εi}, i.e. F (εi) =
ajiεj. According to (i) and (ii), the matrix A is symmetric and positive definite.
Let B = (bji ) where bji ≜ h1(εi, εj). Property (iii) shows that B = ATA = A2,
in particular, A is a symmetric, positive definite square root of B. But it is well
known from linear algebra that such a square root exists uniquely. Therefore, the
matrix A is uniquely defined, and so is F accordingly.

In the bundle context, let hi be an Euclidean metric on E and let Pi be the
corresponding orthonormal frame bundle (i = 0, 1). At each x ∈ M, one uses the
previous fact to find the unique linear isomorphism Fx : Ex → Ex satisfying the
above three properties. It follows that Fx maps an h1-ONB of Ex to an h0-ONB of
Ex. As a consequence, the family {Fx : x ∈ M} induces a map P1 → P0 which is
easily seen to be a principal O(r)-bundle isomorphism.

Remark 6.1. Apparently, the isomorphism between the two O(r)-structures con-
structed in the above proof is canonical.

6.2.3 Construction of global sections

Finally, we recall the construction of global sections from local data. Consider
a principal G-bundle (P,M, π;G) with a local trivialisation {Uα, ψα, gβα}. Let
sα : Uα → G be a family of smooth maps indexed by α. Suppose that they satisfy
the consistency relation sβ(x) = gβα(x)sα(x). Then they patch together into a
global section of P , more precisely,

s(x) ≜ ψ−1
α (x, sα(x))

is a well-defined global section. The same discussion applies to a vector bundle E.
In the context of an associated vector bundle E = P×ρV , suppose that sα : Uα → V
is a family of maps satisfying

sβ(x) = ρ(gβα(x))sα(x). (6.6)

Then
s(x) ≜ [(ψ−1

α (x, e), sα(x))]

is a well-defined global section of E.

6.3 Connections on a principal bundle

In this section, we study connections on a principal bundle and its associated vector
bundles.
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6.3.1 Fundamental vector fields

We first recall a basic construction. For each u ∈ P , the vertical subspace Vu is
the subspace of TuP consisting of vectors that are tangential to the fiber at u. The
vertical subspace is canonically isomorphic to the Lie algebra g (cf. Proposition 5.1
as a special case).

Proposition 6.3. The map

g ∋ A 7→ d

dt

∣∣∣
t=0
u exp(tA) ∈ Vu (6.7)

is a linear isomorphism for every u ∈ P .

Proof. Linearity is obvious. Since the G-action is transitive, every vertical vector
V at u is represented by a curve of the form ut = ugt (t ∈ (−ε, ε)) where gt ∈ G
and g0 = e. But gt is equivalent to g̃t ≜ exp(tg′0) at t = 0. Therefore, V is also
represented by the curve ũt ≜ uetg

′
0 . This shows that the map defined by (6.7) is

surjective. By dimension comparison, it is a linear isomorphism.

Definition 6.7. Given A ∈ g, by varying u ∈ P one obtains from (6.7) a vector
field on P . This is called the fundamental vector field associated with A and it is
denoted as A∗.

The lemma below shows that fundamental vector fields are consistent with the
Lie bracket.

Lemma 6.1. [A∗, B∗] = [A,B]∗ for all A,B ∈ g.

Proof. Since the flow of A∗ is RetA , one has

[A∗, B∗]u = (LA∗B∗)u = lim
t→0

1

t

(
(dRe−tA)B∗

uetA −B
∗
u

)
. (6.8)

Note that the g-element corresponding to the vertical vector (dRe−tA)B∗
uetA is

etABe−tA = Ad(etA)B.

It follows that the g-element corresponding to the RHS of (6.8) is

lim
t→0

1

t

(
Ad(etA)B −B

)
= ad(A)B = [A,B].

Therefore, the RHS of (6.8) equals [A,B]∗u
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6.3.2 The concept of a connection

Now we give the precise definition of a connection on P .

Definition 6.8. A connection Γ on P is an assignment of a linear subspace (hori-
zontal subspace)Hu of Tu(P ) at every u ∈ P which satisfies the following properties.

(i) Tu(P ) = Vu ⊕Hu for all u ∈ P ;

(ii) Hug = (dRg)uHu for all u ∈ P and g ∈ G, where Rg denotes the right G-action
on P ;

(iii) The assignment u 7→ Hu is smooth.

Remark 6.2. Property (iii) means that for each u ∈ P , there exists a neighbour-
hood U of u and a family of smooth vector fields {X1, · · · , Xn} on U such that
{X1(v), · · · , Xn(v)} is a basis of Hv for every v ∈ U .

Let Γ be a connection on P . Since ker(dπ)u = Vu, it follows from Property (i)
of the connection that (dπ)u|Hu : Hu → TxM (x ≜ π(u)) is a linear isomorphism.
Given v ∈ TxM , the horizontal vector (dπ)−1

u (v) is called the horizontal lift of v at
u. Let X be a smooth vector field on M . One can define a vector field X∗ on P
by setting X∗

u to be the horizontal lift of Xπ(u).This is the unique vector field X∗

such that X∗
u ∈ Hu and (dπ)uX

∗
u = Xπ(u) for every u. According to Property (ii),

one has (dRg)uX
∗
u = X∗

ug.

Definition 6.9. The vector field X∗ is called the horizontal lift of X.

The horizontal lift satisfies the following basic properties. Given a vector field
Z on P , we write hZ as the horizontal component of Z.

Proposition 6.4. (i) (X + Y )∗ = X∗ + Y ∗.

(ii) (fX)∗ = (f ◦ π)X∗where f ∈ C∞(M).

(iii) [X, Y ]∗ = h[X∗, Y ∗].

Proof. The first two properties are obvious. The third property is a direct con-
sequence of the fact that the Lie bracket is consistent with pushforwards (see
(B.2)).

6.3.3 Connection forms and their local representations

A connection Γ can be equivalently described in terms of a g-valued 1-form on P .
Let Γ be a given connection on P . For each u ∈ P and X ∈ Tu(P ), by writing
X = Y + Z where Y ∈ Vu and Z ∈ Hu, we define ω(X)u ≜ A ∈ g where A is the
element corresponding to the vertical vector Y under the isomorphism (6.7). By
varying u and X, one obtains a g-valued 1-form ω on P . This 1-form satisfies the
following basic properties.
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Theorem 6.1. (i) ω(A∗) = A for all A ∈ g, where A∗ is the fundamental vector
field associated with A.

(ii) R∗
gω = Ad(g−1)ω for all g ∈ G. Equivalently,

ωug
(
(dRg)uXu

)
= Ad(g−1)ωu(Xu) (6.9)

for all u ∈ P, g ∈ G and Xu ∈ TuP .

Proof. Property (i) is just definition. For Property (ii), it is obvious if Xu is hor-
izontal (both sides are zero). Now suppose that X = A∗ for some A ∈ g. The
vertical vector (dRg)uA

∗
u is tangential to the curve

(−ε, ε) ∋ t 7→ uetAg = ug · g−1etAg,

which corresponds to the g-element Ad(g−1)A. This gives the relation (6.9) for
vertical vectors.

Conversely, suppose that ω is a g-valued 1-form on P which satisfies (i) and (ii)
of Theorem 6.1. Define Hu ≜ kerωu for each u ∈ P . Then the assignment u 7→ Hu

defines a connection on P . In summary, one obtains the following basic result.

Proposition 6.5. A connection on P is equivalent to a g-valued 1-form on P
satisfying Theorem 6.1.

We use C(P ) to denote the space of g-valued 1-form on P satisfying Theorem
6.1. Elements in C(P ) are called connection forms on P .

Local representation of a connection form

We now describe a connection in terms of local data, which is sometimes more con-
venient to work with. Let ω ∈ C(P ) be a given connection form. Let {Uα, ψα, gβα}
be a local trivialisation of P . For each α, we define Aα ≜ σ∗

αω where σα : Uα → P is
the local identity section defined by σα(x) ≜ ψ−1

α (x, e). Note that Aα is a g-valued
1-form on Uα.

Lemma 6.2. The family {Aα} satisfies the following consistency relation

Aβ = gβα · Aα · g−1
βα − dgβα · g

−1
βα . (6.10)

Proof. We first claim that

σβ(x) = σα(x)gαβ(x), x ∈ Uαβ.

Indeed, let g ∈ G be such that σβ(x) = σα(x)g. By the G-equivariance of φβ, one
has

e = φβ(σβ(x)) = φβ(σα(x))g = gβα(x)φα(σα(x))g = gβα(x)g.

141



Therefore, g = gαβ(x) which yields the desired claim.
Now let v ∈ TxM and let x(t) (t ∈ (−ε, ε)) be such that x(0) = x, ẋ(0) = v. By

differentiating the relation σβ(x(t)) = σα(x(t))gαβ(x(t)) at t = 0, one finds that

(dσβ)xv =(dRgαβ
)σα(x)(dσα)xv

+ σα(x)gαβ(x)
d

dt

∣∣∣
t=0
gαβ(x)

−1gαβ(x(t))

=(dRgαβ
)σα(x)(dσα)xv − σβ(x)(dgβα · g−1

βα)xv.

It follows from Theorem 6.1 that

ω
(
(dσβ)xv

)
= Ad(gβα(x))ω

(
(dσα)xv

)
− (dgβα · g−1

βα)xv.

This gives the desired relation (6.10).

The family {Aα} is called the local representation of ω. Conversely, given such
a family {Aα} one can construct a connection form ω whose local representation is
{Aα}.

Proposition 6.6. Let {Uα, ψα, gβα} be a local trivialisation of P . Let {Aα ∈
Ω1(Uα) ⊗ g} be a family of local g-valued 1-forms which satisfy the consistency
relation (6.10). Then there exists a unique connection form ω ∈ C(P ), such that
Aα = σ∗

αω on each Uα. More precisely, ω is given by the formula

ω = φ−1
α dφα +Ad(φ−1

α )(π∗Aα). (6.11)

Proof. For fixed α, let F ≜ ψ−1
α : Uα ×G→ π−1(Uα). We claim that

(dF )(x,g)(X, V ) = (dRg)σα(x)(dσα)x(X) + (g−1V )∗F (x,g) (6.12)

for all (x, g) ∈ Uα ×G and (X, V ) ∈ TxM ⊕ TgG. Indeed, one first notes that

F (x, g) = σα(x)g = Rg(σα(x)).

For X ∈ TxM , one has

(dF )(x,g)(X, 0) =
d

dt

∣∣∣
t=0
Rg(σα(xt)) = (dRg)σα(x)(dσα)x(X),

where xt is any curve satisfying x0 = x and ẋ0 = X. For V ∈ TgG, by setting
A ≜ g−1V ∈ g one has

(dF )(x,g)(0, V ) =
d

dt

∣∣∣
t=0
σα(x)ge

tA = A∗
F (x,g) = (g−1V )∗F (x,g).

The relation (6.12) thus follows.
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Now suppose that ω is a connection form whose local representation is {Aα}.
By applying ω to both sides of (6.12) and using the properties of connection, one
finds that

(F ∗ω)(x,g) = Ad(g−1)(pr∗1Aα) + pr∗2(g
−1dg),

where pri denotes the projection onto the i-th component (i = 1, 2). Since F−1 =
ψα = (π, φα), it follows that

ω = Ad(φ−1
α )(π∗Aα) + φ−1

α dφα.

This justifies the formula (6.11) and proves the uniqueness claim. For its existence,
by using the consistency relation (6.10) one checks that the formula (6.11) defines
a global g-valued 1-form ω on P . In addition, it is plain that ω satisfies the two
properties of Theorem 6.1 and Aα = σ∗

αω. Therefore, ω is a connection form with
local representation {Aα}.

In summary, a connection form ω ∈ C(P ) is also equivalent to a family {Aα ∈
Ω1(Uα)⊗ g} of local g-valued 1-forms satisfying (6.10). The space of such families
is denoted as C(U , g••) (clearly, such {Aα} is described in terms of the open cover
U = {Uα} and the gluing cocycle g•• only). The following result shows how different
local representations of a connection are related.

Proposition 6.7. Let {Aα} and {Bα} be local representations of a connection form
θ ∈ C(P ) with respect to local trivialisations {Uα, ψα = (π, φα)} and {Uα, ψ′

α =
(π, φ′

α)} respectively. Then one has

Bα = −dTα · T−1
α + Tα · Aα · T−1

α on Uα,

where Tα : Uα → G is the map defined by Tα(x) ≜ φ′
α(u)φα(u)

−1 (x ∈ Uα, u ∈
π−1(x)).

Proof. Left as an exercise.

6.4 Horizontal lift of curves

Next, we discuss the important concept of horizontal lift of curves. This allows one
to define a notion of parallel transport, which is essential for the construction of co-
variant differentiation on associated vector bundles later on. Let Γ be a connection
on P whose connection form is ω.

Definition 6.10. A piecewise smooth curve ut ∈ P is said to be horizontal if
u̇t ∈ Hut at every differentiable point t.

Theorem 6.2. Let γ : [0, 1] → M be a smooth curve and let u ∈ π−1(γ0). There
exists a unique horizontal curve u : [0, 1]→ P such that u0 = u and π(ut) = γt for
all t.
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Proof. Let (vt)0⩽t⩽1 be any smooth lift of γ at u, i.e. v0 = u and π(vt) = γt for
all t. The existence of vt can be obtained by using the local triviality of P . We
therefore look for a “correction path” gt ∈ G such that ut ≜ vtgt is a horizontal
lift of γ. Apparently, π(ut) = π(vt) = γt and one also has u0 = u if g0 = e. By
differentiating ut, one finds that

u̇t = v̇tgt + vtġt = (dRgt)vt v̇t + utg
−1
t ġt.

Therefore,
ω(u̇t) = Ad(g−1

t )ω(v̇t) + g−1
t ġt.

Requiring ut to be horizontal means that ω(u̇t) = 0, which is equivalent to saying
that

ġtg
−1
t = −ω(v̇t). (6.13)

The equation (6.13) is a linear ODE for gt which can be solved uniquely with initial
condition g0 = e. This proves the existence of ut. For its uniqueness, suppose ũt
is another horizontal lift of γ at u. Write ũt = vtg̃t for some g̃t ∈ G. The same
reasoning as above shows that g̃t solves the ODE (6.13) with initial condition g̃0 = e.
By uniqueness, one concludes that g̃t = gt and thus ũt = ut.

Corollary 6.1. Let γ : [a, b]→M be a piecewise smooth curve and let u ∈ π−1(γa).
There exists a unique horizontal lift of γ starting at u.

Proof. Apply Theorem 6.2 to each smooth piece of γt consecutively.

Let γ : [a, b]→M be a piecewise smooth curve. We define a map τγ : π−1(γa)→
π−1(γb) in the following way. Given u ∈ π−1(xa), let ut be the horizontal lift
of γ starting at u. Then we set τγ(u) ≜ ub. This map is known as the parallel
transport along γ. It is easy to show that τγ is bijective and does not depend on
the parametrisation of γ. If γ is the concatenation of two curves α and β, one has
τγ = τβ ◦ τα. In addition, since horizontal subspaces are invariant under G-actions,
it follows that τγ is G-equivariant, i.e. Rg◦τγ = τγ ◦Rg for all g ∈ G. It is important
to note that the parallel transport depends on the entire curve γ.

6.5 Connections on associated vector bundles

Let E = P ×ρ V be the associated vector bundle of (P, ρ) where ρ : G → GL(V )
is a given representation. The aim of this section is to construct a suitable notion
of “covariant derivative” ∇Xs of a section s ∈ Γ(E) with respect to a vector field
X ∈ Γ(TM).

If the bundle E is trivial (i.e. E = M × V ), sections of E are just V -valued
functions on M and one can simply define ∇Xs to be the directional derivative of
s along the direction X. More precisely, one defines

(∇Xs)(x) ≜ lim
t→0

1

t

(
s(γt)− s(x)

)
, x ∈M, (6.14)
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where γ : (−ε, ε) → M is any smooth curve satisfying γ0 = x, γ̇0 = Xx. The
difference s(γt) − s(x) makes sense since both s(γt) and s(x) take values in the
same vector space V .

If E is not a trivial bundle, the difference s(γt) − s(x) does not make sense
because s(γt) ∈ Eγt and s(x) ∈ Ex live in different spaces. A natural idea is to
“transport” s(γt) to the fiber Ex along the curve γ so that one can make sense of
the limit in (6.14) on the same vector space Ex. This requires a notion of parallel
transport, which is naturally induced from a connection on the principal bundle P .

Let Γ be a connection on P . We first define the horizontal subspace HE
e ⊆ TeE

(with respect to Γ) at each e ∈ E. Pick a representative (u, ξ) of e and consider
the projection map P ∋ v 7→ [(v, ξ)] ∈ E. The horizontal subspace HE

e is defined
to be the image of Hu under the differential of this projection map at u. It can be
shown that HE

e does not depend on the choice of representatives of e.
A piecewise smooth curve et on E is horizontal if ėt ∈ HE

et at every differentiable
time t. Let γ : [a, b]→ M be a piecewise smooth curve and let e ∈ Eγa . Similar to
Theorem 6.2, there exists a unique horizontal curve e : [a, b]→ E such that ea = e
and π(et) = γt for all t. This curve is called the horizontal lift of γ at e. By varying
e ∈ π−1(γa), one obtains a linear isomorphism τEγ : Eγa → Eγb (e 7→ eb). The map
τEγ is called the parallel transport along γ.

The horizontal lift et and parallel transport can be easily described from the
principal bundle perspective. Recall that each u ∈ P defines a linear isomorphism
u : V → Eπ(u) given by u(ξ) ≜ [(u, ξ)].

Lemma 6.3. Let (u, ξ) be a representative of e ∈ Eγa and let ut ∈ P be the
horizontal lift of γ at u. Then et = [(ut, ξ)]. In particular, the parallel transport of
e to Eγt along γ is given by utu−1(e).

Proof. By definition, the curve t 7→ [(ut, ξ)] is horizontal in E.

With the notion of parallel transport, one can now define the covariant derivative
of E-sections in a precise mathematical way. We proceed in the following manner.

Definition 6.11. (i) (Covariant derivative along a curve) Let γ : I → M be a
smooth curve defined on an interval I and let s be a smooth section over γ (i.e.
st ∈ Eγt). The covariant derivative of s along γ is the section over γ defined by

Dst
dt

≜ lim
h→0

1

h

(
τEt,t+hst+h − st

)
∈ Eγt ,

where τEt,t+h denotes the parallel transport from Eγt+h
to Eγt along γ.

(ii) (Covariant derivative along a direction) Let v ∈ TxM and let s be a smooth
section of E defined on a neighbourhood of x. The covariant derivative of s at x
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with respect to the direction v is defined in the following way. Pick a smooth curve
γ : (−ε, ε)→M satisfying γ0 = x and γ̇0 = v. We then set

(∇vs)(x) ≜
D

dt

∣∣∣
t=0
s(γt).

(iii) (Covariant derivative operator) Let s ∈ Γ(E) and X ∈ Γ(TM). By using (ii),
one can define the covariant derivative (∇Xs)(x) at every x ∈ M . This gives rise
to a section ∇Xs ∈ Γ(E) which is known as the covariant derivative of s along the
vector field X.

The following result shows that the covariant derivative is consistent with the
more familiar definition of a connection on a vector bundle from the differential
operator perspective (cf. Definition B.17). Its proof is routine and is left as an
exercise.

Proposition 6.8. The covariant derivative operator ∇Xs is well-defined and satis-
fies the following properties. For any X, Y ∈ Γ(TM), s, t ∈ Γ(E) and f ∈ C∞(M),
one has

(i) ∇(fX+Y )s = f∇Xs+∇Y s;

(ii) ∇X(s+ t) = ∇Xs+∇Xt;

(iii) ∇X(fs) = (Xf)s+ f∇Xs.

Here Xf denotes the directional derivative of f with respect to X.

Definition 6.12. A connection (or a covariant derivative) on a vector bundle
(E,M, π;V ) is a linear operator

∇ : Γ(TM)× Γ(E)→ Γ(E), (X, s) 7→ ∇Xs

which satisfies the three properties in Proposition 6.8. One can equivalently view

∇ : Γ(E)→ Γ(T ∗M ⊗ E) = Ω1(M,E)

by setting ⟨∇s,X⟩ ≜ ∇Xs.

Remark 6.3. Every connection on E is the covariant derivative induced from some
principal bundle connection. In fact, a connection ∇ on E defines a notion of
parallel transport (see Definition B.18). This gives rise to a connection on the
frame bundle F(E) in the following way. Let u = (x; e1, · · · , er) ∈ F(E). Given
v ∈ TxM , draw a curve γt with γ0 = x and γ̇0 = v. The parallel transport of
ei along γt defines a curve ut = (γt; e1(t), · · · , er(t)) ∈ F(E) with u0 = u. The
set of tangent vectors u̇0 obtained by varying v ∈ TxM defines an n-dimensional
subspace of TuF(E). By declaring this subspace as the horizontal subspace for each
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u ∈ F(E), one obtains a connection on the principal bundle F(E). It follows that
∇ is the covariant derivative operator induced from this connection. If E admits an
Euclidean metric, there is an O(r)-reduction E ∼= O(E)×id Rr (see Example 6.7).
In this case, metric connections on E (i.e. connections that are compatible with the
metric in the sense of (B.21)) are in one-to-one correspondence with connections
on the orthonormal frame bundle O(E).

Example 6.8. Recall from Example 6.4 that the tensor bundle T rsM is an associ-
ated vector bundle of the frame bundle F(M). A connection Γ on F(M) therefore
induces a connection ∇ on T rsM . One can view ∇ : T rsM → T rs+1M by setting

(∇S)(X1, · · · , Xs, X) ≜ (∇XS)(X1, · · · , Xs) ∈ T r0 (TxM), Xi, X ∈ TxM.

This connection is consistent with the induced connection on tensor bundles defined
using (B.23) (cf. (C.1)). A tensor field S ∈ Γ(T rsM) is said to be parallel if ∇S = 0.
This is equivalent to saying that the parallel transport of S(γa) along any smooth
curve γ : [a, b]→M coincides with S(γb).

The following useful result (and its corollary below) tells one how to compute
the covariant derivative from the principal bundle perspective; essentially, it is the
directional derivative along horizontal vectors.

Lemma 6.4. One has (∇Xs)(x) = u((X∗f)(u)) for all x ∈ M and u ∈ π−1(x).
Here X∗ is the horizontal lift of X and f is the V -valued function on P defined by
f(u) ≜ u−1(s(π(u))).

Proof. Fix u ∈ P . Let γ : (−ε, ε)→M be a smooth curve such that γ0 = x ≜ π(u)
and γ̇0 = Xx. Let u : (−ε, ε)→ P be the horizontal lift of γ at u. Then one has

(X∗f)(u) = lim
h→0

1

t

(
f(ut)− f(u)

)
= lim

h→0

1

t

(
u−1
t (s(γt))− u−1s(x)

)
.

It follows that
u((X∗f)(u)) = lim

h→0

1

t

(
uu−1

t (s(γt))− s(x)
)
. (6.15)

According to Lemma 6.3, uu−1
t (s(γt)) is precisely the parallel transport of s(γt) to

Ex along γ. By the definition of covariant derivative, the RHS of (6.15) is equal to
(∇Xs)(x).

Corollary 6.2. Let s : I → E be a section of E along a smooth curve γ : I →M .
Let u : I → P be a horizontal lift of γ and let ξt ≜ u−1

t (st) ∈ V . Then one has

∇γ̇tst = ut(ξ̇t)

for all t ∈ I.
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A section s along γ is said to be parallel if ∇γ̇tst = 0 for all t. This is equivalent
to saying that u−1

t (st) is constant in t for any horizontal lift (ut) of γ.
As an application of Lemma 6.4, one can derive the local representation of

∇. Let {Uα, ψα, gβα} be a local trivialisation of P . Let {s1, · · · , sr} be the local
frame field of E over Uα induced from a fixed basis {ε1, · · · , εr} of V (see (6.3)).
More precisely, si(x) = [(σα(x), εi)] where σα(x) is the identity section on Uα. Let
{Aα = σ∗

αω} be the local representation of the connection Γ on P . Recall that
ρ∗ ≜ (dρ)e : g→ End(V ) is the induced representation of ρ.

Proposition 6.9. Let Āα be the matrix of ρ∗(Aα) ∈ Ω1(Uα)⊗End(V ) with respect
to {εi}, i.e. ρ∗(Aα)εi = (Āα)

j
i ⊗ εj. Then one has

∇si = (Āα)
j
i ⊗ sj.

In other words, ρ∗(Aα) is the local connection matrix of ∇ with respect to{si} on
Uα.

Proof. The argument consists of the following basic observations.

(i) Let s ∈ Γ(E). There exists a smooth function v : Uα → V such that s(x) =
[(σα(x), v(x))] for all x ∈ Uα. Let f : P → V be defined by f(u) ≜ u−1

(
s(π(u))

)
.

Then one has
v(x) = f(σα(x)). (6.16)

In addition, by applying Lemma 6.4 with u = σα(x), one finds that

(∇Xs)(x) = [(σα(x), (X
∗f)(σα(x)))] (6.17)

for any vector field X ∈ Γ(TUα). Here X∗ is the horizontal lift of X.

(ii) We claim that
X∗
σα(x) = (dσα)xXx − Aα(X)∗x, (6.18)

where Aα(X)∗x is the fundamental vector field corresponding to Aα(X)x ∈ g. In-
deed, the projection of (dσα)xXx − Aα(X)∗x down to M is clearly Xx. In addition,
by using the relation Aα = σ∗

αω one finds that

⟨ω, (dσα)xXx − Aα(X)∗x⟩ = Aα(X)x − Aα(X)x = 0.

In particular, (dσα)xXx − Aα(X)∗x is a horizontal vector. Therefore, it is the hori-
zontal lift of Xx at σα(x).

(iii) Suppose that F : P → V is a function which satisfies F (ug) = ρ(g−1)F (u) for
all u ∈ P and g ∈ G. Let A ∈ g with fundamental vector field A∗. Then one has

(A∗F )(u) =
d

dt

∣∣∣
t=0
F (uetA) =

d

dt

∣∣∣
t=0
ρ(e−tA)F (u) = −ρ∗(A)F (u). (6.19)
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(iv) By applying the relations (6.16, 6.19) to (6.18) (acting on F ), one obtains

(X∗f)(σα(x)) = (dv)x(Xx) + (ρ∗Aα(X)x)v(x).

It follows from (6.17) that

(∇Xs)(x) =
[(
σα(x), (dv)x(Xx) + (ρ∗Aα(X)x)v(x)

)]
. (6.20)

(v) Now take s(x) = si(x) = [(σα(x), εi)]. In this case, v(x) ≡ εi. According to
(6.20), one has

(∇Xsi)(x) =
[(
σα(x), (ρ∗Aα(X)x)εi

)]
=
(
Āα(X)x

)j
i
[(σα(x), εj)] =

(
Āα
)j
i
sj(x).

This completes the proof of the proposition.

6.6 Exterior covariant derivative

The study of curvature relies on the notion of exterior covariant derivative which
we shall first introduce. Let (P,M, π;G) be a principal bundle.

Definition 6.13. Let ρ : G→ GL(V ) be a representation. A type (ρ, V ) k-form on
P is a V -valued k-form φ ∈ Ωk(P )⊗ V which satisfies the relation R∗

gφ = ρ(g−1)φ
for all g ∈ G. We say that φ is horizontal if φ(X1, · · · , Xk) = 0 provided at least
one of the Xi’s is vertical.

Remark 6.4. Definition 6.13 does not rely on a connection on P , although the term
“horizontal” is used (just as a convention).

An important fact is that a horizontal, type (ρ, V ) k-form φ on P is equivalent
to an E-valued k-form φ̄ on M . Here E ≜ P ×ρ V is the associated vector bundle
of (P, ρ). Indeed, suppose that φ is a horizontal, type (ρ, V ) k-form on P . Given
v1, · · · , vk ∈ TxM , we define

φ̄(v1, · · · , vk)x ≜ u
(
φ(X1, · · · , Xk)u

)
∈ Ex (6.21)

where u is any point in π−1(x) and Xi is any lift of vi at u (i.e. (dπ)uXi = vi). One
checks that φ̃ is a well-defined E-valued k-form on M . Conversely, suppose that
φ̄ ∈ Ωk(M,E). Given X1, · · · , Xk ∈ TuP , we define

φ(X1, · · · , Xk)u ≜ u−1
(
φ̄((dπ)uX1, · · · , (dπ)uXk)x

)
.

Then φ is a horizontal, type (ρ, V ) k-form on P .
Suppose that Γ is a connection on P whose connection form is ω. Note that

ω is a type (Ad, g) 1-form but it is not horizontal. It cannot be descended to a
Ad(P )-valued form on M .
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Lemma 6.5. Let φ be a type (ρ, V ) k-form on P .

(i) dφ is a type (ρ, V ) (k + 1)-form.

(ii) The form φh defined by φh(X1, · · · , Xk) ≜ φ(hX1, · · · , hXk) (hXi denotes the
projection of Xi onto the horizontal subspace) is a horizontal, type (ρ, V ) k-form.

Proof. The first claim follows from the relation that R∗
g commutes with d. The

second claim follows from the invariance of horizontal subspaces under Rg.

Definition 6.14. The exterior covariant derivative of a type (ρ, V ) k-form φ on P
is the horizontal, type (ρ, V ) (k + 1)-form defined by Dφ ≜ (dφ)h; more precisely,

(Dφ)(X1, · · · , Xk+1) ≜ (dφ)(hX1, · · · , hXk+1).

Definition 6.14 does not require φ to be horizontal. If one further assumes
so, its exterior covariant derivative can be equivalently described in terms of the
connection ∇ on E (Proposition 6.10). We first give the following definition.

Definition 6.15. The exterior covariant derivative operator d∇ : Ω∗(M,E) →
Ω∗+1(M,E) is the unique linear operator which satisfies d∇(s) = ∇s for s ∈ Γ(E)
and the Leibniz rule

d∇(α ∧ s) = dα ∧ s+ (−1)kα ∧ d∇s (6.22)

for α ∈ Ωk(M) and s ∈ Ω∗(M,E) (k ⩾ 1).

Proposition 6.10. For a horizontal, type (ρ, V ) form φ on P , let φ̄ be the corre-
sponding E-valued form. Then one has Dφ = d∇φ̄.

Proof. Let φ be a V -valued function satisfying φ(ug) = ρ(g−1)φ(u). Let ψ be the
horizontal, type (ρ, V ) 1-form corresponding to ∇φ ∈ Ω1(M,E). We want to show
that Dφ = ψ. Indeed, for any u ∈ P and X ∈ TuP , one has

ψ(X)u = u−1
(
∇(dπ)uXφ̄

)
= u−1

(
u((hX)φ)

)
(by Lemma 6.4)

=
(
(hX)φ

)
(u) = (Dφ)(X)u.

Therefore, Dφ = ψ. This proves the claim for 0-forms.
For general k-forms, one only needs to observe that the exterior covariant deriva-

tive D also satisfies the Leibniz rule on the principal bundle. Namely, for any
α ∈ Ωk(M) and any horizontal, type (ρ, V ) form η on P , the form π∗α ∧ η is also
horizontal and of type (ρ, V ), and one has

D
(
π∗α ∧ η

)
= dπ∗α ∧ η + (−1)kπ∗α ∧Dη.

This part is straight forward.
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In the horizontal case, one can derive an explicit formula for the exterior covari-
ant derivative in terms of the exterior derivative d and the connection form ω. To
state this formula, we first introduce some notation.

Definition 6.16. We define a natural pairing · ∧ · between Ω(P ) ⊗ End(V ) and
Ω(P )⊗ V by extending the relation

(α⊗ S) ∧ (β ⊗ ξ) ≜ (α ∧ β)⊗ S(ξ), α, β ∈ Ω(P ), S ∈ End(V ), ξ ∈ V

in a multilinear manner. In the case when Φ ∈ Ω1(P )⊗End(V ) and ψ ∈ Ωk(P )⊗V ,
it is easily seen that Φ ∧ ψ ∈ Ωk+1(P )⊗ V is given by

(Φ ∧ ψ)(X0, · · · , Xk) =
k∑
i=0

(−1)iΦ(Xi)
(
ψ(X0, · · · , X̂i, · · · , Xk)

)
. (6.23)

Proposition 6.11. Let φ be a horizontal, type (ρ, V ) form on P . Then

Dφ = dφ+ (ρ∗ω) ∧ φ, (6.24)

where the above ∧-pairing is understood in the sense of Definition 6.16. Equiva-
lently, if one views φ ∈ Ω(M,E) whose local representation with respect to a local
trivialisation {Uα, ψα, gβα} is φα ∈ Ω(Uα)⊗V , then the local representation of d∇φ
is given by

(d∇φ)α = dφα + (ρ∗Aα) ∧ φα, (6.25)

where {Aα} is the local representation of ω.

Proof. We only prove (6.24). The local version (6.25) follows immediately from
(6.24) as well as Proposition 6.10. Let φ be of degree k. We need to show that

(Dφ)(X0, · · · , Xk) =
(
dφ+ (ρ∗ω) ∧ φ

)
(X0, · · · , Xk) (6.26)

for all vector fields X0, · · · , Xk ∈ Γ(TP ).

(i) The Xi’s are all horizontal. In this case,(
(ρ∗ω) ∧ φ

)
(X0, · · · , Xk) = 0

due to the presence of the ω-term. The relation (6.26) just reduces to the definition
of Dφ.

(ii) At least one of the Xi’s is vertical. Without loss of generality, let us assume
that X0 = A∗ with A ∈ g. In this case, the LHS of (6.26) is zero. For the RHS,
since φ is horizontal, by using the formula (6.23) one finds that(

(ρ∗ω) ∧ φ
)
(A∗, X1, · · · , Xk) = (ρ∗A)

(
φ(X1, · · · , Xk)

)
.
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On the other hand, according to Cartan’s formula for the Lie derivative (see Propo-
sition B.1), one has

LA∗φ = ι(A∗)dφ+ dι(A∗)φ = ι(A∗)dφ

where ι(A∗) is the interior product (see Definition B.6). Therefore,

(dφ)(A∗, X1, · · · , Xk) =
(
ι(A∗)dφ

)
(X1, · · · , Xk)

= (LA∗φ)(X1, · · · , Xk).

It remains to shows that

(LA∗φ)(X1, · · · , Xk) = −(ρ∗A)
(
φ(X1, · · · , Xk)

)
. (6.27)

Indeed, by Definition B.2 of the Lie derivative and the fact that φ is of type (ρ, V ),
one has

(LA∗φ)u = lim
t→0

1

t

(
R∗
etAφuetA − φu

)
= lim

t→0

1

t

(
ρ(e−tA)φu − φu

)
= −(ρ∗A)φu.

This gives the relation (6.27) and thus completes the proof of (6.24).

Example 6.9. In the case when ρ = Ad and E = Ad(P ), one has

Dφ = dφ+ [ω ∧ φ]. (6.28)

Here the Lie bracket wedge between two g-valued forms on P is the unique bilinear
map

[· ∧ ·] : (Ω(P )⊗ g)× (Ω(P )⊗ g)→ Ω(P )⊗ g (6.29)

which satisfies
[(α⊗ A) ∧ (β ⊗B)] ≜ (α ∧ β)⊗ [A,B]

for α, β ∈ Ω(P ) and A,B ∈ g. This is because (Ad∗ω) ∧ φ = [ω ∧ φ]. From the
Ω(M,Ad(P )) perspective, one has the local representation

(d∇φ)α = dφα + [Aα ∧ φα] (6.30)

in this case.

6.7 Curvature of a connection

Now we discuss a central concept of this chapter: the curvature of a connection.
Let Γ be a connection on (P,M, π;G) whose connection form is ω. Recall that ω is
a type (Ad, g) 1-form on P . We define the horizontal, type (Ad, g) 2-form Ω ≜ Dω.
According to the previous discussion, Ω descends to an element of Ω2(M,Ad(P ))
which is denoted as Fω.

Definition 6.17. Both Ω and Fω are called the curvature form of Γ (which one is
referred to will depend on the context).
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6.7.1 Cartan’s structure equation and Bianchi’s identities

The curvature form Ω satisfies the following (second) structure equation of Cartan
(cf. Theorem 6.6).

Theorem 6.3. One has
Ω = dω +

1

2
[ω ∧ ω], (6.31)

where [·∧·] is the Lie bracket wedge defined in (6.29). An equivalent way of rewriting
(6.31) is that

Ω(X, Y ) = (dω)(X, Y ) + [ω(X), ω(Y )] (6.32)

for all X, Y ∈ Γ(TP ).

Proof. We verify (6.32) at each u ∈ P . Let X, Y ∈ TuP .

(i) Both X, Y are horizontal. In this case, ω(X) = ω(Y ) = 0 and the relation (6.32)
is just the definition of Ω.

(ii) Both X, Y are vertical. In this case, one can assume that X = A∗
u, Y = B∗

u with
A,B ∈ g. By definition, Ω(A∗, B∗) = 0. On the other hand

(dω)(A∗, B∗) + [ω(A∗), ω(B∗)]

= A∗ω(B∗)−B∗ω(A∗)− ω([A∗, B∗]) + [ω(A∗), ω(B∗)]

= −ω([A∗, B∗]) + [ω(A∗), ω(B∗)]

= −ω([A,B]∗) + [A,B]

= 0,

where the second last equality follows from Lemma 6.1.

(iii) X is horizontal and Y = A∗
u (A ∈ g) is vertical. We take a horizontal extension

of X (still denoted as X) to a neighbourhood of u. For instance, one can choose
an extension of (dπ)uX to a neighbourhood U of π(u) and take its horizontal lift
to π−1(U). By definition, one still has Ω(X,A∗) = 0 and also [ω(X), ω(A∗)] = 0 in
this case. It remains to show that

(dω)(X,A∗) = 0. (6.33)

To this end, one first notes that

(dω)(X,A∗) = Xω(A∗)− A∗ω(X) + ω([A∗, X]) = ω([A∗, X]).

Next, we claim that [A∗, X] is horizontal. In fact, one has

[A∗, X]u = (LA∗X)u = lim
t→0

1

t

(
(dRetA)XuetA −Xu

)
.

The RHS is clearly horizontal since horizontal subspaces are invariant under G-
actions. Therefore, ω([A∗, X]) = 0 and the relation (6.33) follows.
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Remark 6.5. The 1/2-factor appearing in the structure equation (6.31) does not
contradict the formula (6.28). In fact, Proposition 6.11 cannot be applied to φ = ω
because ω is not horizontal. If one examines the proofs of both Proposition 6.11 and
the formula (6.31) carefully, the 1/2-factor precisely arises from the nonhorizontality
of ω.
Remark 6.6. The structure equation shows that

Ω(X, Y ) = −ω([X, Y ]) (6.34)

for horizontal vector fields X, Y . In particular, Ω(X, Y )u picks up the g-element
corresponding to the vertical component of [X, Y ]u. From this perspective, the
curvature measures the degree of nonintegrability for the horizontal distribution
{Hu}u∈P . If the connection is flat (i.e. Ω = 0), the relation (6.34) shows that
the horizontal distribution is invariant under Lie bracket. As a consequence, the
horizontal distribution is integrable and P is thus foliated by maximal connected
horizontal leaves (Frobenius theorem; see [War83, Theorem 1.60]). If M is further
assumed to be simply connected, it is isomorphic to the trivial bundle M ×G (see
[KN63, Corollary 9.2]).
Remark 6.7. Since G is assumed to be a matrix Lie group, one can also express the
structure equation (6.31) in the following form:

Ω = dω + ω ∧ ω, (6.35)

where ω is viewed as a matrix-valued 1-form and the above exterior product is taken
with respect to matrix multiplication. This formula is consistent with Definition
5.6 in the orthonormal frame bundle case.

The curvature form satisfies the following Bianchi’s identity, which is an exten-
sion of Proposition 5.4.

Theorem 6.4 (Bianchi’s Identity). One has DΩ = 0, or equivalently, d∇Fω = 0.
Here d∇ is the exterior covariant derivative on Ω(M,Ad(P )) induced from Γ.

Proof. By taking exterior derivative on both sides of (6.35), one obtains that

dΩ = dω ∧ ω − ω ∧ dω.

Due to the presence of ω in the above equation, it is apparent that (dΩ)(X, Y, Z) = 0
for any horizontal vector fields X, Y, Z.

Remark 6.8. By using the formula (6.28) and the relation that [ω∧Ω] = ω∧Ω−Ω∧ω,
one can rewrite Bianchi’s identity as

dΩ = Ω ∧ ω − ω ∧ Ω.

This is consistent with Proposition 5.4 in the orthonormal frame bundle case.
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Example 6.10. Consider the trivial principal G-bundle P =M ×G. The Maurer-
Cartan form is the g-valued 1-form on G defined by ω̄ ≜ g−1dg; its evaluation at
Xg ∈ TgG is the left translation ofXg by g−1 as an element in g. Explicit calculation
shows that

dω̄ +
1

2
[ω̄ ∧ ω̄] = 0.

As a result, the curvature of the connection ρ∗2ω̄ (ρ2 : P → G is the projection onto
the second component) is flat.

6.7.2 Local representation of curvature form

Now we consider local representations of Ω. Let {Uα, ψα, gβα} be a local trivialisa-
tion of P . Similar to the connection case, we define Fα ≜ σ∗

αΩ ∈ Ω2(Uα)⊗ g where
σα(x) ≜ ψ−1

α (x, e) is the local identity section. It follows from (6.35) that

Fα = dAα + Aα ∧ Aα, (6.36)

where we recall that Aα ≜ σ∗
αω is the local representation of ω. Using the consis-

tency relation (6.10) for Aα, it is plain to check that

Fβ = gβα · Fα · g−1
βα on Uαβ. (6.37)

In particular, Fβ(X, Y ) = Ad(gβα)(Fα(X, Y )) on Uαβ, which is precisely the con-
sistency relation required for {Fα(X, Y )} defining a global section of Ad(P ) (cf.
(6.6)). In other words, the family {Fα} patches to a global Ad(P )-valued 2-form F
on M which is of course just Fω. Sometimes we also use FA to denote the curvature
form if the connection is given by the local data A = {Aα} ∈ C(U , g••). According
to the relation (6.30), Bianchi’s identity d∇Fω = 0 locally reads

dFα + [Aα ∧ Fα] = 0. (6.38)

Lemma 6.6. Let {Uα, ψα} and {Uα, ψ′
α} be two local trivialisations of P . The

corresponding local representations of Ω are related by F ′
α = TαFαT

−1
α where Tα :

Uα → G is the map defined by Tα(x) ≜ φ′
α(p)φα(p)

−1 (x ∈ Uα, p ∈ π−1(x)).

Proof. This is explicit calculation based on Proposition 6.7.

6.7.3 Curvature of induced connection on associated vector bundles

Finally, we consider the curvature of the induced connection on an associated vector
bundle E = P ×ρ V . Recall from Section 6.5 that the connection Γ on P induces a
connection ∇ on E. The form ρ∗(Ω) is a horizontal, type (Adρ,Endρ(V )) 2-form on
P , which descends to an element F∇ ∈ Ω2(M,Endρ(E)) (see Example 6.6 for the
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relevant definitions). The form F∇ can also be constructed in the following way.
Define

F̄α = dĀα + Āα ∧ Āα ∈ Ω2(Uα)⊗ Endρ(V ),

where Āα ≜ ρ∗(Aα) is the local representation of the connection ∇ (see Proposition
6.9). According to the relation (6.37), one has

F̄β = Adρ(gβα)
(
F̄α
)
.

It follows that the family {F̄α} patches to a global element F∇ ∈ Ω2(M,Endρ(E)).

Definition 6.18. The form F∇ ∈ Ω2(M,Endρ(E)) is called the curvature form of
the connection ∇.

By viewing Endρ(E) as a subbundle of End(E) in a natural way, the 2-form F∇
is exactly the curvature tensor of ∇ defined by (B.20); indeed, one can show that

F∇(X, Y )s = ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s

for all X, Y ∈ Γ(TM) and s ∈ Γ(E) (cf Lemma 6.8). The additional structure here
is that the endomorphisms determined by F∇ are infinitesimal symmetries coming
from g through the induced representation ρ∗ (cf. Example 6.6).

Example 6.11. Let (E,M, π;V ) be a real Euclidean vector bundle of rank r.
Recall from Example 6.7 that E ∼= E ′ ≜ O(E)×idRr where O(E) is the orthonormal
frame bundle of E. A metric connection ∇ on E is therefore equivalent to a
connection ω on O(E) (see Remark 6.3). The curvature tensor F∇ of ∇ is an
element of Ω2(M,End−(E)), where End−(E) is the subbundle of End(E) consisting
of endomorphisms that are antisymmetric with respect to the metric. On the other
hand, there is a natural isomorphism

Φ : End−(E)→ EndidE
′, Φ(s) ≜

[(
(x; e1, · · · , er), (T ji )1⩽i,j⩽r

)]
,

where x = π(s) and T ji is defined by sei = T ji ej. The image of F∇ under Φ, as
an element of Ω2(M,EndidE

′), is precisely the curvature of the connection on E ′

induced from ω. Similar discussion applies to the complex Hermitian case.

6.8 Gauge transformations

We take a small detour to briefly discuss how connection and curvature transforms
under principal bundle automorphisms. Let (P,M, π;G) be a given fixed principal
bundle.

Definition 6.19. A gauge transformation of P is a principal bundle automorphism
T : P → P such that π ◦ T = π. The space of gauge transformations (the gauge
group) is denoted as G(P ).
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Clearly, G(P ) is a group under composition. Let (U , g••) be given fixed lo-
cal gluing data of P . Recall from Proposition 6.1 that a gauge transformation
T ∈ G(P ) is equivalent to a family of maps Tα : Uα → G satisfying gβα(x) =
Tβ(x)gβα(x)Tα(x)

−1. We also denote G(P ) as G(U , g••) if we prefer to work with
their local representations.

Proposition 6.12. Let S, T ∈ G(P ) with local representations {Sα}, {Tα} respec-
tively. Then {SαTα} (defined by pointwise multiplication) is the local representation
of ST.

Proof. From the proof of Proposition 6.1, one knows that

T (u) = ψ−1
α (π(u), Tα(x)φα(u)).

Therefore, one has

S(T (u)) = ψ−1
α (π(u), Sα(x)φα(T (u))) = ψ−1

α (π(u), Sα(x)Tα(x)φα(u)).

This shows that the local representation of ST on Uα is SαTα.

Remark 6.9. Let {T ′
α} be the local representation of T with respect to another

gluing data (U , h••). Then T ′
α = RαTαR

−1
α where Rα(x) = φ′

α(u)φα(u)
−1 for u ∈

π−1(x).

The gauge group G(P ) acts on the space C(P ) of connections in the obvious
way:

T ↷ ω ≜ (T−1)∗ω, T ∈ G(P ), ω ∈ C(P ).

This is indeed a group action; one has (ST ) ↷ ω = S ↷ (T ↷ ω). The following
result provides the local formula for this action (cf. Proposition 6.7).

Proposition 6.13. Let T ∈ G(P ) and ω ∈ C(P ) be represented by {Tα} and
{Aα} respectively under local trivialisation {Uα, ψα, gβα}. The local representation
of T ↷ ω is then given by

Bα = TαAαT
−1
α − dTαT−1

α . (6.39)

Proof. Let S ≜ T−1 and ω′ ≜ T ↷ ω = S∗ω. By definition,

Bα = σ∗
αω

′ = (S ◦ σα)∗ω,

where σα(x) = ψ−1
α (x, e) is the local identity section. An important observation is

that

(S ◦ σα)(x) = S(ψ−1
α (x, e)) = ψ−1

α (x, Sα(x)e) = ψ−1
α (x, eSα(x)) = σα(x)Sα(x),
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where {Sα} is the local representation of S. Now let v ∈ TxM be given fixed.
Setting u ≜ σα(x) and g ≜ Sα(x), one has

⟨Bα, v⟩x = ⟨ω, (S ◦ σα)∗v⟩ug. (6.40)

Let xt be a curve representing the tangent vector v. Denoting Xu ≜ (σα)∗v ∈ TuP,
it follows that

(S ◦ σα)∗v =
d

dt

∣∣∣
t=0
σα(xt)Sα(xt)

= (Rg)∗Xu + ug
d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt).

By substituting this into (6.40) and using Theorem 6.1 (ii), one finds that

⟨Bα, v⟩x = ⟨R∗
gωug, Xu⟩+

〈
ωug, ug

d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt)

〉
= g−1⟨ωu, Xu⟩g +

〈
ωug, ug

d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt)

〉
= Tα(x)⟨Aα, v⟩xTα(x)−1 +

〈
ωug, ug

d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt)

〉
,

To evaluate the second term, one observes that

d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt) = ⟨S∗

αω̄, v⟩x = ⟨SαdS−1
α , v⟩x

= −⟨dTαT−1
α , v⟩x =: A ∈ g,

where ω̄ is the Maurer-Cartan form (see Example 6.10). By using Proposition 6.1
(i), one has 〈

ωug, ug
d

dt

∣∣∣
t=0
S−1
α (x)Sα(xt)

〉
= A = −⟨dTαT−1

α , v⟩x.

