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Abstract

In these notes, we study the Chern-Gauss-Bonnet theorem which is among
the most profound results in geometry and topology. We will discuss four dif-
ferent but closely related approaches to this theorem. The first approach is
the original intrinsic proof of S.S. Chern. The second approach is based on the
Chern-Weil theory which was developed in a series of seminal works by S.S.
Chern in the 1940s. The deep geometric insights and fundamental techniques
from these two approaches shaped the later development of global differen-
tial geometry in the last century. The third approach has a strong analytic
flavour that is based on the analysis of the heat equation. This approach is
in spirit close to the modern analytic approach to the Atiyah-Singer index
theorem. The last approach we will discuss is based on Quillen’s supercon-
nection technique, which can be viewed as a superconnection analogue of the
Chern-Weil approach.

Along our path towards the aforementioned approaches, we will encounter
several landmark results in geometry and topology, such as intersection the-
ory, Lefschetz fixed point formula, Poincaré-Hopf index theorem, Poincaré
duality, Thom isomorphism, de Rham theorem, Chern-Weil theorem, Hodge
theory etc. To make these notes relatively self-contained, we will discuss the
major geometric and topological results that are essential to our study, which
may not always be covered in a standard course. These notes can thus be
viewed as an introduction to geometry and topology (or a second course) with
an essential aim towards the Chern-Gauss-Bonnet theorem.
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1 Introduction

The classical Gauss-Bonnet theorem provides a deep connection between geometry
(curvature) and topology (the Euler characteristic) for surfaces. It asserts that

the integral of the Gaussian curvature over a compact, oriented, two-
dimensional Riemannian manifold without boundary is equal to 2w times
the Fuler characteristic of the manifold.

The Gaussian curvature is a local geometric object while the Euler characteristic is
a global topological quantity. The Gauss-Bonnet theorem provides a surprising link
between the integral of a local geometric quantity and global topology. It suggests
some kind of geometric rigidity that is constraint by topology: curvature behaves
like a conserved quantity whose “total” is dictated by topology. The theorem is
therefore a profound result from this perspective.

A first attempt of generalising the Gauss-Bonnet theorem to higher dimensions
appeared in the seminal paper of H. Hopf [Hop25| in 1925, who proved that the
integral of the total curvature of a hypersurface of Euclidean space is a topolog-
ical invariant. This remarkable insight was among the very first developments
that brought the global viewpoint into differential geometry and opened the era
of global differential geometry. A more precise form of the Gauss-Bonnet theorem
in higher dimensions was obtained independently by C.B. Allendoerfer [A1140] and
W. Fenchel |[Fen40] in 1940. In these two papers, the authors proved that on a
closed, oriented Riemannian manifold which is isometrically embedded in an Eu-
clidean space, the integral of the Lipschitz-Killing curvature is a constant multiple
of the Euler characteristic. In the later work of C.B. Allendoerfer and A. Weil
[AW43], the isometric embedding assumption was removed and a precise version of
the Gauss-Bonnet theorem for an arbitrary closed, oriented Riemannian manifold
was established. The main idea in [AW43| was to triangulate the manifold into
cells that could be isometrically embedded into Euclidean space so that the earlier
results of [All40, Fend0] could be applied (Nash’s embedding theorem was not yet
available during that time). Though the intrinsic formulation of the Gauss-Bonnet
theorem was already known in [AW43|, the proofs in the aforementioned works
were clearly of extrinsic nature and were therefore not entirely satisfactory from a
geometric viewpoint.

The first intrinsic proof of the Gauss-Bonnet theorem in higher dimensions
appeared in the landmark paper of S.S. Chern [Che44] in 1944. Stated in a concise
and elegant form, the theorem asserts that

the integral of the (geometric) Euler form over a closed, oriented, even-
dimensional Riemannian manifold is equal to the Fuler characteristic

of the manifold.



This result is nowadays referred to as the Chern-Gauss-Bonnet theorem (CGB in
short). In the subsequent seminal papers [Che45, Che46|, Chern further developed
his remarkable ideas and techniques in [Che44| into a new height, leading to a
fundamental theory of characteristic classes which is nowadays known as the Chern-
WEeil theory. These works had far-reaching impact on the modern development of
geometry and topology, in particular in areas such as index theory, gauge theory and
global analysis etc. On the other hand, the heat equation approach of [MS67, Pat71]
is closely tied to the modern analytic approach to the Atiyah-Singer index theory,
where CGB appears as a fundamental example.