As a consequence,

⟨Bα, v⟩x = Tα(x)⟨Aα, v⟩xTα(x)−1 − ⟨dTαT−1
α , v⟩x.

The relation (6.39) thus follows.

The curvature also transforms in an obvious way under the gauge action. More
precisely, one has FT↷ω = T̂ (Fω) where T̂ : Ad(P ) → Ad(P ) is the isomorphism
induced by [(u,A)] 7→ [(Tu,A)] (u ∈ P, A ∈ g). If {Tα} is the local representation
of T , one has (FT↷ω)α = Tα · (Fω)α · T−1

α .
More generally, let Φ : P → Q be an isomorphism of principal G-bundles over

M (covering the identity idM). Suppose that (U , g••) (respectively, (U , h••)) is the
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local gluing data for P (respectively, for Q). According to Proposition 6.1, Φ is
equivalent to a family of maps Tα : Uα → G satisfying the relation (6.1). Let
ω ∈ C(P ) and ω′ ≜ (Φ−1)∗ω be the corresponding connection on Q. Their local
representations ({Aα} and {Bα} respectively) are related by

Bα = TαAαT
−1
α − dTαT−1

α .

Their curvatures are related by Fω′ = Φ̂(Fω) where Φ̂ : Ad(P ) → Ad(Q) is the
vector bundle isomorphism induced by Φ. Locally, one has (Fω′)α = Tα ·(Fω)α ·T−1

α .

6.9 Affine connections on tangent bundle

In this section, we apply the general theory to a particular situation: the tangent
bundle TM .

Let M be an n-dimensional manifold. Recall from Example 6.2 that the frame
bundle F(M) is a principal GL(n;R)-bundle over M . Elements of F(M) are of the
form u = (x;X1, · · · , Xn), where x ∈ M and {X1, · · · , Xn} is a basis of TxM . A
local frame field {ei} of TM over some open subset U ⊆ M gives rise to a local
trivialisation (parametrisation)

ψ : π−1U : U ×GL(n;R), ψ((x;X1, · · · , Xn)) = (x, g) (6.41)

where g is the transformation matrix from (e1, · · · , en) to (X1, · · · , Xn), i.e.

(X1, · · · , Xn) = (e1, · · · , en) · g.

According to Example 6.4, the tangent bundle TM is isomorphic to the associated
vector bundle F(M) ×id Rn, where id : GL(n;R) ↷ Rn is the standard represen-
tation defined by matrix multiplication. For u = (x;X1, · · · , Xn) ∈ F(M), the
linear isomorphism u : Rn → TxM is defined by u(ξ) ≜ ξiXi (cf. (6.2)). In other
words, u(ξ) is the tangent vector whose coordinates with respect to the basis u are
(ξi)1⩽i⩽n.

6.9.1 The canonical form

The frame bundle F(M) has a special feature: the canonical form (cf. Definition
5.4).

Definition 6.20. The canonical form on F(M) is the Rn-valued 1-form on F(M)
defined by

θ(X)u ≜ u−1
(
(dπ)uX

)
, u ∈ F(M), X ∈ TuF(M).

More explicitly, θi(X)u is the Xi-coefficient of (dπ)uX with respect to the basis
{X1, · · · , Xn} of TxM defining u.
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The form θ admits the following local expression.

Lemma 6.7. Let {ei} be a local frame field of TM over some open subset U ⊆M
and let {ηi} be its dual. Then one has

θ(x,g) = g−1 · π∗η, (6.42)

where (x, g) is the local parametrisation of F(M) given by (6.41).

Proof. Let X ∈ TuF(M) and write (dπ)uX = λjXj, where u = (x;X1, · · · , Xn).
By the definition of θ, one has

⟨(g−1)ijπ
∗ηj, X⟩ = (g−1)ij⟨ηj, (dπ)uX⟩ = (g−1)ij⟨ηj, λkXk⟩

= (g−1)ij⟨ηj, λkglkel⟩ = (g−1)ijg
j
kλ

k = λi = θi(X)u.

This gives the relation (6.42).

Proposition 6.14. The canonical form θ is horizontal and of type (id,Rn). It
descends to an element θ̄ ∈ Ω1(M,TM) which is given by θ̄(v)x = v for all v ∈ TxM .

Proof. By definition, one has

⟨θi, Y ⟩u = gji ⟨ηj, (dπ)uY ⟩x

for any Y ∈ TuF(M). Since g is invertible,

⟨θi, Y ⟩u = 0 ∀i ⇐⇒ ⟨ηj, (dπ)uY ⟩x = 0 ∀i ⇐⇒ (dπ)uY = 0 ⇐⇒ Y ∈ Vu.

This shows that ker θu = Vu, and in particular, θ is horizontal.
Next, we need to show that

θ((dRg)X)ug = g−1 · θ(X)u (6.43)

for all X ∈ TuF(M) and g ∈ GL(n;R). Indeed, the LHS of (6.43) is the co-
ordinates of v ≜ (dπ)uX with respect to the basis (X1, · · · , Xn) · g where u =
(x;X1, · · · , Xn). It is therefore related to the vector θ(X) (coordinates of v with
respect to (X1, · · · , Xn)) by the formula (6.43).

Finally, to derive the expression of θ̄, one simply recalls from (6.21) that

θ̄(v)x = u(θ(X)u), v ∈ TxM,

where u ∈ π−1(x) andX is any lift of v. It is apparent from definition that u(θ(X)u)
is just v.
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6.9.2 Affine connections and absolute parallelism

Connections on TM are called affine connections. According to Remark 6.3, a con-
nection on TM is equivalent to a connection on F(M). We will use the terminology
affine connections on M / on TM / on F(M) interchangeably depending on the
context.

In what follows, we assume that F(M) is equipped with an affine connection
Γ with connection form ω. Another special feature of F(M) is that it admits
an absolute parallelism with respect to Γ, i.e. a global frame field {V i

j , Hk : 1 ⩽
i, j, k ⩽ n} in the sense that {V i

j (u), Hk(u)} is a basis of TuF(M) at every u ∈
F(M). The vector fields {V i

j } are the fundamental vector fields corresponding to
the canonical basis of gl(n;R). To construct the Hk’s, we need to introduce the
following definition.

Definition 6.21. Let ξ ∈ Rn. For each u ∈ F(M), we define H(ξ)u ∈ Hu to be the
horizontal lift of u(ξ) ∈ Tπ(u)M . The horizontal vector field u 7→ H(ξ)u is called
the standard horizontal vector field corresponding to ξ.

We summarise a few basic properties of standard horizontal vector fields as
follows.

Proposition 6.15. (i) The map ξ 7→ H(ξ) is linear. In addition, for each ξ ̸= 0,
the vector field H(ξ) is everywhere nonvanishing.

(ii) θ(H(ξ)) = ξ for all ξ ∈ Rn.

(iii) (dRg)H(ξ) = H(g−1ξ) for all ξ ∈ Rn and g ∈ G.

(iv) [A∗, H(ξ)] = H(Aξ) for all A ∈ gl(n;R) and ξ ∈ Rn.

Proof. The first three properties are straight forward. In addition, one has

[A∗, H(ξ)]u = (LA∗H(ξ))u = lim
t→0

1

t

(
(dRe−tA)H(ξ)uetA −H(ξ)u

)
= lim

t→0

1

t

(
H(etAξ)u −H(ξ)u

)
(by (iii))

= H(Aξ).

This proves the last property.

Now we prove the aforementioned absolute parallelism. Let Ei
j ∈ gl(n;R) be

the elementary matrix whose (i, j)-entry is one and all other entries are zero. Note
that {Ei

j : 1 ⩽ i, j ⩽ n} is a basis of gl(n;R). Let {ε1, · · · , εn} be the canonical
basis of Rn.
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Theorem 6.5. Let (Ei
j)

∗ be the fundamental vector field corresponding to Ei
j. Then

the vector fields {(Ei
j)

∗, H(εk)} and the 1-forms {ωij, θk} on P are dual to each other.
In particular,

{(Ei
j)

∗
u, H(εk)u : 1 ⩽ i, j, k ⩽ n}

form a basis of TuF(M) at every u ∈ F(M).

Proof. Note that ω annihilates horizontal vectors and θ annihilates vertical vectors.
The result follows immediately from Theorem 6.1 (i) and Proposition 6.15 (ii).

6.9.3 Structure equations and Bianchi’s identities

In Section 6.7, we derived the structure equation and Bianchi’s identity for the
curvature form Ω = Dω in the general principal bundle context. In the frame
bundle case, there is an additional structure equation as well as an additional
Bianchi’s identity which are both related to the so-called torsion form. Let Γ be an
affine connection on F(M).

Definition 6.22. The torsion form of Γ is the horizontal, type (id,Rn) 2-form
defined by Θ ≜ Dθ where θ is the canonical form.

Remark 6.10. Recall from (6.34) that the curvature form measures the vertical
component of the Lie bracket between two horizontal vector fields. To some extent,
the torsion form measures its horizontal component. Let H(ξ) and H(η) be the
standard horizontal vector fields corresponding to ξ and η respectively. By the
definition of Θ, one has

Θ(H(ξ), H(η)) = dθ(H(ξ), H(η))

= H(ξ)θ(H(η))−H(η)(θH(ξ))− θ([H(ξ), H(η)])

= H(ξ)η −H(η)ξ − θ(h[H(ξ), H(η)])

= −θ(h[H(ξ), H(η)]). (6.44)

The vector θ(h[H(ξ), H(η)])u picks up the coordinates of (dπ)u(h[H(ξ), H(η)]u)
with respect to the basis u of Tπ(u)M .

We now state the full structure equations and Bianchi’s identities for an affine
connection.

Theorem 6.6. (i) (The first structure equation) dθ = −ω ∧ θ +Θ.

(ii) (The second structure equation) dω = −ω ∧ ω + Ω.

Proof. The second structure equation was proven in Theorem 6.3 and we only
consider the first one. Fixing u ∈ F(M), we test the equation on a pair of vectors
X, Y ∈ TuF(M).
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(i) Both X, Y are vertical. We assume that X = A∗
u, Y = B∗

u for some A,B ∈ g.
In this case, the RHS is zero. For the LHS, one has from Lemma 6.1 that

dθ(A∗, B∗) = A∗θ(B∗)−B∗θ(A∗)− θ([A∗, B∗])

= −θ([A,B]∗) = 0.

(ii) Both X, Y are horizontal. In this case, the claim just becomes the definition of
Θ.

(iii) X is vertical and Y is horizontal. We assume that X = A∗
u and Y = H(ξ)u for

some A ∈ g, ξ ∈ Rn. In this case, one has from Proposition 6.15 that

dθ(A∗, H(ξ)) = A∗θ(H(ξ))−H(ξ)θ(A∗)− θ([A∗, H(ξ)])

= 0− θ(H(Aξ)) = −Aξ.

On the other hand,

(−ω ∧ θ +Θ)(A∗, H(ξ)) = −ω(A∗)θ(H(ξ)) = −Aξ.

The desired claim thus follows.

Theorem 6.7. (i) (The first Bianchi’s identity) DΘ = Ω ∧ θ.
(ii) (The second Bianchi’s identity) DΩ = 0.

Proof. The second Bianchi’s identity was proven in Theorem 6.4 and we only prove
(i). According to the structure equations, one has

dΘ = dω ∧ θ − ω ∧ dθ
= (Ω− ω ∧ ω) ∧ θ − ω ∧ (−ω ∧ θ +Θ)

= Ω ∧ θ − ω ∧Θ.

It follows that
dΘ(X, Y, Z) = (Ω ∧ θ)(X, Y, Z)

for any horizontal vector fields X, Y, Z. This implies DΘ = Ω ∧ θ.

6.9.4 Descendence to tangent bundle

In this subsection, we consider the equivalent formulation of the torsion and curva-
ture forms on the tangent bundle. Let ∇ denote the connection (covariant deriva-
tive) on TM induced from the affine connection (cf. Definition 6.11). Firstly, Θ
descends to a TM -valued 2-form on M which will be denoted as T (the torsion
tensor). In addition, Ω descends to an Ad(F(M))-valued 2-form on M . There is
an isomorphism Ad(F(M))→ End(TM) defined by

[(u,A)] 7→ [∋ v 7→ u(A · u−1v)] ∈ End(TxM) (u ∈ π−1(x)).
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This allows one to view Ω as an element in Ω2(M,End(TM)) which will be denoted
as R (the curvature tensor). The tensors T and R have the following more familiar
expressions in Riemannian geometry.

Lemma 6.8. One has

T (X, Y ) = ∇XY −∇YX − [X, Y ], (6.45)

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z (6.46)

for all X, Y, Z ∈ Γ(TM).

Proof. We only prove (6.46) and leave the other one as an exercise. Fix u ∈ F(M).
Let X∗, Y ∗, Z∗ be the horizontal lifts of X, Y, Z respectively. Let f ≜ θ(Z∗) be the
Rn-valued function on P corresponding to Z. According to Lemma 6.4,

(∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z)x

= u
(
X∗
u(Y

∗f)− Y ∗
u (X

∗f)− h[X∗, Y ∗]uf
)

= u
(
v[X∗, Y ∗]uf

)
,

where v[X∗, Y ∗] denotes the vertical component of [X∗, Y ∗]. Let A ∈ g be the
element such that A∗

u = v[X∗, Y ∗]u. Since f satisfies f(ug) = g−1f(u), the same
reasoning leading to (6.27) shows that

v[X∗, Y ∗]uf = −Af(u).

Therefore,
(∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z)x = −u

(
Af(u)

)
. (6.47)

On the other hand, one has from (6.34) that

Ω(X∗, Y ∗)u = −ω([X∗, Y ∗])u = −A.

It follows that

(R(X, Y )Z)x = u
(
Ω(X∗, Y ∗)uf(u)

)
= −u(Af(u)). (6.48)

Combining (6.47) and (6.48), the relation (6.46) thus follows.

The following lemma is an almost immediate application of Lemma 6.4. It is
useful for deriving Bianchi’s identities for T and R.

Lemma 6.9. Fix u ∈ π−1(x) and let X, Y, Z,W ∈ TxM . Let X∗, Y ∗, Z∗ be the
standard horizontal vector fields corresponding to the vectors u−1X, u−1Y , u−1Z
respectively. Then the following two relations hold at u:

(∇XT )(Y, Z) = u
(
X∗(Θ(Y ∗, Z∗))

)
, (6.49)

(∇XR)(Y, Z)W = u
(
X∗(Ω(Y ∗, Z∗)) · u−1W

)
.
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Proof. We only prove (6.49) as the other one follows from similar reasoning. By
viewing T ∈ Γ(T 1

2M), let

f : F(M)→ Rn ⊗ (Rn)∗ ⊗ (Rn)∗, fu ≜ u−1(Tπ(u))

be the function corresponding to T. Let η ≜ u−1Y and ζ ≜ u−1Z. According to
Lemma 6.4, one has

(∇XT )(Y, Z) = u
(
(X∗

uf)(η, ζ)
)

at u. (6.50)

On the other hand, let u : (−ε, ε) → F(M) be a curve satisfying u0 = u and
u̇0 = X∗

u. By the definition of f,

X∗
u(Θ(Y ∗, Z∗)) =

d

dt

∣∣∣
t=0

Θ(Y ∗, Z∗)ut =
d

dt

∣∣∣
t=0
fut
(
u−1
t (dπ)Y ∗

ut , u
−1
t (dπ)Z∗

ut

)
.

Since Y ∗, Z∗ are standard horizontal vector fields, one has

u−1
t (dπ)Y ∗

ut = η, u−1
t (dπ)Z∗

ut = ζ

for all t. As a result,

X∗
u(Θ(Y ∗, Z∗)) =

d

dt

∣∣∣
t=0
fut(η, ζ) = (X∗

uf)(η, ζ).

It follows that (6.50) that

u
(
X∗
u(Θ(Y ∗, Z∗)u)

)
= (∇XT )(Y, Z) at u,

which yields the relation (6.49).

We now give the equivalent formulation of Theorem 6.7 in terms of the tensors
T and R. It describes the basic symmetries of the curvature tensor R. We use
C(· · · ) to denote a cyclic symmetrisation, i.e.

C(Φ(X, Y, Z)) ≜ Φ(X, Y, Z) + Φ(Y, Z,X) + Φ(Z,X, Y ).

Theorem 6.8. (i) (The first Bianchi’s identity) C(R(X, Y )Z) = C((∇XT )(Y, Z)+
T (T (X, Y ), Z)).

(ii) (The second Bianchi’s identity) C((∇XR)(Y, Z) +R(T (X, Y ), Z)) = 0.

In particular, if the connection is torsion free (i.e. T ≡ 0), one has

C(R(X, Y )Z) = 0, C((∇XR)(Y, Z)) = 0

for all X, Y, Z ∈ Γ(TM).
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Proof. The result is just the descendence of Theorem 6.7 to the tangent bundle.
We only prove the first identity. Recall from Theorem 6.7 (i) that DΘ = Ω∧ θ. Fix
u ∈ F(M) and let X, Y, Z ∈ Tπ(u)M . Let X∗, Y ∗, Z∗ be the standard horizontal
vector fields corresponding to the vectors u−1X, u−1Y , u−1Z respectively. On the
one hand,

DΘ(X∗
u, Y

∗
u , Z

∗
u) = C

(
X∗
u(Θ(Y ∗, Z∗))−Θ([X∗, Y ∗], Z∗)u

)
= u−1

[
C
(
(∇XT )(Y, Z)− T ((dπ)u[X∗, Y ∗]u, Z)

)]
= u−1

[
C
(
(∇XT )(Y, Z) + T (T (X, Y ), Z)

)]
. (6.51)

The second equality follows from (6.49). The third equality follows from the relation

(dπ)u[X
∗, Y ∗]u = −T (X, Y ),

which is just a restatement of (6.44). On the other hand,

(Ω ∧ θ)(X∗
u, Y

∗
u , Z

∗
u) = C

(
Ω(X∗, Y ∗)uθ(Z

∗)u
)

= u−1
[
C
(
R(X, Y )Z

)
u

]
. (6.52)

Equating (6.51) and (6.52) gives the first Bianchi’s identity.

An important geometric concept associated with an affine connection is the
notion of geodesics.

Definition 6.23. A smooth curve γ : I → M is called a geodesic with respect to
the connection ∇ if γ̇t is parallel along γ, i.e. ∇γ̇t γ̇t = 0 for all t ∈ I.

The following result provides a neat characterisation of geodesics from the prin-
cipal bundle perspective.

Proposition 6.16. A smooth curve in M is a geodesic if and only if it is the
projection of an integral curve of a standard horizontal vector field in P .

Proof. Let γt be a smooth curve in M and let ut be a horizontal lift of γt. Define
ξt ≜ u−1

t (γ̇t) ∈ Rn. According to Corollary 6.2, one has

∇γ̇t γ̇t = ut(ξ̇t) (6.53)

for all t.
Now suppose that γt is a geodesic. One knows from (6.53) that ξ̇t = 0 and thus

ξt is constant (say ξ). In other words, u̇t is the horizontal lift of ut(ξ) for all t. By
definition, this shows that ut is the integral curve of the standard horizontal vector
field H(ξ). Conversely, if ut is such an integral curve, ξt must be constant and one
concludes from (6.53) that ∇γ̇t γ̇t = 0. Therefore, γt is a geodesic.
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Proposition 6.16 immediately gives the existence and uniqueness of geodesics.

Corollary 6.3. Let x ∈M and v ∈ TxM . There exists a unique geodesic γ defined
on a maximal interval I containing the origin, such that γ0 = x and γ̇0 = v.

Proof. Fix u ∈ π−1(x) and set ξ ≜ u−1(v). According to Proposition 6.16, the claim
is equivalent to the existence and uniqueness of the integral curve u : I → F(M) of
H(ξ) with u0 = u. The latter follows from the standard existence and uniqueness
theorem for first order ODEs (the integral curve is defined by the ODE u̇t = H(ξ)ut
with u0 = u). It is easy to see that the geodesic is independent of the choice of u
(of course, the vector ξ will change accordingly).

An affine connection is said to be complete if all geodesics are defined on
(−∞,∞). According to Corollary 6.3, this is equivalent to saying that H(ξ) is
complete on F(M) (i.e. integral curves are all well-defined on (−∞,∞)) for all
ξ ∈ Rn.

6.9.5 The Christoffel symbols

In this subsection, we compute the torsion and curvature tensors under a local
coordinate chart. The key ingredient is the expression of the connection form ω in
terms of local coordinates.

Let (U ;xi) be a local chart on M . This provides a local parametrisation of
F(M) by defining

π−1(U) ∋ u 7→ (xi, Xj
k) ∈ U ×GL(n;R),

where (xi) are the coordinates of π(u) and (Xj
k) is the matrix of the basis u =

(x;X1, · · · , Xn) with respect to {∂j}, i.e. Xk = Xj
k∂j. Recall that AU ≜ σ∗

Uω ∈
Ω1(U) ⊗ gl(n;R) is the local connection matrix of ω on U , where σU is the iden-
tity section on U . Let {Ei

j} be the canonical basis of gl(n;R) consisting of the
elementary matrices, one can now write

AU = Γijkdx
j ⊗ Ek

i

for some Γijk ∈ C∞(U).

Definition 6.24. The functions Γijk are called the Christoffel symbols of the con-
nection ω with respect to the local chart (U ;xi).

The following result gives the local expression of ω in terms of the Christoffel
symbols.

Lemma 6.10. One has

ωij = Y i
kdX

k
j + Y i

kX
l
j(π

∗Γkml)dx
m,

where the matrix (Y i
j ) is the inverse of (X i

j).
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Proof. This is a direct corollary of the formula (6.11).

Corollary 6.4. The horizontal lift of ∂m is given by

X∗
m = ∂m − (π∗Γkml)

∂

∂Xk
j

X l
j.

Proof. Since (dπ)X∗
m = ∂m, one can write

X∗
m = ∂m + bkj

∂

∂Xk
j

with some bkj ∈ C∞(π−1(U)). By applying Lemma 6.10 to the relation ω(X∗
m) = 0,

one finds that bkj = −(π∗Γkml)X
l
j.

We now derive the local formula for the connection ∇ on TM , which yields a
more familiar characterisation of the Christoffel symbols.

Proposition 6.17. ∇∂i∂j = Γkij∂k.

Proof. According to Lemma 6.4,

∇∂i∂j = u(X∗
i fj),

where fj(u) ≜ u−1(∂j) is the Rn-valued function on π−1(U) corresponding to ∂j and
X∗
i is the horizontal lift of ∂i. It is straight forward to see that fj(u) = (Y p

j )1⩽p⩽n,
where (Y i

j ) is the inverse of (X i
j). In addition, one has from Corollary 6.4 that

X∗
i f

p =
(
∂i − (π∗Γkil)X

l
j

∂

∂Xk
j

)
Y p
j = ΓkijY

p
k .

Since (Y p
k )1⩽p⩽n are the coordinates of ∂k with respect to u, it follows that

u(X∗
i fj) = Γkij∂k.

This yields the claimed identity.

As an immediate application, we derive the local formulae for the tensors T,R
as well as the geodesic equation.

Proposition 6.18. (i) One has

T (∂j, ∂k) = T ijk∂i, R(∂k, ∂l)∂j = Ri
jkl∂i,

where
T ijk = Γijk − Γikj,
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Ri
jkl =

∂Γilj
∂xk
−
∂Γikj
∂xl

+ ΓmljΓ
i
km − ΓmkjΓ

i
lm.

(ii) A curve γt = (γit)1⩽i⩽n (t ∈ I) in U is a geodesic if and only if

d2γit
dt2

+ Γijk(γt)γ̇
j
t γ̇

k
t = 0

for all t ∈ I and 1 ⩽ i ⩽ n.

Proof. This follows immediately from Proposition 6.17 and Lemma 6.8.

6.10 Riemannian connections

We now further restrict ourselves to the Riemannian context. In what follows, let
(M, g) be an n-dimensional Riemannian manifold.

Definition 6.25. An affine connection ∇ on TM is said to be a metric connection
(or simply metric) if

X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩

for all X, Y, Z ∈ Γ(TM).

The Riemannian structure allows one to introduce the orthonormal frame bundle

O(M) ≜ {(x;X1, · · · , Xn) : {X1, · · · , Xn} is an ONB of TxM}.

Recall that O(M) is a principal O(n)-bundle over M . In addition, the inclusion
f : O(M) ↪→ F(M) defines a principal bundle embedding.

A connection Γ′ on O(M) induces a connection Γ on F(M) in the following way.
Let u ∈ F(M). Choose an ONB u′ of Tπ(u)M and let g ∈ GL(n;R) be the matrix
such that u = u′g. We define the horizontal subspace Hu ⊆ TuF(M) by

Hu ≜ (dRg)u′(df)u′(H′
u′),

where H′
u′ ⊆ Tu′O(M) is the horizontal subspace defined by the connection Γ′.

One can check that Hu is independent of the choice of u′. The assignment u 7→ Hu

defines a connection Γ on F(M) in the sense of Definition 6.8.

Proposition 6.19. Let Γ be an affine connection on M with induced connection
∇ on TM . The following statements are equivalent.

(i) ∇ is metric.

(ii) The metric tensor g is parallel, i.e. ∇g = 0 (recall from Example 6.8 for the
definition).

(iii) Parallel transports in TM are isometries.

(iv) The connection Γ is induced from a connection Γ′ on O(M).
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Proof. (i)⇐⇒ (ii). This follows from the Leibniz rule for the induced connection
on tensor fields (cf. Example 6.8):

(∇Xg)(Y, Z) = X⟨Y, Z⟩ − ⟨∇XY, Z⟩ − ⟨Y,∇XZ⟩

for all X, Y, Z ∈ Γ(TM).
(ii)⇐⇒ (iii). Let γ : I →M be a smooth curve and let Yt, Zt be parallel vector

fields along γ. By the definition of ∇g, one has

(∇γ̇tg)(Yt, Zt) = lim
h→0

1

h

(
⟨Yt+h, Zt+h⟩ − ⟨Yt, Zt⟩

)
. (6.54)

Suppose that g is parallel. One obtains from (6.54) that the function φ(t) ≜ ⟨Yt, Zt⟩
has zero derivative. Therefore, ⟨Yt, Zt⟩ is constant in t. This shows that the parallel
transport along γ is an isometry. Conversely, suppose that parallel transports are
isometries. It follows that the LHS of (6.54) is identically zero for all curves γt and
all parallel vector fields Yt, Zt along γt. This clearly implies ∇g = 0.

(iii)⇐⇒ (iv). Let γ : [0, 1] → M be a smooth curve and fix Y, Z ∈ Tγ0M . Let
u′ ∈ π−1(γ0)∩O(M) and let (ut)0⩽t⩽1 be the horizontal lift of γ in F(M) starting at
u′. Recall from Lemma 6.3 that the parallel transport of Y (respectively, Z) along
γ is defined by Yt ≜ utξ (respectively, Zt ≜ utη), where ξ ≜ (u′)−1Y (respectively,
η ≜ (u′)−1Z). Since u′ ∈ O(M), it is clear that ⟨Y, Z⟩ = ⟨ξ, η⟩Rn .

Suppose that Γ is induced from a connection Γ′ on O(M). Then one has ut ∈
O(M) for all t. As a result,

⟨Yt, Zt⟩ = ⟨utξ, utη⟩ = ⟨ξ, η⟩Rn = ⟨Y, Z⟩.

This shows that the parallel transport along γ is an isometry. Conversely, suppose
that parallel transports are isometries. We define a connection on O(M) by revers-
ing the above consideration. More specifically, let u′ ∈ O(M). Given any smooth
curve γ : (−ε, ε) → M with γ0 = π(u′), let ut be the horizontal lift of γ in F(M)
starting at u′. By assumption,

⟨utξ, utη⟩ = ⟨u′ξ, u′η⟩ = ⟨ξ, η⟩Rn

for all t and all ξ, η ∈ Rn. This implies that ut must be an ONB of TγtM , i.e.
ut ∈ O(M). We now define H′

u′ to be the collection of vectors u̇0 ∈ Tu′O(M) which
are obtained in the above manner (by varying γ in an arbitrary way). This defines
an assignment O(M) ∋ u′ 7→ H′

u′ which gives rise to a connection Γ′ on O(M). It
is plain to check that Γ is induced from Γ′.

Remark 6.11. Proposition 6.19 naturally extends to general vector bundles. Let
E = P ×ρ Rn be an associated vector bundle of a principal G-bundle P and a
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representation ρ : G → GL(Rn). Suppose that E admits an Euclidean metric.
Then the structure group G can be reduced to the subgroup

H ≜ {g ∈ G : ρ(g) ∈ O(n)}.

The principal H-bundle

Q ≜
{
u ∈ P : ⟨u(ξ), u(η)⟩Eπ(u)

= ⟨ξ, η⟩Rn for all ξ, η ∈ Rn
}

is an H-reduced bundle of P (cf. Definition 6.5). The G-structure of E is also
reducible to H, i.e. E ∼= Q×ρ Rn. Now let Γ be a connection on P . Parallel to the
proof of Proposition 6.19, Γ is metric iff parallel transports in E determined by Γ
are isometries and iff Γ is induced from a connection on Q (in the same manner as
in the tangent bundle case). Similar discussion holds in the Hermitian setting with
Rn replaced by Cn and O(n) replaced by U(n).

Let Γ be a connection on O(M). The connection form of Γ is now an so(n)-
valued 1-form ω on O(M). All previous results on F(M) (canonical form, torsion
and curvature forms, structure equations, Bianchi’s identities) descend to O(M) in
the obvious way by replacing the structure group GL(n;R) with O(n) and the Lie
algebra gl(n;R) with so(n). In particular, the structure equations

dθ = −ω ∧ θ +Θ, dω = −ω ∧ ω + Ω

hold in the same way as before.
In Riemannian geometry, it is particularly advantageous to work with a “special”

connection which is on the one hand metric (i.e. coming from a connection on
O(M)) and on the other hand with vanishing torsion (so that the first structure
equation simplifies to dθ = −ω ∧ θ).

Definition 6.26. An affine connection on a Riemannian manifold M is a Rieman-
nian connection if it is both metric and torsion free.

We conclude this chapter by establishing the following fundamental theorem of
Riemannian geometry.

Theorem 6.9. There exists a unique Riemannian connection on any Riemannian
manifold M .

Proof. Uniqueness. Let φ, ω be two connections on O(M) which are both torsion
free. Since φ(A∗) = ω(A∗) = A for all A ∈ so(n), the form φ − ω annihilates
vertical vectors. As a result, one can write

φij − ωij = aijkθ
k
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with some aijk ∈ C∞(O(M)). Since φ− ω takes values in so(n), one has

aijk = −a
j
ik (6.55)

for all i, j, k. On the other hand, since both φ and ω are torsion free, the first
structure equation yields that

0 = (φij − ωij) ∧ θj = aijkθ
k ∧ θj,

which further implies that
aijk = aikj. (6.56)

It is an elementary algebra exercise to show that the relations (6.55) and (6.56)
force aijk = 0 for all i, j, k. Therefore, φ = ω.

Existence. Let φ be any connection form on O(M) (the existence of a connection
on a general principal bundle can be proved e.g. by using a partition of unity
argument in a way similar to the existence of a Riemannian metric on any manifold).
Let Θ be the torsion form of φ. Since Θ is horizontal, one can write

Θi =
1

2
T ijkθ

j ∧ θk

where the functions T ijk ∈ C∞(O(M)) satisfy T ijk = −T ikj. Consider the 1-forms
defined by

τ ij ≜
1

2
(T kij + T jik − T

i
jk)θ

k, 1 ⩽ i, j ⩽ n.

Note that τ ≜ (τ ij)1⩽i,j⩽n is so(n)-valued and satisfies Θ = −τ ∧ θ. It is plain to
check that the so(n)-valued 1-form

ω ≜ φ+ τ

is a connection form on O(M) which satisfies dθ = −ω ∧ θ. According to the first
structure equation, one concludes that ω is torsion free. Therefore, ω defines a
Riemannian connection.

Remark 6.12. Theorem 6.9 can also be proved from the (more standard) covariant
derivative perspective. By using the formula (6.45) for the torsion tensor, the
metric-compatibility and torsion free properties force ∇XY to satisfy

2⟨∇XY, Z⟩ =X⟨Y, Z⟩+ Y ⟨Z,X⟩ − Z⟨X, Y ⟩
− ⟨X, [Y, Z]⟩+ ⟨Y, [Z,X]⟩+ ⟨Z, [X, Y ]⟩ (6.57)

for all X, Y, Z ∈ Γ(TM). This formula uniquely determines the covariant deriva-
tive operator (X, Y ) 7→ ∇XY , which proves existence and uniqueness at the same
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time. It is also immediate from the formula (6.57) and Proposition 6.17 that the
Christoffel symbols of ∇ under a local chart (U ;xi) are given by

Γijk =
1

2
gil
(∂gjl
∂xk

+
∂gkl
∂xj
− ∂gjk

∂xl

)
.

Here gij ≜ g(∂i, ∂j) and (gij) is the inverse matrix of (gij). The approach we took
before emphasises the principal bundle perspective.

Definition 6.27. The unique Riemannian connection given by Theorem 6.9 is
known as the Levi-Civita connection.

Remark 6.13. If M is oriented, all the previous discussions further descend to the
bundle SO(M) with structure group SO(n), which was the principal bundle set-up
in Chapter 5.
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7 The Chern-Weil theory
In this chapter, we discuss some basics of the Chern-Weil theory which is a funda-
mental technique in global differential geometry. This will provide deeper insight
into the CGB formula (in particular, the construction of the Euler form E). The
main goal of this chapter is to provide an alternative proof of the CGB theorem
from the perspective of the Chern-Weil theory.

The Chern-Weil construction provides a general way of constructing cohomology
classes of a manifold M that are associated with principal bundles over M . To some
extent, these cohomology classes measure the topological twisting (nontriviality) of
the bundle. To be more specific, let G be a Lie group with Lie algebra g. The
Chern-Weil construction requires the input of an adjoint invariant polynomial ϕ
on g and a principal G-bundle (P,M, π;G). Its output is a de Rham cohomology
class [ϕ(P )] ∈ H∗

dR(M) over the base manifold M . The actual construction of the
differential form ϕ(P ) requires an additional piece of geometric data: a connection
on P (more precisely, the curvature form of a connection). The remarkable point
is that, although the form ϕ(P ) does depend on the choice of the connection, its
cohomology class does not and thus encodes topological information about the
principal bundle P .

In the context of the CGB theorem, the construction of the form ϕ(P ) (with
suitable choices of ϕ and P ) naturally yields the Euler form E which depends on
the Riemannian curvature. Its cohomology class, however, coincides with the Thom
class of the tangent bundle, whose integral yields the Euler characteristic. This is
essentially the CGB formula.

Convention. In this chapter, we always work with the de Rham cohomology (over
real coefficients unless otherwise stated). We will therefore only write H∗(M) with-
out the subscript “dR”.

7.1 Adjoint invariant polynomials

We first discuss the notion of adjoint invariant polynomials. Let V be a real, finite
dimensional vector space. A symmetric, k-linear functional over V is a map

ϕ : V × · · · × V︸ ︷︷ ︸
k

→ R

which is linear in each variable and symmetric in all variables. The space of all
such functionals is denoted as Sk(V ∗). Note that ϕ is uniquely determined by the
functional

ϕ̃(v) ≜ ϕ(v, · · · , v)
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through polarisation:

ϕ(v1, · · · , vk) =
1

k!

∂k

∂t1 · · · ∂tk
ϕ̃(t1v1 + · · ·+ tkvk).

If A is a real algebra with unit, any ϕ ∈ Sk(V ∗) determines a unique k-linear map

ϕA : (A⊗ V )× · · · × (A⊗ V )→ A

which satisfies

ϕA(a1 ⊗ v1, · · · , ak ⊗ vk) ≜ ϕ(v1, · · · , vk)a1 · · · ak, ai ∈ A, vj ∈ V. (7.1)

Note that ϕA is also symmetric if A is commutative.
The main interesting situation is when V is a Lie algebra. Let G be a given

matrix Lie group with Lie algebra g. A symmetric, k-linear functional ϕ ∈ Sk(g∗)
is said to be Ad-invariant if

ϕ(gX1g
−1, · · · , gXkg

−1) = ϕ(X1, · · · , Xk)

holds for all g ∈ G and Xj ∈ g. The space of such functionals is denoted as Ik(G).
We introduce the spaces

I(G) ≜
∞⊕
k=0

Ik(G), I[G] ≜
∞∏
k=0

Ik(G).

Elements in I(G) (respectively, in I[G]) are called Ad-invariant polynomials (re-
spectively, Ad-invariant formal power series).

Example 7.1. Let G = GL(n;C) with g = gl(n;C). The function Tr exp : g →
C can be viewed as an element in I[G]. In fact, its k-th level component is the
functional

ϕ̃k(X) ≜
1

k!
tr[Xk];

more precisely, the corresponding symmetric, k-linear functional is given by

ϕk(X1, · · · , Xk) =
1

(k!)2

∑
σ∈Sk

tr
[
Xσ(1) · · ·Xσ(k)

]
.

It is clear that ϕk is Ad-invariant.

Example 7.2. Let G = Tr = U(1) × · · · × U(1) be the r-torus. Its Lie algebra is
g = u(1)× · · · × u(1). Under the parametrisation

(θ1, · · · , θr) ∈ Rr 7→ (iθ1, · · · , iθr) ∈ g,

any functional on g can be viewed as a function of the real variables (θ1, · · · , θr).
Since G is abelian, the Ad-invariance property becomes trivial. As a result, I(G) ∼=
R[θ1, · · · , θr] (the R-algebra of polynomials in r commutative variables).
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Example 7.3. LetG = SO(2m) with g = so(2m). AnyX ∈ g is SO(2m)-conjugate
to a block diagonal form

λ1J ⊕ · · · ⊕ λmJ

where J =

(
0 −1
1 0

)
and λ1, · · · , λm ∈ R. The polynomial

g ∋ X 7→ λ1 · · ·λm ∈ R

defines an element in Im(G). As we will see later on, this polynomial will play an
essential role in the Chern-Weil proof of the CGB theorem (the Euler form will be
constructed from this polynomial).

7.2 The Chern-Weil construction

We now explain how one can use Ad-invariant polynomials to construct cohomology
classes associated with principal bundles. In what follows, we fix a matrix Lie group
G with Lie algebra g.

Let P be a principal G-bundle over a manifoldM . Let ω ∈ C(P ) be a connection
on P with curvature Fω ∈ Ω2(M,AdP ). Under a local trivialisation (U , g••), the
curvature Fω admits the following local representation (see (6.36)):

Fα = dAα + Aα ∧ Aα = dAα +
1

2
[Aα ∧ Aα] ∈ Ω2(Uα)⊗ g,

where {Aα} is the local representation of ω. Let ϕ ∈ Ik(G) be a given fixed Ad-
invariant polynomial. By abuse of notation, we define

ϕ(Fα) ≜ ϕ(Fα, · · · , Fα) ∈ Ω2k(Uα)

according to (7.1) with A ≜ Ω∗(Uα) and V = g. Recall from (6.37) that

Fβ = gβα · Fα · g−1
βα on Uαβ = Uα ∩ Uβ.

Due to the Ad-invariance of ϕ, one has ϕ(Fβ) = ϕ(Fα) on the intersection Uαβ.
As a consequence, the local forms {ϕ(Fα)} patch to a globally well-defined form
ϕ(Fω) ∈ Ω2k(M). Since the local expressions of the curvature form under different
trivialisations are also Ad-related (see Lemma 6.6), it follows that ϕ(Fω) does not
depend on the particular choice of local trivialisation. The following result lies at
the heart of the Chern-Weil theory.

Theorem 7.1 (The Chern-Weil Theorem). (i) The form ϕ(Fω) is closed.

(ii) Suppose that ω0, ω1 ∈ C(P ). Then ϕ(Fω1) − ϕ(Fω0) is an exact form. In par-
ticular, the cohomology class [ϕ(Fω)] ∈ H2k(M) is independent of the connection
ω ∈ C(P ).
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We first state a simple observation that is particularly useful for proving the
Chern-Weil theorem.

Lemma 7.1. (i) For any X,X1, · · · , Xk ∈ g, one has

ϕ([X,X1], X2, · · · , Xk) + · · ·+ ϕ(X1, X2, · · · , [X,Xk]) = 0.

(ii) Let F1, · · · , Fk−1 ∈ Ωeven(U)⊗ g and A,Fk ∈ Ω∗(U)⊗ g. Then

k∑
i=1

ϕ(F1, · · · , Fi−1, [A ∧ Fi], Fi+1, · · · , Fk) = 0.

Proof. (i) This follows from the relation

d

dt

∣∣
t=0
ϕ
(
etXX1e

−tX , · · · , etXXke
−tX) = 0,

which is a direct consequence of the Ad-invariance of ϕ.

(ii) Due to multilinearity, let us assume that

Fi = αi ⊗Xi, A = α⊗X.

One has

ϕ(F1, · · · , Fi−1, [A ∧ Fi], Fi+1, · · · , Fk)
= (−1)d(d1+···+di−1)α ∧ α1 ∧ · · · ∧ αkϕ(X1, · · · , [X,Xi], · · · , Xk),

where d ≜ degα and di ≜ degαi. Since F1, · · · , Fk−1 are all even, the sign on the
RHS of the above identity is positive. The result thus follows from Part (i) after
summing over i.

Proof of the Chern-Weil theorem. (i) According to Bianchi’s identity (6.38), one
has

dϕ(Fα) = ϕ(dFα, Fα, · · · , Fα) + · · ·+ ϕ(Fα, · · · , Fα, dFα)
= −

[
ϕ([Aα ∧ Fα], Fα, · · · , Fα) + · · ·+ ϕ(Fα, · · · , Fα, [Aα ∧ Fα])

]
.

Since Fα is even, the above expression is zero as a consequence of Lemma 7.1 (ii).

(ii) We consider the connection At defined by

Atα ≜ A0
α + tCα,

where Cα ≜ A1
α − A0

α. Note that the local forms{Cα} patch to a global element in
Ω1(Ad(P )). By explicit calculation, one has

F t
α = F 0

α + t(dCα + [A0
α ∧ Cα]) +

t2

2
[Cα ∧ Cα] (7.2)
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Ḟ t
α = dCα + [A0

α ∧ Cα] + [tCα ∧ Cα] = dCα + [Atα ∧ Cα].

It follows from the symmetry of ϕ that

ϕ(F 1
α)− ϕ(F 0

α) = k

∫ 1

0

ϕ(Ḟ t
α, F

t
α, · · · , F t

α)dt

= k

∫ 1

0

ϕ(dCα + [Atα ∧ Cα], F t
α, · · · , F t

α)dt.

Our aim is to show that the LHS is exact.
Indeed, we claim that

ϕ(dCα + [Atα ∧ Cα], F t
α, · · · , F t

α) = dϕ(Cα, F
t
α, · · · , F t

α). (7.3)

To see this, one computes by using Bianchi’s identity that

dϕ(Cα, F
t
α, · · · , F t

α) = dϕ(F t
α, · · · , F t

α, Cα)

=
[
ϕ(−[Atα ∧ F t

α], F
t
α, · · · , F t

α, Cα) + · · ·+ ϕ(F t
α, · · · , F t

α,−[Atα ∧ F t
α], Cα

)
+ ϕ(F t

α, · · · , F t
α,−[Atα ∧ Cα])

]
+ ϕ(F t

α, · · · , F t
α, dCα + [Atα ∧ Cα]). (7.4)

Observe that the summation inside the bracket [· · · ] on the RHS of (7.4) is zero,
which is again a consequence of Lemma 7.1 (ii). This yields the relation (7.3). It
follows that

ϕ(F 1
α)− ϕ(F 0

α) = d
[
k

∫ 1

0

ϕ(Cα, F
t
α, · · · , F t

α)dt
]
.

The local (2k − 1)-forms {τα} defined by

τα ≜ k

∫ 1

0

ϕ(Cα, F
t
α, · · · , F t

α)dt (7.5)

patch to a global (2k − 1)-form on M since

F t
β = gβαF

t
αg

−1
βα , Cβ = gβαCαg

−1
βα .

Therefore, ϕ(F 0
α) and ϕ(F 1

α) define the same cohomology class.

Remark 7.1. The (2k − 1)-form τ defined by (7.5) is called the (ϕ-)transgression
from ω0 to ω1 and it is denoted as Tϕ(ω0, ω1). The formula

ϕ(Fω1)− ϕ(Fω0) = dTϕ(ω
0, ω1) (7.6)

is known as the transgression formula.
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The cohomology class [ϕ(Fω)] ∈ H2k(M), which is independent of the choice of
the connection ω ∈ C(P ), is denoted as ϕ(P ). The following result shows that ϕ(P )
is also invariant under principal bundle isomorphisms.

Proposition 7.1. Suppose that Φ : P → Q is an isomorphism of principal G-
bundles over M (covering the identity idM). Then ϕ(P ) = ϕ(Q).

Proof. Suppose that P,Q admit local trivialisations (U , g••), (U , h••) respectively.
The isomorphism Φ is locally represented by a family of maps Tα : Uα → G (see
Proposition 6.1). Let ω ∈ C(P ) with local representation {Aα}. Then

Bα ≜ TαAαT
−1
α − dTα · T−1

α

defines a connection ω′ ∈ C(Q). Their curvature forms are related by (Fω′)α =
Tα · (Fω)α · T−1

α (see Lemma 6.6). It follows from the Ad-invariance of ϕ that
ϕ((Fω′)α) = ϕ((Fω)α).

To some extent, the nontriviality of the cohomology class ϕ(P ) reflects the global
nontriviality of the bundle P . This is suggested by the proposition below.

Proposition 7.2. Let P =M ×G be a trivial principal G-bundle. Then ϕ(P ) = 0
for all ϕ ∈ Ik(G) with k ⩾ 1.

Proof. Consider the connection induced by the Maurer-Cartan form (see Example
6.10). Its curvature is flat, thus yielding a trivial cohomology class ϕ(P ) for any
ϕ ∈ Ik(G).

Let us summarise the Chern-Weil construction we discussed so far. Let G be a
given matrix Lie group and let P be a principal G-bundle over M . Then there is
the so-called Chern-Weil correspondence

CWP : I(G)→ H∗(M), ϕ 7→ ϕ(P ).

It is easily seen that CWP is an algebra homomorphism. In addition, the map CWP

depends only on the isomorphism class of P and is in particular gauge invariant.
The following proposition also shows the naturality of the Chern-Weil construction
under pullbacks.

Proposition 7.3. Let f : N → M be a smooth map and let P be a principal
G-bundle over M . Then

ϕ(f ∗P ) = f ∗ϕ(P ) ∈ H∗(N)

for any ϕ ∈ I(G).

Proof. Let {Aα} be a connection on P with curvature {Fα}. Then {f ∗Aα} is a
connection on f ∗P with curvature {f ∗Fα}. The result follows from the fact that
f ∗ϕ(Fα) = ϕ(f ∗Fα) (f ∗ is consistent with the wedge product).
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7.3 Characteristic classes

In this section, we investigate a few concrete examples of the Chern-Weil construc-
tion which yield some important characteristic classes of vector bundles.

7.3.1 Chern classes

Consider G = U(r) (r × r unitary matrices) and g = u(r) (r × r skew-Hermitian
matrices). Recall from linear algebra that any X ∈ u(r) is U(r)-conjugate to a
diagonal matrix of the form

Λ =

 iλ1
. . .

iλr

 (7.7)

for some real numbers λ1, · · · , λr. In addition, permutations of the λk’s can also be
achieved by U(r)-conjugations. Therefore, Ad-invariant polynomials on u(r) are
precisely the symmetric polynomials of (λ1, · · · , λr). As a convention, we will use
the variables

xk ≜ −
1

2π
λk, k = 1, · · · , r. (7.8)

For 1 ⩽ k ⩽ r, let ck : u(r)→ R be the k-th elementary symmetric polynomial :

ck(X) ≜
∑

1⩽i1<···<ik⩽r

xi1 · · ·xik ,

where the xk’s are defined by (7.8) with the λk’s coming from the diagonal form
(7.7) of X. It is standard that the space of symmetric polynomials of (x1, · · · , xr)
has a basis given by the elementary symmetric polynomials c1, · · · , cr (see [Wey39]).
It follows that I(G) ∼= R[c1, · · · , cr].

The ck’s can be defined in a more unified manner using the following expansion:

ct(X) ≜ det
(
id− t

2πi
X
)
=

r∏
k=1

(
1− tλk

2π

)
=

r∏
k=1

(1 + txk) =
r∑

k=0

ck(X)tk. (7.9)

The polynomial ct(X) ∈ I(U(r))[t] is called the universal rank-r Chern polynomial.
The polynomials {c1(X), · · · , cr(X)} are called the universal rank-r Chern classes.