1.1 Overview of fundamental ideas

In the present notes, we discuss four different but closely related approaches to
the Chern-Gauss-Bonnet theorem, each having its own merit and significance. In
what follows, we summarise the philosophy behind these approaches in a conceptual
way. Since we have not yet introduced any mathematical concept, it is impossible to
give a very precise explanation about the methodology at this stage. More detailed
discussion will be given in the relevant chapters below.

Chern’s original intrinsic approach

The first approach [Che44] is the original intrinsic proof of S.S. Chern. The rather
deep insight of Chern was that the Fuler form lifts to an exact form dIl on the
sphere bundle. Let V' be a smooth vector field on the base manifold which has
only isolated zeros. Through the aforementioned lifting, the total integral of the
Euler form turns out to be localised near the zeros of V' as a consequence of Stokes’
theorem. In addition, due to the specific construction of II, the localised integral
picks up the index of the vector field V' at each zero. It follows that the total
integral of the Euler form is equal to the sum of the indices of V' at its zeros. The
latter is precisely the Euler characteristic as a consequence of the Poincaré-Hopf
index theorem. This proves the CGB theorem.

The Chern-Weil perspective

The second approach [Che46] is based on the Chern-Weil theory, which takes a deep
step beyond Chern’s original proof. It provides a systematic way of constructing
suitable cohomology classes that detect the topological twisting of a vector bun-
dle (characteristic classes). In the context of CGB, it provides a natural way of
constructing the geometric Euler form and reveals in a fundamental way why this
Euler form lifts to an exact form on the sphere bundle (which was a key insight
in Chern’s original proof). This exactness property turns out to be rather explicit
and quantitative (the Chern-Weil theorem), which is described by means of the



so-called transgression formula. Through explicit analysis based on this formula,
one can show that the cohomology class of the geometric Euler form coincides with
the topological Euler class, whose total integral yields the Euler characteristic due
to a standard topological result. This proves CGB.

The heat equation approach

The above two approaches have a quite geometric and topological nature. The
third approach [MS67, Pat71] is quite analytic on the other hand. It is based on
the analysis of the heat equation. The starting point is a beautiful and profound
geometric result known as the Hodge theorem. The Hodge theorem asserts that the
space of harmonic forms is isomorphic to the de Rham cohomology in each degree,
hence relating the Euler characteristic to the dimensions of the spaces of harmonic
forms. By using the Hodge theorem, the Euler characteristic can be expressed
as the supertrace of the heat semigroup on forms and the latter is a supertrace
integral of the heat kernel. In its small-time limit, only one particular term in
the heat kernel expansion would survive, which is precisely the Euler form through
explicit analysis. As a consequence, the Euler characteristic is the total integral of
the Euler form. This is exactly CGB.

The superconnecion approach

The fourth approach [ZF22]| is based on Quillen’s superconnection technique (cf.
[Qui85, MQ86]). This approach is in spirit very close to the Chern-Weil approach
discussed earlier. The key insight is that the Euler form can be realised as the
so-called Chern character form associated with the induced superconnection on the
(complexified) exterior algebra bundle. By applying a version of the Chern-Weil
theorem for superconnections, one concludes that the cohomology class of the Chern
character (hence of the FEuler form) is independent of the choice of superconnec-
tions. Now pick a smooth vector field V' with isolated zeros. By deforming the
superconnection in a clever way, it turns out that the integral of the Euler form is
localised at the zeros of V| yielding their indices through explicit computation. The
proof of CGB is again finished by applying the Poincaré-Hopf theorem.

1.2 Organisation and guideline

I have no intention of writing a comprehensive book on geometry and topology,
given that there are already too many excellent texts on this topic. There is only one
essential motivation and objective in these notes: to understand the Chern-Gauss-
Bonnet theorem in depth. We will take this opportunity to introduce the landmark
results in geometry and topology that will be used along our path towards proving
the theorem. This will make the present notes relatively self-contained. Though it



is not strictly necessary, it would be helpful if the reader is familiar with some basic
algebraic topology, differential and Riemannian geometry. Some basic concepts and
tools from these topics that will be used in the main text are summarised in the
appendix.