Now suppose that E is a complex vector bundle of rank r over a manifold M .
Let E be equipped with a Hermitian metric so that it admits a U(r)-structure (cf.
Example 6.7). Let ∇ be a connection which is compatible with the given metric.
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This is equivalent to a connection on the principal U(r)-bundle of unitary frames.
Let F∇ be the curvature of this connection. For each t ∈ R, define the cohomology
class

ct(E) ≜ [ct(F∇)] =
[
det
(
id− t

2πi
F∇
)]
∈ H∗(M).

In view of (7.9), one can write

ct(E) =
r∑

k=0

ck(E)t
k

where ck(E) ≜ [ck(F∇)] (k = 1, · · · , r). According to the Chern-Weil theorem, the
cohomology classes ct(E), ck(E) are independent of the connection ∇. They are
also independent of the metric, since different Hermitian metrics yield isomorphic
U(r)-structures (see Proposition 6.2 and Proposition 7.1). As a consequence, these
cohomology classes contain topological information about the vector bundle E.

Definition 7.1. The polynomial ct(E) ∈ H∗(M)[t] is called the Chern polynomial
of E. The cohomology class ck(E) ∈ H2k(M) is called the k-th Chern class of E.
As a convention, we also set c0(E) ≜ 1 (the unit of H∗(M)).

Proposition 7.4. Suppose that E = E1 ⊕ E2 where E1, E2 are complex vector
bundles over M . Then

ct(E) = ct(E1)ct(E2),

where the multiplication is the cohomology wedge product. In particular, one has

ck(E) =
k∑
j=0

cj(E1)ck−j(E2)

for every k.

Proof. Fix a Hermitian metric as well as a compatible connection ∇i on Ei (i =
1, 2). Consider the direct sum metric and the compatible connection ∇ ≜ ∇1⊕∇2

on E. It is apparent that F∇ = F∇1 ⊕ F∇2 ; in local matrix form, one has

(F∇)α =

(
(F∇1)α 0

0 (F∇2)α

)
.

As a consequence,

ct(E) =
[
det
(
id− t

2πi
F∇
)]

=
[
det
(
id− t

2πi
F∇1

)
det
(
id− t

2πi
F∇2

)]
= ct(E1)ct(E2).

Remark 7.2. Although u(r) consist of complex matrices, the Chern classes are real
cohomology classes by definition.
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7.3.2 Pontryagin classes

Consider G = O(r) (r × r real orthogonal matrices) and g = so(r) (r × r real
anti-symmetric matrices). Every X ∈ so(r) is O(r)-conjugate to the following
block-diagonal form:

X
O(r)∼

{
diag(λ1J, · · · , λmJ), if r = 2m;

diag(λ1J, · · · , λmJ, 0), if r = 2m+ 1
(7.10)

with certain real numbers λ1, · · · , λm, where

J ≜

(
0 −1
1 0

)
.

Block permutations of the λkJ ’s and sign flips of any of the λk’s can also be achieved
by O(r)-conjugations. As a consequence, Ad-invariant polynomials are precisely the
symmetric polynomials of (λ21, · · · , λ2m). Using the variables xk introduced in (7.8),
we define

pk(X) ≜
∑

1⩽i1<···<ik⩽m

(xi1 · · ·xik)2, X ∈ so(r). (7.11)

It follows that I(O(r)) ∼= R[p1, · · · , pm]. Similar to (7.9), the pk’s can be obtained
as coefficients of the polynomial

pt(X) ≜ det
(
id− t

2π
X
)
=

m∏
k=1

(
1 + tx2k

)
=

m∑
k=0

pk(X)t2k ∈ I(O(r))[t].

The polynomial pt(X) ∈ I(O(r))[t] is called the universal rank-r Pontryagin poly-
nomial. The polynomials {p1(X), · · · , pm(X)} are called the universal rank-r Pon-
tryagin classes.

Now suppose that E is a real vector bundle of rank r over a manifold M . Similar
to the complex case, let E be equipped with an Euclidean metric and let ∇ be a
compatible connection with curvature F∇. For each t ∈ R, define the cohomology
class

pt(E) ≜ [pt(F∇)] =
[
det
(
id− t

2π
F∇
)]
∈ H∗(M).

One can also write

pt(E) =
r∑

k=0

pk(E)t
2k

where pk(E) ≜ [pk(F∇)] ∈ H4k(M) (k = 1, · · · ,m). The cohomology classes
pt(E), pk(E) are independent of the connection ∇ and the metric.
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Definition 7.2. The polynomial pt(E) ∈ H∗(M)[t] is called the Pontryagin poly-
nomial of E. The cohomology class pk(E) ∈ H4k(M) is called the k-th Pontryagin
class of E. As a convention, we also set p0(E) ≜ 1.

Similar to Proposition 7.4, one has the following decomposition of Pontryagin
classes with respect to a direct sum.

Proposition 7.5. Suppose that E = E1 ⊕E2 where E1, E2 are real vector bundles
over M . Then

pt(E) = pt(E1)pt(E2),

In particular, one has

pk(E) =
k∑
j=0

pj(E1)pk−j(E2)

for every k.

7.3.3 The Euler class

Now we consider the case when G = SO(r) and g = so(r). Again, every X ∈ so(r)
is SO(r)-conjugate to the block-diagonal form (7.10). If r = 2m + 1, block per-
mutations of the λkJ ’s and sign flips of any of the λk’s can be achieved by SO(r)-
conjugations. In this case, Ad-invariant polynomials are again just symmetric poly-
nomials of the λ2k’s; namely, one has

I(SO(2m+ 1)) ∼= I(O(2m+ 1)) ∼= R[p1, · · · , pm],

where pk is the polynomial defined by (7.11).
The situation when r = 2m is more interesting. In this case, SO(2m)-conjugations

can permute the λkJ blocks in any arbitrary way, however, they can only flip the
signs of an even number of λk’s. This observation gives rise to a new invariant
polynomial which is defined as follows (cf. Example 7.3).

Definition 7.3. The Pfaffian on so(2m) is the polynomial defined by

Pf(X) ≜ λ1 · · ·λm,

where λ1, · · · , λm are the real numbers appearing in the block-diagonal form (7.10)
of X.

Remark 7.3. Definition 7.3 differs from the standard convention of Pfaffian by a
sign factor (−1)m.

Note that Pf(X) is not invariant in the r = 2m + 1 case; an SO(2m + 1)-
conjugation can possibly flip the sign of a single λk, hence changing the sign of
Pf(X). The following alternative characterisation of the Pfaffian is also useful.
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Lemma 7.2. One has

Pf(X) =
(−1)m

2mm!

∑
σ∈S2m

sgn(σ)aσ(1)σ(2) · · · aσ(2m−1)σ(2m) (7.12)

for all X = (aij)1⩽i,j⩽2m ∈ so(2m).

Proof. Denote the RHS of (7.12) by F (X). It is easy to show that F (X) is in-
variant under SO(2m)-conjugations. As a result, one may assume WLOG that
X = diag(λ1J, · · · , λmJ). In this case, a summand in F (X) is nonzero exactly
when σ is a permutation of the m diagonal blocks and each aσ(2k−1)σ(2k) is one of
the two off-diagonal elements in the corresponding block. More precisely,

aσ(1)σ(2) · · · aσ(2m−1)σ(2m) ̸= 0

if and only if there exists σ̂ ∈ Sm such that(
σ(2k − 1), σ(2k)

)
=
(
2σ̂(k)− 1, 2σ̂(k)

)
or
(
2σ̂(k), 2σ̂(k)− 1

)
(7.13)

for all k = 1, · · · ,m. Note that the block permutation σ̂ has no effect on the
sign of σ. For each k, Case I of (7.13) yields aσ(2k−1)σ(2k) = −λσ̂(k) with a “+1”
contribution to the sign of σ, while Case II of (7.13) yields aσ(2k−1)σ(2k) = λσ̂(k) with
a “−1” contribution to the sign of σ. Therefore, one has

ε(σ)aσ(1)σ(2) · · · aσ(2m−1)σ(2m)

= (−1)#{k:k∈Case I} × (−1)#{k:k∈Case II} × λ1 · · ·λm
= (−1)mλ1 · · ·λm.

It follows that

F (X) =
(−1)m

2mm!
×m!2m × (−1)mλ1 · · ·λm = Pf(X).

This completes the proof of the lemma.

Conventionally, we will use the variable xk defined by (7.8) and introduce the
SO(2m)-invariant polynomial

∆(X) ≜ x1 · · · xm =
(
− 1

2π

)m
Pf(X)

accordingly. The polynomial ∆(X) is called the universal rank-2m Euler class.
It is clear that the pk’s are SO(2m)-invariant polynomials. The following result

shows that I(SO(2m)) is precisely the algebra generated by the pk’s and ∆ modulo
the obvious relation that ∆2 = pm.
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Proposition 7.6. The algebra homomorphism Ψ : R[P1, · · · , Pm, D]→ I(SO(2m))
induced by

Pk 7→ pk, D 7→ ∆

is surjective whose kernel is the ideal generated by D2 − Pm. In particular, one has

R[P1, · · · , Pm, D]/(D2 − Pm) ∼= I(SO(2m)).

Proof. Surjectivity of Ψ. Let ϕ(x1, · · · , xm) ∈ I(SO(2m)). Note that

ϕ(−x1, x2, · · · , xm) = ϕ(x1, · · · ,−xk, · · · , xm) (7.14)

for each k ⩾ 2. Define

ϕ+(x1, · · · , xm) ≜ ϕ(x1, x2, · · · , xm) + ϕ(−x1, x2, · · · , xm),
ϕ−(x1, · · · , xm) ≜ ϕ(x1, x2, · · · , xm)− ϕ(−x1, x2, · · · , xm).

Since ϕ+ is O(2m)-invariant, one has ϕ+ = f(p1, · · · , pm) for some polynomial f .
To analyse the shape of ϕ−, let xα1

1 · · ·xαm
m be a monomial appearing in ϕ. If αk is

even for some k, this monomial must be annihilated in the expression of ϕ− due to
the relation (7.14). As a result, only those monomials where all the αk’s are odd
can survive in the expression of ϕ−. Therefore, one can write ϕ− = ∆ · ψ where ψ
is an O(2m)-invariant polynomial. In other words, ϕ0 = ∆ · g(p1, · · · , pm) for some
polynomial g. It follows that

ϕ =
1

2

(
f(p1, · · · , pm) + ∆ · g(p1, · · · , pm)

)
∈ Im(Ψ).

This shows that Ψ is surjective.
Kernel of Ψ. First of all, it is obvious that (D2 − Pm) ⊆ kerΨ. Conversely, let

F ∈ kerΨ. By viewing F ∈ R[P1, · · · , Pm][D], one can write F = Q · (D2−Pm)+R
where

R = f(P1, · · · , Pm)D + g(P1, · · · , Pm)

for some polynomials f, g. Note that R ∈ kerΨ. In other words, one has

f(p1, · · · , pm)x1 · · ·xm + g(p1, · · · , pm) = 0 (7.15)

for allX ∈ so(2m). Since (7.15) is true as a function of (x1, · · · , xm) ∈ Rm, it follows
that both f and g must be zero. Therefore, R = 0 and thus F ∈ (D2 − Pm).

Now suppose that E is a real, oriented vector bundle of rank 2m over a manifold
M . Let E be equipped with an Euclidean metric and let ∇ be a compatible
connection with curvature F∇.
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Definition 7.4. The differential form

e(∇) ≜ ∆(F∇) =
(−1)m

(2π)m
Pf(F∇) ∈ Ω2m(M)

is called the Euler form of ∇. The cohomology class [e(∇)] is called the geometric
Euler class of E. It is denoted as egeo(E).

Clearly, the Euler form e(∇) depends on the connection ∇. However, the geo-
metric Euler class egeo(E) is independent of the connection ∇ and the metric. As
suggested in the proposition below, the geometric Euler class provides the obstruc-
tion of possessing nonvanishing sections by E.

Proposition 7.7. Suppose that E admits a nonvanishing section. Then egeo(E) =
0.

Proof. A nonvanishing section s of E defines an obvious line bundle L (as a sub-
bundle of E):

L ≜
{
u ∈ E : u ∈ Span{s(π(u))}

}
.

Let E be equipped with an Euclidean metric. Then one obtains the global splitting
E = L⊕ L⊥ where L⊥ is the (fiberwise) orthogonal complement of L with respect
to the metric. Now let us pick metric connections ∇L, ∇L⊥ on L, L⊥ respectively
and define ∇ ≜ ∇L ⊕ ∇L⊥ on E. Since ∇L is always flat, the local shape of the
curvature F∇ (as a so(2m)-valud 2-form) is of the form

F∇ =

(
0 0
0 F∇⊥

)
SO(2m)∼ diag(0, 0, λ1J, · · · , λm−1J).

In particular, Pf(F∇) = 0.

Example 7.4. Let M be a closed, oriented Riemannian manifold of dimension
2m. The form e(∇M) ∈ Ω2m(M), where ∇M is the Levi-Civita connection on
E = TM , is precisely the Euler form E defined by (5.2) in Chapter 5. This follows
immediately from Lemma 7.2. In the 2D case, let {e1, e2} be a local PONF. The
Gaussian curvature is given by

K = ⟨R(e2, e1)e1, e2⟩,

where R is the Riemann curvature tensor (see Appendix C.1). By locally writing

R as
(

0 −ω
ω 0

)
, one easily finds that ω = −K × volM . As a result,

e(∇M) = − 1

2π
Pf(R) = − 1

2π
ω =

K

2π
volM .

This is consistent with the Gauss-Bonnet theorem for surfaces (cf. Theorem 1.1
and Corollary 7.1).
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7.4 Chern-Gauss-Bonnet revisited: the Chern-Weil perspec-
tive

In this section, we give another proof of CGB from the perspective of the Chern-
Weil theory. If one re-examines Chern’s original proof, a key insight is that the
Euler form E , when lifted to the sphere bundle, becomes an exact form. The proof
we will present here is not essentially different from the Chern’s original proof,
in the sense that this insight remains a key ingredient. Based on the Chern-Weil
theory, this point can now be understood in a more fundamental way.

Let E be a real, oriented vector bundle of rank 2m over a closed manifold M .
Recall that the (differential) topological Euler class is defined by etop(E) ≜ s∗0Φ,
where s0 : M → E is the zero section and Φ is the (differential) Thom class
(see Definition 4.3 and Definition 4.6). The class etop(E) is constructed through
topological data (one always identifies singular and de Rham cohomologies through
the de Rham theorem). On the other hand, the geometric Euler class egeo(E) (see
Definition 7.4) is constructed by means of geometric data (a metric connection).
The CGB theorem, stated in the context of vector bundles, asserts that these two
cohomology classes are identical.

Theorem 7.2 (CGB on Vector Bundles). etop(E) = egeo(E).

We first show that the CGB theorem is a direct corollary of Theorem 7.2.

Corollary 7.1. Let M be a closed, oriented Riemannian manifold with dimension
2m. Then one has

χ(M) =

∫
M

egeo(∇M),

where ∇M denotes the Levi-Civita connection on the tangent bundle.

Proof. According to Proposition 3.7 and the de Rham theorem (cf. Section 4.7.6),
the integral of etop(TM) gives the Euler characteristic. On the other hand, Theorem
7.2 shows that egeo(TM) = etop(TM). The result thus follows.

Remark 7.4. If the rank of E is odd, the topological Euler class is trivial. In fact, let
a : E → E be the antipodal map defined by a(u) ≜ −u. It is clear that a∗Φ = −Φ
because rank(E) is odd (Φ is the Thom class). After applying pullback by the zero
section, one finds that etop(E) = −etop(E) which implies that etop(E) = 0.

In the rest of this section, we develop the proof of Theorem 7.2. The main
argument is essentially a higher rank extension of Section 4.6.
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7.4.1 Global angular form and construction of the Thom class

Let ∇ be a connection which is compatible with some Euclidean metric on E. To
prove Theorem 7.2, one essentially needs to construct a closed form ϕ ∈ Ω2m

cv (E)
which satisfies the following two properties.

(i) π∗ϕ = 1 ∈ Ω0(M). Here π∗ is the integration along fiber defined by (4.13). This
will imply that ϕ is a representative of the Thom class Φ of E.

(ii) s∗0ϕ = e(∇). Together with (i), this clearly implies that

[e(∇)] = s∗0[ϕ] = s∗0Φ,

which yields the conclusion of the theorem.

Similar to the spirit of Chern’s original proof, let us consider the sphere bundle

S(E) ≜ {u ∈ E : |u| = 1},

where | · | denotes the given metric on E. Let ∇̄ be the induced connection on the
pullback bundle π∗

0E over S(E), where π0 : S(E)→M is the projection map.

E

S(E) M.

π

π0

According to Proposition 7.3, one has

e(∇̄) = π∗
0e(∇) =

(
− 1

2π

)m
Pf(F∇̄).

The key lemma for constructing the aforementioned Thom class representative ϕ is
stated as follows.

Lemma 7.3. There exists a (2m− 1)-form Ψ on S(E) such that e(∇̄) = dΨ and∫
S(Ex)

i∗xΨ = −1 (7.16)

for all x ∈M . Here S(Ex) denotes the unit sphere on the fiber Ex. The orientation
of S(Ex) is chosen according to the convention that

or(⟨e⟩)⊕ or(TeS(Ex)) = or(Ex)

for all e ∈ S(Ex). The map ix : S(Ex)→ S(E) is the canonical inclusion.
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The form Ψ given by the above lemma is called the global angular form. Its
general existence (without the integral property (7.16)) is an easy consequence of
the Chern-Weil theory. To see this, the main observation is that the vector bundle
π∗
0E admits a canonical nonvanishing section defined by the identity map u 7→ u.

As a consequence of Proposition 7.7, the Euler class [e(∇̄)] is trivial. In other
words, one has e(∇̄) = dΨ for some (2m− 1)-form on S(E).

The nontrivial part of the lemma is that −Ψ restricts to the normalised volume
form on each sphere S(Ex) (i.e. the integral property (7.16) holds). The last
quantitative property is essential for constructing a representative of the Thom
class. We shall use the transgression formula (7.6) to write down Ψ explicitly and
deduce the integral property (7.16) from that.

We first complete the proof of the CGB theorem by presuming the correctness
of Lemma 7.3. After that, we will come back to prove this key lemma.

Proof of Theorem 7.2. Let E0 ≜ {u ∈ E : u ̸= 0}. One can identify E0 with
(0,∞) × S(E) by u 7→ (|u|, u/|u|). The two projections under this identification
are denoted as ρi (i = 1, 2) respectively. Let Ψ be the global angular form given
by Lemma 7.3. Let η : [0,∞) → [0,∞) be a smooth function such that η = 1 on
[0, 1/2] and η = 0 on [1,∞). Using the above objects, one can construct a form ϕ
on E by

ϕ ≜ ρ∗1(η
′(r)dr) ∧ ρ∗2(Ψ) + (η ◦ ρ1) · π∗e(∇). (7.17)

It is clear that ϕ is well-defined on E with compact support along fibers.

(i) ϕ is closed. Indeed, one has

dϕ = −ρ∗1(η′(r)dr) ∧ ρ∗2(dΨ) + ρ∗1(η
′(r)dr) ∧ π∗e(∇).

Since η′(r) vanishes near the zero section, the above π∗e(∇) can be replaced by
ρ∗2π

∗
0(e(∇)). The claim thus follows from the fact that dΨ = e(∇̄) = π∗

0e(∇).
(ii) s∗0ϕ = e(∇). This follows immediately from the definition (7.17) of ϕ and the
properties of η.

(iii) π∗ϕ = 1. By the definition of the integration map π∗, one has

(π∗ϕ)x =
(∫ ∞

0

η′(r)dr
)
×
(∫

S(Ex)

i∗xΨ
)
= (−1)× (−1) = 1.

The proof of the CGB theorem is therefore complete.

7.4.2 Construction of global angular form

We now prove Lemma 7.3. The crucial point is the global splitting π∗
0E = L⊕L⊥,

where L is the canonical line bundle over S(E) induced by the identity section
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u 7→ u and L⊥ is its orthogonal complement with respect to the given metric.
Recall that ∇̄ is the connection on π∗

0E induced by ∇.

Exactness of e(∇̄) and transgression form

We define another connection ∇̂ on π∗
0E in the following way.

(i) ∇̂ is trivial on L: ∇̂(fe) = df ⊗ e where e denotes the identity section of L.

(ii) For any section s of L⊥, ∇̂s is defined to be the orthogonal projection of ∇̄s
onto the L⊥-component.

Similar to the proof of Proposition 7.7, it is easily seen that Pf(F∇̂) = 0 (because the
L-component is flat). It follows from the transgression formula (7.6) that e(∇̄) =
dΨ, where

Ψ ≜
m(−1)m

(2π)m

∫ 1

0

Pf(∇̄ − ∇̂, F t, · · · , F t)dt

is the transgression form and F t is the curvature of ∇̂+ t(∇̄ − ∇̂).

Induced connections at x

Let x ∈M be given fixed. Our aim is to prove the integral property (7.16), where

i∗xΨ =
m(−1)m

(2π)m

∫ 1

0

Pf
(
i∗x(∇̄ − ∇̂), i∗xF t, · · · , i∗xF t

)
dt.

To this end, let S(Ex) be the unit sphere on Ex and consider the pullback vector
bundle π∗

xE over S(Ex), where πx ≜ π0◦ ix. Note that this bundle is trivial; one has
π∗
xE
∼= S(Ex)× Ex. In particular, sections of π∗

xE are just Ex-valued functions on
the sphere S(Ex). Let us write ∇̄x ≜ i∗x∇̄ and ∇̂x ≜ i∗x∇̂ as the induced connections
on S(Ex) respectively.

Lemma 7.4. The connection ∇̄x is trivial. In other words, ∇̄xV = dV for any
smooth section V : S(Ex)→ Ex.

Proof. Let Aα be the local connection form of ∇. Then π∗
xAα is the local connection

form of ∇̄x. Since the map πx is degenerate, the pullback of any differential form
(with positive degree) by π∗

x is trivial. In particular, one has π∗
xAα = 0.

Lemma 7.5. Consider the canonical splitting π∗
xE = Nx ⊕ TS(Ex), where Nx is

the normal bundle and TS(Ex) is the tangent bundle over S(Ex). Then ∇̂x|TS(Ex)

is the Levi-Civita connection with respect to the standard spherical metric on S(Ex)
induced from the Euclidean space Ex. As a consequence, ∇̂x is the direct sum of
the trivial connection on Nx and the Levi-Civita connection on TS(Ex).
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Proof. By definition, ∇̂x is precisely the orthogonal projection of ∇̄x onto the tan-
gential component TS(Ex). The claim thus follows from the consistency property
of Levi-Civita connection with respect to isometric embeddings (see Proposition
C.1).

Explicit computation of i∗xΨ

Now we proceed to evaluate i∗xΨ. Let u ∈ S(Ex) be given fixed. Let {s1, · · · , s2m−1}
be a local PONF of TS(Ex) near u, which is chosen such that the corresponding
Christoffel symbols of the Levi-Civita connection vanish at u (see Appendix C.3).
Let {θ1, · · · , θ2m−1} be the dual coframe of {s1, · · · , s2m−1}. We also take s0 to be
the unit normal vector field near u so that s0(u) = u and s = {s0, s1, · · · , s2m−1} is
a local PONF of π∗

xE. Let A0 (respectively, A1) be the local connection matrix of
∇̂x (respectively, ∇̄x) with respect to the frame field s near u. Their local curvature
matrices are denoted as F 0, F 1 respectively.

Lemma 7.6. At the point u, one has A0(u) = 0 and

dA0(u) = F 0(u) =

(
0 0

0
(
θi ∧ θj

)2m−1

i,j=1

)
. (7.18)

Proof. The relation A0(u) = 0 follows from the triviality of ∇̂x|Nx and the fact that
the local connection matrix of ∇̂x|TS(Ex) with respect to {s1, · · · , s2m−1} vanishes
at u. In addition, the curvature F 0 is the direct sum of the curvature of the trivial
connection onNx (which is flat) and the curvature F 0

LC of the Levi-Civita connection
on TS(Ex). Under the PONF {s1, · · · , s2m−1}, the matrix F l

k of the curvature F 0
LC

is defined by

F 0
LC(·, ·)sj =

2m−1∑
i=1

F i
j (·, ·)si, j = 1, · · · , 2m− 1.

Since S(Ex) has constant sectional curvature K ≡ 1 (see Example C.1), it is easily
seen from the definition of the sectional curvature that

⟨F 0
T (sk(u), sl(u))sj(u), si(u)⟩ = δikδjl − δjkδil.

In particular,
F i
j (sk(u), sl(u)) = δikδjl − δjkδil.

This shows that F i
j = θi ∧ θj at u and the curvature expression (7.18) thus follows.

Finally, one also has

F 0(u) = dA0(u) + A0(u) ∧ A0(u) = dA0(u),

since A0(u) = 0.
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Lemma 7.7. At the point u, one has

A1(u) =


0 −θ1 · · · −θ2m−1

θ1

... 0
θ2m−1

 , dA1(u) =

(
0 0

0
(
θi ∧ θj

)2m−1

i,j=1

)
.

Proof. Recall from Lemma 7.4 that ∇̄x is the trivial connection. By the construc-
tion of si, one easily finds that ∇̄x

sj
s0 = sj for each j = 1, · · · , 2m − 1. This is

equivalent to saying that

∇̄xs0 =
2m−1∑
j=0

θj ⊗ sj,

which gives the zeroth column of A1(u). In addition, for i ⩾ 1 one can write

∇̄x
sj
si = ⟨∇̄x

sj
si, s0⟩s0 + (∇̄x

sj
si)

T , j = 1, · · · , 2m− 1,

where (·)T denotes the orthogonal projection onto the tangent bundle TS(Ex). The
tangential term (∇̄x

sj
si)

T vanishes at u since it becomes the Levi-Civita connection.
The normal term is computed as

⟨∇̄x
sj
si, s0⟩ = −⟨si, ∇̄x

Sj
s0⟩ = −⟨si, θj⟩ = −δij.

It follows that ∇̄xsi = −θi⊗s0, which gives the i-th column of A1(u). The expression
of dA1(u) follows from the fact that F 1 ≡ 0 (because ∇̄x is trivial).

With the aid of the previous two lemmas, one can now compute i∗xΨ easily.

Lemma 7.8. The form i∗xΨ is the negative of the normalised volume form on S(Ex).
In particular, the integral property (7.16) holds for every x ∈M .

Proof. We continue to use the previous notation. Let C (respectively, Gt) denote
the matrix of ∇̄x − ∇̂x (respectively, i∗xF t) with respect to the local PONF s at u.
By using the formula (7.2) and Lemmas 7.6, 7.7, one computes that

C ≜


0 −θ1 · · · −θ2m−1

θ1

... 0
θ2m−1

 , Gt ≜

(
0 0

0 (1− t2)
(
θi ∧ θj

)2m−1

i,j=1

)
.

According to Lemma 7.2, one has

Pf(ix(∇̄x − ∇̂x), i∗xF
t, · · · , i∗xF t)(u)

=
(−1)m

2mm!

∑
σ∈S2m

sgn(σ)Cσ(0)σ(1)F
t
σ(2)σ(3) · · ·F t

σ(2m−2)σ(2m−1). (7.19)
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Note that the term Cσ(0)σ(1) is nonzero if and only if σ(0) = 0, σ(1) ̸= 0 or σ(1) =
0, σ(0) ̸= 0. The first case in the sum of (7.19) gives that∑

σ∈S2m:σ(0)=0

sgn(σ)(−θσ(1)) ∧ θσ(2) ∧ · · · ∧ θσ(2m−1)(1− t2)m−1

= −
∑

τ∈S2m−1

sgn(τ)θτ(1) ∧ · · · ∧ θτ(2m−1) = −(2m− 1)!volS(Ex).

The second case gives the same expression by similar calculation. As a consequence,

i∗xΨ =
m(−1)m

(2π)m
(−1)m+12(2m− 1)!

2mm!

∫ 1

0

(1− t2)m−1dt× volS(Ex). (7.20)

Using the elementary relation∫ 1

0

(1− t2)m−1dt =
2 · 4 · · · · · (2m− 2)

1 · 3 · · · · · (2m− 1)
,

one finds that the entire coefficient in front of volS(Ex) in (7.20) is equal to−vol(S(Ex))−1.
Therefore, one concludes that i∗xΨ is the negative of the normalised volume form
on S(Ex). This completes the proof of the lemma.
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8 The Hodge theory
In this chapter, we discuss a rather beautiful result in global differential geometry:
the Hodge theorem. Let M be a closed, oriented manifold. The de Rham theorem
(see Theorem 4.5) asserts that the de Rham cohomology of M , which is defined in
terms of the differential structure, is isomorphic to the singular cohomology with
real coefficients and is thus a topological invariant. Now suppose thatM is equipped
with a Riemannian metric. One can then define the so-called Hodge Laplacian ∆
on forms and consider harmonic forms on M (those forms ω satisfying ∆ω = 0).
The Hodge theorem asserts that the space of harmonic k-forms is isomorphic to the
k-th de Rham cohomology group and hence encoding topological information. This
is a profound theorem, since the notion of harmonic forms relies on the underlying
geometry (the Riemannian metric), while (surprisingly) the dimension of the space
of harmonic forms turns out to be a topological invariant. This result will also be
used in the later heat equation proof of the CGB theorem.

8.1 The Hodge star operator

We need some linear algebra preparation (Hodge duality) before moving to the
definition of the Hodge Laplacian. Let W be a real, oriented Euclidean space of
dimension n. This means that W is equipped with an inner product ⟨·, ·⟩ and
a preferred equivalence class of bases (orientation) is fixed. Let ΛW denote the
exterior algebra over W .

Definition 8.1. The Hodge star operator ∗ : ΛW → ΛW is defined in the following
way. Let {θ1, · · · , θn} be a PONB of W. We define ∗ : ΛkW → Λn−kW to be the
unique linear operator such that

∗(θi1 ∧ · · · ∧ θik) ≜ sgn(I, J)θj1 ∧ · · · ∧ θjn−k , (8.1)

for all I ≜ (i1 < · · · < ik) and J = (j1 < · · · < jn−k) ≜ Ic.

Lemma 8.1. The Hodge star operator is well-defined, i.e. it is independent of the
choice of PONB. In addition, one has ∗2|ΛkW = (−1)k(n−k)id.

Proof. Left as an exercise.

The relation (8.1) remains valid even if the indices i1, · · · , ik ∈ I and {j1, · · · , jn−k} =
Ic are unordered (but still distinct). Let vol = θ1 ∧ · · · ∧ θn denote the volume ele-
ment. By definition,

(θi1 ∧ · · · ∧ θik) ∧ ∗(θi1 ∧ · · · ∧ θik) = vol.

It is also true that ∗1 = vol and ∗vol = 1.
By using the Hodge star operator, one can define a canonical inner product

structure on ΛW .
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Definition 8.2. The inner product ⟨·, ·⟩ on Λ is defined in the following way. For
k-vectors α, β ∈ ΛkW , we set

⟨α, β⟩ ≜ ∗(α ∧ ∗β).

We also assume that ΛkW and ΛlW are orthogonal if k ̸= l.

It is obvious that ⟨·, ·⟩|W is the original inner product. It also admits the fol-
lowing alternative expression.

Lemma 8.2. One has

⟨α, β⟩ = det
(
(⟨vi, wj⟩1⩽i,j⩽k)

)
(8.2)

for any α = v1 ∧ · · · ∧ vk and β = w1 ∧ · · · ∧ wk (vi, wj ∈ W ).

Proof. It suffices to consider the case when α = θi1∧· · ·∧θik and β = θj1∧· · ·∧θjk ,
where {θ1, · · · , θn} is a positive ONB of W and i1 < · · · < ik, j1 < · · · < jk. To this
end, one simply observes that both sides of (8.2) are zero if (i1, · · · , ik) ̸= (j1, · · · , jk)
and are equal to one if (i1, · · · , ik) = (j1, · · · , jk).

Lemma 8.3. One has α ∧ ∗β = ⟨α, β⟩vol for all k-vectors α, β ∈ ΛkW .

Proof. By Lemma 8.1, one has ∗∗ = id on n-vectors, and in particular,

α ∧ ∗β = ∗ ∗ (α ∧ ∗β) = ∗⟨α, β⟩ = ⟨α, β⟩ ∗ 1 = ⟨α, β⟩vol.

This gives the desired relation.

8.2 Divergence operator and the Hodge Laplacian

We now return to the geometric setting. Let M be a closed, oriented, n-dimensional
Riemannian manifold.

Definition 8.3. The (Riemannian) Hodge star operator ∗ : ΛkT ∗M → Λn−kT ∗M
(0 ⩽ k ⩽ n) is defined by applying the Hodge star operator to W = T ∗

xM at every
x ∈ M , where the metric on T ∗

xM is induced by its canonical identification with
TxM under the Riemannian metric.

The fiberwise inner product naturally induces an inner product on the space of
differential forms via integration.

Definition 8.4. We define an inner product on Ω(M) by setting

⟨α, β⟩L2 ≜
∫
M

⟨α, β⟩xdx, α, β ∈ Ω(M).

Here ⟨α, β⟩x denotes the fiberwise inner product on ΛT ∗
xM (see Definition 8.2) and

dx denotes the volume form on M . We define L2(ΛT ∗M) to be the completion of
Ω(M) with respect to ⟨α, β⟩L2 .
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By Lemma 8.3, one also has the following alternative expression:

⟨α, β⟩L2 =

∫
M

α ∧ ∗β, α, β ∈ Ωk(M). (8.3)

Using the L2-inner product and duality, one can define the divergence operator on
forms.

Definition 8.5. The divergence operator δ : Ω(M) → Ω(M) is the formal L2-
adjoint of d. More precisely, given α ∈ Ω(M) we define δα to be the unique
differential form such that

⟨δα, β⟩L2 = ⟨α, dβ⟩L2

for all β ∈ Ω(M).

Since d2 = 0, it is clear from the definition that δ2 = 0. In addition, δ maps
(k+1)-forms to k-forms. Sometimes we use δk+1 to emphasise its action on (k+1)-
forms (and similarly for dk on k-forms). The following lemma allows one to express
δk+1 in terms of d and the Hodge star.

Lemma 8.4. For each 1 ⩽ k ⩽ n, one has δk = (−1)nk+n+1 ∗ d ∗ .

Proof. For any α ∈ Ωk(M) and β ∈ Ωk−1(M), one has

⟨dβ, α⟩L2 =

∫
M

dβ ∧ ∗α (by (8.3))

=

∫
M

d(β ∧ ∗α)− (−1)k−1

∫
M

β ∧ d ∗ α

= (−1)k
∫
M

β ∧ d ∗ α (by Stokes’ theorem)

= (−1)nk+n+1

∫
M

β ∧ ∗(∗d ∗ α) (by (8.1))

= ⟨β, (−1)nk+n+1 ∗ d ∗ α⟩L2 .

The result thus follows.

Recall that the divergence of a vector field X is defined by (C.9), which is
uniquely characterised by Green’s formula (see (C.11)):∫

M

fdivXdx = −
∫
M

⟨∇Mf,X⟩dx
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for all f ∈ C∞(M). In particular, one sees from the duality TM ∼= T ∗M and
Lemma 8.4 (with k = 0) that

divX = −δαX = ∗d ∗ αX , (8.4)

where αX ∈ Ω1(M) is the metric dual of X.

Example 8.1. Let X be a vector field on R3 (equipped with standard metric and
orientation). As we just saw, divX = ∗d ∗ αX . In a similar way, one can also show
that curlX = ∗dαX , where we identity a vector field with a one form as usual.

Now we introduce the central concept of this chapter: the Hodge Laplacian.

Definition 8.6. The Hodge Laplacian is the linear operator ∆ : Ω(M) → Ω(M)
defined by ∆ ≜ dδ + δd. One also writes ∆k ≜ dk−1δk + δk+1dk : Ωk(M)→ Ωk(M)
to keep track of the degree.

Note that ∆0 is just the negative of the Laplace-Beltrami operator on functions;
this follows directly from the relation (8.4). It is immediate from definition that ∆
is self-adjoint:

⟨∆α, β⟩L2 = ⟨dδα, β⟩L2 + ⟨δdα, β⟩L2

= ⟨δα, δβ⟩L2 + ⟨dα, dβ⟩L2

= ⟨α, dδβ⟩L2 + ⟨α, δdβ⟩L2 = ⟨α,∆β⟩L2 .

It is also nonnegative definite:

⟨∆α, α⟩L2 = ⟨dδα, α⟩L2 + ⟨δdα, α⟩L2 = ⟨δα, δα⟩L2 + ⟨dα, dα⟩L2 ⩾ 0.

Before delving into deeper properties, we make one simple observation to conclude
this subsection.

Definition 8.7. A form α is harmonic if ∆α = 0.

Lemma 8.5. A form α ∈ Ω(M) is harmonic if and only if it is closed (i.e. dα = 0)
and co-closed (i.e. δα = 0).

Remark 8.1. The definitions of Hodge star, divergence and Hodge Laplacian can
be extended to noncompact manifolds in the obvious way (even for Lorentzian
manifolds though the Hodge theorem will break down in a fundamental way). We
restrict ourselves to compact Riemannian manifolds for the development of the
(classical) Hodge theorem.
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Example 8.2. Using differential forms and the aforementioned operators, Maxwell’s
equations in classical electromagnetism can be formulated in an elegant intrinsic
form:

dF = 0, δF = −J.

Here

F =


0 −Ex −Ey −Ez
Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0


is the electromagnetic tensor (which is a 2-form) and

J =

(
charge density ρ
current density J

)
is the 4-current over Minkowski spacetime. The divergence operator here (as well
as the underlying Hodge star) is defined with respect to the flat Lorentzian metric.
Maxwell’s equation in vacuum (i.e. J = 0) just becomes the search of a (Lorentzian)
harmonic 2-form as a result of Lemma 8.5. Since Minkowski spacetime is topolog-
ically R4, one knows that dF = 0 ⇐⇒ F = dA for some 1-form potential A.
Under spacetime coordinates (t, x, y, z), the equation δF = 0 therefore becomes
the standard wave equation

∂2A

∂t2
−
(∂2A
∂x2

+
∂2A

∂y2
+
∂2A

∂z2
)
= 0.

8.3 The L2-Hodge theorem

We first establish the L2-version of the Hodge theorem, whose proof is a neat
application of heat kernel technique. In this section, we assume that M is a closed,
oriented, n-dimensional Riemannian manifold. We also fix a degree k between 0
and n.

Theorem 8.1 (The L2-Hodge Theorem). There exists a sequence {λj, ωj : j ⩾ 1}
such that the following properties hold true.

(i) {ωj : j ⩾ 1} is an ONB of L2(ΛkT ∗M) and ωj is smooth (i.e. ωj ∈ Ωk(M)).

(ii) λj is an eigenvalue of ∆ with eigenform ωj, i.e. ∆ωj = λjωj.

(iii) The eigenvalues are arranged in nondecreasing order:

0 ⩽ λ1 ⩽ λ2 ⩽ · · · ⩽ λj ↑ ∞

and each λj has finite multiplicity.
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We first summarise the main tool for proving Theorem 8.1 in the lemma below.
This lemma will be fully proved in Chapter 9 when we study heat kernels on vector
bundles in depth.

Lemma 8.6. (i) There exists a map

(0,∞)×M2 ∋ (t, x, y) 7→ p(t, x, y) ∈ ΛkT ∗
xM ⊗ ΛkT ∗

yM

such that the following properties hold true.

(a) The map (t, x, y) 7→ p(t, x, y) is smooth.

(b) (Heat equation) p(t, x, y) satisfies the following PDE:

(∂t +∆x)p(t, x, y) = 0 ∀(t, x, y) ∈ (0,∞)×M2.

(c) (Initial condition) For any ω ∈ Ωk(M), one has

lim
t→0+

∫
M

⟨p(t, x, y), ω(y)⟩ydy = ω(x) (8.5)

uniformly for x ∈ M . Here ⟨·, ·⟩y denotes the fiberwise inner product on ΛkT ∗
yM

with respect to the y-variable. If ω ∈ L2(ΛkT ∗M), the above convergence holds in
the L2-sense.

(d) (Symmetry) One has

⟨p(t, x, y), ξ⟩2 = ⟨p(t, y, x), ξ⟩1 ∈ ΛkT ∗
xM

for all ξ ∈ ΛkT ∗
yM . Here ⟨·, ·⟩i means taking inner product with respect to the i-th

spatial variable of p (i = 1, 2).

(ii) For each t ⩾ 0, define the linear operator

e−t∆ : L2(ΛkT ∗M)→ L2(ΛkT ∗M),

(e−t∆ω)(x) ≜
∫
M

⟨p(t, x, y), ω(y)⟩ydy,

where we set e−t∆ ≜ id if t = 0. Then {e−t∆ : t ⩾ 0} is a semigroup, i.e.
e−(s+t)∆ = e−s∆ ◦ e−t∆. In addition, e−t∆ is a compact, nonnegative definite, self-
adjoint operator for every t > 0.

Proof. According to the Weitzenböck formula (see Proposition 8.1), the Hodge
Laplacian ∆ is a generalised Laplacian on the vector bundle of k-forms in the sense
of Definition 9.1. This ensures the existence and uniqueness of a smooth kernel
p(t, x, y) for ∆ (see Theorem 9.1). The symmetry of p(t, x, y) follows from the self-
adjointness of ∆. The statement of (ii) is contained in Corollary 9.3, where com-
pactness comes from the fact that e−t∆ is a Hilbert-Schmidt operator (see Lemma
9.7).

199



Definition 8.8. The map (t, x, y) 7→ p(t, x, y) (respectively, {e−t∆ : t ⩾ 0}) is
called the heat kernel (respectively, the heat semigroup) of the Hodge Laplacian on
k-forms.

Remark 8.2. In general, p(t, x, y) should belong to ΛkT ∗
xM ⊗ (ΛkT ∗

yM)∗. Here we
identified (ΛkT ∗

yM)∗ with ΛkT ∗
yM using the Riemannian metric.

Proof of Theorem 8.1. Fix t0 > 0. Since e−t0∆ is a compact and self-adjoint, it
follows from the spectral theorem that the Hilbert space L2(ΛkT ∗M) admits an
orthogonal decomposition

L2(ΛkT ∗M) =
∞⊕
n=1

En.

Here {En : n ⩾ 1} are all the eigenspaces of e−t0∆. All eigenvalues of e−t0∆ are
nonnegative (because e−t0∆ is nonnegative definite) and has finite multiplicity (ex-
cept for the zero eigenvalue if it exists). In addition, the only possible accumulation
point of the eigenvalues is zero. We now break down the proof of the theorem into
the following main steps.

(i) e−t0∆ does not have zero eigenvalue. In particular, all eigenvalues of e−t0∆ are
strictly positive and thus dimEn < ∞ for all n. Suppose on the contrary that
e−t0∆ω = 0 for some nonzero k-form ω. Then

⟨e−t0∆ω, ω⟩L2 = ⟨e−t0∆/2ω, e−t0∆/2ω⟩L2 = 0 =⇒ e−t0∆/2ω = 0.

Arguing inductively, one obtains that e−t0∆/2nω = 0 for all n. According to (8.5),
one has ω = 0 which leads to a contradiction.

(ii) En is invariant under e−t∆ for all t. Let γ > 0 be the eigenvalue of e−t0∆ on
En. For any ω ∈ En, one has

e−t0∆(e−t∆ω) = e−t∆(e−t0∆ω) = γe−t∆ω.

This implies that e−t∆ω ∈ En.
(iii) Since the family P ≜ {e−t∆ : t ⩾ 0} is commutative, Part (ii) shows that
P is simultaneously diagonalisable on En. It follows that there exists an ONB
{ω1, ω2, · · · } of L2(ΛkT ∗M), such that

E1 = Span{ω1, · · · , ωk1}, E2 = Span{ωk1+1, · · · , ωk1+k2}, · · · .

Each ωi is a common eigenform of e−t∆ for all t.

(iv) For each ωi, let γi(t) > 0 be its eigenvalue for e−t∆, i.e.

e−t∆ωi = γi(t)ωi or
∫
M

⟨p(t, x, y), ωi(y)⟩ydy = γi(t)ωi(x).
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Since the heat kernel p(t, x, y) is smooth, it follows that γi(t) is smooth in t and
ωi(x) is smooth in x. By using the heat equation, one has

γ′i(t)ωi + γi(t)∆ωi = 0 or ∆ωi = −
γ′i(t)

γi(t)
ωi.

This in particular shows that γ′i(t)/γi(t) is independent of t. Call this number
−λi so that ∆ωi = λiωi. Using the initial condition γi(0) = 1, one finds that
γi(t) = e−λit. Note that λi ⩾ 0 since ∆ is nonnegative definite.

(v) Since γi(t0) = e−λit0 are all equal for ωi’s belonging to the same En, those λi’s
are repeated eigenvalues of ∆ with multiplicity dimEn. The result of the theorem
follows by rearranging the λi’s in nondecreasing order, which is possible because∞
is their only possible accumulation point.

Remark 8.3. The k = 0 case corresponds to functions on M . In this case, ∆f = 0
if and only if f is constant on each connected component of M . Therefore, the
dimension of the space of harmonic 0-forms coincides with the number of connected
components of M (i.e. dimH0

dR(M)). The Hodge theorem for de Rham cohomology
is an extension of this fact to higher degrees (see Theorem 8.3).

Remark 8.4. One can also formulate the L2-Hodge theorem (with no essential
changes) on ΛT ∗M (forms with mixed degrees). This is sometimes more conve-
nient for applications.

8.4 C∞-regularity and the Hodge decomposition theorem

The L2-Hodge theorem, as a standard consequence of compactness and the spec-
tral theorem, is the easier part of the story. The harder part concerns with C∞-
regularity. To discuss the main theorems here, we first introduce some basic defini-
tions. As before, we assume thatM is a closed, oriented, n-dimensional Riemannian
manifold. We introduce the operator D ≜ d + δ. Note that D is a “square root”
of ∆ in the sense that D2 = ∆; this follows from the fact that d2 = δ2 = 0. In
addition, D is also self-adjoint: ⟨Dα, β⟩L2 = ⟨α,Dβ⟩L2 for all α, β ∈ Ω(M).

Definition 8.9. Let α, β ∈ L2(ΛT ∗M). We say that Dα = β in the weak sense
(or just weakly) if

⟨α,Dφ⟩L2 = ⟨β, φ⟩L2

for all φ ∈ Ω(M). Similarly, we say that ∆α = β in the weak sense if

⟨α,∆φ⟩L2 = ⟨β, φ⟩L2

for all φ ∈ Ω(M).
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Definition 8.10. The space of harmonic forms is defined by

H ≜ ker∆ ≜ {ω ∈ L2(ΛT ∗M) : ∆ω = 0 weakly}.

We also introduce the space

H⊥
∞ ≜ {α ∈ Ω(M) : ⟨α, ω⟩L2 = 0 ∀ω ∈ H}

of smooth forms that are orthogonal to H.

The two main theorems of Hodge are stated as follows.

Theorem 8.2 (The Hodge Decomposition Theorem). (i) (Regularity of harmonic
forms) The space H is finite dimensional and all elements of H are smooth.

(ii) (Green’s operator) The restriction ∆|H⊥
∞
: H⊥

∞ → H⊥
∞ defines a linear isomor-

phism. Define the (C∞-)Green’s operator G : Ω(M)→ Ω(M) by setting

G|H ≜ 0, G|H⊥
∞
≜ ∆|−1

H⊥
∞
. (8.6)

Then one has
id = πH +∆ ◦G (8.7)

on Ω(M), where πH denotes the orthogonal projection onto H.

(iii) (Hodge decomposition) The space Ω(M) admits the following direct sum de-
composition:

Ω(M) = H⊕ Im(d)⊕ Im(δ), (8.8)

where Im(d) ≜ {dα : α ∈ Ω(M)} and similarly for Im(δ). In addition, the three
components in (8.8) are orthogonal in L2.

Theorem 8.3 (The Hodge Theorem for de Rham Cohomology). Let 0 ⩽ k ⩽ n.
Every de Rham cohomology class in Hk(M) admits a unique harmonic representa-
tive, which minimises the L2-norm over all representatives of the same class. In
particular, Hk(M) is isomorphic to the space of harmonic k-forms.

8.4.1 Basic analytic ingredients

The proofs of Theorem 8.2 and Theorem 8.3 rely on two key analytic lemmas
(Gårding’s inequality and the regularity of D). In this section, we only state these
lemmas and then proceed to prove the main theorems. After that, we come back to
prove these analytic lemmas in Section 8.5. For each s ∈ N, let (Hs(ΛT

∗M), ⟨·, ·⟩s)
denote the order-s Sobolev space on forms (see Definition C.8). In the sequel, we
will just write Hs to ease notation. Note that Hs is a Hilbert space and (H0, ∥·∥0) =
(L2(ΛT ∗M), ∥ · ∥L2).