Organisation

(i) The Gauss-Bonnet theorem. In Section 1.3, we discuss the Gauss-Bonnet the-
orem for surfaces following the connection-based approach of [ST67]. This section
is not strictly necessary for the purpose of CGB but will provide some important
geometric intuition towards the higher dimensional situation.

(ii) Chern’s intrinsic proof. In Chapter 5, we present Chern’s original intrinsic
proof of CGB. The argument relies on a basic topological result: the Poincaré-
Hopf index theorem. Our approach to this index theorem contains two major
steps. Chapter 2 is devoted to the development of the first step, which requires
some intersection theory from differential topology. Chapter 3 is devoted to the
development of the second step, which requires the Lefschetz fixed point formula
from algebraic topology. This is certainly not the shortest path of proving the
Poincaré-Hopf index theorem itself. We decide to take this approach because it
provides a nice opportunity of motivating and encountering various fundamental
results in topology. In Chapter 4, we discuss the differential counterpart of the
main algebraic topology results in Chapter 3.

(iii) The Chern-Weil perspective. In Chapter 7, we develop basics of the Chern-Weil
theory and present the second approach to CGB from the Chern-Weil perspective.
This provides deeper insight into Chern’s original proof in Chapter 5. The Chern-
Weil approach relies on the basic theory of connections on principal bundles, which
will be studied in Chapter 6.

(iv) The heat equation approach. In Chapter 10, we develop the heat equation
proof of CGB. The argument relies on the Hodge theory and explicit analysis of
heat kernels on vector bundles, which will be studied in Chapter 8 and Chapter 9
respectively.

(v) The superconnection approach. Chapter 11 is devoted the fourth proof of CGB
following Quillen’s technique of superconnections on super vector bundles. This
can be viewed as a superconnection version of the Chern-Weil approach developed
in Chapter 7.

Reader’s guideline

To understand Chern’s original proof, there is no need to read Chapter 2 and Chap-
ter 3 provided that the reader takes the Poincaré-Hopf index theorem as granted.

10



Chapter 6 is somehow necessary to properly understand the Chern-Weil proof of
CGB, unless the reader is familiar with the basic language of connections on prin-
cipal bundles. Chapter 4 and Chapter 8 can be skipped, provided that the reader
assumes the de Rham theorem and the Hodge theorem. The construction of the
heat kernel in Chapter 9 is not strictly necessary. However, its small-time expansion
(Proposition 9.4 and Corollary 9.4), which is developed along the path of proving
its existence, is somehow necessary to understand the heat equation proof of CGB
(Patodi’s local index formula; see Theorem 10.2). Chapter 11 is quite independent
and does not rely on earlier chapters in any essential way.

Notation and conventions

To make the presentation smoother, throughout the rest of these notes we will
adopt the following conventions / notation unless otherwise stated.

1. By an (n-)manifold, we always mean an (n-dimensional) differentiable man-
ifold. A closed manifold is a compact manifold without boundary. Unless
otherwise stated, functions / vector fields / tensor fields / differential forms /
sections are always assumed to be smooth. The evaluation of a tensor field &
(e.g. a vector field or a differential form) at a location x is denoted as either

&(x) or &,.

2. We always adopt Einstein’s convention of summation. Namely, any pair of
repeated indices in an expression are summed automatically over their domain
of definition. For instance,

Jklazb] E klaz

This also includes the case of multnndlces, for instance,

A
a;wl = E CL]CL)I.

I=(i1, ir)

3. Depending on the context, the notation (-, -) can refer to the Riemannian met-
ric or the pairing between cotangent and tangent vectors or more generally,
the action of a linear functional on a vector.

4. (P)ONB means (positively oriented) orthonormal basis. (P)ONF means (pos-
itively oriented) orthonormal frame field.

5. For the multiindex I = (iy,--- ,i,), we set

1,  if I is an even permutation of {1,--- ,n};
sen(l) £ sgn(iy, -+ ,i,) = ¢ —1, if I is an odd permutation of {1,--- ,n};

0, if I is not a permutation of {1,--- ,n}.

11



We also use sgn(o) to denote the sign of a permutation o.