Gårding’s inequality allows one to control first order derivatives in all directions
in terms of the operator D which only involves a mixture of specific directions.
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Lemma 8.7 (Gårding’s inequality). For each s ∈ N, there exists Cs > 0 such that

∥ω∥s+1 ⩽ Cs
(
∥ω∥s + ∥Dω∥s

)
for all ω ∈ Hs+1(ΛT

∗M).

The regularity lemma asserts that D increases regularity by one degree. Intu-
itively, this is a natural consequence of Gårding’s inequality (D controls first order
regularity). We say Dα ∈ Hs if Dα = β weakly for some β ∈ Hs.

Lemma 8.8 (Regularity of D). Suppose that ω ∈ L2 and Dω ∈ Hs. Then ω ∈
Hs+1. In particular, Dω ∈ Ω(M) =⇒ ω ∈ Ω(M).

Remark 8.5. What lies at the heart of the proofs of these two lemmas is the so-
called Weitzenböck formula (see Proposition 8.1 and Proposition C.2). It asserts
that the Hodge Laplacian ∆ differs from the Bochner Laplacian ∇∗∇ by a zeroth
order operator R (the curvature endomorphism), i.e. ∆ = ∇∗∇ + R. Using this
relation, one sees that

∥Dω∥20 = ⟨∆ω, ω⟩ = ⟨∇∗∇ω +Rω, ω⟩ = ∥∇ω∥20 + ⟨Rω, ω⟩ ⩾ c∥ω∥21 − C∥ω∥20,

which basically yields Gårding’s inequality (at least for s = 0). In addition, ∆
is an elliptic operator, which intuitively explains the regularity lemma from the
perspective of classical elliptic theory (D is the “square root” of an elliptic operator
and the latter increases regularity by two).

8.4.2 Green’s operator and the Hodge decomposition

We now proceed to prove Theorem 8.2. The use of Green’s operator plays an
essential role in the argument. We first consider Claims (i) and (ii) of the theorem.

Proof of Theorem 8.2 (i). Define kerD ≜ {ω ∈ L2(ΛT ∗M) : Dω = 0 weakly}.
Elements in kerD are smooth as a direct consequence of the regularity lemma. For
elements in H, one has

∆ω = 0 weakly =⇒ D(Dω) = 0 weakly =⇒ Dω ∈ Ω(M) =⇒ ω ∈ Ω(M).

It is obvious that kerD ⊆ H. Conversely, one has

ω ∈ H =⇒ ∆ω = 0 =⇒ dω = δω = 0 =⇒ ω ∈ kerD.

Therefore, H = kerD = {ω ∈ Ω(M) : ∆ω = 0}. For the finite dimensionality of H,
suppose on the contrary that dimH = ∞. One can then choose an orthonormal
{xn} ⊆ H, i.e. Dxn = 0 and ⟨xm, xn⟩L2 = δmn. It follows from Gårding’s inequality
that {xn} is bounded in H1. According to Rellich’s compactness theorem (see The-
orem C.3), {xn} contains a convergent subsequence in L2. But this is impossible
since ∥xm − xn∥0 =

√
2 for all m ̸= n.
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Remark 8.6. H is just the zero-eigenspace of ∆ (equivalently, the 1-eigenspace of
e−t∆) appearing in the L2-Hodge theorem.

Proof of Theorem 8.2 (ii). It is obvious from self-adjointness that ∆(H⊥
∞) ⊆ H⊥

∞.
In addition, ∆|H⊥

∞
is injective;

∆α = 0 & α ∈ H⊥
∞ =⇒ α ∈ H ∩H⊥

∞ =⇒ α = 0.

It remains to show that ∆|H⊥
∞

is surjective. The argument is quite standard from
the perspective of weak solution theory of elliptic PDEs.

Consider the bilinear form

[ψ, φ] ≜ ⟨ψ,∆φ⟩L2 = ⟨Dψ,Dφ⟩L2 , ψ, φ ∈ H⊥
∞.

It is apparent that [·, ·] is symmetric and positive definite. In addition, one has

[φ, φ] ⩽ C∥φ∥21 ∀φ ∈ H⊥
∞ (8.9)

with some positive constant C.
The key observation is that

[φ, φ] ⩾ c∥φ∥21 ∀φ ∈ H⊥
∞ (8.10)

for another positive constant c. Suppose on the contrary that there exists a sequence
{φn} ⊆ H⊥

∞ with ∥φn∥1 = 1 but

[φn, φn] = ∥Dφn∥20 → 0.

According to Rellich’s compactness theorem, φnk
→ some φ in L2 along some

subsequence nk. We claim that Dφ = 0 weakly (and hence φ ∈ H). Indeed, for
any ψ ∈ Ω(M) one has

⟨φ,Dψ⟩L2 = lim
k→∞
⟨φnk

, Dψ⟩L2 = lim
k→∞
⟨Dφnk

, ψ⟩L2 = 0.

On the other hand, φnk
⊥ H =⇒ φ ⊥ H. Therefore, φ ∈ H ∩ H⊥ = {0}, and in

particular, ∥φnk
∥0 → 0. This contradicts Gårding’s inequality which reads

∥φnk
∥1 ≲ ∥Dφnk

∥0 + ∥φnk
∥0.

The LHS is equal to one while the RHS converges to zero. The relations (8.9, 8.10)
show that [·, ·] and ⟨·, ·⟩1 are equivalent inner products on H⊥

∞. As a result, [·, ·]
admits a unique extension to H⊥

1 ≜ {ω ∈ H1 : ω ⊥ H in L2} (which is also the
completion of H⊥

∞ under ∥ · ∥1).
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Now suppose that β ∈ H⊥
∞ and let us define

l(φ) ≜ ⟨β, φ⟩L2 , φ ∈ H⊥
1 .

Since
|l(φ)| ⩽ ∥β∥L2∥φ∥L2 ⩽ ∥β∥L2∥φ∥1,

one knows that l(·) is a continuous linear functional with respect to the inner
product [·, ·]. It follows from the Riesz representation theorem that there exists a
unique α ∈ H⊥

1 , such that

l(φ) = [α, φ] (⇐⇒ ⟨α,∆φ⟩L2 = ⟨β, φ⟩) (8.11)

for all φ ∈ H⊥
1 . The relation (8.11) also holds trivially for φ ∈ H. As a result,

∆α = β weakly. Since β is smooth, one concludes from the regularity lemma that
α is also smooth. This proves that ∆|H⊥

∞
: H⊥

∞ → H⊥
∞ is a linear isomorphism.

Finally, let us define Green’s operator G : Ω(M) → Ω(M) by (8.6). For any
ω ∈ Ω(M), one has ω − πHω ∈ H⊥

∞ and therefore, it is equal to ∆α where

α = ∆|−1
H⊥

∞
(ω − πHω) = G(ω − πHω) = G(ω).

It follows that ω = πHω +∆G(ω). This proves the decomposition (8.7).

By extending the above argument further, one can construct Green’s operator
for D which is sometimes quite useful. For each s ∈ N, we define H⊥

s ≜ {ω ∈ Hs :
ω ⊥ H} as usual.

Lemma 8.9. For each s ⩾ 1, the operator D|H⊥
s
: H⊥

s → H⊥
s−1 has a well-defined,

bounded inverse.

Proof. It is easily seen thatD(H⊥
s ) ⊆ H⊥

s−1 andD|H⊥
s

is injective. Let Rs ≜ D(H⊥
s ).

The same argument leading to (8.10) shows that D|−1
H⊥

s
: Rs → H⊥

s is a bounded
linear operator. It remains to prove that Rs is dense in H⊥

s−1. But this follows from
the facts that H⊥

s−1 is the ∥ · ∥s−1-closure of H⊥
∞ and any element β ∈ H⊥

∞ can be
expressed as

β = ∆α = D(Dα) ∈ Rs

for some α ∈ H⊥
∞ as a consequence of Theorem 8.2 (ii).

Remark 8.7. The composition H⊥
s−1

D−1

−→ H⊥
s ↪→ H⊥

s−1 is a compact operator, be-
cause the latter map is compact due to Rellich’s compactness theorem.

We now prove the Hodge decomposition (8.8). This is a simple application of
Green’s operator.
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Proof of Theorem 8.2 (iii). The orthogonality of H, Imd, Imδ follows easily from
duality; for instance, one has

⟨α, δβ⟩ = ⟨dα, β⟩ = 0 ∀α ∈ H, δβ ∈ Imδ.

The decomposition (8.8) follows from (8.7), as one can write

ω = πHω +∆ ◦G(ω) = πHω + d(δG(ω)) + δ(dG(ω))

for any ω ∈ Ω(M).

8.4.3 Proof of the Hodge theorem for de Rham cohomology

In this subsection, we present two proofs of Theorem 8.3: the standard functional-
analytic proof and the more enlightening heat equation proof.

The functional-analytic proof. Let [ω] ∈ Hk(M). By Theorem 8.2 (ii), one can
write

ω = πH(ω) + ∆ ◦G(ω) = πH(ω) + d(δG(ω)) + δ(dG(ω)).

Note that G commutes with d (because ∆ does and G = ∆−1 onH⊥
∞) and therefore,

dG(ω) = G(dω) = 0. It follows that

ω = πH(ω) + d(δG(ω)).

In particular, the harmonic form πH(ω) is a representative of [ω].
Suppose that both h1, h2 are representatives of [ω]. Then h1−h2 = dβ for some

β ∈ Ωk−1(M). It follows that

∥h1 − h2∥2L2 = ⟨h1 − h2, dβ⟩L2 = ⟨δ(h1 − h2), β⟩L2 = 0.

As a result, one has h1 = h2. This shows the uniqueness of harmonic representatives
of [ω].

For the last claim, note that any representative of [ω] must have the form h+dβ
where h is the unique harmonic representative and β ∈ Ωk−1(M). One then obtains
that

∥h+ dβ∥2L2 = ∥h∥2L2 + ∥dβ∥2L2 + 2⟨δh, β⟩L2 = ∥h∥2L2 + ∥dβ∥2L2 ⩾ ∥h∥2L2 .

This shows that h minimises the L2-norm in the class [ω].
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The heat equation proof. We again assume that ω is a given closed k-form. It is
enough to prove the existence of a harmonic representative of [ω]; uniqueness and
the L2-minimising property follow from the same argument as before.

For each t > 0, one has

d

dt
e−t∆ω = −e−t∆∆ω = d(−e−t∆δω), (8.12)

where the last equality comes from the facts that ∆ commutes with d, δ and ω is a
closed form. By integrating (8.12) from 0 to t, one finds that

e−t∆ω − ω = dβ(t); β(t) ≜ −
∫ t

0

e−s∆δωds ∈ Ωk−1(M). (8.13)

On the other hand, according to the L2-Hodge theorem,

lim
t→∞

e−t∆ω = πH(ω) in L2. (8.14)

In fact, the e−t∆-action on those eigenform directions with strictly positive eigen-
values will all vanish in the large t limit due to the exponential decay. The only
surviving term is the projection on the zero-eigenspace (i.e. space of harmonic
k-forms). Now the relations (8.13, 8.14) imply that

dβ(t)→ πH(ω)− ω in L2 (8.15)

as t→∞.
We claim that β(t) converges to some β ∈ Ωk−1(M) under ∥ · ∥1. Indeed, since

β(t) ∈ Imδ ⊆ H⊥
1 and Dβ(t) = dβ(t), one knows from Lemma 8.9 that

∥β(t)− β(s)∥1 ⩽ C∥dβ(t)− dβ(s)∥0 ∀s, t

with some universal constant C. It follows from (8.15) that {β(t)} is a Cauchy
sequence in H1 as t→∞, hence converging to some β in H1. In particular, dβ(t)→
dβ in L2, and as a result, dβ = πHω − ω (in the weak sense). But one also has
δβ = 0 (because δβ(t) = 0). Therefore, Dβ = πHω − ω (in the weak sense). Now
the regularity of D (Lemma 8.8) shows that β is smooth. Consequently, the relation

Dβ = dβ = πHω − ω

holds in the classical sense. This proves that both πHω and ω represent the same
cohomology class.
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Remark 8.8. By using Lemma 8.4 and Theorem 8.3, one knows that every co-closed
form α admits a unique decomposition α = ω + δβ where ω ∈ H. The following
picture is a nice illustration of the Hodge decomposition (8.8).

8.5 Proof of basic analytic lemmas

In this section, we return to the proofs of the two key analytic lemmas. As we
mentioned, the core ingredient is the Weitzenböck formula which we shall first
discuss.

8.5.1 The Weitzenböck formula

In this subsection, we assume that M is an oriented, n-dimensional Riemannian
manifold. Let ∇ be the Levi-Civita connection. Let ∇̄ : Ω(M)→ Γ(T ∗M⊗ΛT ∗M)
be the induced connection on the exterior algebra bundle ΛT ∗M (see Appendix
C.1), whose associated connection Laplacian is denoted as ∆ΛT ∗M (see Definition
C.6). On the other hand, let ∆B ≜ ∇̄∗∇̄ : Ω(M) → Ω(M) be the Bochner Lapla-
cian, where ∇̄∗ : Γ(T ∗M⊗ΛT ∗M)→ Ω(M) denotes the formal L2-adjoint of ∇̄ (see
Definition C.7). Since the connection ∇̄ is compatible with the Euclidean metric on
ΛT ∗M given by Definition 8.2, it follows from Proposition C.2 that ∆B = ∆ΛT ∗M .

The Weitzenböck formula asserts that the operator

R ≜ ∆−∆ΛT ∗M = ∆−∆B

is tensorial (i.e. R ∈ Γ(End(ΛT ∗M))). In fact, it provides an explicit expression of
R in terms of the Riemann curvature tensor (see Definition 8.12 and Proposition
8.1).
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Clifford multipliers on exterior algebra

We need some multilinear algebra tools in order to define the aforementioned cur-
vature endomorphism R. Let V be a finite dimensional, real Euclidean space and
we always identity V ∗ ∼= V through the given metric.

Definition 8.11. Let v ∈ V be given fixed. We define the following linear operators
on the exterior algebra ΛV ∗.

(i) The operator a(v) is the exterior product by v∗ (v∗ is the dual of v), i.e.

a(v)ω ≜ v∗ ∧ ω, ω ∈ ΛV ∗.

(ii) The operator ι(v) is the interior product by v, i.e. the unique linear operator
ι : ΛV ∗ → ΛV ∗ satisfying ι(v)ω = ω(v) for all ω ∈ V ∗ and

ι(v)(ω ∧ η) = (ι(v)ω) ∧ η + (−1)kω ∧ ι(v)η. (8.16)

for all ω ∈ ΛkV ∗ and η ∈ ΛV ∗.

(iii) We define c(v), ĉ(v) ∈ End(ΛV ∗) by

c(v) ≜ a(v)− ι(v), ĉ(v) ≜ a(v) + ι(v). (8.17)

These two operators are called Clifford multipliers.

By definition, a(v) increases degree by one while ι(v) reduces degree by one.
Note that ι(v) does not depend on the metric but a(v) does (because the latter
uses the metric dual v∗). It is elementary to check that a(v)∗ = ι(v) (a(v)∗ is
the adjoint of a(v) under the metric given by Definition 8.2 with W = V ∗). Let
{ε1, · · · , εn} be an ONB basis of V and let {θ1, · · · , θn} be its dual. It is also clear
from definition that

ι(εi)θ
j1 ∧ · · · ∧ θjk =

{
0, if i /∈ {j1, · · · , jk};
(−1)q−1θj1 ∧ · · · ∧ θ̂jq ∧ · · · ∧ θjk , if i = jq ∈ {j1, · · · , jk}

for any j1 < · · · < jk.

Notation. Under an ONB, we simply write

ai ≜ a(εi), ιi ≜ ι(εi), ci ≜ c(εi), ĉi ≜ ĉ(εi). (8.18)

Given multi-index I = (i1, · · · , ik), we set aI ≜ a(εi1) · · · a(εik) (as a convention,
a∅ ≜ id) and similarly for ιI , cI , ĉI . We also write θI ≜ θi1 ∧ · · · ∧ θik .

The following commutation relations are particularly useful. Given two opera-
tors A,B, we write {A,B} ≜ AB +BA.
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Lemma 8.10. One has

{ai, aj} = {ιi, ιj} = 0, {ιi, aj} = δij. (8.19)

In addition, one has

{c(v), c(w)} = −2⟨v, w⟩, {ĉ(v), ĉ(w)} = 2⟨v, w⟩, {c(v), ĉ(w)} = 0 (8.20)

for any v, w ∈ V .

Proof. Left as an exercise.

Lemma 8.11. Let A denote the set of multi-indices I = (i1 < · · · < ik) for all
k = 0, · · · , n. Then both families {aIιJ : I, J ∈ A} and {cI ĉJ : I, J ∈ A} are bases
of End(ΛV ∗).

Proof. It suffices to prove the claim for {aIιJ : I, J ∈ A}, since ci, ĉi can be ex-
pressed linearly in terms of ai, ιi and vice versa. To this end, let us define

ni ≜ aiιi, pi ≜ id− aiιi.

It is readily checked that

niθ
K =

{
θK , if i ∈ K;

0, if i /∈ K,
piθ

K =

{
0, if i ∈ K;

θK , if i /∈ K

for any i and multiindex K. Define

qJ ≜
∏
j∈J

nj
∏
j /∈J

pj.

It follows that

qJθ
K =

{
θJ , if J = K;

0, if J ̸= K

for any pair of multiindices (J,K). As a consequence, the operator EIJ ≜ aIιJqJ
sends θJ to ±θI (the actual sign does not matter) and sends θK to zero for any
K ̸= J . This shows that {EIJ : I, J ∈ A} is a basis of End(ΛV ∗). On the other
hand, one knows from the relations (8.19) that

Span{EIJ : I, J ∈ A} ⊆ Span{aIιJ : I, J ∈ A}.

By dimension comparison, one concludes that {aIιJ} is also a basis of End(ΛV ∗).
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We conclude this part with a lemma that will be useful for studying the cur-
vature endomorphism. Given A ∈ End(V ), let A∗ ∈ End(V ∗) denote its adjoint
and we further extend it to a linear operator on ΛV ∗ (still denoted as A∗) via the
Leibniz rule:

A∗(θi1 ∧ · · · ∧ θik) ≜
k∑
p=1

θi1 ∧ · · · ∧ A∗θip ∧ · · · ∧ θik , i1 < · · · < ik. (8.21)

Lemma 8.12. Let A ∈ End(V ) with matrix (Aji ), i.e. A(εi) = Ajiεj. Then one has
A∗ =

∑n
i,j=1A

j
iaiιj.

Proof. Note that

aqιr(θ
I) =

{
0, if r /∈ I;
θi1 ∧ · · · ∧ θq ∧ · · · ∧ θik , if r = ip ∈ I.

Therefore, one has

n∑
q=1

Arqaqιr(θ
I) =

n∑
q=1

k∑
p=1

Aipq θ
i1 ∧ · · · ∧ θq ∧ · · · ∧ θik

=
k∑
p=1

θi1 ∧ · · · ∧ A∗θip ∧ · · · ∧ θik = A∗(θI).

where the second identity follows from the relation that A∗θi = Aijθ
j.

The curvature endomorphism

We now return to the geometric setting. Recall that the Riemann curvature tensor
R ∈ Ω2(M,End(TM)) is defined by (C.2). Under a local ONF {e1, · · · , en}, the
curvature coefficients are defined by (C.7) and they satisfy the basic symmetry
relations (C.8).

We now introduce a few curvature-type operators acting on the exterior al-
gebra bundle, which are all canonically induced from R. Firstly, we define R̄ ∈
Ω2(M,End(ΛT ∗M)) to be the curvature tensor of ∇̄, namely,

R̄(X, Y )α ≜ ∇̄X∇̄Y α− ∇̄Y ∇̄Xα− ∇̄[X,Y ]α, X, Y ∈ Γ(TM), α ∈ Ω(M).

Next, let R(X, Y )∗ ∈ Γ(End(ΛT ∗M)) be the fiberwise endomorphism defined by
(8.21) induced from R(X, Y ) ∈ Γ(End(TM)).

Lemma 8.13. R(X, Y )∗ = −R̄(X, Y ) for all X, Y ∈ Γ(TM).

211



We now introduce the curvature endomorphism which will be the operator ap-
pearing in the Weitzenböck formula. Let {e1, · · · , en} be a local ONF of TM . We
continue to use the notation (8.18), which is now understood fiberwisely.

Definition 8.12. The curvature endomorphism R ∈ Γ(End(ΛT ∗M)) is defined by
R ≜ −Rijklaiιjakιl.

We point out that the definition of R does not depend on the choice of the
local ONF and it is therefore an intrinsic tensor field on M . This fact is immediate
from the Weitzenböck formula which will be established in the next part. Here we
present an alternative representation of R in terms of the Clifford multipliers.

Lemma 8.14. One has

R =
1

2

n∑
i,j=1

c(ei)c(ej)R̄(ei, ej).

Proof. Note that R(ei, ej)ek = Rlkijel. According to Lemma 8.12 and Lemma 8.13,
one has

R̄(ei, ej) = −R(ei, ej)∗ = Rijklakιl. (8.22)

It follows that
n∑

i,j=1

c(ei)c(ej)R̄(ei, ej) =
n∑

i,j=1

(ai − ιi)(aj − ιj)Rijklakιl

=
n∑

i,j=1

(
Rijklaiajakιl +Rijklιiιjakιl

−Rijklιiajakιl −Rijklaiιjakιl
)
. (8.23)

The first sum is zero; according to the relations (8.19, C.8) one has

3Rijklaiajakιl = Rijklaiajakιl +Rijklajakaiιl +Rijklakaiajιl

= (Rijkl +Rkijl +Rjkil)aiajakιl = 0.

The second sum in (8.23) is also zero by the same argument (first interchange ak
and ιl). The last two sums are equal to

−
n∑

i,j=1

(
Rjiklajιiakιl +Rijklaiιjakιl

)
= 2R.

The desired relation thus follows.
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The Weitzenböck and Lichnerowicz formulae

Our main goal in this part is to prove the following result.

Proposition 8.1 (The Weitzenböck formula). Let R be the curvature endomor-
phism introduced by Definition 8.12. Then one has

∆ = ∆ΛT ∗M +R.

In particular, the operator R ∈ Γ(End(ΛT ∗M)) is intrinsic on M .

The proof of Proposition 8.1 relies on the following two lemmas. The first lemma
gives a representation of d + δ in terms of the connection and the Clifford action,
which is the key to connecting the Hodge Laplacian with the connection Laplacian.

Lemma 8.15. Under any local PONF {e1, · · · , en}, one has

d =
n∑
i=1

a(ei) ◦ ∇̄ei , δ = −
n∑
i=1

ι(ei) ◦ ∇̄ei . (8.24)

In particular, d+ δ = c(ei) ◦ ∇̄ei .

Proof. The computation is lengthy and tedious. We divide the argument into sev-
eral steps. Let {η1, · · · , ηn} be the dual coframe field. Recall that the Christoffel
symbols with respect to {ei} are defined by ∇eiej = Γkijek.

(i) We claim that

∇̄eiη
I = −

r∑
s=1

Γisija(ej)ι(eis)η
I , (8.25)

for any I = (i1 < · · · < ir). To prove this, first note that ∇̄eiη
l = −Γlijηj. By the

definition of ∇̄, one has

∇̄eiη
I =

r∑
s=1

ηi1 ∧ · · · ∧ ∇̄eiη
is ∧ · · · ∧ ηir

= −
r∑
s=1

Γisijη
i1 ∧ · · · ∧ ηj ∧ · · · ∧ ηir

= −
r∑
s=1

Γisija(ej)ι(eis)η
I .

(ii) We claim that

dηl = −Γlijηi ∧ ηj, dηI = −
r∑
s=1

Γisija(ei)a(ej)ι(eis)η
I (8.26)
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Indeed, by using the relation (B.9) and the torsion freeness of ∇, one finds that

dηl(ei, ej) = −ηl([ei, ej]) = −ηl
(
∇eiej −∇ejei

)
= Γlji − Γlij.

This gives the first relation of (8.26). In addition, one finds by using (8.26) that

dηI =
r∑
s=1

(−1)s−1ηi1 ∧ · · · ∧ dηis ∧ · · · ∧ ηir

= −
r∑
s=1

(−1)s−1Γisijη
i1 ∧ · · · ∧ ηi ∧ ηj ∧ · · · ∧ ηir

= −
r∑
s=1

Γisija(ei)a(ej)ι(eis)η
I .

This gives the second relation of (8.26).

(iii) Consider a form α = αIη
I . By using the relation (8.25), one has

dα = dαI ∧ ηI + αIdη
I

= (∇̄eiαIηi) ∧ ηI − αI
∑
is∈I

Γisija(ei)a(ej)ι(eis)η
I

= a(ei)
(
∇̄eiα− αI∇̄eiη

I
)
− αI

∑
is∈I

Γisija(ei)a(ej)ι(eis)η
I

= a(ei)∇̄eiα + αIΓ
is
ija(ei)a(ej)ι(eis)η

I − αI
∑
is∈I

Γisija(ei)a(ej)ι(eis)η
I

= a(ei)∇̄eiα.

The first relation of (8.24) thus follows.

(iv) To prove the second relation of (8.24), one first notes that the result is invariant
under the change of ONFs. Therefore, it is enough to prove the identity at a fixed
x ∈ M under the normal frame field {ei} around x. The main simplification here
is that all Christoffel symbols vanish at x (see Appendix C.3).

Consider a k-form α = fηI where I = (i1 < · · · < ik) and let J ≜ Ic = (j1 <
· · · < jn−k). By using Lemma 8.4 and the definition of the Hodge star, one can
write

δ(fηI) = (−1)nk+n+1(−1)ε(I,J) ∗ d(fηJ) = (−1)nk+n+1+ε(I,J) ∗ (df ∧ ηJ) (at x)

= (∇eif)(−1)nk+n+1+ε(I,J) ∗ (ηi ∧ ηJ).

The second equality follows from (8.26) as well as the fact that the Christoffel
symbols vanish at x. On the other hand, one has

−ι(ei)∇̄ei(fη
I) = (∇eif)(−ι(ei)ηI).
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Therefore, it suffices to show that

(−1)nk+n+ε(I,J) ∗ (ηi ∧ ηJ) = ι(ei)η
I (8.27)

for every fixed i.
The relation (8.27) is obvious if i /∈ I; both sides are zero in this case. Now

suppose that i = is ∈ I. By the definition of the Hodge star, one has

∗(ηis ∧ ηJ) = (−1)σ+sgn(I,J)ηi1 ∧ · · · ∧ η̂is ∧ · · · ∧ ηik ,

where σ is the number of transpositions needed to turn (is, j1, · · · , jn−k, i1, · · · , îs, · · · , ik)
into (I, J). Simple counting shows that σ = (n− k)(k − 1) + s− 1. Therefore,

(−1)nk+n+ε(I,J) ∗ (ηis ∧ ηJ) = (−1)nk+n+(n−k)(k−1)+s−1ηi1 ∧ · · · ∧ η̂is ∧ · · · ∧ ηik

= (−1)s−1ηi1 ∧ · · · ∧ η̂is ∧ · · · ∧ ηik = ι(eis)η
I .

The relation (8.27) thus follows.

The second lemma is concerned with the commutation between the connection
and Clifford multipliers. Given two operators A,B, we denote [A,B] ≜ AB −BA.

Lemma 8.16. Let X, Y ∈ Γ(TM). Then one has

[∇̄X , c(Y )] ≜ c(∇̄XY ), [∇̄X , ĉ(Y )] ≜ ĉ(∇̄XY ). (8.28)

Proof. (i) Firstly, we claim that

[∇̄X , a(Y )] = a(∇XY ).

Indeed, let ζ ∈ Ω1(M) be the dual of Y . For any ω ∈ Ω(M), one has

∇̄X(ζ ∧ ω) = (∇̄Xζ) ∧ ω + ζ ∧ ∇̄Xω

which implies that

[∇̄X , a(Y )](ω) = (∇̄Xζ) ∧ ω = a(∇XY )(ω).

The last identity follows from the simple observation that ∇̄Xζ is the dual of ∇XY .

(ii) Next, we claim that
[∇̄X , ι(Y )] = ι(∇XY ).

Indeed, one finds from explicit calculation that [∇̄X , ι(Y )](ω) for any ω ∈ Ω1(M)
and the operator [∇̄X , ι(Y )] satisfies the relation (8.16). The claim follows since
these two properties uniquely characterise the interior product.

(iii) The relation (8.28) follows trivially from (i) and (ii).
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We are now in a position to prove the Weitzenböck formula.

Proof of Proposition 8.1. According to Lemma 8.15 and Lemma 8.16, the Hodge
Laplacian is expressed as

∆ = (d+ δ)2 = c(ei)∇̄eic(ej)∇̄ej = c(ei)
(
c(ej)∇̄ei + c(∇eiej)

)
∇̄ej .

By writing ∇eiej = ⟨∇eiej, ek⟩ek,

RHS = c(ei)c(ej)∇̄ei∇̄ej + c(ei)c(ek)∇̄⟨∇eiej ,ek⟩ej

= c(ei)c(ej)∇̄ei∇̄ej − c(ei)c(ek)∇̄∇eiek
.

By using the relation (8.20) and the expression (C.16) for the connection Laplacian,
one then finds that

RHS = ∆ΛT ∗M +
∑
i ̸=j

c(ei)c(ej)∇̄ei∇̄ej −
∑
i ̸=j

c(ei)c(ej)∇̄∇eiej
.

We claim that∑
i ̸=j

c(ei)c(ej)∇̄ei∇̄ej =
1

2

∑
i,j

c(ei)c(ej)[∇̄ei , ∇̄ej ], (8.29)

∑
i ̸=j

c(ei)c(ej)∇̄∇eiej
=

1

2

∑
i,j

c(ei)c(ej)∇̄[ei,ej ]. (8.30)

Suppose these relations are true for now. By using the expression (C.16) for ∆ΛT ∗M ,
one finds that

∆ = ∆ΛT ∗M +
1

2

∑
i,j

c(ei)c(ej)
(
[∇̄ei , ∇̄ej ]− ∇̄[ei,ej ]

)
= ∆ΛT ∗M +

1

2

∑
i,j

c(ei)c(ej)R̄(ei, ej) = ∆ΛT ∗M +R,

where the last identity follows from Lemma 8.14. This produces the Weitzenböck
formula.

Now it remains to prove (8.29) and (8.30). We only consider the latter and leave
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the former as an exercise. One has∑
i ̸=j

c(ei)c(ej)∇̄∇eiej

=
∑
i<j

(
c(ei)c(ej)∇̄∇eiej

+ c(ej)c(ei)∇̄∇ej ei

)
=
∑
i<j

(
c(ei)c(ej)∇̄∇eiej

− c(ei)c(ej)∇̄∇ej ei

)
(by (8.20))

=
∑
i<j

c(ei)c(ej)∇̄[ei,ej ] (by torsion freeness of ∇)

=
1

2

∑
i,j

c(ei)c(ej)∇̄[ei,ej ].

This proves the desired relation (8.30).

To conclude this part, we provide another representation of the curvature en-
domorphism R (the Lichnerowicz formula). This will be useful in the later heat
equation proof of the CGB theorem.

Proposition 8.2 (The Lichnerowicz formula). One has

∆ = ∆ΛT ∗M +
1

8
Rijklc(ei)c(ej)ĉ(ek)ĉ(el) +

Scal

4
,

where Scal = Rijij denotes the scalar curvature (see Appendix C.1).

Proof. According to Lemma 8.14 as well as the relation (8.22), one has

R =
1

2
Rijklc(ei)c(ej)a(ek)ι(el)

=
1

2
Rijklc(ei)c(ej)

c(ek) + ĉ(ek)

2

ĉ(el)− c(el)
2

=
1

8
Rijklc(ei)c(ej)ĉ(ek)ĉ(el)−

1

8
Rijklc(ei)c(ej)c(ek)c(el).

The last identity follows since the c-ĉ cross terms vanish by symmetry consideration.
To complete the proof, it suffices to show that

Rijklc(ei)c(ej)c(ek)c(el) = −2Scal. (8.31)
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To ease notation, we use ci, ĉj to denote c(ei), ĉ(ej). Then one has

Rijklcicjckcl = −Rijklcjcickcl = −Rijklcj(−2δik − ckci)cl
= 2Rijilcjcl +Rijklcjckcicl

= 2Rijilcjcl − (Rjkil +Rkijl)cjckcicl

= 2Rijilcjcl −Rjkilcjckcicl −Rkijl(−2δjk − ckcj)cicl
= 4Rijilcjcl −Rjkilcjckcicl +Rkijlckcjcicl

= 4Rijilcjcl −Rjkilcjckcicl +Rkijlck(−2δij − cicj)cl
= 6Rijilcjcl −Rjkilcjckcicl −Rkijlckcicjcl.

It follows that

3Rijklcicjckcl = 6Rijilcjcl = 3(Rijil +Rilij)cjcl

= 3Rijil(cjcl + clcj) = 3Rijil × (−2δjl)
= −6Rijij = −6Scal.

This gives the desired relation (8.31).

8.5.2 Gårding’s inequality

In this subsection, we prove Lemma 8.7 by induction on s.

(i) The s = 0 case.

According to the Weitzenböck formula and Proposition C.2, one has

∥Dω∥20 = ∥∇̄ω∥20 + ⟨Rω, ω⟩L2

for all ω ∈ H1. By the compactness of M, there exists C1 > 0 such that

⟨Rω, ω⟩L2 ⩾ −C1∥ω∥20. (8.32)

On the other hand, by using a partition of unity one can express the integral

∥∇̄ω∥20 =
∫
M

⟨∇̄ω, ∇̄ω⟩xdx

as a sum of local integrals, each having the form

IU(ω) ≜
∫
U

gij⟨∇̄∂iω, ∇̄∂jω⟩xdx

where U is a local chart and (gij) is the inverse metric tensor. Note that ∇̄i = ∂i−Γi
where Γi ∈ Γ(End(ΛT ∗U)) is a zeroth order operator. Since (gij) is positive definite,
one has ∫

U

gij⟨∂iω, ∂jω⟩xdx ⩾ C1,U∥ω∥21 − C2,U∥ω∥20
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for some constants C1,U , C2,U depending only on the local chart U . Together with
the boundedness of gij and Γi, it follows that

IU(ω) =

∫
U

gij⟨(∂i − Γi)ω, (∂j − Γj)ω⟩xdx

⩾C1,U∥ω∥21 − C3,U∥ω∥20 − C4,U∥ω∥1∥ω∥0
⩾C5,U∥ω∥21 − C6,U∥ω∥20.

By compactness again, there are finitely many such U ’s and the above estimate
patches globally to yield

∥∇̄ω∥20 ⩾ C2∥ω∥21 − C3∥ω∥20 (8.33)

with suitable constants C2, C3 > 0 depending on M . Combining (8.32) and (8.33),
one concludes that

∥Dω∥20 ⩾ C2∥ω∥21 − (C1 + C3)∥ω∥20,

which is Gårding’s inequality in the s = 0 case.

(ii) The induction step.

This step is indeed quite straightforward. To ease notation, we write ≲ for
inequalities up to multiplicative constants that are independent of ω. Suppose that
Gårding’s inequality is valid for s − 1 and let ω ∈ Hs+1. By the same partition
of unity argument, one can assume that ω is supported in a local chart. By the
definition of the ∥ · ∥s+1-norm and the induction hypothesis, one has

∥ω∥s+1 ≲
∑
i

∥∂iω∥s + ∥ω∥0

≲
∑
i

(
∥∂iω∥s−1 + ∥D∂iω∥s−1

)
+ ∥ω∥0. (8.34)

Now the main observation is that [D, ∂i] ≜ D∂i − ∂iD is a first order differential
operator. In particular,

∥D∂iω∥s−1 ⩽ ∥∂iDω∥s−1 + ∥[D, ∂i]ω∥s−1 ≲ ∥Dω∥s + ∥ω∥s. (8.35)

By substituting (8.35) back into (8.34), one obtains that

∥ω∥s+1 ≲ ∥ω∥s + ∥Dω∥s.

This completes the induction step.
The proof of Gårding’s inequality is now complete.
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Remark 8.9. Gårding’s inequality allows one to control all first order derivatives
(the operator ∇̄) in terms of a specific mixture of directional derivatives (the op-
erator D), which is a surprising fact at first glance. In the current argument, the
key connecting D and ∇̄ to make this work is precisely the Weitzenböck formula.
However, the essence behind the inequality is ellipticity; it holds more generally
that ∥ω∥1 ≲ ∥ω∥0 + ⟨Lω, ω⟩L2 for any second order elliptic operator L (and in
particular, ∆ is such an operator).

8.5.3 Regularity of d+ δ

In this subsection, we prove the regularity lemma (Lemma 8.8) for the operator
D = d + δ . As we mentioned before, this is almost a direct consequence of
Gårding’s inequality (at least at a formal level). The argument below develops
the unpleasant technicalities and can be skipped if the reader is convinced by this
point.

We consider a slightly weaker claim:

ω ∈ Hs, Dω ∈ Hs =⇒ ω ∈ Hs+1. (8.36)

The proof of this claim is divided into the following steps.

(i) Localisation.

We first claim that in order to prove (8.36), it is enough to consider the case
when ω is supported in a local chart. The main observation is the following lemma.

Lemma 8.17. Suppose that ω ∈ Hs and Dω ∈ Hs. Then for any f ∈ C∞(M), one
has D(fω) ∈ Hs.

Proof. For any smooth form ω and f ∈ C∞(M), one finds by using Lemma 8.15
that

D(fω) = (eif)(a(ei)ω − ι(ei)ω) + fD(ω).

Note that the first term is independent of the PONF {ei} and is hence global. If
ω ∈ Hs and Dω = η ∈ Hs weakly, one has

D(fω) = (eif)(a(ei)ω − ι(ei)ω) + fη ∈ Hs weakly.

Suppose that (8.36) has already been proven for forms supported in local coor-
dinate charts. Now let ω ∈ Hs and Dω ∈ Hs. Using a partition of unity {φi}ri=1

on M, one can write

ω =
r∑
i=1

φiω =⇒ Dω =
r∑
i=1

D(φiω).
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Since ω,Dω ∈ Hs, Lemma 8.17 shows thatD(φiω) ∈ Hs, and since φiω is supported
in a chart, one further knows that φiω ∈ Hs+1. It follows that ω =

∑r
i=1 φiω ∈ Hs+1.

(ii) Reduction to the s = 0 case.

Next, we claim that it is sufficient to prove the following assertion:

ω ∈ L2(ΛT ∗V ), Dω ∈ L2(ΛT ∗V ) =⇒ ω ∈ H1(ΛT
∗V ), (8.37)

where V is any local chart on M with compact closure. Indeed, suppose that (8.37)
is true and let

ω ∈ Hs, suppω ⊆ V, Dω ∈ Hs.

Given any multi-index α = (α1, · · · , αn) with α1+· · ·+αn ⩽ s, explicit computation
shows that ∂αD − D∂α is a differential operator of order at most s (here ∂α ≜
∂α1

x1 · · · ∂
αn
xn is the usual partial differentiation in the chart V ). Now observe that

ω ∈ Hs =⇒ (∂αD −D∂α)ω ∈ L2, Dω ∈ Hs =⇒ ∂αDω ∈ L2.

Therefore,D∂αω ∈ L2(ΛT ∗V ) and one concludes from (8.37) that ∂αω ∈ H1(ΛT
∗M).

Since α is arbitrary, it follows that ω ∈ Hs+1(ΛT
∗M).

(iii) It remains to prove the claim (8.37).

For technical reason, we will prove the following small variant of the claim which
is clearly sufficient. Let V be a local chart and let U ⋐ V .

Revised Claim (8.37). Suppose that ω ∈ L2(ΛT ∗V ), suppω ⊆ U and Dω ∈ L2(ΛT ∗V ).
Then ω ∈ H1(ΛT

∗V ).

Under the local chart V , one can perform analysis under the usual Euclidean
notation (e.g. convolution, partial differentiation etc.). For each ε > 0, let χε be
the standard mollifier and let ω∗χε denote the convolution between ω and χε. Note
that ω ∗ χε → ω in L2 as ε → 0+. To prove ω ∈ H1(ΛT

∗V ), it is enough to show
that {ω ∗ χε} is Cauchy under H1-norm. According to Gårding’s inequality, one
only needs to show that {D(ω ∗ χε)} is Cauchy in L2.

To this end, let ωε,δ ≜ ω ∗ χε − ω ∗ χδ and write

Dωε,δ =D(ω ∗ χε)− (Dω) ∗ χε + (Dω) ∗ χε − (Dω) ∗ χδ
+ (Dω) ∗ χδ −D(ω ∗ χδ).

The middle term (Dω) ∗ χε − (Dω) ∗ χδ vanishes as ε, δ → 0+ because Dω ∈ L2.
To complete the proof, it remains to show the following result.

Lemma 8.18. One has

lim
ε→0+

∥D(ω ∗ χε)− (Dω) ∗ χε∥L2 = 0. (8.38)
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Proof. This result is true for any first order differential operator D (ellipticity does
not play any role). Let us write D = ai∂xi + b where ai, b ∈ C∞

b (V̄ ). The identity
(8.38) clearly holds for the b-component and we therefore only consider the case
when D = ai∂xi .

(a) For each ω ∈ Ω∗
c(Ū) (smooth forms supported on Ū), we define

Tε(ω) ≜ D(ω ∗ χε)− (Dω) ∗ χε.

We claim that there exist positive constants C and ε0, such that

∥Tεω∥L2(ΛT ∗V ) ⩽ C∥ω∥L2(ΛT ∗U) (8.39)

for all ω ∈ Ω∗
c(Ū) and ε ∈ (0, ε0). Indeed, simple integration by parts yields

(Tεω)(x) =ai(x)

∫
V

∂xiω(x− εy)χ(y)dy −
∫
V

ai(x− εy)∂xiω(x− εy)χ(y)dy

=

∫
V

ω(x− εy) · ai(x)− ai(x− εy)
ε

· ∂yiχ(y)dy

+

∫
V

ω(x− εy)χ(y)∂xiai(x− εy)dy,

from which the claim (8.39) easily follows.
Since Ω∗

c(Ū) is dense in L2(ΛT ∗U), one obtains a bounded linear operator T̄ε :
L2(ΛT ∗U)→ L2(ΛT ∗V ) which is the unique extension of Tε.

(b) Suppose that ω,Dω ∈ L2(ΛT ∗V ) and suppω ⊆ U . Then one has

T̄εω = D(ω ∗ χε)− (Dω) ∗ χε. (8.40)

To see this, let ωk ∈ Ω∗
c(Ū) be a sequence converging to ω in L2. Part (a) shows

that Tεωk → T̄εω in L2. For any test form φ ∈ Ω∗
c(V ), one has

⟨T̄εω, φ⟩L2 = lim
k→∞
⟨Tεωk, φ⟩L2 = lim

k→∞
⟨D(ωk ∗ χε)− (Dωk) ∗ χε, φ⟩L2

= lim
k→∞

(
⟨ωk ∗ χε, D∗φ⟩L2 − ⟨ωk, D∗(φ ∗ χ−

ε )⟩L2

)
,

where D∗ denotes the formal adjoint of D and χ−
ε (y) ≜ χε(−y). Since Dω ∈

L2(ΛT ∗V ), the RHS is equal to

⟨ω ∗ χε, D∗φ⟩L2 − ⟨ω,D∗(φ ∗ χ−
ε )⟩L2 = ⟨D(ω ∗ χε), φ⟩L2 − ⟨Dω,φ ∗ χ−

ε ⟩L2

= ⟨D(ω ∗ χε)− (Dω) ∗ χε, φ⟩L2 .

This gives the relation (8.40).

(c) For smooth forms ω ∈ Ω∗(Ū), it is obvious that Tεω → 0 in L2 as ε→ 0+.
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(d) We now finish the proof of the lemma. Suppose that ω,Dω ∈ L2(ΛT ∗V ) and
suppω ⊆ U . Given η > 0, let β ∈ Ω∗(Ū) be such that ∥ω − β∥L2 < η. According to
(8.39), one has

∥D(ω ∗ χε)− (Dω) ∗ χε∥L2 ⩽ ∥T̄εω − Tεβ∥L2 + ∥Tεβ∥L2 ⩽ Cη + ∥Tεβ∥L2

for all ε ∈ (0, ε0). It follows from Step (c) that

lim
ε→0+
∥D(ω ∗ χε)− (Dω) ∗ χε∥L2 ⩽ Cη.

The result follows since η is arbitrary.

Now the proof of the revised Claim (8.37) (and thus of (8.36)) is complete.
To prove the regularity Lemma 8.8, we assume that ω ∈ L2 and Dω = η ∈ Hs

(weakly). The claim (8.36) shows that ω ∈ H1, and using the claim again one
finds ω ∈ H2. By iterating this argument, one obtains that ω ∈ Hs+1. Note that if
Dω ∈ Ω(M), one has ω ∈ Hs for all s, and it follows from the Sobolev embedding
theorem (see Theorem C.2) that ω is smooth in the classical sense, i.e. ω ∈ Ω(M).
The proof of Lemma 8.8 is therefore complete.

The following result is an immediate consequence of Lemma 8.8. It asserts that
the Hodge Laplacian increases regularity by two.

Corollary 8.1 (Weyl’s lemma). Suppose that ω ∈ H1 and ∆ω = η ∈ Hs weakly.
Then ω ∈ Hs+2. In particular, eigenforms of ∆ are smooth.

Proof. Let β ≜ Dω which makes sense since ω ∈ H1. For any test form φ ∈ Ω(M),
one has by duality that

⟨β,Dφ⟩L2 = ⟨Dω,Dφ⟩L2 = ⟨ω,∆φ⟩L2 = ⟨η, φ⟩L2 .

As a result, Dβ = η weakly. It follows from Lemma 8.8 that β ∈ Hs+1 and therefore
ω ∈ Hs+2.

Remark 8.10. The result of Weyl’s lemma holds without assuming ω ∈ H1; the
proof in this more general case requires additional tools from distribution theory.

Remark 8.11. The current proof of Weyl’s lemma relies on the regularity lemma
for D which is in turn based on the geometric Weitzenböck formula. There are
analytic proofs which rely only on ellipticity and work for general elliptic operators
(see e.g. [GT77]).
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8.6 An application: Bochner’s theorem on first Betti number

We conclude this chapter with a nice topological application of the Hodge theorem.
LetM be a connected, closed, oriented Riemannian manifold of dimension n. Recall
that the first Betti number b1(M) of M is the dimension of the first de Rham
cohomology group, which is a topological invariant. Also recall that the Ricci
tensor Ric is defined by (C.6).

Theorem 8.4 (Bochner’s Theorem). Suppose that Ric ⩾ 0. Then b1(M) ⩽ n. If
one assumes additionally that Ric(x) > 0 at some x ∈M , then b1(M) = 0.

Proof. The Ricci tensor induces an endomorphism Ric : Ω1(M)→ Ω1(M) through
the identification TM ∼= T ∗M, which further induces an endomorphism (still de-
noted as) Ric ∈ Γ(End(ΛT ∗M)) on forms via the Leibniz rule (see (8.21)).

Firstly, we claim that Ric = Ricija(ei)ι(ej) with respect to a local PONF {ei}.
In fact, one easily checks that

Ric(θi) = Ricjiθ
j = Rickla(ek)ι(el)(θ

i)

and additionally, the operator Ricija(ei)ι(ej) satisfies the Leibniz rule (8.21) on
forms.

Next, we claim that
∆(ω) = ∇̄∗∇̄(ω) + Ric(ω) (8.41)

for all ω ∈ Ω1(M). Indeed, according to the Weitzenböck formula, one has

Rω = −Rijkla(ei)ι(ej)a(ek)ι(el)ω

= −Rijkla(ei)
(
δjk − a(ek)ι(ej)

)
ι(el)ω

= Ric(ω) +Rijkla(ei)a(ek)ι(ej)ι(el)ω.

The second term vanishes if ω is a 1-form, hence yielding the relation (8.41).
Suppose that Ric ⩾ 0 on M . In this case, we claim that harmonic 1-forms must

be parallel. To see this, let ω ∈ H ∩ Ω1(M). According to the formula (8.41), one
has

0 = ⟨∆ω, ω⟩L2 = ⟨∇̄ω, ∇̄ω⟩L2 + ⟨Ric(ω), ω⟩L2 ⩾ 0.

As a result, ∇̄ω = 0. Now assume on the contrary that b1(M) > n. By Theorem 8.3
and the previous claim, one would find more than n linearly independent parallel
1-forms. By using parallel transport, this would lead to more than n linearly
independent elements in T ∗

xM (for any fixed x ∈ M) which is absurd. Therefore,
b1(M) ⩽ n.