6. Unless otherwise stated, the notation ~ means removing the current object.
For instance,

A AOA- 2O A AGTEAGTI A AT

w(Xl,--- 7Xi7"'Xn) éw(Xl,--- X1, Xiv1, -+ ,Xn)-

7. The notation A € B means that the closure of A is contained in the interior

of B (ie. AC B).

1.3 The Gauss-Bonnet theorem for surfaces

We begin our journey by establishing the classical Gauss-Bonnet formula for sur-
faces. The main theorem is recaptured as follows.

Theorem 1.1 (The Gauss-Bonnet Theorem). Let M be a closed, oriented, two-
dimensional Riemannian manifold. Then

%/MKVOIMZX(M). (1.1)

Here K is the Gaussian curvature of the Levi-Civita connection, voly, is the Rie-
mannian volume form and x(M) is the Euler characteristic of M.

The intrinsic definition of the Gaussian curvature will be given in Section 1.3.3.
The definition of the Euler characteristic will be given in (1.2). In the sequel, we
will adopt the approach of [ST67| to prove Theorem 1.1. This approach is very
close to the spirit of connections on principal bundles, which will be elaborated in
Chapter 6. The heart of the argument, which has a geometric nature, lies at a
proper interpretation of the Gaussian curvature (see Theorem 1.7).

1.3.1 A combinatorial formula for the Euler characteristic

The Euler characteristic is a topological invariant which counts the signed total
number of “holes” in all dimensions. Its precise definition is given as follows.

Definition 1.1. Let M be a closed n-manifold. The Euler characteristic of M is
the integer defined by

x(M) 2 i(—nkdim H*(M;R), (1.2)

k=0

where H*(M;R) is the k-th singular cohomology group of M with real coefficients.

12



Remark 1.1. One can replace the singular cohomology by the de Rham cohomology.
Indeed, according the de Rham theorem the two types of cohomology groups are
isomorphic (see Theorem 4.5). The finite dimensionality of H*(M;R) is addressed
in Proposition 4.1. One can also replace R by any other field with characteristic
zero and replace cohomology by homology.

In this subsection, we recall a simple combinatorial formula for the Euler char-
acteristic. This formula will be useful for our later proof of the Gauss-Bonnet
theorem. We first introduce the concept of a simplicial complex.

Definition 1.2. Let V' be a real vector space. A (closed) k-simplez in V' is a closed
subset of V' which admits the form

k
[UO;Ul,«.' 7Uk] £ {Zaivi:ai 20,2(11- = 1}’
=0 i

where vg, vy, -+ , v are k + 1 elements in V' such that the vectors
U1 — Vo, ", Vg — Vo

are linearly independent. An open simpler in V' is the interior of a closed simplex.
By definition, it has the form

k
(o, 01, -+ ,up) 2 {Zaivi L a; >O’Zai — 1}_
=0 i

The dimension of a k-simplex (either open or close) is k. The closed faces (re-

spectively, open faces) of a closed simplex [vg, v, -+ ,v;] are the closed simplices
[Vjos Vjys -+ -, v;,] (respectively, open simplices (vj,, vj,, - - -, v;,)), where {jo, j1,- -+, Ji}
is a nonempty subset of {0,1,--- , k}.

Notation. We often use the symbol (s) or s to denote an open simplex and use [s]
to denote a closed one.

Example 1.1. A 0-simplex is a point (vertex). A 1-simplex is an open (finite) line
segment. A 2-simplex is an open solid triangle on a plane.

Definition 1.3. A simplicial complex K is a finite set of open simplices in some
Euclidean space RY such that the following properties hold true.

(i) If an open simplex (s) € K, then all open faces of [s] € K;
(i) If (s1), (s2) € K and (s1) N (s2) # 0, then (s1) = (s2).

The dimension of K is the maximum dimension of the open simplices in K. We use
| K| to denote the (compact) point set union of the open simplices of K equipped
with the relative topology as a subset of R¥.

13



Next, we recall the notation of triangulation in the context of manifolds.

Definition 1.4. A smooth triangulation of a manifold M is a pair (K, h) where K
is a simplicial complex and h : |K| — M is a homeomorphism such that for every
(s) € K, the map h|j : [s] = M admits an extension h, to a neighbourhood U
of [s] in the vector subspace of [s] such that hs : U — M is a smooth embedded
submanifold.