Finally, suppose further that Ric(x) > 0 at some x ∈ M . Let ω be a harmonic
1-form. In the relation (8.41), by taking inner product with ω(x) on T ∗

xM one finds
that ω(x) = 0. Since ∇̄ω = 0 and M is connected, the value of ω at any location
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y ∈M can be obtained through parallel transport of ω(x) along any smooth curve
from x to y. As a result, ω(y) = 0 for all y ∈M . In particular, there are no nonzero
harmonic 1-forms on M and hence b1(M) = 0.
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9 Heat kernels on vector bundles
In this chapter, we prove the existence of a unique smooth heat kernel for any
generalised Laplace operator on a vector bundle over a closed, oriented Riemannian
manifold. This fact was used in the earlier proof of the L2-Hodge theorem and will
also be needed (in a more essential way) in the later heat equation proof of the CGB
theorem. The existence theorem here is not abstract functional-analytic nonsense.
In fact, the technique we shall develop yields rather precise quantitative information
and asymptotic properties of the heat kernel, which are crucial for CGB.

Throughout the rest of this chapter, we always assume that (E,M, π) is a K-
vector bundle over a closed, oriented Riemannian manifold of dimension n (K = R
or C). We begin by introducing the definition of a generalised Laplacian and the
associated heat kernel. Recall Definition C.6 for the Laplacian associated with a
connection on E.

Definition 9.1. A generalised Laplacian on E is a differential operator of the
form H = ∆ + F : Γ(E) → Γ(E) where ∆ is the Laplacian associated with some
connection on E and F ∈ Γ(End(E)) is a zeroth order operator.

Let E ⊠E∗ be the bundle over M ×M whose fiber at (x, y) is Ex ⊠E∗
y , where

the notation ⊠ means the usual tensor product.

Definition 9.2. Let H be a generalised Laplacian on E. A heat kernel for H is a
map p : (0,∞)→ Γ(M ×M,E ⊠ E∗) which satisfies the following properties.

(i) (C1 in t) The map

(t, x, y) 7→ pt(x, y), (t, x, y) 7→ ∂tpt(x, y)

are continuous in (t, x, y).

(ii) (C2 in x) For each fixed (t, y), the map x 7→ pt(x, y) has continuous deriva-
tive up to second order with respect to any coordinate chart of M and any local
trivialisation of E.

(iii) (Heat equation) (∂t + Hx)pt(x, y) = 0 for all t > 0 and x, y ∈ M . Here Hx

means applying H to the x-variable of p.

(iv) (Initial condition) For any s ∈ Γ(E), one has

lim
t→0+

sup
x∈M
∥(Pts)(x)− s(x)∥Ex = 0 (9.1)

under any metric on E. Here the operator Pt : Γ(E)→ Γ(E) is defined by

(Pts)(x) ≜
∫
M

pt(x, y)s(y)dy

for any s ∈ Γ(E).
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Remark 9.1. Due to the compactness of M , the property (iv) does not depend on
the particular choice of metric on E.

The main goal of this chapter is to prove the following fundamental result. In
fact, much more quantitative properties will be established along the way.

Theorem 9.1. Let H be a generalised Laplacian on E. There exists a unique heat
kernel pt(x, y) for H. In addition, pt(x, y) is smooth in all variables.

Example 9.1. The main example of our interest is E = ΛT ∗M (the exterior algebra
bundle) and H = ∆ (the Hodge Laplacian). From the Weitzenböck formula, one
knows that H is a generalised Laplacian and therefore admits a unique smooth heat
kernel.

9.1 Existence of heat kernel

In this section, we prove the existence of a heat kernel by using the so-called
parametrix method. The main idea is to first write down an approximating so-
lution and then use it to iterate the heat equation to obtain a true solution. It will
be clear from the method that the heat kernel obtained in this way is smooth. An
important by-product of this method is a precise small-time asymptotic expansion
of the heat kernel, whose coefficients are described quite explicitly and encode use-
ful geometric information (such as curvature properties). Such an expansion plays
an essential role in the heat equation proof of the CGB theorem.

9.1.1 The parametrix method: a toy example

We use a toy model to explain the parametrix method in an elementary way. Let V
be a finite dimensional vector space and let H ∈ L(V ) be a bounded linear operator
on V . Suppose that one wants to solve the ODE

dPt
dt

+HPt = 0, 0 ⩽ t ⩽ T (9.2)

with initial condition P0 = id.
The parametrix method begins with an approximating solution (the parametrix )

Kt ∈ L(V ), in the sense that

dKt

dt
+HKt =: Rt, K0 = id, (9.3)

where the “remainder” Rt is assumed to satisfy |Rt| ⩽ C1t
α for all t ∈ [0, T ] with

some α ⩾ 0. Given any continuous φ : [0, T ] → L(V ), we define the convolution
Q ≜ K ∗ φ by

Qt ≜ (K ∗ φ)t ≜
∫ t

0

Kt−sφsds.
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It is easily seen by using (9.3) that( d
dt

+H
)
Q = φ+R ∗ φ. (9.4)

The relation (9.4) motivates the construction of

P = K + R̂, (9.5)

with R̂ being defined by

R̂ ≜ K ∗ R̃, R̃ ≜
∞∑
k=1

(−1)kR∗k. (9.6)

Here R∗k means the k-fold convolution of R, i.e.

R∗1
t ≜ Rt; R

∗k
t ≜

∫
0<t1<···<tk−1<t

Rt−tk−1
· · ·Rt2−t1Rt1dt1 · · · dtk−1, k ⩾ 2.

At a formal level, one obtains from (9.4) that( d
dt

+H
)
P =

( d
dt

+H
)
(K + R̂) = R + R̃ +R ∗ R̃

= R +
∞∑
k=1

(−1)kR∗k +
∞∑
k=1

(−1)kR∗(k+1) = 0. (9.7)

Therefore, P solves the heat equation (9.2).
The above argument is rigorous. Indeed, one can write

Pt =
∞∑
k=0

(−1)kQ(k)
t , (9.8)

where

Q
(0)
t ≜ Kt; Q

(k)
t ≜

∫ t

0

Kt−sR
∗k
s ds, k ⩾ 1,

Assuming that |Kt| ⩽ C0 for all t ∈ [0, T ], one concludes by induction that

|Q(k)
t | ⩽

C0C
k
1 t
k(1+α)

k!
∀k ⩾ 1, t ∈ [0, T ].

In particular, the series in (9.8) is uniformly convergent. Therefore, the computation
performed in (9.7) is justified. In addition, Kt is a small-time approximation of Pt
in the sense that

|Pt −Kt| =
∣∣∣ ∞∑
k=1

(−1)kQ(k)
t

∣∣∣ ⩽ ∞∑
k=1

C0C
k
1 t
k(1+α)

k!
⩽ C2t

1+α

for all t ∈ [0, T ].
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9.1.2 Local formulae under normal chart

Before moving to the construction of the heat kernel, we first discuss a few local
computations under a normal coordinate chart. The formulae we derive here are
not only useful for the current purpose but also of independent interest in various
geometric contexts.

The construction and basic properties of a normal chart are recalled in Appendix
C.3. Here we just provide a brief summary. Let y ∈M be a fixed based point and
let U = B(y, η) be a geodesic ball centered at y. We assume that η is small enough
so that

exp : V ≜ {v ∈ TyM : |v| < η} → U

is a diffeomorphism. Let {εi : 1 ⩽ i ⩽ n} be a given fixed PONB of TyM and we
identify V with the η-ball in Rn through

x = (x1, · · · , xn)↔ xiεi.

The normal coordinates on U are defined by

V ∋ x = (x1, · · · , xn) 7→ exp(xiεi) ∈ U.

We use x or x interchangeably to denote a point in U . Note that x = 0 corresponds
to the base point y.

We consider two local frame fields of the tangent bundle over U : the natural
coordinate field {∂i} with respect to the above normal coordinates and the PONF
{ei} which are parallel along geodesic rays from y. These two frame fields agree at
y and they are related by

ei = σji ∂j, ∂j = τ ijei (9.9)

with some matrix-valued functions σ, τ ∈ C∞(U) where τ = σ−1. Since ei = ∂i = εi
at y, one has

σji (x) = δji + o(1), τ ji (x) = δji + o(1) as |x| → 0. (9.10)

An important property of {ei} is that ∇eiej = 0 at y (vanishing Christoffel symbols
at y).

The radial vector field

The radial vector field R ≜ xi∂i on U plays a central role in the local computation
we shall perform. We summarise its basic properties in the following two lemmas.

Lemma 9.1. (i) Let f ∈ C∞(U) be such that f(0) = 0 and Rf = f in U . Then
f(x) = ∂if(0)x

i.

(ii) Let f ∈ C∞(U) be such that f(0) = 0 and Rf = xi in U . Then f(x) = xi.
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Proof. (i) Fix δ ∈ (0, η). It is enough to prove the claim on the ball B(y, δ). By
assumption, one can write f = ∂if(0)x

i+g, where g is a smooth function satisfying
|g(x)| ⩽ C|x|2 for all |x| ⩽ δ with some constant C depending on δ. Let |x| ⩽ δ be
given fixed and define φ(t) ≜ g(tx) (0 ⩽ t ⩽ 1). Since Rf = f , one has Rg = g. It
follows that

φ′(t) =
1

t
(Rg)(tx) =

1

t
g(tx) =⇒ g(x) =

∫ 1

0

1

t
g(tx)dt.

Therefore,

|g(x)| ⩽
∫ 1

0

1

t
· Ct2|x|2dt = 1

2
C|x|2.

Note that this is true for all |x| ⩽ δ. By iteration, one finds that |g(x)| ⩽ 2−mC|x|2
for all m. As a result, g(x) = 0.

(ii) As before, given fixed x we define φ(t) ≜ f(tx). Then

f(x) =

∫ 1

0

1

t
(Rf)(tx)dt =

∫ 1

0

1

t
· txidt = xi.

The result thus follows.

Lemma 9.2. The following relations hold true:

(i) ∇RR = R; (ii) R = xiei; (iii) ⟨R, ∂i⟩ = xi.

In particular, |R|2 = |x|2.

Proof. (i) By definition,

∇RR = xi∇∂i(x
j∂j) = xi∂i + xixjΓkij∂k = R + xixjΓkij∂k.

where Γkij ≜ ⟨dxk,∇∂i∂j⟩ are the Christoffel symbols of ∇ with respect to {∂i}.
Since the ray t 7→ tx is a geodesic (for each fixed x), the geodesic equation (C.14)
yields that xixjΓkij∂k = 0. Therefore, ∇RR = R.

(ii) Note that
R⟨R, ei⟩ = ⟨∇RR, ei⟩+ ⟨R,∇Rei⟩ = ⟨R, ei⟩,

where the second identity follows from Part (i) and the fact that ∇Rei = 0. It
follows from Lemma 9.1 (i) that ⟨R, ei⟩ is a homogeneous linear function of x. On
the other hand, according to (9.10) one has

⟨R, ei⟩ = ⟨xj∂j, ei⟩ = xj(δij + o(1)) = xi + o(|x|).

As a result, it must hold that ⟨R, ei⟩ = xi and thus R = xiei. In particular,
|R|2 = |x|2.
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(iii) First of all, one has

R⟨R, ∂i⟩ = ⟨R, ∂i⟩+ ⟨R,∇R∂i⟩
= ⟨R, ∂i⟩+ ⟨R,∇∂iR⟩+ ⟨R, [R, ∂i]⟩
= ⟨R, ∂i⟩+ ⟨R,∇∂iR⟩+ ⟨R,−∂i⟩ = ⟨R,∇∂iR⟩.

In addition, one knows from Part (ii) that

⟨R,∇∂iR⟩ =
1

2
∂i⟨R,R⟩ =

1

2
∂i|x|2 = xi.

Therefore, R⟨R, ∂i⟩ = xi. It follows from Lemma 9.1 (ii) that ⟨R, ∂i⟩ = xi.

Remark 9.2. A more explicit way of expressing Lemma 9.2 (iii) is that xigij = xj,
or equivalently, xi = xjgjk. Here (gij ≜ ⟨∂i, ∂j⟩) is the metric tensor and (gij) is its
inverse.

Local expansion of connection matrix

Let (E,M, π) be a real vector bundle over M of rank r and let ∇ be a connection
on E. Recall from (B.20) that the curvature tensor of ∇ is defined by

F (X, Y )s ≜ ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s

for X, Y ∈ Γ(TM) and s ∈ Γ(E). We choose a normal chart U as before and let
{s1, · · · , sr} be a local frame field of E defined by parallel transporting a given
basis {s1(y), · · · , sr(y)} of Ey along geodesic rays. This gives a local trivialisation
of E on U .

Let ω be the local connection matrix of ∇ with respect to {sα}, namely, ∇sα =
ωβα ⊗ sβ for each α. It follows that

∇(λαsα) = (dλα + λβωαβ )⊗ sα

for any smooth section λαsα on U. Under matrix notation, one can simply write
∇ = d + ω. In addition, by viewing F ∈ Ω2(M,End(E)), one can locally express
the curvature matrix as

F = dω + ω ∧ ω

with respect to {sα}.
In this part, we establish the following local expansion of the connection matrix

ω in terms of F . We write ω = ωidx
i, where ωi is an r×r matrix-valued C∞-function

on U .
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Proposition 9.1. One has

ωi(x) = −
1

2
F (∂i, ∂j)|yxj + o(|x|) (9.11)

as |x| → 0.

Proof. The key observation is that

LRω = ι(R)F, (9.12)

where LR is the Lie derivative and ι(R) is the interior product by R. Let us presume
for now the correctness of (9.12). On the one hand, one has

LRω = LR(ωidxi) = (xj∂jωi + ωi)dx
i.

On the other hand, using F =
∑

i<j F (∂i, ∂j)dx
i ∧ dxj one sees that

ι(R)F = xjF (∂j, ∂i)dx
i.

Therefore,
xj∂jωi + ωi = xjF (∂j, ∂i) (9.13)

for every i. By writing ωi = µijx
j + o(|x|), it follows from (9.13) that µij =

−1
2
F (∂i, ∂j)|y. This gives the desired expansion (9.11).
We now prove (9.12). Since sα is parallel along R, one has

0 = ∇Rsα = ι(R)(∇sα) =
(
ι(R)ωβα

)
sβ = 0 =⇒ ι(R)ω = 0. (9.14)

It follows from Cartan’s formula (see Proposition B.1) that

LRω =
(
ι(R)d+ dι(R)

)
ω = ι(R)(dω) = ι(R)

(
dω + ω ∧ ω

)
= ι(R)F.

This yields the relation (9.12) and completes the proof of the proposition.

Remark 9.3. In a similar way, partial derivatives of ω at y up to order k are deter-
mined by partial derivatives of F at y up to order k − 1.

Local expansion of the metric tensor

We now restrict to the tangent bundle and consider the Levi-Civita connection ∇.
In this part, we establish the following local expansion of the metric tensor in terms
of curvature coefficients. It shows that any Riemannian metric can be approximated
by the Euclidean one up to second order. We again work on the normal chart U
and consider the PONF {ei} as before.
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Proposition 9.2. One has

gij(x) = δij −
1

3

∑
k,l

Rikjl(y)x
kxl + o(|x|2) as |x| → 0,

where Rikjl ≜ ⟨R(ej, el)ek, ei⟩ are the curvature coefficients of the Riemann curva-
ture tensor.

The proof of Proposition 9.2 uses the canonical form θ̄, which is the TM -valued
1-form on M defined by θ̄(X)x ≜ Xx for all X ∈ Γ(TM) (cf. Definition 6.20
and Proposition 6.14 for the definition). Under any coordinate chart, one has
θ̄ = dxi ⊗ ∂i. Recall from Section 6.9.4 that d∇θ̄ = T where d∇ is the exterior
covariant derivative induced by ∇ (see Definition 6.15) and T is the torsion form.

Let ω be its local connection matrix with respect to {ei}. Using normal coordi-
nates, one can write

θ̄ = dxi ⊗ ∂i = θ̄i ⊗ ei (9.15)

with θ̄i ≜ τ ijdx
j, where τ ij is defined by the relation (9.9). Define the column vector

θ̄ ≜ (θ̄i)1⩽i⩽n.

Corollary 9.1. Under matrix notation, one has dθ̄ + ω ∧ θ̄ = 0.

Proof. Using θ̄ = θ̄i⊗ei, it is plain to see that d∇θ̄ = (dθ̄i+ωij∧θ̄j)⊗ei. On the other
hand, since ∇ is torsion free, one knows that d∇θ = 0. Therefore, dθ̄i + ωij ∧ θ̄j =
0.

We are now in a position to prove Proposition 9.2.

Proof of Proposition 9.2. By using the relation (9.9), one can write

gij = ⟨∂i, ∂j⟩ = ⟨τ ki ek, τ ljel⟩ = τ ki τ
k
j . (9.16)

The main idea is to work out the expansion of τ ki and then apply the above relation.
The computation is lengthy and we divide the argument into several steps. Recall
that R = xi∂i is the radial vector field on U .

(i) First of all, note that LR(dxj) = dxj. Therefore, one has

LRθ̄i = LR(τ ijdxj) = R(τ ij)dx
j + τ ijLR(dxj) =

(
xk∂kτ

i
j + τ ij

)
dxj.

One computes L2
Rθ̄

i in a similar way and finds that

(L2
R − LR)θi =

(
2xk∂kτ

i
j + xkxl∂2klτ

i
j

)
dxj. (9.17)

(ii) By using Cartan’s formula (Proposition B.1) and Corollary 9.1, one can also
compute LRθ̄ as

LRθ̄ = ι(R)dθ̄ + dι(R)θ̄ = ι(R)(−ω ∧ θ̄) + dι(R)θ̄ = ω ∧ ι(R)θ̄ + dι(R)θ̄,
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where the last identity follows from the fact that ι(R)ω = 0 (cf. (9.14)). According
to Lemma 9.2 (ii) and the definition of θ̄,

xiei = R = ι(R)θ̄ = (ι(R)θ̄i)ei =⇒ ι(R)θ̄i = xi.

As a result,
LRθ̄ = ω · x+ dx (9.18)

where x = (xi)1⩽i⩽n is viewed as a column vector. It follows that

L2
Rθ̄ = LR(ω · x+ dx) = (LRω) · x+ ω · x+ dx. (9.19)

One computes
LRω = ι(R)dω + dι(R)ω = ι(R)dω = ι(R)F, (9.20)

where F = dω + ω ∧ ω is the local curvature matrix with respect to {ei}. By
substituting (9.20) into (9.19) and using (9.18), one obtains that

L2
Rθ̄ − LRθ̄ = (ι(R)F ) · x. (9.21)

By comparing (9.17) and (9.21), one thus arrives at the following relation:(
2xk∂kτ

i
j + xkxl∂2klτ

i
j

)
dxj = (ι(R)F )ikx

k. (9.22)

(iii) Now we evaluate the RHS of (9.22) in terms of curvature coefficients. Firstly,
using R = xl∂l it is easily seen that ι(R)F = xlF (∂l, ∂j)dx

j. In particular, one has

(ι(R)F )ikx
k = xlF (∂l, ∂j)

i
kx

kdxj. (9.23)

Next, recall that F (∂l, ∂j) is defined by the relation

R(∂l, ∂j)ek = F (∂l, ∂j)
p
kep.

As a result, one has

xkF (∂l, ∂j)
i
k = ⟨xkR(∂l, ∂j)ek, ei⟩
= ⟨xkR(∂l, ∂j)∂k, ei⟩ (xkek = xk∂k = R)

= xkσqiRqklj (by (9.9)). (9.24)

By substituting (9.24) into (9.23) and using (9.22), one obtains that

2xk∂kτ
i
j + xkxl∂2klτ

i
j = xkxlσqiRqklj.

Since (θij) = σ−1, it follows that

2xkτ iq∂kτ
i
j + xkxlτ iq∂

2
klτ

i
j = xkxlRqklj. (9.25)
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(iv) Consider the expansion

τ ij = δij + aij,kx
k + bij,klx

kxl + · · · , Rqklj = Rqklj(y) + · · · . (9.26)

By substituting (9.26) into (9.25), one finds that

aij,k = 0, bij,kl = −
1

6
Rikjl(y).

Therefore,

τ ij = δij −
1

6
Rikjl(y)x

kxl + o(|x|2).

After substituting the above expansion back into the relation (9.16), one concludes
that

gij = δij −
1

3
Rikjl(y)x

kxl + o(|x|2),

which gives the desired metric expansion.

Corollary 9.2. One has

(∆Mgij)(y) =
2

3
Ricij(y),

where ∆M is the Laplace-Beltrami operator.

Proof. This is a direct consequence of Proposition 9.2, noting that ∆M =
∑

i ∂
2
i at

y under the normal chart.

9.1.3 The formal solution

We now address the problem of constructing a heat kernel pt(x, y) for a generalised
Laplacian H = ∆ + F on the vector bundle E, where ∆ is the Laplacian associ-
ated with a connection ∇. In what follows, we always view pt(x, y) ∈ Ex ⊠ E∗

y
∼=

End(Ey, Ex).
The starting point is to understand the shape of pt(x, y) when x is near y.

Proposition 9.2 tells one that the metric tensor is locally approximated by the
Euclidean one. It is therefore reasonable to “model” the heat kernel on the Euclidean
formula and look for an equation for the “corrector”. To make this idea precise, let
y ∈M be given fixed. Let U = B(y, η) be a normal chart around y and let {ei} be
a PONF on U as before (η is a fixed small number). Consider the Euclidean heat
kernel

qt(x, y) ≜
1

(4πt)n/2
e−|x|2/4t, t > 0, x ∈ U, (9.27)
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where x = (xi)1⩽i⩽n are the normal coordinates of x ∈ U . With y fixed, as a
function of (t, x) we postulate that pt(x, y) = st(x, y)qt(x, y) with some st(x, y) ∈
End(Ey, Ex). The following lemma gives the correct equation of st(x, y) in order
for pt(x, y) to satisfy the heat equation.

Proposition 9.3. For any smooth section (t, x) 7→ st(x, y), one has

(∂t +Hx)(stqt) =
[(
∂t +H +

∇R

t
+
R log j

2t

)
st

]
qt, (9.28)

where R is the radial vector field and j(x) ≜
√

det g(x) on U . As a consequence, the
section (t, x) 7→ st(x, y)qt(x, y) satisfies the heat equation (i.e. (∂t +Hx)(stqt) = 0
for all t > 0 and x ∈ U) if and only if(

∂t +Hx +
1

t
∇R +

R log j

2t

)
st = 0. (9.29)

To prove Proposition 9.3, we need the following lemma.

Lemma 9.3. One has
(∂t +∆M)qt =

R log j

2t
qt, (9.30)

where ∆M is the Laplace-Beltrami operator.

Proof. By the definition of qt(x, y), one easily finds that

∂tqt =
(
− n

2t
+
|x|2

4t2

)
qt. (9.31)

Next, we use the formula ∆M = −tr[∇Md] (see (C.10)) to compute ∆Mqt (∇M

denotes the Levi-Civita connection). Explicit calculation shows that

∇Md(e−|x|2/4t) =
1

16t2
e−|x|2/4td|x|2 ⊗ d|x|2 − 1

4t
e−|x|2/4t∇Md|x|2.

Therefore, one has

∆Me−|x|2/4t = − 1

16t2
e−|x|2/4ttr

(
d|x|2 ⊗ d|x|2

)
− 1

4t
e−|x|2/4t∆M(|x|2). (9.32)

To proceed further, we first claim that

tr
[
d|x|2 ⊗ d|x|2

]
= 4|x|2. (9.33)

Indeed, one has
tr
[
d|x|2 ⊗ d|x|2

]
= 4xixjtr

[
dxi ⊗ dxj

]
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and
tr
[
dxi ⊗ dxj

]
=
∑
k

⟨dxi, ek⟩⟨dxj, ek⟩ = ⟨dxi, dxj⟩ = gij.

It follows from Lemma 9.2 (cf. Remark 9.2) that

tr
[
d|x|2 ⊗ d|x|2

]
= 4xixjgij = 4xixi = 4|x|2.

Next, we claim that

∆M(|x|2) = −2(n+R log j). (9.34)

Indeed, let ϕ ∈ C∞
c (U) be any test function. By Green’s formula (C.12), one has∫

U

ϕ∆M(|x|2)dx =

∫
U

⟨∇Mϕ,∇M(|x|2)⟩dx.

In addition,

⟨∇Mϕ,∇M(|x|2)⟩ = ⟨dϕ, d|x|2⟩ = ⟨∂iϕdxi, 2xjdxj⟩
= 2xjgij∂iϕ = 2xi∂iϕ.

Therefore, ∫
U

ϕ∆M(|x|2)dx = 2

∫
U

xi∂iϕdx = 2

∫
U

xi∂iϕ · j(x)dx

where we used the fact that dx = j(x)dx (dx is the volume form and dx ≜ dx1 ∧
· · · ∧ dxn). Using Euclidean integration by parts, one finds that

RHS = −2
∫
U

ϕ∂i
(
xij(x)

)
dx = −2

∫
U

ϕ ·
(
nj(x) + (Rj)(x)

)
dx

= −2
∫
U

ϕ ·
(
n+

(Rj)(x)

j(x)

)
dx = −2

∫
U

ϕ ·
(
n+R log j

)
dx.

As a result, ∫
U

ϕ∆M(|x|2)dx = −2
∫
U

ϕ ·
(
n+R log j

)
dx

for all ϕ ∈ C∞
c (U). The relation (9.34) thus follows.

By substituting (9.33, 9.34) into (9.32), one obtains that

∆Mqt =
1

(4πt)n/2
∆M

(
e−|x|2/4t) = − 1

(4πt)n/2

( |x|2
4t
− 1

2t
(n+R log j)

)
e−|x|2/4t.

The desired equation (9.30) follows by combining this with (9.31).
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Proof of Proposition 9.3. By using Lemma 9.3, one first computes that

(∂t +H)(stqt) =
(
(∂t +H)st

)
qt + st

(
(∂t +∆M)qt

)
− 2⟨∇st,∇Mqt⟩

=
[(
∂t +H +

R log j

2t

)
st

]
qt − 2⟨∇st,∇Mqt⟩. (9.35)

Next, noting that ∇Mqt = −R
2t
qt one has

⟨∇st,∇Mqt⟩ = −
qt
2t
∇Rst. (9.36)

The equation (9.28) follows by substituting (9.36) into (9.35).

The next idea is to look for a formal solution to the equation (9.29) in terms of
t-series. To be more specific, one formally writes

st(x, y) =
∞∑
i=0

tiU (i)(x, y),

where the endomorphisms U (i)(x, y) ∈ End(Ey, Ex) are to be determined. In order
for (t, x) 7→ st(x, y) to satisfy the equation (9.29), it is routine to show that the
U (i)’s must satisfy the following system of equations:

(
∇R +

Rj

2j

)
U (0)(·, y) = 0;(

∇R + i+
Rj

2j

)
U (i)(·, y) = −HxU

(i−1)(·, y), i ⩾ 1.
(9.37)

In addition, by the initial condition (9.1) of the heat kernel, it is natural to require
U (0)(y, y) = idEy .

Proposition 9.4. The system (9.37) with initial condition U (0)(y, y) = idEy admits
a unique solution which is given by

U (0)(x, y) =
1√
j(x)

τ(x, y) (9.38)

and

U (i)(x, y) = − 1√
j(x)

∫ 1

0

vi−1
√
j(vx)τ(x, vx)(HxU

(i−1))(vx, y)dv (9.39)

for every i ⩾ 1. Here we identify x ∈ U with its normal coordinates x. The map
τ(x, y) : Ey → Ex (respectively, τ(x, vx) : Evx → Ex) denotes the parallel transport
along the ray from y to x (respectively, the ray from vx to x).
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Proof. Let ρ(x) = |x| be the radial part of x ∈ U . Then R = ρ∂ρ as a first order
differential operator on functions. One checks explicitly that

∇R(ρ
i
√
jU (i)(·, y)) = ρi

√
j
(
∇R + i+

Rj

2j

)
U (i)(·, y).

As a consequence, the system (9.37) is equivalent to that{
∇R(
√
jU (0)(·, y)) = 0,

∇R(ρ
i
√
jU (i)(·, y)) = −ρi

√
jHxU

(i−1)(·, y), i ⩾ 1.
(9.40)

Under the initial condition U (0)(y, y) = id, the first equation is uniquely solved as
(9.38).

To solve the second equation, let {sα} be a local frame field of E|U that is
parallel along rays emitting from y. Fix i ⩾ 1 and ξ ∈ Ey. We define

V (x) ≜ ρi(x)
√
j(x)U (i)(x, y)ξ, W (x) ≜ −ρi(x)

√
j(x)HxU

(i−1)(x, y)ξ. (9.41)

By writing
V (x) = V α(x)sα(x), W (x) = Wα(x)sα(x)

and noting that ∇Rsα = 0, the second equation of (9.40) becomes

ρ∂ρV
α = Wα.

Since V (0) = 0, it follows that

V α(x) =

∫ ρ

0

1

t
Wα
(tx
ρ

)
dt.

Therefore,

V (x) =
[ ∫ ρ

0

1

t
Wα
(tx
ρ

)
dt
]
sα(x)

=
[ ∫ ρ

0

1

t
Wα
(tx
ρ

)
dt
]
τ
(
x,
tx

ρ

)
sα
(tx
ρ

)
=

∫ ρ

0

1

t
τ
(
x,
tx

ρ

)
W
(tx
ρ

)
dt

= −
∫ ρ

0

ti−1

√
j
(tx
ρ

)
τ
(
x,
tx

ρ

)
(HxU

(i−1))
(tx
ρ
, y
)
ξdt

= −ρi
∫ 1

0

vi−1
√
j(vx)τ(x, vx)(HxU

(i−1))(vx, y)ξdv,

where the last equality is obtained by a change of variables t = ρv. Recalling the
definition (9.41) of V (x), this is exactly the formula (9.39).
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9.1.4 Construction of parametrix and existence of heat kernel

We now mimic the strategy developed in the toy example of Section 9.1.1 to con-
struct the heat kernel of H. The essential point is to write down a parametrix (the
counterpart of the operator Kt).

Let η = 2ε be smaller than the global injectivity radius of M (which is strictly
positive since M is compact; see Appendix C.3). The geodesic ball Uy = B(y, η)
can be used as a normal chart for all y ∈M . Let ψ : [0,∞)→ [0,∞) be a smooth
function such that ψ(r) = 1 for r ⩽ (ε/2)2 and ψ(r) = 0 for r ⩾ ε2. Given a fixed
number N ∈ N to be specified later on, we define

kNt (x, y) ≜ ψ(d(x, y)2) · qt(x, y) ·
N∑
i=0

tiU (i)(x, y), (9.42)

where qt(x, y) is the Euclidean heat kernel defined by (9.27) and {U (i)}∞i=0 is the
solution to the system (9.37) whose expression is explicitly given by Proposition
9.4. Note that kNt (x, y) is globally C∞ in all variables due to the cut-off function
ψ. This kNt (x, y) will serve as our parametrix for the actual heat kernel, provided
N is chosen suitably large.

Lemma 9.4. Let KN
t : Γ(E)→ Γ(E) be the integral operator defined by

(KN
t s)(x) ≜

∫
M

kNt (x, y)s(y)dy, s ∈ Γ(E).

Given any metric on E, the operator KN
t is a bounded linear operator and one has

lim
t→0+

sup
x∈M

∣∣(KN
t s)(x)− s(x)

∣∣
Ex

= 0. (9.43)

Proof. Boundedness of KN
t follows from the uniform boundedness of U (i)(x, y) over

{x, y ∈M : d(x, y) ⩽ ε} and the fact that

sup
x∈M

∣∣∣ ∫
{y:d(x,y)⩽ε}

ψ(d(x, y)2) · 1

(4πt)n/2
e−

d(x,y)2

4t dy
∣∣∣ <∞.

For the initial condition, given x ∈M , by considering the normal chart

Ux ≜ {y ∈M : d(x, y) ⩽ ε} ∼= {z ∈ Rn : |z| ⩽ ε},

one can write

(KN
t s)(x) =

∫
{z:|z|⩽ε}

ψ(|z|2) 1

(4πt)n/2
e−

|z|2
4t

N∑
i=0

tiU (i)(x, z)s(z)
√
det gx(z)dz,
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where gx is the local metric tensor on Ux. By applying a change of variables
w = z/

√
t and using Proposition 9.4, it is easily seen that

(KN
t s)(x) =

∫{
w:|w|⩽ ε

2
√
t

} 1

(4π)n/2
e−|w|2/4τ(x,

√
tw)s(

√
tw)dw +O(t)

where the O(t) term is uniform in x. On the other hand, one can also write

s(x) =

∫{
w:|w|⩽ ε

2
√
t

} 1

(4π)n/2
e−|w|2/4s(x)dw +O(e−C/t).

As a consequence,

(Kts)(x)− s(x) =
∫{

w:|w|⩽ ε
2
√

t

} 1

(4π)n/2
e−|w|2/4(τ(x,√tw)s(

√
tw)− s(x)

)
+O(t)

which converges to zero as t→ 0+ uniformly in x.

From now on, we will fix N and omit the superscript N for simplicity. Define

rt(x, y) ≜ (∂t +Hx)kt(x, y).

We set r1t (x, y) ≜ rt(x, y) and for k ⩾ 2,

rkt (x, y) ≜
∫
0<t1<···<tk−1<t

rt−tk−1
(x, zk−1) · · · rt2−t1(z2, z1)rt1(z1, y)dtdz.

In other words, rk is the k-fold space-time convolution of r. Mimicking (9.6), we
define

r̃t(x, y) ≜
∞∑
k=1

(−1)krkt (x, y)

and

r̂t(x, y) ≜
∫ t

0

∫
M

kt−s(x, z)r̃s(z, y)dzds.

The following two lemmas justify the constructions of r̃, r̂ and establish their reg-
ularity properties.

Lemma 9.5. Suppose that N ⩾ n/2. Then the following statements hold true.

(i) The function r ∈ Cq,l1,l2([0,∞)×M ×M) provided that 2q+ l1 + l2 ⩽ N − n/2.
In addition, one has

|Dq,l1,l2rt(x, y)| ⩽ CT t
N−n/2−2q−l1−l2 (9.44)

for all t ∈ [0, T ] and x, y ∈M , where CT > 0 is a constant depending on T .

(ii) The function r̃ is well-defined and r̃ ∈ Cq,l1,l2([0,∞) ×M ×M) provided that
2q + l1 + l2 ⩽ N − n/2.
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Remark 9.4. Including the t = 0 endpoint here means that the derivatives exist
continuously up to t = 0 (no singularity at t = 0).

Proof. (i) Explicit calculation based on equation (9.28) and the system (9.37) sat-
isfied by the U (i)’s shows that

rt(x, y) =ψ(d(x, y)2)qt(x, y) · tNHxU
(N)(x, y)︸ ︷︷ ︸

(∗)

−2∇M
x ψ(d(x, y)

2) · ∇xΦt(x, y) + ∆Mψ(d(x, y)2) · Φt(x, y)︸ ︷︷ ︸
(#)

.

where we set

Φt(x, y) ≜ qt(x, y) ·
N∑
i=0

tiU (i)(x, y).

If d(x, y) ⩽ ε/2, one has (#) = 0. In addition, the regularity of (∗) is determined
by the factor

e−
d(x,y)2

4t tN−n/2

contained in it. Clearly, every differentiation in time picks up a singularity t−2 while
every differentiation in space picks up a singularity t−1 (as the worst scenario). As
a result, the worst terms (in terms of t-regularity) in the derivative Dq,l1,l2rt(x, y)
are those containing the factor

tN−n/2−2q−l1−l2 .

If 2q + l1 + l2 ⩽ N − n/2, this does not produce a t-singularity and therefore, one
has r ∈ Cq,l1,l2 . In this regime, one apparently has the estimate (9.44).

If d(x, y) > ε/2, the factor e−d(x,y)2/4t smoothens all possible t-singularities (of
any algebraic order) appearing in the space-time differentiation. One therefore has
r ∈ C∞ in this regime. In addition, |rt(x, y)| ≲ e−C/t for the same reason.

Combining the above discussions, the conclusion of Part (i) thus follows.

(ii) One knows from Part (i) that |rt(x, y)| ⩽ CT t
N−n/2 for all t ∈ [0, T ] and

x, y ∈M . It follows from the definition of rk that

|rkt (x, y)| ⩽
Ck
Tvol(M)k

k!
tk(N−n/2).

As a result, the series defining r̃ is uniformly convergent on [0, T ]×M×M . Similarly,
r̃ has the same regularity as r and also satisfies (9.44).

Lemma 9.6. Suppose that N ⩾ n/2. The function r̂ ∈ Cq,l1,l2((0,∞) ×M ×M)
provided that 2q+ l1+ l2 ⩽ N−n/2. In addition, for each T > 0 there exists CT > 0
such that

|r̂t(x, y)| ⩽ CT t
N−n/2+1 (9.45)

for all t ∈ [0, T ] and x, y ∈M .
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Proof. Since

r̂t(x, y) ≜
∫ t

0

∫
M

ks(x, z)r̃t−s(z, y)dzds,

the regularity in t and y follows directly from Lemma 9.5. We now consider the
regularity in x. Here one cannot directly apply the smoothness of ks in x be-
cause differentiating ks will introduce additional s-singularities to invalidate the
ds-integral.

By using the definition (9.42) of ks(x, z), one has

r̂t(x, y) =

∫ t

0

∫
M

qs(x, z)h(x, z; t, s, y)dzds, (9.46)

where

h(x, z; t, s, y) ≜ ψ(d(x, z)2)
N∑
i=0

siU (i)(x, z)r̃t−s(z, y).

Observe that h is smooth in x and no s-singularities will be introduced after differ-
entiation in x. If one differentiates qs(x, z) in x, since it is a function of d(x, z) the
x-derivative can be transferred to a z-derivative (possibly with the introduction of
lower order terms). As a result, one can use integration by parts to transfer the
z-derivative to the function h. The z-regularity of h is controlled by the regularity
of r̃ (the ψ- and U (i)-terms are smooth), which is contained in Lemma 9.5. This
shows that the x-regularity of r̂ is at most N − n/2.

The estimate (9.45) follows from (9.44) as well as Lemma 9.4.

Now one can use the formula (9.5) to construct a heat kernel for H, hence
establishing its existence.

Theorem 9.2. Suppose that N ⩾ n/2 + 2. Then

pt(x, y) ≜ kt(x, y) + r̂t(x, y)

is a heat kernel for H.

Proof. According to Lemma 9.6 and the smoothness of kt(x, y), one knows that
pt(x, y) is C1 in t and C2 in x. Due to Lemma 9.5 and Lemma 9.6, one can perform
exactly the same calculation as in (9.7) to conclude that pt(x, y) satisfies the heat
equation. The initial condition (9.1) follows from the one for kt(x, y) (see (9.43))
and the fact that r̂t(x, y)→ 0 as t→ 0+ uniformly in x, y (see (9.45)).

Remark 9.5. At this stage, the construction of pt(x, y) depends on N . After we
prove uniqueness, it will be clear that pt(x, y) is independent of N and is hence also
smooth.
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9.2 Uniqueness of heat kernel

We now address the question of uniqueness. As before, let H = ∆E +F be a given
generalised Laplacian on E, where ∆E is the Laplacian associated with a connection
∇E on E and F ∈ Γ(End(E)).

Theorem 9.3. There is at most one heat kernel for H.

Proof. The main insight is that existence of heat kernel for H∗ (the formal adjoint
of H) implies the uniqueness of heat kernel for H.

To see this, one first recalls that H∗ is characterised by the relation∫
M

⟨Hs, ξ⟩xdx =

∫
M

⟨s,H∗ξ⟩xdx ∀s ∈ Γ(E), ξ ∈ Γ(E∗),

where ⟨·, ·⟩x denotes the pairing between Ex and E∗
x. It is standard that H∗ =

∆E∗
+F ∗, where ∆E∗ is the Laplacian associated with the induced connection ∇E∗

from∇E on E∗ and F ∗ is the fiberwise dual of F . One already knows from Theorem
9.2 that a heat kernel for H∗ exists. Call it p∗t (x, y) and define

P ∗
t : Γ(E∗)→ Γ(E∗), (P ∗

t ξ)(x) ≜
∫
M

p∗t (x, y)ξ(y)dy (9.47)

for every t > 0.
Next, let qt(x, y) be any heat kernel for H and we define Qt : Γ(E) → Γ(E) in

the same way as in (9.47). Given t ⩾ 0, s ∈ Γ(E) and ξ ∈ Γ(E∗), consider the
function

f(r) ≜
∫
M

⟨(Qrs)(x), (P
∗
t−rξ)(x)⟩xdx, 0 ⩽ r ⩽ t.

By using the heat equations for Q and P ∗, it is readily checked that f ′(r) = 0 for
every r. As a result, f(r) is constant, and in particular,

⟨Qts, ξ⟩L2 = f(t) = f(0) = ⟨s, P ∗
t ξ⟩L2 . (9.48)

Now if q, q̃ are both heat kernels of H, the relation (9.48) would imply that∫
M

〈∫
M

qt(x, y)s(y)dy, ξ(x)
〉
x
dx =

∫
M

〈∫
M

q̃t(x, y)s(y)dy, ξ(x)
〉
x
dx

for all s ∈ Γ(E) and ξ ∈ Γ(E∗). A density argument then shows that q = q̃. This
proves the uniqueness of heat kernel for H.

One has essentially obtained Theorem 9.1 on the existence, uniqueness and
smoothness of the heat kernel.
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Proof of Theorem 9.1. Existence and uniqueness has been proved as before. For
smoothness, one just picks an arbitrarily large N and apply Theorem 9.2 to see
that the heat kernel constructed from that theorem has Cq,l1,l2-regularity provided
that 2q + l1 + l2 ⩽ N − n/2. But all these heat kernels coincide due to uniqueness.
Since N is arbitrary, one obtains its differentiability for all orders.

By using the heat kernel, one can construct the associated heat semigroup which
describes solutions to the Cauchy problem for H with smooth initial conditions.

Corollary 9.3. (i) Define Pt : Γ(E)→ Γ(E) by

(Pts)(x) ≜
∫
M

pt(x, y)s(y)dy, s ∈ Γ(E).

Then for every s ∈ Γ(E), the section ut(x) ≜ (Pts)(x) is the unique solution to the
Cauchy problem

(∂t +H)ut(x) = 0, t > 0, x ∈M

with initial condition u0 = s in the space of C1,2-sections. In addition, {Pt : t ⩾ 0}
is a semigroup, i.e. Pt+s = Pt ◦ Ps.

Proof. The fact that Pts solves the Cauchy problem directly follows from properties
of the heat kernel. Suppose that u, v are both solutions with the same initial
condition. To prove w ≜ u− v = 0, it suffices to show that∫

M

⟨wt(x), ξ(x)⟩xdx = 0 (9.49)

for all ξ ∈ Γ(E∗). Let us consider

f(r) ≜
∫
M

⟨wr(x), (P ∗
t−rξ)(x)⟩xdx, 0 ⩽ r ⩽ t.

Similar to the proof of Theorem 9.3, one finds that f ′(r) = 0. Since f(0) = 0
(because w0 = 0), one concludes that f(t) = 0 which is exactly (9.49). Therefore,
the solution to the Cauchy problem is unique. The semigroup property is a direct
consequence of uniqueness; for fixed s ⩾ 0 and u ∈ Γ(E), both t 7→ Pt+su and
t 7→ Pt ◦ Psu solve the Cauchy problem with the same initial condition Psu and
hence they are equal.

Definition 9.3. {Pt : t ⩾ 0} is called the heat semigroup associated with H. It is
denoted as Pt = e−tH .
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Remark 9.6. The semigroups for H and H∗ are dual to each other. For their heat
kernels, one has

pt(x, y) = p∗t (y, x)
∗,

where we identify Ex with E∗∗
x in the canonical way.

Along the path of proving Theorem 9.1, one has also obtained the following
small-time asymptotic expansion of the heat kernel. This expansion will be partic-
ularly useful in the later heat equation proof of the CGB theorem.

Corollary 9.4. For any fixed N ⩾ n/2, one has

pt(x, y)−
1

(4πt)n/2
e−

d(x,y)2

4t

N∑
i=0

tiU (i)(x, y) = O(tN−n/2+1)

as t → 0+, where the U (i)’s are given by (9.38, 9.39) and the above O(tN−n/2+1)
term is uniform over all x, y such that d(x, y) ⩽ η/4 (η is the global injectivity
radius of M).

9.3 Trace of heat semigroup

We now further assume that the bundle E is equipped with a metric (i.e. a fiber-
wise inner product that depends smoothly on the base point). Let L2(E) be the
Hilbert space consisting of those sections s that are square integrable over M , i.e.∫
M
|s(x)|2Ex

dx <∞. We first make the following observation.

Lemma 9.7. For each t > 0, the operator Pt : L2(E) → L2(E) is a trace-class
operator.

Proof. Since pt(x, y) is smooth in (x, y), it is in particular uniformly bounded on
M ×M and hence square integrable. Let {sn} be an ONB of L2(E). Then one has

∥Pt∥2HS =
∞∑
n=1

∫
M

|(Ptsn)(x)|2Ex
dx =

∞∑
n=1

∫
M

∣∣∣ ∫
M

pt(x, y)sn(y)dy
∣∣∣2
Ex

dx

=

∫
M

∥pt(x, ·)∥L2(dy)dx = ∥pt∥L2(dxdy) <∞.

This shows that Pt is a Hilbert-Schmidt operator. Note that Pt = Pt/2 ◦ Pt/2. As a
composition of Hilbert-Schmidt operators, it is therefore of trace-class.

In what follows, we further assume that H is self-adjoint. Since Pt is of trace-
class and self adjoint, one can apply the spectral theorem in exactly the same
way as in the proof of the L2-Hodge theorem (Theorem 8.1) to obtain a spectral
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decomposition {λj, ϕj : j ⩾ 1} for H. Here each λj is an eigenvalue of H with
finite multiplicity and ϕj is a smooth λj-eigensection of H (smoothness of ϕj is a
consequence of smoothness of the heat kernel). The eigenvalues are arranged in
nondecreasing order:

λ1 ⩽ λ2 ⩽ · · · ⩽ λj ↑ ∞.
The eigensections {ϕj} form an ONB of L2(E).

The following result computes the trace of Pt in terms of either the spectrum
of H or the fiberwise trace of the heat kernel. This result will be useful in the heat
equation proof of CGB.

Proposition 9.5. One has

Tr[Pt] =
∞∑
j=1

e−λjt =

∫
M

tr[pt(x, x)]dx.

Proof. The first identity follows directly from the fact that Pt is of trace-class with
eigenvalues {e−λjt : j ⩾ 1}. To prove the second identity, one first notes from the
semigroup property and self-adjointness that

tr[pt(x, x)] =

∫
M

tr
[
pt/2(x, y)pt/2(y, x)

]
dy

=

∫
M

tr
[
pt/2(x, y)pt/2(x, y)

∗]dy
=

∫
M

|pt/2(x, y)|2HSdy. (9.50)

The next key observation is that∫
M

⟨ps(x, y)v, ϕj(x)⟩Exdx = e−λjs⟨v, ϕj(y)⟩Ey , ∀s ⩾ 0, (9.51)

for any given v ∈ Ey and j ⩾ 1. Presuming the correctness of (9.51), for any v ∈ Ey
one has ∫

M

|pt/2(x, y)v|2Ex
dx =

∞∑
j=1

∣∣∣ ∫
M

⟨pt/2(x, y)v, ϕj(x)⟩Exdx
∣∣∣2

=
∞∑
j=1

e−λjt|⟨v, ϕj(y)⟩Ey |2.

By summing over all v’s from an ONB of Ey, one obtains that∫
M

|pt/2(x, y)|2HSdx =
∞∑
j=1

e−λjt|ϕj(y)|2Ey
.
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Since ∥ϕj∥L2 = 1, after integrating over y ∈M it follows that

∞∑
j=1

e−λjt =

∫
M×M

|pt/2(x, y)|2HSdxdy =

∫
M

tr[pt(x, x)]dx,

which is exactly what we want to prove.
Now it remains to prove the relation (9.51). To this end, we define

fj(s; y, v) ≜
∫
M

⟨ps(x, y)v, ϕj(x)⟩Exdx.

Note that

fj(s; y, v) =

∫
M

⟨v, ps(x, y)∗ϕj(x)⟩Eydx =

∫
M

⟨v, ps(y, x)ϕj(x)⟩Eydx.

By using the initial condition for the heat kernel, one finds that

fj(0; y, v) = ⟨v, ϕj(y)⟩Ey . (9.52)

In addition, one has

∂sfj(s; y, v) = −
∫
M

⟨Hxps(x, y)v, ϕj(x)⟩Exdx

= −
∫
M

⟨ps(x, y)v,Hxϕj(x)⟩Exdx

= −λj
∫
M

⟨ps(x, y)v, ϕj(x)⟩Exdx = −λjfj(s; y, v). (9.53)

By solving the ODE (9.53) with initial condition (9.52), one obtains that

fj(s; y, v) = e−λjs⟨v, ϕj(y)⟩Ey .

This gives the desired equation (9.51).
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10 A heat equation approach
In this chapter, we present a heat equation proof of the CGB theorem which was
essentially due to McKean-Singer [MS67] and Patodi [Pat71]. Let M be a closed,
oriented, n-dimensional Riemannian manifold.

10.1 The McKean-Singer theorem

Recall from the Weitzenböck formula that the Hodge Laplacian ∆ is a generalised
Laplacian on E = ΛT ∗M and therefore admits a smooth heat kernel pt(x, y). In
particular, the trace formula given by Proposition 9.5 applies.

The starting point of the argument is the following beautiful observation of
McKean-Singer [MS67]. If one considers the “supertrace” of the heat semigroup
instead (a notion of trace that respects the even / odd grading on forms), the
terms coming from nonzero eigenvalues of ∆ cancel out nicely, leaving only those
terms corresponding to the zero eigenvalue. As a consequence, what one actually
sees from the supertrace is the kernel of ∆ (space of harmonic forms in each degree).
The Euler characteristic appears naturally according to the Hodge theorem and the
de Rham theorem.

To make this precise, we first introduce the definition of supertrace (cf. Defi-
nition 11.3 in the general setting of super vector spaces). Let ∆even (respectively,
∆odd) denote the restriction of ∆ to the space Ωeven(M) of even forms (respectively,
the space Ωodd(M) of odd forms). Since ∆ respects degree, it is apparent that
the heat kernel pt(x, y) also respects degree. The restriction of pt(x, y) to even
(respectively, odd) elements is the heat kernel of ∆even (respectively, ∆odd).

Definition 10.1. The supertrace of the heat semigroup e−t∆ is defined by

Str
[
e−t∆

]
≜ Tr

[
e−t∆even

]
− Tr

[
e−t∆odd

]
.

For each t > 0 and y ∈M , the supertrace of pt(y, y) is defined by

str[pt(y, y)] ≜ tr
[
pt(y, y)|ΛevenT ∗

yM

]
− tr

[
pt(y, y)|ΛoddT ∗

yM

]
. (10.1)

The following lemma is a key observation. Let Eeven
λ (respectively, Eodd

λ ) be the
λ-eigenspace of ∆even (respectively, ∆odd).

Lemma 10.1. For any λ ̸= 0, the operator D = d + δ : Eeven
λ → Eodd

λ is a linear
isomorphism.

Proof. Suppose ω ∈ Eeven
λ . Then

∆Dω = D∆ω = λDω =⇒ Dω ∈ Eodd
λ .
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This shows that D is well-defined. Suppose that ω ∈ Eeven
λ and Dω = 0. Then

λω = ∆ω = D2ω = 0 =⇒ ω = 0

because λ ̸= 0. This shows that D is injective. Finally, let η ∈ Eodd
λ and define

ω ≜ Dη/λ. Then ω ∈ Eeven
λ and one has

Dω =
∆η

λ
= η.

This shows that D is surjective.

Theorem 10.1 (McKean-Singer). One has

χ(M) = Str
[
e−t∆

]
(10.2)

for all t > 0.

Proof. By the definition of supertrace, Proposition 9.5 and Lemma 10.1, one has

Str
[
e−t∆

]
= Tr

[
e−t∆even

]
− Tr

[
e−t∆odd

]
=

∑
λ∈Spec(∆even)

e−λt −
∑

λ∈Spec(∆odd)

e−λt

= dim(ker∆even)− dim(ker∆odd) =
n∑
k=0

(−1)k dim(Hk) = χ(M).

Here Hk ≜ ker∆k denotes the space of harmonic k-form. The last identity follows
from the Hodge theorem and the de Rham theorem.

10.2 Patodi’s local index formula

In view of Theorem 10.1, our next task is to compute Str
[
e−t∆

]
in terms of the

heat kernel. First of all, according to Proposition 9.5 and Definition 10.1, one has

χ(M) = Str
[
e−t∆

]
=

∫
M

str[pt(y, y)]dy.

It follows from the small-time expansion of the heat kernel (see Corollary 9.4) that

χ(M) =
1

(4π)n/2

[n/2]∑
i=0

ti−n/2
∫
M

str
[
U (i)(y, y)

]
dy + o(1), (10.3)

where the U (i)’s are given by (9.38, 9.39) and the o(1) term vanishes as t → 0+.
Since the relation (10.3) is valid for all t, one immediate obtains the following
formula for the Euler characteristic.
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Proposition 10.1. One has ∫
M

str
[
U (i)(y, y)

]
dy = 0

for all i < n/2. In addition, χ(M) = 0 if n is odd and

χ(M) =
1

(4π)m

∫
M

str
[
U (m)(y, y)

]
dy (10.4)

if n = 2m is even.

To prove the CGB theorem, it remains to compute str[U (m)(y, y)] and see how
it is related to the Pfaffian of the curvature. This was achieved by Patodi [Pat71]
and the main result stated as follows is known as Patodi’s local index formula for
the operator D = d+ δ.

Theorem 10.2. Suppose that dimM = 2m. Then one has

1

(4π)m
str
[
U (m)(y, y)

]
dy =

(−1)m

(2π)m
Pf(R), (10.5)

where Pf(R) is the Pfaffian of the Riemannian curvature R (cf. Definition 5.1 and
Example 7.4). As a consequence of (10.4) and (7.12), the CGB formula (5.3) holds.

In the following subsections, we develop the proof of Patodi’s local index formula
(10.5) following the approach of Yu [Yu87] (cf. [ZF22] for an excellent exposition).

10.2.1 An algebraic supertrace formula

We need a few algebraic preliminaries. Let V be a real, n-dimensional Euclidean
space. Let V ∗ be its dual and let ΛV ∗ be the exterior algebra over V ∗. We define
the automorphism τ : ΛV ∗ → ΛV ∗ by

τ ≜

{
id, on ΛevenV ∗;

−id, on ΛoddV ∗.

Definition 10.2. Let A ∈ End(ΛV ∗). The supertrace of A is defined by str[A] ≜
tr[τA].

Remark 10.1. It is easily checked that the definition here is consistent with (10.1)
(cf. (11.1) below). A more general discussion is given in Section 11.1 below in
the context of super vector spaces. Here we only introduce the definitions that are
relevant to the current proof of CGB.
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The following elementary fact plays an important role in the proof of Theorem
10.2 (and also in the superconnection approach to be developed in the next chapter).
Recall that c(v), ĉ(v) (v ∈ V ) are the Clifford multipliers defined by (8.17). Let
{ε1, · · · , εn} be a PONB of V .

Lemma 10.2. For any words I = (i1 < · · · < ik) and J = (j1 < · · · < jl), one has

tr[c(εI)ĉ(εJ)] =

{
2n, if I = J = ∅;
0, otherwise,

where c(εI) ≜ c(εi1) · · · c(εik) and we define ĉ(εJ) similarly.

Proof. (i) Case I: |I|+ |J | is even and > 0. In this case, at least one of I, J is
nonempty, say i ∈ I for some I. By the relations (8.20), one has

tr
[
c(εI)ĉ(εJ)

]
= tr

[
c(εi)c(εI)ĉ(εJ)c(εi)

−1
]

= −tr
[
c(εi)c(εI)ĉ(εJ)c(εi)

]
= −(−1)|J |tr

[
c(εi)c(εI)c(εi)ĉ(εJ)

]
= −(−1)|J |(−1)|I|−1tr

[
c(εi)c(εi)c(εI)ĉ(εJ)

]
= −tr

[
c(εI)ĉ(εJ)

]
.

Therefore, tr[c(εI)ĉ(εJ)] = 0. If j ∈ J , one considers ĉ(εj)c(εI)ĉ(εJ)ĉ(εj)−1 instead.

(ii) Case II: |I|+ |J | is odd. In this case, at least one of Ic, J c is nonempty. As-
suming some i /∈ I, a similar calculation also yields the relation that

tr
[
c(εI)ĉ(εJ)

]
= −tr

[
c(εI)ĉ(εJ)

]
=⇒ tr

[
c(εI)ĉ(εJ)

]
= 0.

The proof of the lemma is thus complete.

The following corollary is the main relation that will be used in the current
argument.

Corollary 10.1. For any words I = (i1 < · · · < ik) and J = (j1 < · · · < jl), one
has

str
[
c(εI)ĉ(εJ)

]
=

{
(−1)n(n+1)/22n, if I = J = (1, · · · , n);
0, otherwise.

Proof. We first claim that

τ = ĉ(ε1)c(ε1) · · · ĉ(εn)c(εn). (10.6)
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To see this, consider a basis element θI ≜ θi1 ∧ · · · ∧ θik of ΛV ∗ where {θi} is the
dual basis of {εi} and I = (i1 < · · · < ik). For any 1 ⩽ j ⩽ n, one computes by
definition that

ĉ(εj)c(εj)θ
I =

{
ι(εj)a(εj)θ

I = θI , if j /∈ I;
−ι(εj)a(εj)θI = −θI , if j ∈ I.

Therefore,
ĉ(ε1)c(ε1) · · · ĉ(εn)c(εn)θI = (−1)|I|θI ,

which is exactly the definition of τ .
By using the expression (10.6) as well as the Clifford relations (8.20), one obtains

that

str
[
c(εI)ĉ(εJ)

]
= tr

[
ĉ(ε1)c(ε1) · · · ĉ(εn)c(εn)c(εI)ĉ(εJ)

]
= (−1)n(n+1)/2tr

[
c(ε1) · · · c(εn)ĉ(ε1) · · · ĉ(εn)c(εI)ĉ(εJ)

]
.

According to Lemma 10.2, the RHS is nonzero only when I = J = (1, · · · , n),
in which case a further application of (8.20) yields that the RHS is equal to
(−1)n(n+1)/22n.

10.2.2 Structure of U (i)(x, y)

Throughout the rest, we assume that dimM = 2m. The main idea of proving Theo-
rem 10.2 is to express the endomorphisms U (i)(x, y) in terms of Clifford multipliers,
so that one can apply Corollary 10.1 to compute their supertraces.

In what follows, let y ∈M be given fixed. Consider a normal chart U around y
and a parallel PONF {ei} on U as usual. We will continue to use the notation

ci ≜ c(ei), ĉj ≜ ĉ(ej), cI ≜ c(ei1) · · · c(eik), ĉJ ≜ ĉ(ej1) · · · ĉ(ejl)

as in (8.18). We first introduce two basic definitions.

Definition 10.3. We define the endomorphism

R ≜ −1

8
Rijklcicj ĉkĉl ∈ Γ(End(ΛT ∗M)),

where Rijkl ≜ ⟨R(ek, el)ej, ei⟩ are the curvature coefficients with respect to {ei}.

Remark 10.2. R is exactly the endomorphism appearing in the Lichnerowicz for-
mula (see Proposition 8.2) and is therefore intrinsically defined on M .

Definition 10.4. We define S to be the subalgebra of Γ(End(ΛT ∗U)) generated
by elements of the form Φ = φcI ĉJ , where φ ∈ C∞(U), I = (i1 < · · · < ik) and
J = (j1 < · · · < jl) with 0 ⩽ k, l ⩽ 2m.
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Remark 10.3. The operator Φ is understood fiberwisely as x 7→ Φx = φ(x) ·
c(eI(x))ĉ(eJ(x)) ∈ End(ΛT ∗

xM).

The main structural result of U (i)(x, y) is stated as follows. As in Section 8.5.1,
let ∇̄ be the connection on ΛT ∗M induced from the Levi-Civita connection and let
∆ΛT ∗M be the associated Laplacian.

Proposition 10.2. For each i ⩾ 1, there exists a finite subset Li ⊆ S such that
the following properties hold true.

(i) Each Φ = φcI ĉJ ∈ Li satisfies either

|I|+ |J | = 4i & φ(y) = 0

or |I|+ |J | < 4i.

(ii) The endomorphism U (i)(x, y) : ΛT ∗
yM → ΛT ∗

xM can be expressed as

U (i)(x, y) =
1

i!
Ri
x ◦ τ(x, y) +

∑
Φ∈Li

Φx ◦ τ(x, y), x ∈ U. (10.7)

Here the operator τ(x, y) is the parallel transport along the ray from y to x and
the subscript x means that the fiberwise endomorphisms are evaluated at the base
location x.

Proof. We prove the claim by induction on i. The main tool is the Lichnerowicz
formula (see Proposition 8.2), which asserts that

−∆ = R−
(
∆ΛT ∗M +

Scal

4
id
)
. (10.8)

(i) Base case.

For i = 1, one has from (9.39) and (10.8) that

U (1)(x, y) =
1√
j(x)

∫ 1

0

√
j(vx)τ(x, vx)(−∆U (0))(vx, y)dv

=
1√
j(x)

∫ 1

0

√
j(vx)τ(x, vx)(RU (0))(vx, y)dv

− 1√
j(x)

∫ 1

0

√
j(vx)τ(x, vx)

[(
∆ΛT ∗M +

Scal

4

)
U (0)

]
(vx, y)dv

=:A(x) +B(x),

where U (0)(z, y) = j−1/2(z)τ(z, y).
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To analyse the A(x)-term, since the {ei}’s are parallel along rays, one has

τ(x, vx)(RzU
(0))(vx, y)

= −1

8
Rijkl(vx)j

−1/2(vx)τ(x, vx)(cicj ĉkĉl)(vx)τ(vx, y)

= −1

8
Rijkl(vx)j

−1/2(vx)(cicj ĉkĉl)(x)τ(x, y).

It follows that

A(x) =
1√
j(x)

∫ 1

0

(
− 1

8
Rijkl(vx)

)
dv × (cicj ĉkĉl)(x)τ(x, y)

= Rx ◦ τ(x, y) + φijkl(x)(cicj ĉkĉl)(x)τ(x, y). (10.9)

Here

φijkl(x) ≜
1√
j(x)

∫ 1

0

(
− 1

8
Rijkl(vx)

)
dv −

(
− 1

8
Rijkl(x)

)
,

which vanishes at x = 0 (x = y) at least to the first order. In other words, one can
express

A(x) = Rx ◦ τ(x, y) +
∑
Φ∈L′

1

Φx ◦ τ(x, y) (10.10)

for some finite subset L′
1 of S. Elements Φ ∈ L′

1 are of the form Φ = φcI ĉJ with
φ(y) = 0 and |I| = |J | = 2.

To analyse the B(x)-term, one first recalls that

∆ΛT ∗M = −
(
∇̄ei∇̄ei − ∇̄∇eiei

)
.

By using the formula (8.25) (as well as the notation (8.18)), one computes explicitly
that

(∇̄ei∇̄eiU
(0))(z, y) = e2i (j

−1/2(z))τ(z, y)− 2ei(j
−1/2(z))Γkilalιkτ(z, y)

− j−1/2(z)ei(Γ
k
il)alιkτ(z, y) + j−1/2(z)ΓkilΓ

p
iqaqιpalιkτ(z, y)

and

(∇̄∇eiei
U (0))(z, y) = Γjiiej(j

−1/2(z))τ(z, y)− j−1/2(z)ΓjiiΓ
k
jlalιkτ(z, y).

Note that the Christoffel symbols vanish at y. By writing the al, ιk’s in terms of
the Clifford multipliers, one sees in a similar way leading to (10.10) that

B(x) =
∑
Φ∈L′′

1

Φx ◦ τ(x, y),
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where L′′
1 is a finite subset of S and every element of Φ ∈ L′′

1 is of the form Φ = φcI ĉJ
satisfying either

|I|+ |J | = 4, φ(y) = 0

or |I|+ |J | < 4 (in fact, ⩽ 2).

(ii) The induction step.

Suppose that

U (i)(x, y) =
1

i!
Ri
x ◦ τ(x, y) +

∑
Φ∈Li

Φx ◦ τ(x, y).

By using the formula (8.25) as before, one finds that

(−∆U (i))(z, y) =
1

i!
Ri+1

z ◦ τ(z, y) +
∑
Φ∈L′

i

Φz ◦ τ(z, y),

where L′
i is a finite subset of S (determined from Li) whose elements Φ = φcI ĉJ

satisfy
either |I|+ |J | = 4i+ 4, φ(y) = 0 or |I|+ |J | < 4i+ 4.

It follows from the formula (9.39) that

U (i+1)(x, y) =
1√
j(x)

∫ 1

0

vi
√
j(x)

( 1
i!
τ(x, vx) ◦Ri+1

vx ◦ τ(vx, y)

+ τ(x, vx) ◦
∑
Φ∈L′

i

Φvx ◦ τ(vx, y)
)
dv

=: C(x) +D(x). (10.11)

In a similar way as before, one observes that

τ(x, vx) ◦Ri+1
vx ◦ τ(vx, y) =

(
− 1

8

)i+1

Rp1p2q1q2(vx) · · ·Rp2i+1p2i+2q2i+1q2i+2
(vx)

(cp1p2 ĉq1q2 · · · cp2i+1p2i+2
ĉq2i+1q2i+2

)(x) ◦ τ(x, y)
(10.12)

and for Φ = φcI ĉJ ∈ L′
i,

τ(x, vx) ◦ Φvx ◦ τ(vx, y) = φ(vx)(cI ĉJ)(x) ◦ τ(x, y). (10.13)

By substituting (10.12, 10.13) into (10.11) and freezing the curvature term at x in
the same way as in (10.9), one concludes that

U (i+1)(x, y) =
1

i!
Ri+1

x ◦ τ(x, y)×
∫ 1

0

vidv +
∑

Φ∈Li+1

Φx ◦ τ(x, y)

=
1

(i+ 1)!
Ri+1

x ◦ τ(x, y) +
∑

Φ∈Li+1

Φx ◦ τ(x, y)
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where Li+1 is some finite subset of S whose elements Φ = φcI ĉJ satisfy either

|I|+ |J | = 4(i+ 1), φ(y) = 0

or |I|+ |J | < 4(i+ 1). This completes the induction step.

10.2.3 Proof of Patodi’s local index formula

We now proceed to prove Theorem 10.2. The main philosophy is that only the
R-part in the decomposition (10.7) of U (m)(y, y) will produce a nonzero supertrace,
which in fact yields the Pfaffian of the curvature.

First of all, according to Proposition 10.2, one can write

U (m)(y, y) =
1

m!
Rm
y +

∑
Φ∈L′

Φy,

where L′ is a finite subset of S; elements of S are of the form Φ = φcI ĉJ where
either |I| + |J | < 4m or |I| + |J | = 4m and φ(y) = 0. . It follows from Corollary
10.1 that str[Φy] = 0 for all such Φ’s. As a result, one has

1

(4π)m
str
(
U (m)(y, y)

)
dy =

(−1)m

(4π)mm!8m
Ri1i2j1j2 · · ·Ri2m−1i2mj2m−1j2m

× str
[
ci1i2 ĉj1j2 · · · ci2m−1i2m ĉj2m−1j2m

]
dy

=
(−1)m

(2π)m24mm!
Ri1i2j1j2 · · ·Ri2m−1i2mj2m−1j2m

× str
[
ci1···i2m ĉj1···j2m

]
dy, (10.14)

where the curvature coefficients and Clifford multipliers are all evaluated at y.
According to Corollary 10.1 again, for the summands on the RHS of (10.14)

to be nonzero, the words (i1, · · · , i2m) and (j1, · · · , j2m) must be permutations of
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(1, · · · , 2m). More explicitly, letting {θi} be the dual of {ei} one has

1

24mm!
Ri1i2j1j2 · · ·Ri2m−1i2mj2m−1j2mstr

[
ci1···i2m ĉj1···j2m

]
dy

=
(−1)m(2m+1)

22mm!

∑
σ,τ∈S2m

sgn(σ)sgn(τ)×Rσ(1)σ(2)τ(1)τ(2)

· · ·Rσ(2m−1)σ(2m)τ(2m−1)τ(2m)θ
1 ∧ · · · ∧ θ2m

=
(−1)m

22mm!

∑
σ∈S2m

sgn(σ)
( ∑
τ∈S2m

Rσ(1)σ(2)τ(1)τ(2) · · ·

Rσ(2m−1)σ(2m)τ(2m−1)τ(2m)θ
τ(1) ∧ · · · ∧ θτ(2m)

)
=

(−1)m

22mm!

∑
σ∈S2m

sgn(σ)
( 2m∑
j1,···j2m=1

Ri1i2j1j2 · · ·Ri2m−1i2mj2m−1j2m

θj1 ∧ · · · ∧ θj2m
)
. (10.15)

On the other hand, recall that the local curvature matrix F with respect to {ei} is
defined by

F i
j (X, Y ) ≜ ⟨R(X, Y )ej, ei⟩.

It is easily checked that

F i
j =

1

2
Rijklθ

k ∧ θl. (10.16)

By substituting (10.16) into (10.15), one obtains that

1

24mm!
Ri1i2j1j2 · · ·Ri2m−1i2mj2m−1j2mstr

[
ci1···i2m ĉj1···j2m

]
dy

=
(−1)m

2mm!

∑
σ∈S2m

sgn(σ)F
σ(1)
σ(2) ∧ · · · ∧ F

σ(2m−1)
σ(2m) .

In view of the formula (7.12), the RHS is exactly Pf(RLC). By further substituting
it back into (10.14), one obtains the desired formula (10.5) of Patodi.

Now the proof of Theorem 10.2 and hence of the CGB theorem is complete.
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11 A superconnection approach
In this final chapter, we discuss a beautiful approach of [ZF22] to the CGB theorem
which is based on Quillen’s superconnection technique (cf. [Qui85, MQ86]). This
approach has a similar spirit to the Chern-Weil perspective and it relies on a Chern-
Weil type theorem for superconnections. Unlike Chern’s original argument where
localisation of the Pfaffian integral is based on the exactness of the lifted Euler
form on the sphere bundle, the localisation here will be a consequence of a simple
deformation of a superconnection on the exterior algebra bundle. This deformation
leaves the Chern character invariant (as a consequence of the Chern-Weil theorem)
but annihilates the contribution of the integral outside the zeros of the vector field.
In the limit of the deformation, one picks up the indices of the vector field at its
zeros, hence yielding the Euler characteristic of the manifold. At a conceptual
level, the main strategy is summarised as follows. Let M be a closed, oriented,
2m-dimensional Riemannian manifold.

1. The Pfaffian Pf(F∇M ) of the Levi-Civita connection ∇M is equal to the so-
called Chern character form ch(ΛCT

∗M,∇ΛCT
∗M) associated with the induced

superconnection ∇ΛCT
∗M on the complexified exterior algebra bundle ΛCT

∗M .
More precisely, one has (see Proposition 11.2)

ch(ΛCT
∗M,∇ΛCT

∗M) =
1

πm
Pf(F∇M ).

2. As a consequence of a Chern-Weil type theorem for superconnections (see
Theorem 11.1), the cohomology class of the Chern character form is indepen-
dent of the superconnection.

3. Consider the following deformation of the superconnection (see (11.16)):

AT ≜ ∇ΛCT
∗M +

√
2π

i
Tc(V ), T > 0.

Here V is a vector field on M with isolated zeros and c(V ) is the fiberwise
Clifford action by V on ΛCT

∗M . It follows from Facts 1 and 2 that

(−1)m

(2π)m

∫
M

Pf(F∇M ) =
(−1)m

(2π)m

∫
M

ch(ΛCT
∗M,AT )

for all T > 0.

4. The key observation is that when T becomes large, the contribution from
the part outside the zeros of V becomes negligible, due to a factor e−T 2|V |2

coming from the expression of ch(ΛCT
∗M,AT ) (see (11.20)). On the other
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hand, the integral near each zero p of V is just a simple Gaussian integral
(see (11.23)); on a small neighbourhood Up of p one can modify the metric
to be Euclidean (due to the Chern-Weil theorem) and modify the vector field
to be linear (which does not change the local indices of V ) . After evaluating
the localised integral in the large T limit, one obtains precisely the index of
V at p (see (11.24)). To summarise, one has

(−1/2)m
∫
M

ch(ΛCT
∗M,AT ) = lim

T→∞

∑
p∈zeros of V

(−1/2)m
∫
Up

ch(ΛCT
∗M,AT )

=
∑

p∈zeros of V

indp(V ) = χ(M),

where the last equality follows from the Poincaré-Hopf index theorem. This
is exactly the CGB formula.

11.1 Super vector spaces

We begin with some basic definitions. Let K = R or C.

Definition 11.1. A super (K-)vector space is a K-vector space V equipped with a
linear endomorphism τ : V → V (a superstructure) such that τ 2 = id.

A super vector space is just a usual vector space V equipped with a Z2-grading,
i.e. a decomposition V = V+ ⊕ V−. Indeed, given a superstructure τ one defines
V± to be the (±1)-eigenspaces of τ . Conversely, given such a decomposition the
associated superstructure τ : V → V is defined by τ |V± ≜ ±id. Therefore, a
superstructure and a Z2-grading are essentially the same thing. Given v ∈ V±, we
define deg(v) ≜ 0 if v ∈ V+ and deg(v) ≜ 1 if v ∈ V−. Note that any vector space
V is a super vector space with trivial grading V+ = V, V− = {0}.

Definition 11.2. A super (K-)algebra is a K-algebra A such that:

(i) A is a super vector space with Z2-grading A = A+ ⊕ A−;

(ii) A± · A± ⊆ A+ and A± · A∓ ⊆ A−.

Example 11.1. A basic example of a superalgebra is the algebra End(V ) of endo-
morphisms over a super vector space (V, τ). One defines its Z2-grading by

End+(V ) ≜ {A ∈ End(V ) : τA = Aτ} = {A ∈ End(V ) : AV± ⊆ V±},

End−(V ) ≜ {A ∈ End(V ) : τA = −Aτ} = {A ∈ End(V ) : AV± ⊆ V∓}.

It is readily checked that the above grading gives rise to a superalgebra structure
over End(V ). We always work with this induced superalgebra structure.
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Definition 11.3. Let (V, τ) be a super vector space. The supertrace of A ∈ End(V )
is defined as str[A] ≜ tr[τA].

It is immediate from the definition that str[A] = 0 if A ∈ End−(V ) while

str[A] = tr[A|V+ ]− tr[A|V− ] (11.1)

if A ∈ End+(V ). Just like the commutativity of the usual trace, the supertrace is
also “super commutative”. To explain this, we first introduce the notion of super
Lie bracket.

Definition 11.4. The super Lie bracket [A,B]s of A,B ∈ End(V ) is defined in the
following way. For A,B ∈ End±(V ), one defines

[A,B]s ≜ AB − (−1)deg(A) deg(B)BA. (11.2)

For general A,B, one extends the definition (11.2) through bilinearity.

Lemma 11.1. str
[
[A,B]s

]
= 0 for all A,B ∈ End(V ).

Proof. Left as an exercise.

Let (V, σ) and (W, τ) be super vector spaces. Their tensor product V ⊗W admits
a natural superstructure defined by σ ⊗ τ , or equivalently, by the Z2-grading

(V ⊗W )+ ≜ (V+ ⊗W+)⊕ (V− ⊗W−), (V ⊗W )− ≜ (V+ ⊗W−)⊕ (V− ⊗W+).

The corresponding super vector space, which is denoted as V ⊗̂W , is called the
super tensor product between V and W . For superalgebras A,B, their super tensor
product A⊗̂B admits a superalgebra structure whose product ∗ is induced by

(a1⊗̂b1) ∗ (a2⊗̂b2) ≜ (−1)deg(b1) deg(a2)a1a2⊗̂b1b2

for ai ∈ A± and bj ∈ B±. Here ⊗̂ is merely a notation (algebraically it is the same
as ⊗) where the “hat” records the underlying superstructure.

Example 11.2. Suppose that V,W are super vector spaces. We view A⊗̂B ∈
End(V )⊗̂End(W ) as an element of End(V ⊗̂W ) through the action defined by

(A⊗̂B)(v⊗̂w) ≜ (−1)deg(B) deg(v)(Av)⊗̂(Bw).

Under this identification, one can show that End(V )⊗̂End(W ) and End(V ⊗̂W ) are
isomorphic as superalgebras.
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Example 11.3. Another basic example of a superalgebra is the exterior algebra
ΛV ∗ where V is a given vector space. A commonly used superstructure is the
parity grading defined by ΛV ∗ = ΛevenV ∗ ⊕ ΛoddV ∗ (exterior covectors of even
/ odd degree). If V,W are two vector spaces, there is a canonical superalgebra
isomorphism between ΛV ∗⊗̂ΛW ∗ and Λ(V ⊕W )∗ with respect to the parity grading.
This isomorphism is induced by

α⊗̂β 7→ α ∧ β, α ∈ ΛV ∗, β ∈ ΛW ∗.

In Section 11.2 below, we will introduce another superstructure on ΛV ∗ that is
needed for the superconnection proof of CGB.

Let V be a super vector space. Consider the superalgebra ΛV ∗⊗̂EndV and the
super vector space ΛV ∗⊗̂V. In a similar way as before, we define the action of the
superalgebra ΛV ∗⊗̂End(V ) on the super vector space ΛV ∗⊗̂V by setting

(α⊗̂T )(β⊗̂v) ≜ (−1)deg(T ) deg(β)(α ∧ β)⊗̂(Tv) (11.3)

for homogeneous elements and extending the relation through linearity.

11.2 The chirality grading

Let V be a real, oriented, Euclidean space with dimension 2m. Consider the com-
plexified exterior algebra ΛCV

∗. This is by definition the algebra of C-valued alter-
nating multilinear functionals on V . We are going to construct a new superstructure
on ΛCV

∗ that is different from the parity grading. This superstructure will play an
essential role in the superconnection proof of CGB later on. Recall that for each
v ∈ V, the Clifford multiplier c(v) ∈ End(ΛCV

∗) is defined by c(v) ≜ a(v) − ι(v),
where v∗ is the metric dual of v, a(v) is the exterior product by v∗ and ι(v) is the
interior product by v (see (8.16)). Let {ε1, · · · , ε2m} be a PONB of V . We will also
continue to use the notation

c(εI) ≜ c(εi1) · · · c(εik)

for I = (i1, · · · , ik).

Definition 11.5. The chirality operator is defined by

τ̂ ≜ imc(ε1) · · · c(ε2m) ∈ End(ΛCV
∗).

Lemma 11.2. τ̂ does not depend on the choice of the positive ONB. In addition,
one has τ̂ 2 = id.
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Proof. Let C be the C-subalgebra of End(ΛCV
∗) generated by the family{

c(εi1) · · · c(εik) : 1 ⩽ i1 < · · · < ik ⩽ 2m
}
.

This family is linearly independent and thus dim C = 22m = dimΛCV
∗. Define a

linear map ϕ : C → ΛCV
∗ by

ϕ(c(εI)) ≜ c(εI)1 = ε∗i1 ∧ · · · ∧ ε
∗
ik
, I = (i1 < · · · < ik).

Here 1 is the unit of ΛCV
∗ and v∗ ∈ V ∗ means the metric dual of v ∈ V . It is clear

that ϕ is surjective and thus an isomorphism by dimension comparison.
We claim that

ϕ(c(v1) · · · c(vr)) = c(v1) · · · c(vr)1 (11.4)

for all v1, · · · , vr ∈ V . By linearity, it suffices to consider the case when (v1, · · · , vr) =
(εi1 , · · · , εir) but without the index monotonicity condition. In this case, by using
the Clifford relation (8.20) one can write

c(εi1) · · · c(εir) = σc(εJ),

where σ = ±1, s ⩽ r and J = (j1 < · · · < js). It follows that

ϕ(c(εi1) · · · c(εir)) = σϕ(c(εJ)) = σc(εJ)1 = c(εi1) · · · c(εir)1.

This gives the relation (11.4).
Now suppose that {η1, · · · , η2m} is another PONB. Then η∗i = ajiε

∗
j for some

a = (aji ) ∈ SO(2m). According to the relation (11.4), one has

ϕ(c(η1) · · · c(η2m)) = c(η1) · · · c(η2m)1 = η∗1 ∧ · · · ∧ η∗2m
= (det a)ε∗1 ∧ · · · ∧ ε∗2m = ϕ(c(ε1) · · · c(ε2m)).

This implies
c(η1) · · · c(η2m) = c(ε1) · · · c(ε2m)

since ϕ is an isomorphism. Therefore, τ̂ is independent of the choice of PONB. The
fact that τ̂ 2 = id follows easily from (8.20).

Definition 11.6. The Z2-grading ΛCV
∗ = E+ ⊕ E− induced by τ̂ is called the

chirality grading.

The following key property of τ̂ will be used in the sequel. We view End(ΛCV
∗)

as a superalgebra whose superstructure is induced by the chirality grading (cf.
Example 11.1). We also recall that ĉ(v) = a(v∗) + ι(v) (cf. Definition 8.11).
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Lemma 11.3. For all I = (i1 < · · · < ik) and J = (j1 < · · · < jl), one has

str
[
c(εI)ĉ(εJ)

]
=

{
(−i)m22m, if I = (1, · · · , 2m), J = ∅;
0, otherwise.

(11.5)

Proof. By the definition of the supertrace, one has

str
[
c(εI)ĉ(εJ)

]
= tr

[
τ̂ c(εI)ĉ(εJ)

]
= imtr

[
c(ε1) · · · c(ε2m)c(εI)ĉ(εJ)

]
.

According to the Clifford relation (8.20), the RHS is nonzero iff I = (1, · · · , 2m)
and J = ∅. Its exact value is given by (11.5).

To conclude this subsection, we give an explicit description of τ̂ as well as the
chirality grading ΛCV

∗ = E+ ⊕ E− in terms of the Hodge star operator.

Proposition 11.1. Let ∗ : ΛCV
∗ → ΛCV

∗ be the Hodge star operator with respect to
the dual Euclidean structure over V ∗ (cf. Definition 8.1 with its obvious extension
over C). For each k, we define λm,k ≜ im−k(k−1). Then τ̂ |Λk

C
= λm,k∗ : ΛkCV

∗ ∼=→
Λ2m−k

C V ∗. In addition, the chirality grading over ΛCV
∗ is given by

E+ =
m−1⊕
k=0

{
α + λm,k ∗ α : α ∈ ΛkCV

∗}⊕{
α ∈ ΛmC V

∗ : ∗α = λ−1
m,mα

}
,

E− =
m−1⊕
k=0

{
α− λm,k ∗ α : α ∈ ΛkCV

∗}⊕{
α ∈ ΛmC V

∗ : ∗α = −λ−1
m,mα

}
.

Proof. Given i1 < · · · < ik, one has

τ̂(ε∗i1 ∧ · · · ∧ ε
∗
ik
) = imc(ε1) · · · c(ε2m)ε∗i1 ∧ · · · ∧ ε

∗
ik

= imsgn(J, I)c(εJ)c(εI)ε
∗
i1
∧ · · · ∧ ε∗ik (J ≜ Ic)

= imik(k+1)sgn(J, I)c(εJ)1

= im+k(k+1)(−1)k(2m−k)sgn(I, J)ε∗j1 ∧ · · · ∧ ε
∗
j2m−k

= λm,k ∗ (εi1 ∧ · · · ∧ εik).

This shows that τ̂ |Λk
C
= λm,k∗. In particular, for each k ⩽ m the subspace Ek,2m−k ≜

ΛkCV
∗ ⊕ Λ2m−k

C V ∗ is invariant under τ̂ . For any

α =
m∑
k=0

αk ∈
m⊕
k=0

Ek,2m−k ∈ ΛCV
∗,

one can now write

α =
m∑
k=0

αk + τ̂(αk)

2
+

m∑
k=0

αk − τ̂(αk)
2

∈ E+ ⊕ E−.

This gives the desired Z2-grading.
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11.3 Super vector bundles and superconnections

We now carry the previous constructions to a vector bundle. Let K = R or C (in
the latter case, differential forms are understood as complex-valued).

Definition 11.7. A super (K-)vector bundle E over a manifold M is a vector
bundle (E,M, π) which admits a fiberwise superstructure (equivalently, Z2-grading)
E = E+ ⊕ E− that varies smoothly over M . The notion of a super (K-)algebra
bundle is defined in a similar way.

Let (E,M, π) be a super vector bundle. The bundle End(E) is the usual en-
domorphism bundle whose fiberwise superstructure is given by Example 11.1. The
space of E-sections (respectively, End(E)-sections) is denoted as Γ(E) (respectively,
Γ(End(E))). Note that a vector bundle is a super vector bundle under the trivial
grading E = E ⊕ {0}.

One defines the tensor product between super vector or algebra bundles as usual
where the superstructure is induced in a fiberwise manner. As usual, ΛT ∗M denotes
the exterior bundle over M but viewed as a super algebra bundle under the parity
grading. We shall also consider the bundles ΛT ∗M⊗̂E (as a super vector bundle)
and ΛT ∗M⊗̂End(E) (as a super algebra bundle); the Z2-grading is given by

(ΛT ∗M⊗̂E)+ = ΛevenT ∗M ⊗ E+

⊕
ΛoddT ∗M ⊗ E−,

(ΛT ∗M⊗̂E)− = ΛevenT ∗M ⊗ E−
⊕

ΛoddT ∗M ⊗ E+

and similarly for ΛT ∗M⊗̂End(E). Sections of ΛT ∗M, ΛT ∗M⊗̂E and ΛT ∗M⊗̂End(E)
are denoted by Ω(M), Ω(M,E) and Ω(M,End(E)) respectively. Note that Ω(M,E)
is an Ω(M)-module under exterior multiplication by differential forms on M .

There is a canonical fiberwise Ω(M,End(E))-action on Ω(M,E) which is in-
duced by

(α⊗̂S)(β ⊗ e) ≜ (−1)deg(S) deg(β)(α ∧ β)⊗̂S(e)

for α, β ∈ Ω(M), S ∈ Γ(End(E)) and e ∈ Γ(E). It can be shown that

Ξ(α ∧ ξ) = (−1)deg T degαα ∧ Ξ(ξ)

for all Ξ ∈ Ω(M,End(E)), α ∈ Ω(M) and ξ ∈ Ω(M,E).

Definition 11.8. The supertrace operator str : Ω(M,End(E))→ Ω(M) is defined
by taking supertrace along each fiber, i.e. the unique linear operator such that

str
[
α⊗̂S

]
= αstr[S]

for all α ∈ Ω(M) and S ∈ Γ(End(E)).
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The commutativity of supertrace extends naturally to the bundle context. To
see this, we first define the notion of super Lie bracket.

Definition 11.9. Let Ξ,Θ ∈ Ω(M,End(E)). Their super Lie bracket is defined by

[Ξ,Θ]s ≜ ΞΘ− (−1)deg ΞdegΘΘΞ ∈ Ω(M,End(E))

for homogeneous elements and extended bilinearly.

Lemma 11.4. One has str
[
[Ξ,Θ]s

]
= 0 for all Ξ,Θ ∈ Ω(M,End(E)).

Proof. Working locally, one can assume that Ξ = α⊗̂S and Θ = β⊗̂T . By defini-
tion,

[Ξ,Θ]s = (α⊗̂S)(β⊗̂T )− (−1)(degα+degS)(deg β+deg T )(β⊗̂T )(α⊗̂S)
= (−1)degS deg β(α ∧ β)⊗̂ST
− (−1)(degα+degS)(deg β+deg T )(−1)deg T degαβ ∧ α⊗̂TS

= (−1)degS deg β(α ∧ β)⊗̂(ST − (−1)degS deg TTS)

= (−1)degS deg β(α ∧ β)⊗̂[S, T ]s.

It follows from Lemma 11.1 that

str
[
[Ξ,Θ]s

]
= (−1)degS deg β(α ∧ β) · str

[
[S, T ]s

]
= 0.

We now introduce the notion of a superconnection on a super vector bundle (cf.
Definition 6.15).

Definition 11.10. Let (E,M, π) be a super vector bundle. A superconnection on
E is a linear operator A : Ω(M,E) → Ω(M,E) which satisfies the following two
properties.

(i) A has odd parity, i.e. A((Ω(M,E)±) ⊆ Ω(M,E)∓.

(ii) For any α ∈ Ω(M) and ξ ∈ Ω(M,E), one has

A(α ∧ ξ) = dα ∧ ξ + (−1)degαα ∧A(ξ). (11.6)

Remark 11.1. It is clear from the relation (11.6) that A is uniquely determined by
its evaluation on Γ(E).

Example 11.4. Let ∇E± : Γ(E±) → Ω1(M,E±) be a connection on E±. We use
the same notation to denote its induced action on Ω(M,E±). Let S ∈ Γ(End−(E))
whose action on Ω(M,E) is induced by

S(α ∧ ξ) = (−1)degαα ∧ S(ξ)
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for all α ∈ Ω(M) and ξ ∈ Ω(M,E). Define

A ≜ ∇E+ ⊕∇E− + S.

Then A is a superconnection.

A key concept associated with a superconnection is its curvature.

Definition 11.11. The curvature of a superconnection A is the operator A2 :
Ω(M,E)→ Ω(M,E).

Lemma 11.5. A2(α ∧ ξ) = α ∧A2(ξ) for all α ∈ Ω(M) and ξ ∈ Ω(M,E).

Proof. It is enough to consider the case when ξ ∈ Γ(E). By the definition of A,
one has

A2(α ∧ ξ) =A
(
dα ∧ ξ + (−1)degαα ∧A(ξ)

)
=(−1)1+degαdα ∧A(ξ) + (−1)degαdα ∧A(ξ)

+ (−1)degα(−1)degαα ∧A2(ξ)

=α ∧A2(ξ).

The result thus follows.

Lemma 11.5 shows that the curvature operator A2 is tensorial (i.e. it acts
fiberwisely). In particular, it can be identified as an element of Ω(M,End(E))+
which is denoted as FA. If A = ∇E = ∇E+⊕∇E− , one has F∇E ∈ Ω2(M,End+(E))
and it coincides with the curvature tensor defined by (B.20), namely,

FA|Γ(E)(X, Y )ξ = ∇E
X∇E

Y ξ −∇E
Y∇E

Xξ −∇E
[X,Y ]ξ

for all X, Y ∈ Γ(TM) and ξ ∈ Γ(E). A simple way to see this is to write A = d+A
locally where A is the local connection matrix.

The curvature satisfies an obvious Bianchi’s identity (cf. Theorem 6.4 and
(6.38)). To state this, we first generalise the super Lie bracket to allow the input of
a superconnection. Given a superconnection A and Ξ ∈ Ω(M,End(E))±, we define

[A,Ξ]s ≜ AΞ− (−1)deg ΞΞA (11.7)

and extend it by linearity to all Ξ ∈ Ω(M,End(E)). By working locally, it is routine
to check that

Ξ(α ∧ ξ) = (−1)degα deg Ξα ∧ Ξ(ξ)

and
[A,Ξ]s(α ∧ ξ) = (−1)(1+deg Ξ) degαα ∧ [A,Ξ]s(ξ).

In particular, [A,Ξ]s is tensorial and [A,Ξ]s ∈ Ω(M,End(E)).
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Lemma 11.6 (Bianchi Identity). One has [A, (FA)
k]s = 0 for all k ⩾ 1.

Proof. Since deg(FA)
k = 0 (FA = A2 has even parity), it follows from the definition

(11.7) that
[A, (FA)

k]s = [A,A2k] = AA2k −A2kA = 0.

This gives the desired relation.

11.4 The Chern-Weil theorem for superconnections

In this section, we are going to establish a Chern-Weil type theorem for supercon-
nections. Basically, the theorem says that the supertrace of any polynomial (more
generally, any entire function) of the curvature is a closed form over M and its
cohomology class is independent of the underlying superconnection.

Let (E,M, π) be a super vector bundle and let A be a superconnection on E
with curvature FA. Let

f(x) = a0 + a1x+ · · ·+ akx
k

be a polynomial. We define

f(FA) ≜ a0 + a1FA + · · ·+ ak(FA)
k ∈ Ωeven(M,End+(E))⊕ Ωodd(M,End−(E)).

Note that str[f(FA)] ∈ Ωeven(M) because str[S] = 0 for any S ∈ Γ(End−(V )).

Theorem 11.1 (The Chern-Weil Theorem for Superconnections). (i) The form
str[f(FA)] is closed.

(ii) Let Ã be another superconnection with curvature FÃ. Then one has

str
[
f(FÃ)

]
− str

[
f(FA)

]
= dω

for some ω ∈ Ωodd(M). In particular, the cohomology class [str[f(FA)]] is indepen-
dent of the superconnection A.

The proof of Theorem 11.1 relies on the following crucial observation.

Lemma 11.7. Let A be a superconnection and Ξ ∈ Ω(M,End(E)). Then

str
[
[A,Ξ]s

]
= dstr[Ξ]. (11.8)

Proof. If Ã is another superconnection, one knows that Ã −A ∈ Ω(M,End(E)).
According to Lemma 11.1 (applied fiberwisely), str

[
[Ã − A,Ξ]s

]
= 0. In other

words, the relation (11.8) is independent of the superconnection and we may choose
any one for convenience.
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Since the relation (11.8) is local, one can just work locally with respect to some
frame field {s±α} over some U ⊆M (here {s+α} trivialises E+|U and {s−α} trivialises
E−|U respectively). Take A = d on U . This means that the local connection matrix
is zero and thus A(fs±α ) = df⊗̂s±α for any f ∈ C∞(U) (in particular, As±α = 0).
We also assume that Ξ = ω⊗̂T where ω ∈ Ω(U) and T ∈ Γ(End(E|U)). In this
case, one has

dstr[Ξ] = d(ωstr[T ]) = str[T ]dω + (−1)degωω ∧ dstr[T ]. (11.9)

On the other hand, according to the definition (11.7) of the super Lie bracket,

[A,Ξ]ss
±
α = A

(
(ω⊗̂T )(s±α )

)
− (−1)degω+deg T (ω⊗̂T )(As±α )

= A
(
ω⊗̂T (s±α )

)
= dω⊗̂T (s±α ) + (−1)degωω ∧A

(
T (s±α )

)
. (11.10)

To compute the supertrace of [A,Ξ]s, we consider two cases separately.

(i) Case I: T has odd parity.

In this case, one can write

T (s+α ) = Aβαs
−
β , T (s

−
α ) = Bβ

αs
+
β

for some Aβα, Bβ
α ∈ C∞(U) and therefore,

A
(
T (s+α )

)
= dAβα⊗̂s−β , A

(
T (s−α )

)
= dBβ

α⊗̂s+β .

It follows from the formula (11.10) that [A,Ξ]s has odd parity as a fiberwise en-
domorphism over Ex (x ∈ U). In particular, str

[
[A,Ξ]s

]
= 0. But one also has

str[Ξ] = ωstr[T ] = 0 in this case. As a result, the relation (11.8) holds.

(ii) Case II: T has even parity.

In this case, one can write

T (s+α ) = Cβ
αs

+
β , T (s

−
α ) = Dβ

αs
−
β .

By using the formula (11.1), one has

str[T ] =
∑
α

Cα
α −

∑
β

Dβ
β . (11.11)

It follows from (11.10), (11.11) and (11.9) that

str
[
[A,Ξ]s

]
= str[T ]dω + (−1)degωω ∧

(∑
α

dCα
α −

∑
β

dDβ
β

)
= str[T ]dω + (−1)degωω ∧ dstr[T ] = dstr[Ξ].

This gives the desired relation (11.8).
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Proof of Theorem 11.1. (i) According to Lemma 11.7 and Bianchi’s identity (see
Lemma 11.6), one has

dstr
[
f(FA)

]
= str

[
[A, f(FA)]s

]
= 0.

(ii) Similar to the proof of Theorem 7.1, for each t ∈ [0, 1] we define the super-
connection At ≜ (1 − t)A + tÃ and denote Ft ≜ A2

t as its curvature. Then one
has

d

dt
str
[
f(Ft)

]
=

k∑
l=0

alstr
[ d
dt
F l
t

]
=1

k∑
l=1

alstr
[dFt
dt
· lF l−1

t

]
= str

[dFt
dt
f ′(Ft)

]
= str

[
At
dAt

dt
f ′(Ft) +

dAt

dt
Atf

′(Ft)
]

=2 str
[
At
dAt

dt
f ′(Ft) +

dAt

dt
f ′(Ft)At

]
=3 str

[[
At,

dAt

dt
f ′(Ft)

]
s

]
=4 dstr

[dAt

dt
f ′(Ft)

]
. (11.12)

To reach =1, we used the the supercommutativity of str together with the fact that
Ft has even parity. To reach =2, we used the commutativity between At and f ′(Ft).
To reach =3, we used the fact that dAt

dt
f ′(Ft) ∈ Ω(M,End(E))−. The last equality

=4 comes from Lemma 11.7. By integrating (11.12) over t ∈ [0, 1], one concludes
that

str
[
f(FÃ)

]
− str

[
f(FA)

]
=

∫ 1

0

str
[
f(Ft)

]
dt = d

(∫ 1

0

str
[dAt

dt
f ′(Ft)

]
dt
)
.

The result thus follows by setting

ω ≜
∫ 1

0

str
[dAt

dt
f ′(Ft)

]
dt ∈ Ωodd(M).

Remark 11.2. The theorem remains valid ifM is compact and f is an entire function
(e.g. f(z) = eλz with λ ∈ C).

Remark 11.3. The theorem of course applies to case when E is not graded (i.e.
E− = {0}) and A = ∇E. In this case, FA ∈ Ω2(M,End(E)) and thus (FA)

k = 0
for all k > dimM/2. As a result, the theorem remains valid for all formal power
series f (without any convergence assumption).
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11.5 The Chern character of a superconnection

In this section, we define the Chern character of a complex vector bundle and show
how it is related to the Euler class we defined in Section 7.3.3. In this section,
K = C.

Definition 11.12. Let (E ,M, π) be a super C-vector bundle over a manifold M .
Let A be a superconnection on E . The Chern character form associated with A is
defined by

ch(E ,A) ≜ str
[
exp

( i
2π
FA

)]
∈ Ωeven

C (M).

The cohomology class of ch(E ,A) is known as the Chern character of E and is
denoted by ch(E).

Remark 11.4. The Chern character ch(E) is independent of the superconnection A
as a consequence of Theorem 11.1.

We now restrict to a situation that will be relevant to the CGB theorem. Let E
be a real, oriented, Euclidean vector bundle of rank 2m over a manifold M . Define
E ≜ ΛCE

∗ (the complexified exterior bundle) and view it as a super C-vector bundle
with respect to the chirality grading induced from the fiberwise Euclidean structure
on E (see Definition 11.6). Let ∇E be a connection on E which is compatible with
the metric. Let ∇E : Ω∗(M, E)→ Ω∗+1(M, E) be the induced connection on E .

Lemma 11.8. The connection ∇E respects the chirality grading, i.e. ∇E
X(Γ(E±)) ⊆

Γ(E±) for all X ∈ Γ(TM). In particular, it admits a splitting ∇E = ∇E,+ ⊕ ∇E,−

on E+ ⊕ E− and is therefore a superconnection on E.

Proof. By definition, it suffices to show that

[∇E
X , τ̂ ] ≜ ∇E

X ◦ τ̂ − τ̂ ◦ ∇E
X = 0, (11.13)

where τ̂ ∈ Γ(End(E)) is the chirality grading on E . Let x ∈ M be given fixed
and we prove (11.13) at x. To this end, consider a local PONF {ei} of E which is
parallel along geodesic rays emitting from x. For any ξ ∈ Γ(E), one sees from the
relation (8.28) that

∇E
X ◦ c(e1)

(
c(e2) · · · c(e2m)ξ

)
− c(e1) ◦ ∇E

X

(
c(e2) · · · c(e2m)ξ

)
= c(∇E

Xe1)
(
c(e2) · · · c(e2m)ξ

)
,

which equals zero at x since (∇E
Xei)(x) = 0 by the construction of {ei} (vanishing

Christoffel symbols at x). Therefore, ∇E
X commutes with c(e1) at x. Arguing

inductively, it follows that ∇E
X commutes with c(e1) · · · c(e2m), hence commuting

with τ̂ .
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The following result relates the Chern character form of ∇E to the Pfaffian
of the curvature of ∇E. In particular, the Chern character form provides a new
representative of the Euler class. Recall that FE and FE are the curvatures of ∇E

and ∇E respectively.

Proposition 11.2. One has

ch(E ,∇E) =
1

πm
Pf(F∇E).

The proof of Proposition 11.2 relies on the following representation of RE in
terms of the Clifford multipliers. Let F = (F j

i ) denote the curvature matrix of ∇E

with respect to {eα}, namely,

F∇E(X, Y )ei = F j
i (X, Y )ej, X, Y ∈ Γ(TM).

Note that F is a local so(2m)-valued 2-form.

Lemma 11.9. F∇E = 1
4
F j
i (c(ei)c(ej)− ĉ(ei)ĉ(ej)).

Proof. For X, Y ∈ Γ(TM), let R(X, Y )∗ be the induced (fiberwise) endomorphism
on E (see (8.21)). According to Lemma 8.13,

F∇E (X, Y ) = −R(X, Y )∗ = −F j
i a(ei)ι(ej)

= −1

4
F j
i (ĉi + ci)(ĉj − cj) (ci ≜ c(ei), ĉi ≜ ĉ(ei))

=
1

4
F j
i

(
cicj − ĉiĉj

)
− 1

4
F j
i (ciĉj − ĉicj). (11.14)

By using the relation (8.20), one has

F j
i ciĉj = −F

j
i ĉjci = F i

j ĉjci = F j
i ĉicj.

Therefore, the second term on the RHS of (11.14) vanishes and the result thus
follows.

Proof of Proposition 11.2. According to the definition of the Chern character form,
the supertrace formula (11.5) and Lemma 11.9, one has

ch(E ,∇E) = str
[
exp

( i
2π
F∇E

)]
=

im

m!(2π)m4m
F i2
i1
∧ · · · ∧ F i2m

i2m−1
str
[
c(ei1) · · · c(ei2m)

]
=

im

m!(2π)m4m
× (−1)mF i1

i2
∧ · · · ∧ F i2m−1

i2m

× (−i)m22msgn(i1, · · · , i2m)

=
(−1)m

m!πm2m
sgn(i1, · · · , i2m)F i1

i2
∧ · · · ∧ F i2m−1

i2m
=

1

πm
Pf(F∇E),
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where the last equality follows from (7.12).

11.6 Superconnection proof of CGB

We are now in a position to give the superconnection proof of CGB. In what
follows, let M be a closed, oriented, 2m-dimensional Riemannian manifold. We
take E ≜ TM and E ≜ ΛCT

∗M in the previous discussion. Let ∇ denote the Levi-
Civita connection and let ∇E be the induced superconnection on E with respect to
the chirality grading.

Let V be a smooth vector field on M with isolated and nondegenerate zeros.
The set of zeros of V is denoted as Z(V ). On a normal chart (Up;x

i) around
each p ∈ Z(V ), we will assume that the Riemannian metric is flat (i.e. g =
(dx1)2 + · · ·+ (dx2m)2) and the vector field V is given by

V (x) = Aij(p)x
j ∂

∂xj
(11.15)

where (Aji (p))1⩽i,j⩽2m is some nondegenerate matrix. Indeed, one can use a bump
function to modify the original metric into Euclidean on each Up; this will not affect
the form of the CGB because the cohomology class of Pf(F∇M ) is independent of
the metric. For the vector field V , since p is an isolated zero, one has

V (x) = Aij(p)x
j ∂

∂xi
+O(|x|2)

on Up. In a similar way, one can use a bump function to modify V on Up by only
keeping its linear part.

To prove CGB, the essential idea is to consider the following deformation of
superconnections :

AT ≜ ∇E + λTc(V ), T > 0, (11.16)

where λ is chosen by i
2π
λ2 = 1 (so that i

2π
λ2c(V )2 = −|V |2). The point is that

when T becomes large, the geometry of AT outside Z(V ) in the integral of the
Chern character class gets forgotten and the whole-space integral is being localised
around the zeros of V . As a result, one picks up the corresponding indices in the
limit.

First of all, note that c(V ) ∈ Γ(End−(E)); this is seen by the relation that
c(V )τ̂ = −τ̂ c(V ). Extending its action to Ω(M, E) by setting

c(V )(α ∧ ξ) ≜ (−1)degαα ∧ c(V )ξ, (α ∈ Ω(M), ξ ∈ Ω(M, E))

one easily checks that AT defined by (11.16) is indeed a superconnection on E .
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Next, we compute the curvature of AT . To this end, we define a linear operator
c(∇V ) : Ω∗(M, E)→ Ω∗+1(M, E) by

c(∇V )(ξ) ≜ dxi ∧ c(∇∂iV )(ξ), (ξ ∈ Ω(M, E)) (11.17)

where {xi} is any local coordinates of M . It follows that

c(∇V )(α ∧ ξ) = α ∧ c(∇V )ξ (11.18)

for all α ∈ Ω(M), ξ ∈ Ω(M, E). In particular, c(∇V ) is tensorial and c(∇V ) ∈
Ω1(M,End−E).

Lemma 11.10. FAT
= F∇E − λ2T 2|V |2 + λTc(∇V ).

Proof. By the definition of AT and the relation (8.20), one has

FAT
= A2

T = RE − λ2T 2|V |2 + λT
(
∇E ◦ c(V ) + c(V ) ◦ ∇E).

Now it suffices to show that

∇E ◦ c(V ) + c(V ) ◦ ∇E = c(∇V ). (11.19)

The action of both sides on Γ(E) coincide and they both satisfy the relation (11.18).
The relation (11.19) thus follows.

Proof of CGB. According to Proposition 11.2, Lemma 11.10 and the Chern-Weil
theorem, one has

(−1)m

(2π)m

∫
M

Pf(F∇M ) =
(−1)m

(2π)m

∫
M

str
[
exp

( i
2π
FAT

)]
= (−1/2)m

∫
M

e−T
2|V |2str

[
exp

( i
2π
F∇E +

T

λ
c(∇V )

)]
for all T > 0. We write the

∫
M

integral into two parts:∫
M

=

∫
M\

⋃
p∈Z(V ) Up

+
∑

p∈Z(V )

∫
Up

.

For the first part, since |V | is bounded away from zero on (∪pUp)c and

str
[
exp

( i
2π
F∇E +

T

λ
c(∇V )

)]
= eO(T ),

one finds that

lim
T→∞

∫
M\

⋃
p∈Z(V ) Up

e−T
2|V |2str

[
exp

( i
2π
F∇E +

T

λ
c(∇V )

)]
= 0. (11.20)
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For the second part, since F∇E ≡ 0 on each Up, one has

str
[
exp

( i
2π
F∇E +

T

λ
c(∇V )

)]
= str

[
exp

(T
λ
c(∇V )

)]
=

(T/λ)2m

(2m)!
str
[
c(∇V )2m

]
(11.21)

on Up. Here the terms with degree ̸= 2m in the expansion of the exponential
vanish due to the relation (11.5). To compute the above supertrace, one first finds
by (11.17) and (11.15) that

c(∇V )2m = dxj1 ∧ c(∇∂j1
V ) ◦ · · · ◦ dxj2m ∧ c(∇∂j2mV )

= Ai1j1(p) · · ·A
i2m
j2m

(p)dxj1 ∧ c(∂i1) ◦ · · · ◦ dxj2m ∧ c(∂i2m)
= (−1)mAi1j1(p) · · ·A

i2m
j2m

(p)dxj1 ∧ · · · ∧ dxj2m ∧ c(∂i1) · · · c(∂i2m)
= (−1)msgn(i1, · · · , i2m)sgn(j1, · · · , j2m)Ai1j1(p) · · ·A

i2m
j2m

(p)

× dx1 ∧ · · · ∧ dx2m ∧ c(∂1) · · · c(∂2m)
= (−1)m(2m)! detA(p) · dx1 ∧ · · · ∧ dx2m ∧ c(∂1) · · · c(∂2m).

It follows again from (11.5) that

str
[
c(∇V )2m

]
= (−1)m(2m)! detA(p) · (−i)m22mdx1 ∧ · · · ∧ dx2m

= im22m(2m)! detA(p) · dx1 ∧ · · · ∧ dx2m. (11.22)

Let us assume that Up = {|x| < ε}. By substituting (11.22) into (11.21), one
obtains that

(−1/2)m
∫
Up

e−T
2|V |2str

[
exp

(√−1
2π

F∇E +
T

λ
c(∇V )

)]
= (−1/2)m(T/λ)2mim22m detA(p)

∫
{x:|x|<ε}

e−T
2|A(p)·x|2dx1 ∧ · · · ∧ dx2m

=
1

πm
detA(p) ·

∫
{y:|y|<Tε}

e−|A(p)·y|2dy1 ∧ · · · ∧ dy2m (11.23)

→ 1

πm
detA(p) · πm

| detA(p)|
= sgn(detA) = indp(V ) (11.24)

as T →∞.
As a consequence, one concludes that

(−1)m

(2π)m

∫
M

Pf(F∇M ) = lim
T→∞

(−1/2)m
(∫

M\
⋃

p∈Z(V ) Up

+
∑

p∈Z(V )

∫
Up

)
e−T

2|V |2str
[
exp

(√−1
2π

F∇E +
T

λ
c(∇V )

)]
=
∑

p∈Z(V )

indp(V ) = χ(M).
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This completes the proof of the CGB theorem.
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Appendix A Algebraic topology
In this appendix, we review some basic concepts and tools from algebraic topology
that are used in the present notes. The main references for this part are [Hat22,
Spa66]. Unless otherwise stated Λ is always assumed to be a principal ideal domain
(PID). The most important examples are Z,Q,R,C,Z/2Z.

A.1 Basic tools from homological algebra

We discuss two basic tools from homological algebra that are frequently used in
these notes: the Snake Lemma and the Five Lemma.

A.1.1 Chain complex and exact sequence

We first recall some definitions.

Definition A.1. A chain complex (of Λ-modules) is a sequence

· · · ∂k+1−→ Ck
∂k−→ Ck−1

∂k−1−→ · · · ∂2−→ C1
∂1−→ C0, (A.1)

where Ck is a Λ-module and ∂k : Ck → Ck−1 is a (Λ-module) homomorphism such
that ∂k ◦ ∂k+1 = 0 for every k. The chain complex (A.1) is denoted as (C∗, ∂∗) in
short. Elements of the submodule

Zk(C∗) ≜ ker ∂k = {σ ∈ Ck : ∂kσ = 0}

are called k-cycles. Elements of the submodule

Bk(C∗) ≜ Im∂k+1 = {∂k+1σ : σ ∈ Ck+1}

are called k-boundaries. The k-th homology group of (C∗, ∂∗) with coefficients in Λ
is the quotient module defined by

Hk(C∗; Λ) ≜
Zk(C∗)

Bk(C∗)
.

Remark A.1. One can also consider a chain complex indexed by Z. In the present
notes, the index set is always taken to be N.

Definition A.2. A chain map between two chain complexes (C∗, ∂
C
∗ ) and (D∗, ∂

D
∗ )

is a sequence of homomorphisms fk : Ck → Dk (k ∈ N) such that fk−1◦∂Ck = ∂Dk ◦fk
for every k. We write

(C∗, ∂
C
∗ )

f∗−→ (D∗, ∂
D
∗ )

as a shorthand notation.
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Note that a chain map f∗ induces a homomorphism (still denoted as fk by abuse
of notation)

fk : Hk(C∗; Λ)→ Hk(D∗; Λ), fk([σ]) ≜ [fk(σ)] (A.2)

on homology for every k.

Definition A.3. An exact sequence of Λ-modules is a sequence (either finite or
infinite)

· · · fk+2−→ Ck+1
fk+1−→ Ck

fk−→ Ck−1
fk−1−→ · · · ,

where Ck is a Λ-module and fk is a homomorphism, such that Imfk+1 = ker fk for
every k. A short exact sequence of Λ-modules is an exact sequence of the form

0→ C
f−→ D

g−→ E → 0.

In other words, C,D,E are Λ-modules and f, g are homomorphisms such that f is
injective, g is surjective and Imf = ker g.

Definition A.4. A short exact sequence of chain complexes refers to the following
sequence

0→ (C∗, ∂
C
∗ )

f∗−→ (D∗, ∂
D
∗ )

g∗−→ (E∗, ∂
E
∗ )→ 0, (A.3)

where C∗, D∗, E∗ are chain complexes, f∗, g∗ are chain maps and at every fixed
degree n the sequence (A.3) is a short exact sequence of Λ-modules.

Throughout the rest, we will omit the PID Λ to ease notation and all homology
groups are understood over Λ.

A.1.2 The Snake Lemma

The Snake Lemma asserts that a short exact sequence of chain complexes induces
a long exact sequence on homology. This is an important technique for computing
(co)homology groups of a space in general.

Lemma A.1. Let

0→ (C∗, ∂
C
∗ )

f∗−→ (D∗, ∂
D
∗ )

g∗−→ (E∗, ∂
E
∗ )→ 0

be a short exact sequence of chain complexes. There exists a long exact sequence

· · · → Hk(C∗)
fk−→ Hk(D∗)

gk−→ Hk(E∗)
∂̄k−→ Hk−1(C∗)

fk−1−→ Hk−1(D∗)→ · · · → H0(D∗)
g0−→ H0(E∗)→ 0

on homology. Here fk, gk are the induced homomorphisms on the homology groups
defined by (A.2). The map ∂̄k is the so-called connecting homomorphism which is
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constructed as follows. Let [σ] ∈ Hk(E∗) and pick any representative σ ∈ Ek. Let
τ ∈ Dk be such that gk(τ) = σ. Pick θ ∈ Zk−1(C∗) such that fk−1(θ) = ∂Dk (τ). Then
one defines ∂̄k([σ]) ≜ [θ]. The map ∂̄k does not depend on the choices of σ, τ, θ and
is a well-defined homomorphism on homology.

...
...

...

0 Ck+1 Dk+1 Ek+1 0

0 Ck Dk Ek 0

0 Ck−1 Dk−1 Ek−1 0

0 Ck−2 Dk−2 Ek−2 0

...
...

...

fk+1

∂Ck+1

gk+1

∂Dk+1 ∂Ek+1

fk

∂Ck

gk

∂Dk ∂Ek

fk−1

∂Ck−1

gk−1

∂Dk−1 ∂Ek−1

fk−2 gk−2

∂̄k

A.1.3 The Five Lemma

The Five Lemma is a useful tool for establishing isomorphisms between homology
groups.

Lemma A.2. Consider the following commutative diagram

A1 A2 A3 A4 A5

B1 B2 B3 B4 B5.

f1 f2 f3 f4 f5

Here both rows are exact sequences of Λ-modules and fi (i = 1, · · · , 5) are homo-
morphisms. Suppose that f1, f2, f4, f5 are all isomorphisms. Then f3 is also an
isomorphism.

Remark A.2. In the above discussion, there is nothing special about the downward
indexing convention. One can also index the sequence by

· · · f
k−1

−→ Ck fk−→ Ck+1 fk+1

−→ Ck+2 fk+2

−→ · · · .
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Such a sequence is called a cochain complex. Elements of the kernel (respectively,
image) of the homomorphism are called cocycles (respectively, coboundaries). The
k-th cohomology group of (C∗, f ∗) is defined to be the quotient space of k-cocycles
by k-coboundaries in the same way as in Definition A.1.

A.2 Singular (co)homology

Let k ∈ N. The standard k-simplex is the subset of Rk+1 defined by

∆k ≜
{
(v0, · · · , vk) : vi ⩾ 0,

k∑
i=0

vi = 1
}
.

A.2.1 Singular chain complex and homology

Definition A.5. Let X be a topological space. A singular k-simplex in X is a
continuous map σ : ∆k → X. For 0 ⩽ i ⩽ k, the i-th face of σ is the singular
(k−1)-simplex defined by σ ◦ ιi : ∆k−1 → X, where ιi : ∆k−1 → ∆k is the inclusion
map defined by

ιi(v0, · · · , vk−1) ≜ (v0, · · · , vi−1, 0, vi, · · · , vk−1).

We will simply denote σ ◦ ιi as σ|[v0,··· ,v̂i,··· ,vk]. In a similar way, one can also define
the front i-face σ|[v0,··· ,vi](respectively, the back i-face σ|[vk−i,··· ,vk]) of σ as a singular
i-simplex.

Definition A.6. The k-th singular chain group of X is the free Λ-module Ck(X; Λ)
generated by the singular k-simplices in X. In other words, every element of
Ck(X; Λ) is uniquely expressed as

ξ =
∑

σ: singular k-simplex

λσσ

where λσ is nonzero for at most finitely many σ’s. Elements of Ck(X; Λ) are called
singular k-chains. The chain complex (C∗(X; Λ), ∂∗) is called the singular chain
complex of X with coefficients in Λ.

Definition A.7. The boundary of a singular k-simplex σ is the singular (k − 1)-
chain defined by

∂kσ =
k∑
i=0

(−1)iσ|[v0,··· ,v̂i,··· ,vk].

By linearity, this extends to a Λ-module homomorphism ∂k : Ck(X; Λ)→ Ck−1(X; Λ)
which is called the boundary map. Sometimes we will omit the subscript k when
no confusion is caused.
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The singular homology groups of X is defined as follows.

Definition A.8. A singular k-cycle is an element σ ∈ Ck(X; Λ) with zero bound-
ary, i.e. ∂σ = 0. A singular k-boundary is an element σ ∈ Ck(X; Λ) of the form
σ = ∂τ for some τ ∈ Ck+1(X; Λ). The submodule of singular k-cycles (respectively,
k-boundaries) is denoted as Zk(X; Λ) (respectively, Bk(X; Λ)). The k-th singu-
lar homology group of X with coefficients in Λ is the k-th homology group of the
singular chain complex (C∗(X; Λ), ∂∗) defined by

Hk(X; Λ) ≜
Zk(X; Λ)

Bk(X; Λ)
.

A.2.2 Singular cohomology

By dualising the singular chain complex, one can define the singular cohomology
in an analogous way.

Definition A.9. The singular cochain complex of X is the sequence

C0(X; Λ)
δ0−→ C1(X; Λ)

δ1−→ · · · δ
k−1

−→ Ck(X; Λ)
δk−→ Ck+1(X; Λ)

δk+1

−→ · · · .

Here Ck(X; Λ) ≜ Hom(Ck(X; Λ); Λ) is the dual Λ-module of Ck(X; Λ). The cobound-
ary map δk is defined to be the dual of ∂k+1, i.e.

(δkφ)(σ) = φ(∂k+1σ)

for all φ ∈ Ck(X; Λ) and σ ∈ Ck+1(X; Λ).

It is easily seen that δk+1 ◦ δk = 0. In particular, (C∗(X; Λ), δ∗) is indeed a
cochain complex. We sometimes omit the superscript of the coboundary map when
no confusion is caused.

Definition A.10. The submodule of singular k-cocycles and k-coboundaries, de-
noted as Zk(X; Λ) and Bk(X; Λ) respectively, are defined in the same way as Defini-
tion A.8 by using the coboundary map instead. The k-th singular cohomology group
of X with coefficients in Λ is the k-th cohomology group of the cochain complex
(C∗(X; Λ), δ∗) defined by

Hk(X; Λ) ≜
Zk(X; Λ)

Bk(X; Λ)
.

There is an obvious homomorphism

fk : H
k(X; Λ)→ Hom(Hk(X; Λ); Λ)

which is induced by the natural pairing between Ck(X; Λ) and Ck(X; Λ). In general,
fk needs not be an isomorphism. However, one has the following result.
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Proposition A.1. Suppose that either Hk−1(X; Λ) is a free Λ-module or Λ is a
field. Then fk is an isomorphism.

Remark A.3. The general relation between cohomology and homology is described
by the so-called universal coefficient theorem which involves the torsion functor.
We will not elaborate this result here.

A.2.3 Cup product

There is a ring structure (multiplication) on cohomology which is defined by the
so-called cohomology cup product.

Definition A.11. The cup product between φ ∈ Ck(X; Λ) and ψ ∈ C l(X; Λ) is
the singular (k + l)-cochain φ ∪ ψ ∈ Ck+l(X; Λ) such that

(φ ∪ ψ)(σ) ≜ φ(σ|[v0,··· ,vk])ψ(σ|[vk,··· ,vk+l])

for any singular (k + l)-simplex σ.

The coboundary map δ satisfies the following Leibniz rule with respect to the
cup product:

δ(φ ∪ ψ) = δφ ∪ ψ + (−1)degφφ ∪ δψ. (A.4)
According to the relation (A.4), φ ∪ ψ is a cocycle if both φ and ψ are. As a
consequence, the cup product descends to a bilinear operation

∪ : Hk(X; Λ)×H l(X; Λ)→ Hk+l(X; Λ)

on cohomology. This is known as the cohomology cup product. It can be shown
that ∪ is associative and satisfies the following sign-commutativity relation:

a ∪ b = (−1)klb ∪ a (A.5)

for any a ∈ Hk(X; Λ) and b ∈ H l(X; Λ).

A.3 Relative (co)homology

From now on, we will omit the PID Λ to ease notation. All modules and (co)homology
groups are understood over Λ unless otherwise stated. Let X be a topological space
and let A ⊆ X. Define the quotient module

Ck(X,A) ≜
Ck(X)

Ck(A)
.

The boundary map descends to (still denoted as) ∂k : Ck(X,A)→ Ck−1(X,A). This
gives rise to the so-called relative singular chain complex (C∗(X,A), ∂∗) of the pair
(X,A). The submodule of relative k-cycles (respectively, relative k-boundaries) is
denoted as Zk(X,A) (respectively, Bk(X,A)). Geometrically, a relative cycle is a
singular chain whose boundary takes values in A.
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Definition A.12. The k-th relative singular homology group of the pair (X,A) is
the k-th homology group of (C∗(X,A), ∂∗) defined by

Hk(X,A) ≜
Zk(X,A)

Bk(X,A)
.

There is an obvious short exact sequence of chain complexes:

0→ C∗(A)→ C∗(X)→ C∗(X,A)→ 0, (A.6)

where the second arrow is the inclusion and the third arrow is the quotient map.
According to the Snake Lemma (Lemma A.1), there is an induced long exact se-
quence

· · · → Hk+1(X,A)→ Hk(A)→ Hk(X)→ Hk(X,A)

→ Hk−1(A)→ · · · → H0(X)→ H0(X,A)→ 0. (A.7)

on homology.
Now consider A ⊆ B ⊆ X. There is also an obvious short exact sequence of

chain complexes

0→ Ck(B,A)→ Ck(X,A)→ Ck(X,B)→ 0, (A.8)

where the second arrow is the inclusion homomorphism and the third one is the
quotient map. For the same reason, there is also an induced long exact sequence

· · · → Hk+1(X,B)→ Hk(B,A)→ Hk(X,A)→ Hk(X,B)

→ Hk−1(B,A)→ · · · → H0(X,A)→ H0(X,B)→ 0 (A.9)

on relative homology. One can easily write down the connecting homomorphisms
of the above two exact sequences from the Snake Lemma.

By dualising the above consideration, one can easily obtain a relative version
of cohomology. Let A ⊆ X. The k-th relative singular cochain group of the pair
(X,A) is defined by

Ck(X,A) ≜ Hom(Ck(X,A); Λ).

The coboundary map δk is defined by the dual of the boundary map in the same
way as in the absolute case. It is useful to note that Ck(X,A) can be identified with
the submodule of Ck(X) consisting of singular k-cochains that annihilate singular
k-chains in A. The relative singular cohomology of the pair (X,A), which is denoted
as H∗(X,A), is the cohomology of the cochain complex (C∗(X,A), δ∗). There is a
canonical homomorphism

H∗(X,A)→ Hom(H∗(X,A); Λ),
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which is an isomorphism in the case when Λ is a field.
Similar to the homology case, there is a short exact sequence of cochain com-

plexes (the dual of (A.6)) which gives rise to a long exact sequence on cohomology
(the one with all members in (A.7) replaced by cohomology and all arrows reversed).
There is also a long exact sequence

0→ H0(X,B)→ H0(X,A)→ · · · → Hk−1(B,A)

→ Hk(X,B)→ Hk(X,A)→ Hk(B,A)→ Hk+1(X,B)→ · · · (A.10)

of relative cohomology that is dual to (A.9).

Cup product on relative cohomology

The cup product on relative cohomology requires some extra care. Let X be a
topological space and let A,B ⊆ X. Define

Ĉk(X;A,B) ≜ Ck(X,A) ∩ Ck(X,B)

for each k ∈ N. This is the submodule of Ck(X) consisting of those singular
cochains that annihilate simplices in A or in B. Note that Ĉ∗(X;A,B) is also a
cochain complex whose coboundary map is the dual of the boundary map. The
cohomology of Ĉ∗(X;A,B) is denoted as Ĥ∗(X;A,B).

The cup product on absolute cochains induces a bilinear operator

∪̂ : Ck(X,A)× C l(X,B)→ Ĉk+l(X;A,B)

on relative cochains, which descends to a product

∪̂ : Hk(X,A)×H l(X,B)→ Ĥk+l(X;A,B) (A.11)

on cohomology. The following result allows one to obtain an actual cup product
which takes values in the relative cohomology group Hk+l(X,A ∪B).

Proposition A.2. Suppose that both A and B are relatively open in A ∪B. Then
the canonical inclusion

Ck(X,A ∪B)→ Ĉk(X;A,B)

induces an isomorphism

Hk(X,A ∪B) ∼= Ĥk(X;A,B) (A.12)

on cohomology.
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Under the assumption of Proposition A.2, by composing the product ∪̂ defined
by (A.11) with the inverse of the isomorphism (A.12), one obtains an actual cup
product

∪ : Hk(X,A)×H l(X,B)→ Hk+l(X,A ∪B) (A.13)

on relative cohomology.

Remark A.4. The consideration of Ĉ∗(X;A,B) is needed because for φ ∈ Ck(X,A)
and ψ ∈ C l(X,B), their cup product φ∪ψ needs not annihilate simplices in A∪B
(but it clearly annihilates simplices that lie entirely in A or in B). This is not
needed if A = B or if one of them is the empty set.

A.4 Functorial properties and homotopy invariance

Let f : (X,A) → (Y,B) be a morphism between pairs of topological spaces, i.e.
f : X → Y is a continuous map and f(A) ⊆ B. Then f induces homomorphisms

f∗ : Hk(X,A)→ Hk(Y,B), f ∗ : Hk(Y,B)→ Hk(X,A)

on both homology and cohomology.
Two morphisms f, g : (X,A)→ (Y,B) between pairs are said to be homotopic,

which is denoted as f ≃ g, if there exists a continuous map F : X× [0, 1]→ Y such
that F (·, 0) = f, F (·, 1) = g and F (A, t) ⊆ B for all t ∈ [0, 1]. In this case, one has
f∗ = g∗ and f ∗ = g∗ on homology and cohomology respectively.

Two pairs (X,A) and (Y,B) are said to be homotopy equivalent if there exist
morphisms f : (X,A)→ (Y,B) and g : (Y,B)→ (X,A) such that

g ◦ f ≃ id(X,A), f ◦ g ≃ id(Y,B).

In this case, the map f∗ (respectively, f ∗) is an isomorphism on homology (respec-
tively, cohomology).

Remark A.5. The above discussion contains the absolute case by taking A = B = ∅
as a special situation.

A subset A ⊆ X is said to be a deformation retract of X if there exists a
continuous map

F : X × [0, 1]→ X

such that
F (·, 0) = idX ; F (x, 1) ∈ A; F (y, t) = y

for all x ∈ X, y ∈ A and t ∈ [0, 1]. In this case, the inclusion induces an isomorphism
between H∗(A) and H∗(X) whose inverse is r∗ where r(·) ≜ F (·, 1) : X → A.

Let X be a topological space and let A ⊆ B ⊆ X. Suppose that A is a
deformation retract of B (or more generally that the inclusion i : A → B is a
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homotopy equivalence). Then i∗ : Hk(X,A) ∼= Hk(X,B) is an isomorphism for
every k. This is easily seen by applying the Five Lemma to the long exact sequences
(A.7) of the pairs (X,A) and (X,B), noting that H∗(A) ∼= H∗(B). In a similar
way, one also has i∗ : Hk(X,B) ∼= Hk(X,A) for every k.

A.5 Excision and the Mayer-Vietoris sequence

We present two useful tools for computing (co)homology groups: excision and the
Mayer-Vietoris sequence. Let X be a topological space.

A.5.1 Excision for relative (co)homology

Intuitively, excision means that cutting away a part that lies entirely inside the
subspace A of X does not affect the relative (co)homology of the pair (X,A).

Theorem A.1 (Excision). Let Z ⊆ A ⊆ X. Suppose that Z̄ ⊆ Å (the interior of
A). Then the inclusion of pairs

(X\Z,A\Z) ↪→ (X,A)

induces an isomorphism on relative homology:

Hk(X\Z,A\Z; Λ) ∼= Hk(X,A; Λ)

as well as an isomorphism on relative cohomology:

Hk(X,A; Λ) ∼= Hk(X\Z,A\Z; Λ)

for every k ∈ N.

A.5.2 The Mayer-Vietoris sequence

A standard methodology in algebraic topology is “divide and conquer”. To sum-
marise this philosophy, one divides a complicated space into simple pieces whose
topological invariants are known or easy to compute. Then one reconstructs in-
variants of the original space from the pieces and their overlaps. An important
technique to implement this philosophy is the so-called Mayer-Vietoris sequence.

We first discuss the result for absolute (co)homology. Let X = U ∪ V where
U, V are open subsets of X. Let Ĉk(U + V ) denote the free submodule of Ck(X)
generated by those singular k-simplices that lie entirely in U or in V . There is a
short exact sequence

0→ C∗(U ∩ V )
i∗−→ C∗(U)⊕ C∗(V )

j∗−→ Ĉ∗(U + V )→ 0 (A.14)
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of chain complexes, where

i∗(σ) ≜ (−σ, σ), j∗(σ, τ) ≜ σ + τ.

By the Snake Lemma, there is an induced long exact sequence

· · · → Hk+1(Ĉ∗(U + V ))→ Hk(U ∩ V )→ Hk(U)⊕Hk(V )→ Hk(Ĉ∗(U + V ))

→ Hk−1(U ∩ V )→ · · · → H0(U)⊕H0(V )→ H0(Ĉ∗(U + V ))→ 0.

on homology. On the other hand, a key fact is that the inclusion

Ĉk(U + V )→ Ck(X)

induces an isomorphism

Hk(Ĉ∗(U + V )) ∼= Hk(X)

on homology for every k. By using this isomorphism, one thus obtains the following
long exact sequence

· · · → Hk+1(X)→ Hk(U ∩ V )→ Hk(U)⊕Hk(V )→ Hk(X)→
→ Hk−1(U ∩ V )→ · · · → H0(U)⊕H0(V )→ H0(X)→ 0. (A.15)

This is known as the Mayer-Vietoris sequence for homology. The cohomology se-
quence is obtain in a similar way through duality. The resulting long exact sequence
is

0→ H0(X)→ H0(U)⊕H0(V )→ · · · → Hk−1(U ∩ V )

→ Hk(X)
j∗−→ Hk(U)⊕Hk(V )

i∗−→ Hk(U ∩ V )→ Hk+1(X)→ · · · ,

where
j∗(a) ≜ (a|U , a|V ), i∗(a, b) ≜ b|U∩V − a|U∩V .

This is known as the Mayer-Vietoris sequence for cohomology.
Next, we state a version for the relative (co)homology that was used in the main

text. Let U, V be given open subsets of X. Define the quotient module

Ĉk(X;U, V ) ≜
Ck(X)

Ĉk(U + V )
,

where Ĉk(U + V ) is the free submodule defined previously. The following short
exact sequence

0→ C∗(X,U ∩ V )
inclusion−→ C∗(X,U)⊕ C∗(X, V )

back−front−→ Ĉ∗(X;U, V )→ 0
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induces a long exact sequence on relative homology. Through the isomorphism

Hk(Ĉ∗(X;U, V )) ∼= Hk(X,U ∪ V ),

this long exact sequence reads

· · · → Hk+1(X,U ∪ V )→ Hk(X,U ∩ V )→ Hk(X,U)⊕Hk(X, V )

→ Hk(X,U ∪ V )→ · · · → H0(X,U)⊕H0(X, V )→ H0(X,U ∪ V )→ 0.
(A.16)

The relative cohomology sequence is obtained in a similar way, which reads

0→ H0(X,U ∪ V )→ H0(X,U)⊕H0(X, V )→ · · · → Hk(X,U ∪ V )

→ Hk(X,U)⊕Hk(X, V )→ Hk(X,U ∩ V )→ Hk+1(X,U ∪ V )→ · · · . (A.17)

Example A.1. Let Dn (n ⩾ 2) be the closed unit ball in Rn with boundary
Sn−1 = ∂Dn (the unit sphere). Then

Hk(Rn,Rn\{0}) ∼= Hk(D
n, Sn−1) ∼=

{
Λ, if k = n;

0, otherwise.
(A.18)

Indeed, one has

H∗(Rn,Rn\{0}) ∼= H∗(D
n, Dn\{0}) ∼= H∗(D

n, Sn−1),

where the first isomorphism follows from excision and the second one comes from
the fact that Sn−1 is a deformation retract of Dn\{0} (along radii). The second
isomorphism of (A.18) can be easily obtained by using the long exact sequence
(A.7), noting the standard facts that

Hk(D
n) ∼=

{
Λ, if k = 0;

0, otherwise,
Hk(S

n−1) ∼=

{
Λ, if k = 0 or n− 1;

0, otherwise.
(A.19)

The first part of (A.19) is trivial because Dn deformation retracts to a single point.
The second part follows from applying the Mayer-Vietoris sequence to an open cover
{U, V } of Sn−1 by two spherical caps whose intersection is a tubular neighbourhood
of the equator. The cohomology version of (A.18) holds for the same reason.

A.6 The Künneth theorem

Let (X,A) and (Y,B) be pairs of topological spaces where A is an open subset of
X and B is an open subset of Y .
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Definition A.13. The cohomology cross product is the bilinear map

× : Hk(X,A)×H l(Y,B)→ Hk+l(X × Y,A× Y ∪X ×B)

defined by

a× b ≜ (π∗
Xa) ∪ (π∗

Y b), a ∈ Hk(X,A), b ∈ H l(Y,B),

where
πX : (X × Y,A× Y ∪X ×B)→ (X,A)

πY : (X × Y,A× Y ∪X ×B)→ (Y,B)

are the projections as pairs and ∪ is the relative cup product defined in (A.13).

According to the definition and the relation (A.5), one has

(a× b) ∪ (c× d) = (−1)deg b×deg c(a ∪ c)× (b ∪ d) (A.20)

for any homogeneous classes a, c ∈ H∗(X,A) and b, d ∈ H∗(Y,B).

Theorem A.2 (The Künneth Theorem). Let Λ be a field. Then the cross product
defines an isomorphism

× :
k⊕
i=0

H i(X,A; Λ)⊗Hk−i(Y,B; Λ)→ Hk(X × Y,A× Y ∪X ×B; Λ)

for every k ∈ N.

Remark A.6. If B = ∅, there is no need to assume that A is open (and vice versa).

A.7 Equivalence between simplicial and singular homologies

Let K be a simplicial complex whose topological point set is denoted as |K|. The
aim of this subsection is to prove that the simplicial homology of |K|, which is
defined in Section 4.7.1 and denoted as Hsim

∗ (K), is isomorphic to the singular
homology H∗(|K|). The argument is a nice application of the topological tools we
reviewed so far. Although the de Rham theorem in Section 4.7 was discussed over
R, the identification between simplicial and singular (co)homologies holds over any
coefficient PID Λ. We therefore work over Λ but will omit this symbol to ease
notation.

Let (Csim
∗ (K), ∂sim∗ ) denote the simplicial chain complex of K. By definition,

Csim
k (K) is the free Λ-module generated by the k-simplices of K. There is a ho-

momorphism ιk : Csim
k (K) → Ck(|K|) for every k which is obtained by linearly

extending the definition

ιk([v0, · · · , vk]) ≜
[
σs : ∆

k ∋ (t0, · · · , tk) 7→
k∑
j=0

tjvj ∈ |K|
]
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on any k-simplex [v0, · · · , vk]. It is plain to check that ιk commutes with the
boundary maps, i.e.

ιk ◦ ∂simk+1 = ∂k ◦ ιk+1,

where ∂sim is the boundary map on simplicial chains (see Definition 4.9). As a
result, ιk descends to a homomorphism (ιk)∗ : H

sim
k (K)→ Hk(|K|) on homology.

Theorem A.3. The map (ιk)∗ is an isomorphism for every k.

The proof of Theorem A.3 relies on the following lemma. A topological pair
(X,A) (X is a topological space and A ⊆ X) is said to be a good pair if A is a
deformation retract of an open neighbourhood V .

Lemma A.3. Let (X,A) be a good pair. Then the quotient map q : (X,A) →
(X/A,A/A) induces an isomorphism

q∗ : Hk(X,A)→ Hk(X/A,A/A) (A.21)

for every k ∈ N. Here X/A is the quotient topological space (and thus A/A is a
point in X/A).

Proof. Let V be an open neighbourhood of A which deformation retracts to A.
Consider the following commutative diagram

Hk(X,A) Hk(X, V ) Hk(X \ A, V \ A)

Hk(X/A,A/A) Hk(X/A, V/A) Hk

(
(X/A) \ (A/A), (V/A) \ (A/A)

)
.

q∗ q∗ q∗

The left two horizontal maps are isomorphisms because A is a deformation retract
of V . The right two horizontal maps are isomorphisms due to excision. The right
vertical map is an isomorphism because the quotient map q restricts to a homeomor-
phism on X\A. Therefore, the left vertical map (A.21) is also an isomorphism.

Remark A.7. By using the long exact sequence for the pair (X/A,A/A) and noting
that A/A is just a single point, it is easily seen that

Hk(X/A) ∼= Hk(X/A,A/A)

for all k > 0 and H0(X/A) ∼= H0(X/A,A/A)⊕ Λ.

Proof of Theorem A.3. We divide the argument into the following major steps.

290



(i) Let Kn denote the n-skeleton of K and let |Kn| be its topological point set. For
every k ∈ N, we define Hsim

k (Kn, Kn−1) to be the homology of the relative simplicial
chain complex

Csim
k (Kn, Kn−1) ≜

Csim
k (Kn)

Csim
k (Kn−1)

.

Similar to the singular case, there is a long exact sequence

· · · → Hsim
k+1(K

n, Kn−1)→ Hsim
k (Kn−1)→ Hsim

k (Kn)→ Hsim
k (Kn, Kn−1)

→ Hsim
k−1(K

n−1)→ · · · → H0(K
n)→ H0(K

n, Kn−1)→ 0. (A.22)

(ii) The homomorphism (ιk)∗ induces a homomorphism (still denoted as)

(ιk)∗ : H
sim
k (Kn, Kn−1)→ Hk(|Kn|, |Kn−1|) (A.23)

on relative homology. One has the following commutative diagram

· · · Hsim
k+1(K

n,Kn−1) Hsim
k (Kn−1) Hsim

k (Kn) Hsim
k (Kn,Kn−1) · · ·

· · · Hk+1(|Kn|, |Kn−1|) Hk(|Kn−1|) Hk(|Kn|) Hk(|Kn|, |Kn−1|) · · · ,

ι∗ ι∗ ι∗ ι∗

(A.24)

where the top row is the long exact sequence (A.22) and the bottom row is the long
exact sequence (A.7) for singular homology.

Note that the theorem is trivial for K0. If one can show that the map (A.23) is
an isomorphism for every k > 0, the theorem would follow immediately by applying
the Five Lemma to the diagram (A.24) and induction on n. In view of Lemma A.3
and Remark A.7, it therefore remains to prove that

(ῑk)∗ : H
sim
k (Kn, Kn−1)→ Hk(K

n/Kn−1)

is an isomorphism for every k > 0. Here (ῑk)∗ is the composition of (ιk)∗ and the
canonical isomorphisms in Lemma A.3 and Remark A.7.

(iii) It is easily seen from definition thatHsim
n (Kn, Kn−1) is the free Λ-module gen-

erated by the n-simplices of K and

Hsim
k (Kn, Kn−1) = 0

for k ̸= n. On the other hand, Kn/Kn−1 is homeomorphic to the topological wedge
sum ∨

s:n-simplex

[s]/∂[s].

291



It follows from (A.18) that

Hsim
k (Kn, Kn−1) ∼=

⊕
s:n-simplex

Hk([s]/∂[s])

∼=
⊕

s:n-simplex

Hk([s], ∂[s]) ∼=

{⊕
s:n-simplex Λ, if k = n;

0, otherwise.

Therefore,
Hsim
k (Kn, Kn−1) ∼= Hk(K

n/Kn−1) = 0

if k ̸= n. Under the aforementioned isomorphisms, the map (ῑn)∗ sends a generator
of Hsim

n (Kn, Kn−1) (an n-simplex [s]) to a generator of Hn(K
n/Kn−1) (represented

by the same n-simplex as the generator of Hn([s], ∂[s])). This proves that (ῑn)∗ is
an isomorphism.

Remark A.8. The isomorphism between the two cohomologies are obtained in a
similar way. This follows immediately from duality in the case when Λ is a field.
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Appendix B Differential geometry
In this appendix, we review basic concepts and tools from differential geometry that
are used in the present notes. The main references for this part are [CCL00, KN63,
War83]. We always assume that M is an n-dimensional differentiable manifold.

B.1 The Lie bracket and Lie derivative

The tangent (respectively, cotangent) bundle over M is denoted as TM (respec-
tively, T ∗M). Smooth sections of TM are called (smooth vector fields) on M and
the space of vector fields is denoted as Γ(TM). A vector field X induces a first
order differential operator (directional derivative along X) X : C∞(M)→ C∞(M)
in the following way. Let f ∈ C∞(M). Given x ∈ M , let γ : (−ε, ε) → M be a
smooth curve such that γ0 = x and γ̇0 = Xx. Then one defines

(Xf)(x) ≜
d

dt

∣∣∣
t=0
f(γt).

This above expression does not depend on the choice of the curve γt representing
the vector Xx. The operator X satisfies

X(fg) = fXg + gXf (B.1)

for all f, g ∈ C∞(M). It can be shown that every linear operator on C∞(M)
satisfying (B.1) arises from a vector field.

Definition B.1. The Lie bracket between two vector fields X, Y is the vector field
[X, Y ] corresponding to the first order differential operator XY − Y X.

The Lie bracket is consistent with smooth maps between manifolds. More pre-
cisely, let F : M → N be a smooth map between manifolds M and N . Let X, Y
(respectively, X̃, Ỹ ) be vector fields on M (respectively, on N). Suppose that

X̃F (x) = (dF )xXx, ỸF (x) = (dF )xYx

for all x ∈M . Then one has

[X̃, Ỹ ]F (x) = (dF )x[X, Y ]x (B.2)

for all x ∈M .

There is a notion of differentiation for tensor fields which relies only on the
differential structure: the Lie derivative. Recall that an (r, s)-tensor field ξ is a
(smooth) section of the tensor bundle

T rsM ≜ TM ⊗ · · · ⊗ TM︸ ︷︷ ︸
r

⊗T ∗M ⊗ · · · ⊗ T ∗M︸ ︷︷ ︸
s

. (B.3)
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In other words, ξx is an element of (TxM)⊗r⊗ (T ∗
xM)⊗s for each x ∈M and x 7→ ξx

is smooth.
Let X be a vector field on M . The ODE

dφt(x)

dt
= X(φt(x)), φ0(x) = x (B.4)

induces a flow of (local) diffeomorphisms

U × (−ε, ε) ∋ (y, t) 7→ φt(y) ∈M

where U is a neighbourhood of any x ∈M and ε is small. If M a closed manifold,
the ODE (B.4) admits a unique solution for all time. In this case, {φt : t ∈ R} is a
flow of (global) diffeomorphisms.

Now let ξ be an (r, s)-tensor field and letX be a vector field onM . Given x ∈M ,
we define (Φ∗

t ξ)x to be the pullback of ξ along the flow of X. More precisely, for
monomials

ξ = X1 ⊗ · · · ⊗Xr ⊗ α1 ⊗ · · · ⊗ αs (B.5)

with Xi ∈ Γ(TU), αj ∈ Γ(T ∗U) on some neighbourhood U of x, we define

(Φ∗
t ξ)x =(dφ−t)φt(x)

(
(X1)φt(x)

)
⊗ · · · ⊗ (dφ−t)φt(x)

(
(Xr)φt(x)

)
(B.6)

⊗ φ∗
t

(
α1
φt(x)

)
⊗ · · · ⊗ φ∗

t

(
αsφt(x)

)
where {φt : t ∈ (−ε, ε)} is the flow of (local) diffeomorphisms induced by X near x.
The definition (B.6) extends linearly to a general ξ which can always be expressed
as a linear combination of monomials (B.5).

Definition B.2. The Lie derivative of ξ with respect to X is the (r, s)-tensor field
defined by

(LXξ)x ≜ lim
t→0

(Φ∗
t ξ)x − ξx
t

, x ∈M.

For f ∈ C∞(M), one has LXf = Xf . For a vector field Y , one has LXY =
[X, Y ]. In general, the Lie derivative is characterised by the Leibniz rules

(LXα)(Y ) = X(α(Y ))− α(LXY ),

LX(ξ ⊗ η) = (LXξ)⊗ η + ξ ⊗ (LXη)

for α ∈ Γ(T ∗M), X, Y ∈ Γ(TM) and tensor fields ξ, η. In contrast to the covariant
derivative which will be introduced later on, the Lie derivative is not tensorial in
X; the tensor (LXξ)x depends on the values of X near x.
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B.2 Exterior algebra

Let V be a finite dimensional vector space over F = R or C. The k-th exterior
power of V is the vector subspace of the tensor product space V ⊗k defined by
ΛkV ≜ Ak(V

⊗k). Here Ak : V ⊗k → V ⊗k is the antisymmetrisation induced by

Ak(v1 ⊗ · · · ⊗ vk) ≜
1

k!

∑
σ∈Sk

sgn(σ)vσ(1) ⊗ · · · ⊗ vσ(k),

where Sk denotes the permutation group of order k. By identifying V ⊗k with the
space Lk(V ∗) of k-linear functionals on V ∗ (V ∗ is the dual of V ), elements of ΛkV
are precisely the alternating ones, i.e. those ξ ∈ Lk(V ∗) satisfying

ξ(v∗1, · · · , v∗k) = 0, v∗1, · · · , v∗k ∈ V ∗

whenever v∗i = v∗j for some i ̸= j. As a convention, we set Λ0V ≜ F.

Definition B.3. Let ξ ∈ ΛkV and η ∈ ΛlV. Their exterior product is defined by

ξ ∧ η ≜
(k + l)!

k!l!
Ak+l(ξ ⊗ η) ∈ Λk+lV.

The exterior product is associative and satisfies the following relation:

ξ ∧ η = (−1)klη ∧ ξ (B.7)

for ξ ∈ ΛkV and η ∈ ΛlV. The exterior algebra over V is the F-algebra defined by

ΛV ≜
⊕
k⩾0

ΛkV

where the product structure is the exterior product extended bilinearly to ΛV .
Suppose that dimV = n and let {ε1, · · · , εn} be a basis of V. Then ΛkV = {0}

for all k > n. For 1 ⩽ k ⩽ n, the family

{εi1 ∧ · · · ∧ εik : 1 ⩽ i1 < · · · < ik ⩽ n}

provides a basis of ΛkV . In particular, ΛV is a 2n-dimensional F-vector space.
Now let F : V → W be an F-linear map. By identifying ΛkV ∗ with the space

of alternating k-linear functionals on V , the map F induces a linear map F ∗ :
ΛkW ∗ → ΛkV ∗ which is defined by

(F ∗ξ)(v1, · · · , vk) ≜ ξ(F (v1), · · · , F (vk)) (B.8)

for ξ ∈ ΛkW ∗ and v1, · · · , vk ∈ V.
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B.3 Exterior derivative and differential forms

From now on, we take F = R. The exterior algebra bundle over M is defined by

ΛT ∗M ≜
⋃
x∈M

ΛT ∗
xM = {(x, ξ) : x ∈M, ξ ∈ ΛT ∗

xM}.

The space ΛT ∗M admits a canonical differential structure which makes it into a
(2n+ n)-dimensional manifold. It is also a vector bundle over M with rank 2n (see
Definition B.14 for the concept of a vector bundle). Similarly, one can also define
the k-th exterior bundle ΛkT ∗M which is the subbundle of ΛT ∗M consisting of
exterior covectors of order k.

Definition B.4. A (differential) k-form on M is a smooth section of ΛkT ∗M . In
other words, it is an assignment

α :M ∋ x 7→ αx ∈ ΛkT ∗
xM

which depends on x smoothly. The space of k-forms is denoted as Ωk(M). As a
convention, a 0-form is a smooth function on M . A differential form on M is a
smooth section of ΛT ∗M . The space of differential forms is denoted as Ω(M).

Through the duality perspective, a k-form is an alternating k-linear map

α : Γ(TM)× · · · × Γ(TM)︸ ︷︷ ︸
k

→ C∞(M)

which is C∞(M)-linear on each component. For a general differential form α, by
definition one can write

α = α0 + α1 + · · ·+ αn

where αk is a k-form. One can define the exterior product between two differential
forms α, β by taking exterior product fiberwise, i.e. (α ∧ β)x ≜ αx ∧ βx for x ∈M .
It is clear that ∧ : Ωk(M) × Ωl(M) → Ωk+l(M). In addition, it is associative and
satisfies the relation (B.7) on forms.

Theorem B.1. There exists a unique linear operator d : Ω(M) → Ω(M) which
satisfies the following properties.

(i) d(Ωk(M)) ⊆ Ωk+1(M).

(ii) For f ∈ C∞(M), df is the differential of f.

(iii) For any α ∈ Ωk(M) and β ∈ Ω(M), one has

d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ.

(iv) d2f = 0 for all f ∈ C∞(M).
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Definition B.5. The operator d given by Theorem B.1 is called the exterior deriva-
tive operator on M .

The exterior derivative operator satisfies d2 = 0. From the duality perspective,
it is characterised by the relation that

(dα)(X0, · · · , Xk) =
k∑
i=0

(−1)iXi(α(X0, · · · , X̂i, · · · , Xk))

+
∑

0⩽i<j⩽k

(−1)i+jα([Xi, Xj], X0 · · · , X̂i, · · · , X̂j, · · · , Xk)

for any α ∈ Ωk(M) and X0, · · · , Xk ∈ Γ(TM). In particular,

(dα)(X, Y ) = X(α(Y ))− Y (α(X))− α([X, Y ]) (B.9)

for any 1-form α and smooth vector fields X, Y .
Suppose that F : M → N is a smooth map between two manifolds. For each

k ∈ N, it induces a map (pullback of differential forms) F ∗ : Ωk(N) → Ωk(M)
which is defined through (B.8) in a fiberwise manner, namely,

(F ∗α)x(v1, · · · , vk) ≜ αF (x)((dF )xv1, · · · , (dF )xvk), x ∈M, vi ∈ TxM. (B.10)

The map F ∗ is consistent with the exterior product and the exterior derivative:

F ∗(α ∧ β) = (F ∗α) ∧ (F ∗β), F ∗(dα) = d(F ∗α)

for all α, β ∈ Ω(N).

B.4 Interior product and Cartan’s formula

The Lie derivative LX restricts to a differential operator LX : Ωk(M)→ Ωk(M) on
forms, which can be computed explicitly through Cartan’s magic formula. To state
this formula, we first recall the definition of the interior product.

Definition B.6. Let X ∈ Γ(TM). The interior product by X is the unique linear
operator ι(X) : Ω∗(M)→ Ω∗−1(M) which satisfies the following properties.

(i) ι(X)α = α(X) for α ∈ Ω1(M).

(ii) For any α ∈ Ωk(M) and β ∈ Ω(M), one has

ι(X)(α ∧ β) = (ι(X)α) ∧ β + (−1)kα ∧ (ι(X)β).

As a convention, we set ι(X)f = 0 for f ∈ C∞(M).
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From a duality perspective, the interior product is given by

(ι(X)α)(Y1, · · · , Yk−1) = α(X, Y1, · · · , Yk−1) (B.11)

for α ∈ Ωk(M) and Y1, · · · , Yk−1 ∈ Γ(TM). It is easily seen from (B.11) that ι(X)
acts fiberwise. Cartan’s formula for the Lie derivative is stated as follows.

Proposition B.1. LX = d ◦ ι(X) + ι(X) ◦ d for all X ∈ Γ(TM).

B.5 Partition of unity and good cover

A basic tool in differential geometry is partition of unity. It often allows one to
patch local constructions to the global.

Definition B.7. A partition of unity on M is a family {φi : i ∈ I} of smooth
functions which satisfy the following properties.

(i) 0 ⩽ φi ⩽ 1 for all i ∈ I.
(ii) The family {suppφi : i ∈ I} is locally finite in the sense that for any x ∈ M ,
there exists some neighborhood U of x which intersects at most finitely many
suppφi’s.

(iii)
∑

i∈I φi(x) = 1 for all x ∈M.

The following theorem contains two versions of the existence of a partition of
unity. Both versions are useful depending on the context.

Theorem B.2. Let {Uα : α ∈ A} be an open cover of M .

(i) There exists a countable partition of unity {φi : i ∈ N} such that each suppφi is
compact and contained in Uα(i) for some α(i) ∈ A. We say that {φi} is subordinated
to the cover {Uα}.
(ii) There exists a partition of unity {φα : α ∈ A} such that suppφα ⊆ Uα for every
α and there are at most countably many nonzero φα’s among them. We say that
{φα} is subordinated to the cover {Uα} with the same index.

Another useful fact for localisation is the existence of a good (open) cover for
any smooth manifold M . Recall that a good cover of M is a (countable) family
{Uα : α ∈ A} of open sets such that M = ∪α∈AUα and any nonempty finite
intersection Uα1 ∩ · · · ∩ Uαk

among them is diffeomorphic to Rn. The following
result can be found in [BT82].

Theorem B.3. Any smooth manifold M admits a good cover. If M is compact,
one can choose a good cover consisting of finitely many open sets.
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B.6 Integration and Stokes’ theorem

Top forms can be integrated on an oriented manifold. We first recall the definition
of orientability.

Definition B.8. An n-manifold is said to be orientable if there exists an everywhere
nonvanishing n-form ω ∈ Ωn(M). Once such an ω is given, we say thatM is oriented
by ω (or ω defines an orientation on M).

An orientation ω induces an orientation on each tangent space TxM ; indeed,
a basis {ε1, · · · , εn} of TxM is claimed to be positive if ω(ε1, · · · , εn)x > 0. An
equivalent definition of orientability is the existence of an atlas (i.e. an open cover
consisting of local charts) onM such that the Jacobian of coordinate transformation
between different charts always has positive determinant. Such an atlas is called
an oriented atlas and charts in it are called oriented charts.

Remark B.1. The notion of orientability extends naturally to the case with bound-
ary. In this case, an oriented atlas is defined in the same way but with charts now
being homeomorphic to open subsets of the upper half space

Rn
+ ≜ {(x1, · · · , xn) : xn ⩾ 0}.

Next, we also need to recall the definition of a regular domain.

Definition B.9. An open subset D ⊆ M is called a regular domain if for any
x ∈ ∂D ≜ D̄\D, there exists a local chart (U,φ) around x such that φ(x) = 0 and

φ(U ∩ D̄) = φ(U) ∩ Rn
+.

Let M be an oriented n-manifold and let D be a regular domain. The definition
of the integral

∫
D
α for any compactly supported n-form α is summarised as follows.

(i) Suppose for now suppα is contained in some oriented chart (U,φ;xi). One
defines ∫

D

α ≜
∫
φ(U∩D)

adx1 · · · dxn,

where α = adx1 ∧ · · · ∧ dxn with some a ∈ C∞
c (U).

(ii) In general, let U = {Ui : i ∈ I} be an oriented atlas of M and let {φi : i ∈ I}
be a partition of unity subordinated to U . One then defines∫

D

α ≜
∑
i∈I

∫
D

φiα, (B.12)

where
∫
D
φiα is defined by (i) since φiα is now compactly supported in the oriented

chart Ui.
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Definition B.10. The real number defined by (B.12) is called the integral of α
over D.

An basic result about the integration of forms is Stokes’ theorem. Before stating
this theorem, we first need to recall the notion of induced boundary orientation.
Let D be a regular domain. By Definition B.9, a local chart of M around each
x ∈ ∂D restricts to a chart of ∂D around x by setting xn = 0. By varying x ∈ ∂D,
this gives rise to an atlas (hence a differential structure) on ∂D which makes it
into an (n − 1)-dimensional manifold. In addition, the inclusion i : ∂D → M
is an embedded submanifold. Now suppose that M is oriented. By requiring the
aforementioned charts around each x ∈ ∂D to be consistent with theM -orientation,
one obtains an oriented atlas (hence an orientation) on ∂D. This is known as the
induced orientation on ∂D from D.

Stokes’ theorem is stated as follows. Note that if ω is a compactly supported
(n − 1)-form on M, the pullback i∗ω by the inclusion is a compactly supported
(n− 1)-form on ∂D.

Theorem B.4 (Stokes’ theorem). Let α be a compactly supported (n− 1)-form on
M. Then one has ∫

D

dα =

∫
∂D

i∗α

for any regular domain D.

A typical situation is when M is a compact manifold without boundary. In this
case, by taking D =M (so ∂D = ∅) one concludes that∫

M

dα = 0

for any α ∈ Ωn−1(M).

Remark B.2. If the regular domain D is compact, there is no need to assume that
α is compactly supported for the definition of

∫
D
α as well as Stokes’ theorem to

be valid.

B.7 The de Rham cohomology

A k-form α ∈ Ωk(M) is said to be

(i) closed if dα = 0;

(ii) exact if α = dβ for some β ∈ Ωk−1(M).

Let Zk(M) (respectively, Bk(M)) denote the space of closed (respectively, exact)
k-forms. As a convention, we set B0(M) ≜ {0}. Since d2 = 0, it is obvious that

300



exact forms are closed (i.e. Bk(M) ⊆ Zk(M)). However, the converse needs not
be true in general; in fact, the discrepancy between closed and exact forms encode
topological information about the manifold M which motivates the definition of
the de Rham cohomology.

Definition B.11. For each k ∈ N, the k-th de Rham cohomology group with real
coefficients is the real vector space Hk

dR(M) defined by

Hk
dR(M) ≜

Zk(M)

Bk(M)
=

ker
[
d : Ωk(M)→ Ωk+1(M)

]
Im
[
d : Ωk−1 → Ωk(M)

] .

Elements of Hk
dR(M) are called de Rham cohomology classes of degree k.

Remark B.3. One can define the de Rham cohomology group Hk
dR(M ;C) with com-

plex coefficients in the same way by replacing the real-valued forms with complex-
valued ones. It is apparent that Hk

dR(M ;C) = Hk
dR(M)⊗R C.

The following result has been used implicitly for several times in the main text.

Proposition B.2. Suppose that M is a compact manifold without boundary. Then
dimHk

dR(M) is finite dimensional for every k.

One often considers the de Rham cohomology ring

H∗
dR(M) ≜

⊕
k⩾0

Hk
dR(M),

where the sum indeed truncates at dimM since Hk
dR(M) = {0} for all k > dimM .

As suggested by its name, H∗
dR admits a ring structure induced by the exterior

product on forms:
a · b ≜ [α ∧ β]

for a = [α] and b = [β] in H∗
dR(M). According to (B.7), one has

a · b = (−1)klb · a

for a ∈ Hk
dR(M) and b ∈ H l

dR(M).
A smooth map F : M → N induces a degree-preserving ring homomorphism

F ∗ : H∗
dR(N) → H∗

dR(M) by setting F ∗[α] ≜ [F ∗α], where F ∗α is the pullback of
forms defined by (B.10).

A basic property of the de Rham cohomology is that it is a (smooth) homotopy
invariant. We first recall the following definition.

Definition B.12. Two smooth maps f, g : M → N between manifolds M,N are
smoothly homotopic, which is denoted as f ≃ g, if there exists a smooth map
F : M × (−ε, 1 + ε) → N with some ε > 0 such that F (·, 0) = f and F (·, 1) = g.
Two manifoldsM,N are smoothly homotopic if there exist smooth maps f :M → N
and g : N →M such that g ◦ f ≃ idM and f ◦ g ≃ idN .
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Theorem B.5. Let f, g : M → N be two smooth maps between manifolds M,N .
Suppose that f, g are smoothly homotopic (i.e. there exists a smooth map F :
M × (−ε, 1 + ε) → N such that F (·, 0) = f and F (·, 1) = g). Then f ∗ = g∗ :
Hk

dR(N) → Hk
dR(M) for all k ⩾ 0. As a consequence, the de Rham cohomology

rings of two manifolds that are smoothly homotopic are isomorphic.

Most of the results for the singular cohomology have their counterparts for the
de Rham cohomology. This is not surprising from the perspective of the de Rham
theorem (see Theorem 4.5). One has seen a few such examples in the main text
(e.g. Poincaré duality, Thom isomorphism etc.). We conclude this section with a
useful tool for computing the de Rham cohomology: the Mayer-Vietoris sequence.
This is the differential counterpart for the same result in singular cohomology.

Let U, V be open subsets of M such that U ∪ V = M . There is a short exact
sequence of cochain complexes (of differential forms):

0→ Ω∗(M)
i∗−→ Ω∗(U)⊕ Ω∗(V )

j∗−→ Ω∗(U ∩ V )→ 0. (B.13)

Here the maps i∗, j∗ are defined by

i∗(ω) ≜ (ω|U , ω|V ), j∗(ω, τ) ≜ (τ |U∩V − ω|U∩V ).

According to the Snake Lemma (Lemma A.1), the sequence (B.13) induces a long
exact sequence

0→ H0
dR(M)→ H0

dR(U)⊕H0
dR(V )→ · · · → Hk−1

dR (U ∩ V )

→ Hk
dR(M)→ Hk

dR(U)⊕Hk
dR(V )→ Hk

dR(U ∩ V )
δk−→ Hk+1

dR (M)→ · · ·
(B.14)

on cohomology. The connecting homomorphism δk can be constructed in the fol-
lowing explicit way. Let {φU , φV } be a partition of unity subordinated to the cover
{U, V } (Theorem B.2 (ii)). Let [ω] ∈ Hk

dR(U ∩ V ). The pair of forms

(−d(φV ω), d(φUω)) ∈ Ωk+1(U)⊕ Ωk+1(V )

agree on U ∩ V and hence they patch to a global form τ ∈ Ωk+1(U ∪ V ). Then
δk[ω] = [τ ]. Note that τ is supported in U ∩ V.

B.8 Sard’s theorem

We recall a classical result in differential topology which is used in the proof of
Lemma 2.4. Recall that a subset A of a manifold N is a null set if φ(A ∩ U) has
zero Lebesgue measure in φ(U) for any coordinate chart (U,φ).
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Definition B.13. Let F :M → N be a smooth map between two manifolds M,N .
A point x ∈M is a critical point of F if rank((dF )x) < dimN . A point y ∈ N is a
critical value of F if y = F (x) for some critical point x ∈ M . A point y ∈ N is a
regular value of F if it is not a critical value.

Theorem B.6 (Sard’s Theorem). Let F : M → N be a smooth map between two
manifolds M,N . Then the set of critical values of F is a null set in N .

B.9 Connections on vector bundles

We begin with the definition of a vector bundle. Let V be a finite dimensional
vector space over K = R or C.

Definition B.14. A K-vector bundle with fiber V consists of a triple (E,M, π;V )
which satisfies the following properties.

(i) E,M are both manifolds and π : E →M is a smooth surjective submersion.

(ii) The fiber Ex ≜ π−1(x) is a K-vector space for every x ∈M .

(iii) There exists an open cover U = {Uα : α ∈ A} of M (a local trivialisation) such
that the following properties hold true.

(a) On each Uα, there is a diffeomorphism

ψα : π−1Uα → Uα × V, ψα(u) = (π(u), φα(u))

such that the map φα|Ex : Ex → V is a K-linear isomorphism for every x ∈ Uα.
(b) On each overlap Uαβ ≜ Uα ∩ Uβ (provided this is nonempty), the map

ψβ ◦ ψ−1
α : Uαβ × V → Uαβ × V

is of the form
ψβ ◦ ψ−1

α (x, v) = (x, ρβα(x)v),

where ρβα : Uαβ → GL(V ;K) is a smooth map.

The bundle E is called the total space, the manifoldM is called the base manifold
and the map π is called the bundle projection. The dimension of V is called the
rank of E. The family of maps {ρβα} in Definition B.14 (iii) are called the transition
functions with respect to the local trivialisation U . They satisfy the following
consistency conditions:

ργα(x) = ργβ(x)ρβα(x), x ∈ Uα ∩ Uβ ∩ Uγ (B.15)

provided that the above intersection is nonempty.
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Given an open cover U = {Uα} of M and a family of transition functions
ρβα : Uαβ → GL(V ;K) satisfying (B.15), one can construct a vector bundle in the
following way. Define the total space

E ≜
(⊔

α

({α} × Uα × V )
)
∼

where ⊔ means disjoint union and the equivalence relation ∼ is defined by

(α, x, v) ∼ (β, y, w) ⇐⇒ y = x,w = ρβα(x)v.

The space E admits a natural differential structure. In addition, with the projection
π defined in the obvious way, (E,M, π;V ) is a vector bundle over M with fiber V .
The family {Uα, ψα, ρβα} with ψα([(α, x, v)]) ≜ (x, v) is a local trivialisation of this
bundle.

Definition B.15. A (smooth) section of a vector bundle E is a smooth map s :
M → E such that s(x) ∈ Ex for every x ∈M . The space of sections of E is denoted
as Γ(E).

Example B.1. Both the tangent bundle TM and the exterior algebra bundle
ΛT ∗M are vector bundles over M with rank n and 2n respectively (n = dimM).
Sections of TM are vector fields and sections of ΛT ∗M are differential forms.

Definition B.16. A Euclidean (respectively, Hermitian) metric on a real (respec-
tively, complex) vector bundle E is a fiberwise Euclidean (respectively, Hermitian)
inner product ⟨·, ·⟩x on each fiber Ex that varies smoothly in x. A real vector bun-
dle E is orientable if there exists a local trivialisation whose transition functions
all have positive determinants. An orientation on E is a choice of such a local
trivialisation. This also gives rise to a consistent way of assigning to each vector
space Ex (x ∈M) an orientation in the vector space sense.

Suppose V,W are both finite dimensional K-vector spaces. One can define the
spaces

V ∗ : dual space, End(V ) : endomorphisms over V, V ⊕W : direct sum,

V ⊗W : tensor product, End(V,W ) : endomorphisms from V to W.

Carrying these fiberwise to a vector bundle, one can construct the following new
bundles from the old:

E∗ ≜
⊔
x∈M

E∗
x, End(E) ≜

⊔
x∈M

End(Ex), E ⊕ F ≜
⊔
x∈M

Ex ⊕ Fx, (B.16)

E ⊗ F ≜
⊔
x∈M

Ex ⊗ Fx, End(E,F ) ≜
⊔
x∈M

End(Ex, Fx). (B.17)
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It is routine to justify that they are vector bundles and to write down the corre-
sponding transition functions from the ones on E,F . An example we saw before is
the (r, s)-tensor bundle T rsM (see (B.3)).

Another useful construction is the pullback of a vector bundle. Let (E,M, π;V )
be a vector bundle and let f : N → M be a smooth map. One can define a new
vector bundle by

f ∗E ≜ {(n, u) ∈ N × E : f(n) = π(u)}. (B.18)

This is a vector bundle with base manifold N whose fiber at each n ∈ N is Ef(n).
The bundle f ∗E is called the pullback of E by f .

Let (E,M, π;V ) be a vector bundle. An E-valued k-form on M is a smooth
assignment M ∋ x 7→ αx where αx is an Ex-valued alternating k-linear map on
TxM . The space of E-valued k-forms on M is denoted as Ωk(M,E). The space of
E-valued forms (with mixed degrees) is denoted as Ω(M,E).

Next, we give the definition of a connection on a vector bundle from the covariant
derivative viewpoint (an intrinsic way of differentiating sections). A deeper and
more fundamental approach to connection theory is through the perspective of
principal bundles, which is developed in Section 6.5 in the main text.

Definition B.17. A connection (or a covariant derivative) on a vector bundle
(E,M, π;V ) is a linear operator

∇ : Γ(TM)× Γ(E)→ Γ(E), (X, s) 7→ ∇Xs

which satisfies the following three properties:

(i) ∇(fX+Y )s = f∇Xs+∇Y s;

(ii) ∇X(s+ t) = ∇Xs+∇Xt;

(iii) ∇X(fs) = (Xf)s+ f∇Xs

for any X, Y ∈ Γ(TM), s, t ∈ Γ(E) and f ∈ C∞(M). One can equivalently view

∇ : Γ(E)→ Γ
(
T ∗M ⊗ E

)
= Ω1(M,E) (B.19)

by setting ⟨∇s,X⟩ ≜ ∇Xs.

The value of ∇Xs at x ∈ M depends only on the value of Xx and the values
of s near x (in fact, along the direction of Xx). One can therefore define a notion
of covariant derivative along a smooth curve in M . More precisely, let γ : I → M
be a smooth curve and let s be a smooth section on γ (i.e. st ∈ Eγt which varies
smoothly in t). The covariant derivative of s along γ is defined by

Ds

dt
≜ (∇γ̇ts)(t).
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A section s on γ is said to be parallel if Ds
dt

= 0 for all t. This equation is essentially
a first order linear ODE. Fix t0 ∈ I and v ∈ Et0 . As a result, there exists a unique
parallel section s on γ such that st0 = v.

Definition B.18. The parallel section s defined as above is called the parallel
transport of v along γ.

Now we define the curvature of a connection.

Definition B.19. The curvature tensor of a connection ∇ is the map

F : Γ(TM)× Γ(TM)× Γ(E)→ Γ(E)

F (X, Y )s ≜ ∇X∇Y s−∇Y∇Xs−∇[X,Y ]s (B.20)

for X, Y ∈ Γ(TM) and s ∈ Γ(E).

It can be shown that F is tensorial in all components (i.e. F (fX, gY )(hs) =
fghF (X, Y )s for any smooth functions f, g, h). In addition, it is antisymmetric in
(X, Y ). As a result, one can regard F ∈ Ω2(M,End(E)).

In practice, one often works with local representations of connection and curva-
ture. A local frame field of E is a family {e1, · · · , er} of smooth sections on some
open subset U ⊆ M such that {e1(x), · · · , er(x)} is a basis of Ex for each x ∈ U .
A local trivialisation ψ : π−1U → U × V gives rise to a local frame field on U by
setting ei(x) ≜ ψ−1(x, εi) where {ε1, · · · , εr} is a fixed basis of V.

Definition B.20. The local connection matrix of ∇ with respect to {e1, · · · , er}
is the gl(r;K)-valued 1-form A = (Aji )1⩽i,j⩽r on U defined by the relation ∇ei =
Aji ⊗ej. The local curvature matrix is the gl(r;K)-valued 2-form F = (F j

i )1⩽i,j⩽r on
U such that

(
F j
i (X, Y )x

)
is the matrix of the linear transform F (X, Y )x ∈ End(Ex)

with respect to {e1, · · · , er} at every x ∈ U , namely,

F (X, Y )ei = F j
i (X, Y )ej

for all X, Y ∈ Γ(TM).

The local curvature and connection matrices are related by

F j
i ≜ dAji + Aki ∧ A

j
k,

or more concisely,
F = dA+ A ∧ A

under matrix notation.
Suppose that E is a real vector bundle which is equipped with a Euclidean

metric ⟨·, ·⟩. A connection ∇ is compatible with the metric (or simply metric) if

X⟨s1, s2⟩ = ⟨∇Xs1, s2⟩+ ⟨s1,∇Xs2⟩ (B.21)
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for all X ∈ Γ(TM) and s1, s2 ∈ Γ(E). Under a local ONF {e1, · · · , er}, the
connection matrix A and curvature matrix F both take values in so(r). Similar
discussion applies to the Hermitian case, in which case A and F take values in u(r).

Finally, let ∇E and ∇F be given connections on the vector bundles E and F
over M respectively. One can define the following induced connections on the new
vector bundles (B.16, B.17).

(i) On E∗: (
∇E∗

X s∗
)
(s) ≜ X(s∗(s))− s∗

(
∇E
Xs
)
. (B.22)

(ii) On End(E): (
∇End(E)
X S

)
(s) ≜ ∇E

X(S(s))− S
(
∇E
Xs
)
.

(iii) On E ⊕ F :
∇E⊕F
X (s⊕ t) ≜ ∇E

Xs⊕∇F
Xt.

(iv) On E ⊗ F :
∇E⊗F
X (s⊗ t) ≜ ∇E

Xs⊗ t+ s⊗∇F
Xt. (B.23)

(v) On End(E,F ): (
∇End(E,F )
X Φ

)
(s) ≜ ∇F

X(Φ(s))− Φ
(
∇E
X(s)

)
.

In the above relations, X ∈ Γ(TM), s∗ ∈ Γ(E∗), S ∈ Γ(End(E)), s ∈ Γ(E),
t ∈ Γ(F ) and Φ ∈ Γ(End(E,F )).
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Appendix C Riemannian geometry
In this appendix, we review some basics of Riemannian geometry that are used in
the present notes. Standard references for this part are [DOC79, Pet06]. In what
follows, M is an n-manifold.

C.1 Riemannian metric, the Levi-Civita connection and the
Riemann curvature tensor

We begin with the definition of a Riemannian structure.

Definition C.1. A Riemannian metric g on M is an assignment of a positive-
definite inner product gx on each tangent space such that x 7→ gx (as a symmetric
(0, 2)-tensor field) is smooth. A manifold equipped with a Riemannian metric is
called a Riemannian manifold.

A Riemannian metric induces a natural notion of distance which gives rise to a
metric structure on M . Let γ : [a, b]→ M be a piecewise C1-curve. The length of
γ is defined by

L(γ) ≜
∫ b

a

|γ̇t|dt.

Given x, y ∈M , their Riemannian distance is defined by

d(x, y) ≜ inf{L(γ) : γ is a piecewise C1-curve joining x, y}.

Under the Riemannian distance d, the manifold M becomes a metric space.
To discuss various essential geometric concepts, we shall first recall the following

result.

Theorem C.1 (Fundamental Theorem of Riemannian Geometry). Let (M, g) be a
Riemannian manifold. There exists a unique connection ∇ on the tangent bundle
TM which satisfies the following two properties.

(i) (Metric-compatibility) ∇ is compatible with the Riemannian metric g in the
sense of (B.21) with E = TM .

(ii) (Torsion-freeness) ∇XY −∇YX = [X, Y ] for all X, Y ∈ Γ(TM).

This connection is known as the Levi-Civita connection of (M, g).

By using the formulae (B.22) and (B.23), one can use the Levi-Civita connection
to induce a connection on T ∗M and T rsM respectively (still denoted as ∇). Using
the convention (B.19), there is a well-defined covariant derivative operator

∇k : T rsM → T rs+kM (C.1)
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for every k ⩾ 1.
Similarly, the Levi-Civita connection also induces a connection on ΛT ∗M (still

denoted as ∇). This connection is uniquely characterised by the following three
properties.

(i) ∇Xf = Xf for f ∈ C∞(M) and X ∈ Γ(TM)

(ii) (∇Xα)(Y ) = X(α(Y ))− α(∇XY ) for α ∈ Ω1(M) and X, Y ∈ Γ(TM).

(iii) ∇X(α ∧ β) = (∇Xα) ∧ β + α ∧ (∇Xβ) for α, β ∈ Ω(M) and X ∈ Γ(TM).

For a k-form α, one has

(∇Xα)(Y1, · · · , Yk) = X
(
α(Y1, · · · , Yk)

)
−

k∑
i=1

α
(
Y1, · · · , ∇̂XYi, · · · , Yk

)
for all X, Yi ∈ Γ(TM).

Definition C.2. The Riemann curvature tensor is the curvature tensor of the
Levi-Civita connection. In other words, it is the (1, 3)-tensor field defined by

R(X, Y )Z ≜ ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z (C.2)

for X, Y, Z ∈ Γ(TM), where ∇ is the Levi-Civita connection. One often uses the
equivalent (0, 4)-tensor version defined by

R(X, Y, Z,W ) ≜ ⟨R(X, Y )Z,W ⟩

for X, Y, Z,W ∈ Γ(TM), where ⟨·, ·⟩ denotes the Riemannian metric.

The Riemann curvature tensor satisfies the following basic symmetries:

R(Y,X,Z,W ) = −R(X, Y, Z,W ) = R(X, Y,W,Z), (C.3)

R(X, Y, Z,W ) = R(Z,W,X, Y ), (C.4)

R(X, Y, Z,W ) +R(Y, Z,X,W ) +R(Z,X, Y,W ) = 0. (C.5)

Definition C.3. (i) Fix x ∈ M . Let σ be a two-dimensional subspace of TxM .
The sectional curvature of σ is defined by

K(σ) ≜
R(u, v, v, u)

⟨u, u⟩x⟨v, v⟩x − ⟨u, v⟩2x
,

where {u, v} is any basis of σ.

(ii) The Ricci tensor is the symmetric (0, 2)-tensor field defined by

Ric(X, Y ) ≜ tr[Z 7→ R(Z,X)Y ] (C.6)

for X, Y ∈ Γ(TM).

(iii) The scalar curvature is the smooth function on M defined by Scal ≜ tr[Ric].
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Let {e1, · · · , en} be a local frame field of TM on some open subset U ⊆M and
let {η1, · · · , ηn} be its dual. The metric tensor g admits a matrix representation
gij ≜ ⟨ei, ej⟩. We use (gij) to denote its inverse. There are uniquely defined smooth
functions Γkij on U which satisfy ∇eiej = Γkijek. These functions Γkij are called the
Christoffel symbols of the Levi-Civita connection ∇ with respect to {e1, · · · , en}.
The local connection matrix is then given by Aji = Γjikη

k. The curvature coefficients
are the smooth functions Rl

ijk and Rijkl on U determined by the following relations:

R(ei, ej)ek = Rl
ijkel, Rijkl = gipR

p
jkl.

Equivalently, one has
Rijkl ≜ ⟨R(ek, el)ej, ei⟩. (C.7)

The symmetry relations (C.3, C.4, C.5) imply that

Rjikl = −Rijkl = Rijlk, Rijkl = Rklij, Rijkl +Rjkil +Rkijl = 0. (C.8)

The Ricci tensor is given by

Ric(ei, ej) = gklRkilj.

If {ei} is an ONF, one has Ric(ei, ej) = Rkikj and Scal = Rijij.
A particular situation is when U = (U ;xi) is a local coordinate chart. In this

case, one takes ei = ∂i ≜ ∂xi and ηj = dxj. The Christoffel symbols and curvature
coefficients with respect to {∂i} are explicitly given by

Γkij =
1

2
gkl
(
∂igjl + ∂jgil − ∂lgij

)
= Γkji,

Rijkl =
1

2

(
∂2kjgil + ∂2ligjk − ∂2kigjl − ∂2ljgik

)
+ gpq

(
ΓpjkΓ

q
il − ΓpjlΓ

q
ik

)
in terms of the metric tensor g and its derivatives.

We conclude this section with an important result concerning the consistency of
the Levi-Civita connection with respect to isometric embeddings. A smooth map
F : (M, g)→ (N, h) between two Riemannian manifolds is an isometric embedding
if F is an embedding in the manifold sense and F preserves the metric structure,
namely F ∗h = g or equivalently,

⟨v, w⟩x = ⟨(dF )xv, (dF )xw⟩F (x)

for all x ∈M and v, w ∈ TxM .

Proposition C.1. Let F : (M, g) → (N, h) be an isometric embedding. We view
M as a submanifold of N by identifying M with its image F (M) in N . Let X, Y
be vector fields defined on a neighbourhood of x ∈ M . Let X̃, Ỹ be any of their
extensions to a neighbourhood of x in N . Then (∇XY )(x) is the orthogonal pro-
jection of (∇̃X̃ Ỹ )(x) onto TxM , where ∇ (respectively, ∇̃) denotes the Levi-Civita
connection on M (respectively, on N).
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C.2 The Laplace-Beltrami operator, volume form and Green’s
formula

There is a geometric counterpart of the Euclidean Laplacian on a Riemannian
manifold M . We first recall that the divergence of a vector field X is defined by

divX ≜ tr
[
Y 7→ ∇YX

]
(C.9)

where ∇ is the Levi-Civita connection.

Definition C.4. The Laplace-Beltrami operator ∆ : C∞(M)→ C∞(M) is defined
by

∆f ≜ −div(∇f) = −tr
[
∇∗df

]
, (C.10)

where ∇∗ is the induced connection on T ∗M so that ∇∗df is viewed as a symmetric
(0, 2)-tensor field (the Hessian of f) .

Remark C.1. Some authors use a different sign convention in the definition of ∆.
Here we adopt the minus sign so that ∆ becomes a nonnegative definite operator.
In fact, all notions of Laplacian appearing in the present notes are positive definite.

Under a local chart (U ;xi), one has

∆f = − 1√
| det g|

∂i
(√
| det g|gij∂jf

)
= −gij

(
∂2ijf − Γkij∂kf

)
,

where gij ≜ ⟨∂i, ∂j⟩ and (gij) ≜ (gij)
−1.

Now assume that M is an oriented, n-dimensional Riemannian manifold. The
volume form on M is the n-form dx ∈ Ωn(M) whose local expression is

dx =
√

det gdx1 ∧ · · · ∧ dxn on U,

where (U ;xi) is any positively oriented chart. Using the volume form, one can
integrate a compactly supported function f ∈ C∞

c (M) on M which is defined as∫
M
fdx. The divergence of a vector field X is the unique element divX ∈ C∞(M)

such that ∫
M

fdivXdx = −
∫
M

⟨∇f,X⟩dx (C.11)

for all f ∈ C∞
c (M). The formula (C.11) is known as Green’s formula. By taking

X = ∇g in (C.11), one obtains that∫
M

f∆gdx =

∫
M

⟨∇f,∇g⟩dx. (C.12)

This is also a useful form of Green’s formula. If M is closed, one also has∫
M

divXdx = 0 (C.13)

for all vector fields X.
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C.3 Geodesics and normal coordinates

Let M be an n-dimensional Riemannian manifold with Levi-Civita connection ∇.

Definition C.5. A smooth curve γ : I →M is a geodesic if ∇γ̇t γ̇t = 0 for all t ∈ I.

Under a local chart (U ;xi), the geodesic equation is expressed as

d2xit
dt2

+ Γijkẋ
j
t ẋ
k
t = 0, i = 1, · · · , n. (C.14)

This is a second order nonlinear ODE which is uniquely solvable for small time
but needs not admit global solution for all time. Given (x, v) ∈ TM , there exists
a unique geodesic γ defined on some maximal interval I = (−a, b) (a, b > 0) such
that (γ0, γ̇0) = (x, v). The manifold M is said to be complete if the geodesic is
well-defined on (−∞,∞) for every initial condition (x, v) ∈ TM . Every closed
Riemannian manifold is complete.

We now introduce a particularly useful type of coordinate systems: normal
coordinate charts. To this end, we shall first recall the definition of the exponential
map. Fix x ∈ M . For each v ∈ TxM, let γv : Iv → M be the geodesic with initial
condition (x, v) which is defined on a maximal interval Iv. We set

Dx ≜ {v ∈ TxM : 1 ∈ Iv}.

There is a well-defined map

expx : Dx →M, expx(v) ≜ γv(1).

This is known as the exponential map at x. For each v ∈ Dx, the line segment
(tv)0⩽t⩽1 is mapped by expx to a geodesic joining x to expx(v). If |v| < inj(x) (see
(C.15) below), this is the unique minimising geodesic and one has d(x, expx(v)) =
|v|.

The injectivity radius at x is the strictly positive number defined by

inj(x) ≜ sup{r > 0 : expx is a diffeomorphism from B(r) onto its image}. (C.15)

For each r ∈ (0, inj(x)), expx maps the Euclidean ball B(r) diffeomorphically onto
the geodesic ball B(x, r) ≜ {y ∈ M : d(x, y) < r}. The global injectivity radius of
M is

inj(M) ≜ inf
x∈M

inj(x) ∈ [0,∞].

For a closed Riemannian manifold M , it is always true that inj(M) ∈ (0,∞).
The normal chart around y ∈ M is constructed as follows. Fix r < inj(y) so

that
expy : V ≜ {v ∈ TyM : |v| < r} → U ≜ B(y, r)

312



is a diffeomorphism. Let {εi : 1 ⩽ i ⩽ n} be a given fixed ONB of TyM and we
identify V with the ε-ball in Rn through

x = (x1, · · · , xn)↔ xiεi.

The normal coordinates on U are then defined by

V ∋ x = (x1, · · · , xn) 7→ expy(x
iεi) ∈ U.

Note that x = 0 corresponds to the point y. On the normal chart U , one often
considers the following two local frame fields.

(i) The natural coordinate field {∂1, · · · , ∂n} with respect to the above normal
coordinates.

(ii) The parallel ONF {e1, · · · , en} which is defined as follows. For each x ∈ U ,
we define ei(x) to be the parallel transport of εi with respect to the Levi-Civita
connection ∇ along the geodesic ray from y to x.

An important property of normal coordinates is that the Christoffel symbols with
respect to {∂i} all vanish at y. This is essentially due to the fact that geodesics
emitting from x correspond to straight lines emitting from 0 on V. This property
often simplifies local computation (e.g. the vanishing of first order terms in the
Taylor expansion of the metric tensor; see Proposition 9.2).

Example C.1. The unit sphere

Sn ≜
{
(x1, · · · , xn+1) ∈ Rn+1 : (x1)2 + · · ·+ (xn+1)2 = 1

}
admits a canonical Riemannian metric by restricting the Euclidean metric on Rn+1

to each tangent space of Sn. Under this metric, Sn is a complete, Riemannian
manifold with constant sectional curvature K ≡ 1. With the induced orientation
from Rn+1 (i.e. a basis {v1, · · · , vn} of TxM is positive if and only if {v1, · · · , vn, w}
is positive in Rn+1 where w is the outer normal at x), the volume form on Sn is
given by

dx =
n+1∑
i=1

(−1)i−1xidx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn+1.

The total volume of Sn is 2π(n+1)/2/Γ((n + 1)/2). Geodesics are the great circles
and the global injectivity radius is π.

C.4 Laplacian of a connection on a vector bundle

Let E be a real vector bundle over an n-dimensional Riemannian manifold M .
Let ∇E be a connection on E. Given s ∈ Γ(E), one can define the second order
covariant derivative

∇T ∗M⊗E∇Es ∈ Γ(T ∗M ⊗ T ∗M ⊗ E).

313



Here ∇Es ∈ Γ(T ∗M ⊗E) is understood through (B.19) and ∇T ∗M⊗E is defined by
(B.23) where the differentiation on the T ∗M -component is the connection on T ∗M
induced by the Levi-Civita connection ∇M on M . The order convention for the
two T ∗M -components is chosen such that(

∇T ∗M⊗E∇Es
)
(X, Y ) = ∇E

X∇E
Y s−∇E

∇M
X Y s

for allX, Y ∈ Γ(TM). Note that the above bilinear form is in general not symmetric
in (X, Y ); in fact, one has(

∇T ∗M⊗E∇Es
)
(X, Y )−

(
∇T ∗M⊗E∇Es

)
(Y,X) = F (X, Y )s

where F (·, ·)· is the curvature tensor of ∇E (see (B.20)).

Definition C.6. The connection Laplacian associated with ∇E is defined by

∆E
C ≜ −tr

(
∇T ∗M⊗E∇E

)
.

More explicitly, one has

∆E
Cs = −

n∑
i=1

(
∇E
ei
∇E
ei
s−∇E

∇M
ei
ei
s
)
, s ∈ Γ(E), (C.16)

where {e1, · · · , en} is any local ONF of TM .

Remark C.2. The connection Laplacian is just the Laplace-Beltrami operator if
E =M × R.

Now suppose that E is equipped with a Euclidean metric andM is oriented. One
can consider the space L2(E) of square integrable E-sections whose inner product
is defined by

⟨s, t⟩L2 ≜
∫
M

⟨s(x), t(x)⟩Exdx.

The space L2(T ∗M ⊗ E) is defined similarly, where the fiberwise inner product is
the Hilbert-Schmidt inner product on T ∗

xM ⊗ Ex, namely,

⟨α⊗ ξ, β ⊗ η⟩T ∗
xM⊗Ex = ⟨α, β⟩T ∗

xM⟨ξ, η⟩Ex

for α, β ∈ T ∗
xM and ξ, η ∈ Ex (the inner product ⟨·, ·⟩T ∗

xM is the induced Riemannian
metric).

Definition C.7. The Bochner Laplacian of a connection ∇E on E is the operator

∆E
B : Γ(E)→ Γ(E), ∆E

B ≜ (∇E)∗∇E,

where one regards ∇E : L2(E) → L2(T ∗M ⊗ E) and (∇E)∗ denotes its formal
L2-adjoint.
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By definition, given s ∈ Γ(E) the element ∆E
Bs is the unique smooth section

such that
⟨∆E

Bs, t⟩L2 =

∫
M

⟨∇Es,∇Et⟩T ∗
xM⊗Exdx

for all t ∈ Γ(E) with compact support.

Proposition C.2. Suppose that ∇E is compatible with the metric on E. Then
∆E

B = ∆E
C .

Proof. To ease notation, we will omit the subscripts of the various inner products
(which one is used should be clear from the context). Our aim is to show that∫

M

⟨∆E
Cs, t⟩dx =

∫
M

⟨∇Es,∇Et⟩dx (C.17)

for all compactly supported s, t ∈ Γ(E).
To this end, we first claim that

tr
(
∇M⟨∇Es, t⟩

)
= −⟨∆E

Cs, t⟩+ tr⟨∇Es,∇Et⟩ (C.18)

at every x ∈M . Let {ei} be a PONF of TM and let {sα} be a local ONF of E on
some open subset U ⊆M . Locally, by writing s = λαsα with λα ∈ C∞(U) one has

∇Es = (dλα + λβAαβ)⊗ sα,

where Aαβ is the local connection matrix of ∇E with respect to {sα}. Given vector
fields X, Y , one has(

∇M⟨∇Es, t⟩
)
(X, Y ) =

(
∇M
X ⟨∇Es, t⟩

)
(Y ).

By direct computation,

∇M
X ⟨∇Es, t⟩ =X⟨sα, t⟩dλα + ⟨sα, t⟩∇Xdλ

α

+X(λβ⟨sα, t⟩)Aαβ + λβ⟨sα, t⟩∇XA
α
β .

It follows that(
∇M⟨∇Es, t⟩

)
(X, Y ) =

(
∇M
X ⟨∇Es, t⟩

)
(Y )

= X⟨sα, t⟩Y λα + ⟨sα, t⟩
(
XY λα − (∇M

X Y )λα

+X(λβ⟨sα, t⟩)Aαβ(Y ) + λβ⟨sα, t⟩(X(Aαβ(Y ))− Aαβ(∇M
X Y ))

= X⟨sα, t⟩Y λα + ⟨sα, t⟩XY λα +X(λβ⟨sα, t⟩)Aαβ(Y )

+ λβ⟨sα, t⟩X(Aαβ(Y ))− ⟨∇E
∇M

X Y s, t⟩.
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On the other hand,

⟨∇E
X∇E

Y s, t⟩+ ⟨∇E
Y s,∇E

Xt⟩
= X⟨∇Y s, t⟩ (by metric-compatibility)
= X

(
(Y λα + λβAαβ(Y )

)
⟨sα, t⟩)

=
(
XY λα +XλβAαβ(Y ) + λβX(Aαβ(Y ))

)
⟨sα, t⟩

+
(
Y λα + λβAαβ(Y )

)
X⟨sα, t⟩.

As a consequence,(
∇M⟨∇Es, t⟩

)
(X, Y ) = ⟨∇M

X∇M
Y s, t⟩+ ⟨∇M

Y s,∇M
X t⟩ − ⟨∇E

∇M
X Y s, t⟩. (C.19)

The claim (C.18) follows by taking X = Y = ei in (C.19) and summing over i.
To prove the relation (C.17), we recall that

tr
[
∇α
]
= divX (C.20)

for any α ∈ Ω1(M) where X is the vector field dual to α under the Riemannian
metric. Since ⟨∇Es, t⟩ is a 1-form on M , it follows from (C.19), (C.20) and (C.13)
that

0 =

∫
M

tr
[
∇M⟨∇Es, t⟩

]
dx = −

∫
M

⟨∆E
Cs, t⟩dx+

∫
M

tr⟨∇Es,∇Et⟩dx.

Therefore, one obtains the desired relation (C.17).

C.5 Sobolev spaces on forms

We recall some basic notions about Sobolev spaces on forms that are used in the
proof of the Hodge theorems. There are various equivalent ways of defining Sobolev
spaces. We follow [CW93] to choose one which requires the least technical effort.
In what follows, let M be a closed and oriented Riemannian manifold.

Definition C.8. Let s ∈ N. We define an inner product ⟨·, ·⟩s on Ω(M) by setting

⟨α, β⟩s ≜
s∑

k=0

∫
M

⟨∇kα,∇kβ⟩xdx.

Here ∇k is the covariant derivative operator (C.1) induced from the Levi-Civita
connection (viewing α, β as tensor fields) and the fiberwise inner product ⟨·, ·⟩x is
the Hilbert-Schmidt one on tensor products of T ∗

xM (different degrees are claimed
to be orthogonal). We also set ∥α∥s ≜

√
⟨α, α⟩s. The Sobolev space of order s over

M is the Hilbert space Hs(ΛT
∗M) defined by the completion of Ω(M) with respect

to the inner product ⟨·, ·⟩s.
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Remark C.3. One has H0(ΛT
∗M) = L2(ΛT ∗M). The inner product ⟨·, ·⟩0 differs

from Definition 8.2 by a multiplicative constant.

Remark C.4. By using a partition of unity, one can define Sobolev spaces (and
with any Lp-integrability) on a general manifold M without using any Riemannian
structure. All definitions are equivalent (they induce equivalent Sobolev norms) if
M is compact. See [War83] for a general discussion.

We conclude this section with two basic theorems about Sobolev spaces. They
are natural extensions of the Euclidean results to the manifold setting.

Theorem C.2 (The Sobolev Embedding Theorem). For each s ∈ N, one has

Hn+s(ΛT
∗M) ↪→ Cs(ΛT ∗M).

Here Cs(ΛT ∗M) denotes the space of sections of ΛT ∗M which are continuously
differentiable up to order s.

Remark C.5. Elements of Hn+s(ΛT
∗M) are equivalence classes (they are only de-

fined modulo dx-null sets). The precise interpretation of the above theorem is that
every equivalence class in Hn+s(ΛT

∗M) contains a Cs-representative.

Theorem C.3 (Rellich’s Compactness Theorem). Every bounded sequence {αn} ⊆
H1(ΛT

∗M) with respect to ∥ · ∥1 contains a convergent subsequence with respect to
∥ · ∥0.
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