It is a well-known result that every closed manifold admits a smooth triangula-
tion. We will not prove this fact and will refer the interested reader to [Mun66| for
a discussion. The following result provides a combinatorial way of computing the
Euler characteristic in terms of a triangulation. Its proof, which requires the use of
simplicial homology, will be given in Section 4.7.1 (see Proposition 4.5, Definition
4.11 and Remark 4.10).

Theorem 1.2. Let (K, h) be a smooth triangulation of M. Then the Euler char-
acteristic of M can be computed as

X(M) =Y (=1)*ay, (1.3)

k=0

where oy, denotes the number of open k-simplices in K. In particular, for a closed,
2D manifold M with a smooth triangulation as a 2D simplicial complex, one has

X(M) = # of vertices — # of edges + # of 2D faces.

Remark 1.2. Since x(M) is a topological invariant, the formula (1.3) does not
depend on the actual triangulation of M.

1.3.2 Metric connection and parallel transport

Let M be an oriented, 2D Riemannian manifold. In this subsection, we recall the
basics of metric connection. This will provide some essential tools for our later study
of the Gaussian curvature. To keep the presentation smooth, we will only provide
proofs that are not contained in the more general results developed in Chapter 6.

The idea of a connection, or a covariant derivative, is to provide an intrinsic
way of differentiating tensor fields (most basically, vector fields) along arbitrary
directions on a manifold. For a smooth function f : M — R, one can canonically
define its directional derivative at a location x € M along a direction v € T, M
without introducing any geometric structure. Indeed, pick a smooth curve ~ :
(—e,e) - M with g = x and #¢p = v. The directional derivative V, f is simply
given by

Vof £ lim = (F() — f(2).
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Since f is R-valued, the difference f(v;) — f(x) makes sense in the usual way and
the above limit is well-defined.

Now suppose that Y is a vector field on M. If one tries to follow the above
route to define the “directional derivative” of Y at z along v, i.e. by naively setting

« A 1 9
V.Y £ lim (Y, —Y.)", (1.4)

one immediately recognises that the difference Y., —Y, makes no sense (Y,, and Y,
live on different tangent spaces). A natural attempt to fix this idea is to “parallel
transport” the vector Y,, along the curve 7 back to the starting point zyp = x so
that one obtains a new vector f/t € T, M. The limit

1
lim ~(¥; — ¥2)

t—0 ¢t

would make sense (at least formally), because Y; and Y, now live on the same vector
space T, M.

From the above perspective, a connection is essentially a notion of parallel trans-
port (of tangent vectors) along smooth curves in M. In the Riemannian context,
a metric connection is a notion of parallel transport which preserves lengths and
angles. This is a very natural condition to impose.

Suppose that v : [0,1] — M is a smooth curve in M and v € T, /M is a vector
with unit length. We wish to introduce a parallel transport of v along v, i.e. a
vector v, € T, M with unit length for every ¢. One can think of (v, v) as an element
of the sphere bundle SM (see Definition 1.5 below). The aforementioned parallel
transport becomes the search for a lift of the base curve v to a curve uy = (v, vy)
(0 <t <1)in S(M) starting at (7o,v). As we will see, such a lift is uniquely
determined by requiring that the tangent vector 1, is horizontal for all t. In other
words, a metric connection should be viewed as an assignment of a horizontal
subspace H, C T,SM to each point u € SM which satisfies some structural and
consistency relations. This is the infinitesimal viewpoint of connection which we
will make precise shortly.

The sphere bundle

Recall that M is an oriented, 2D Riemannian manifold.

Definition 1.5. The sphere bundle over M is defined by
SM & {(z,v):x € M,v € T,M,|v|r,n = 1}.

We denote 7 : SM — M as the canonical projection.

15



The space SM is a three-dimensional manifold. The easiest way to see this
is to realise that SM = f~!(1), where f : TM — R is the smooth function on
the tangent bundle TM defined by f(z,v) £ (v,v)r, . It is easy to check that
(df ) (@) # 0 for all (z,v) € f~1(1). It follows from the implicit function theorem
that SM = f~(1) is a closed submanifold of TM with dimension 4 — 1 = 3. Note
that for each x € M, the fiber 771(x) is the unit circle on T, M. The space SM is
locally trivial, in the sense that for any x € M, there exists an open neighbourhood
U of z such that 77! (U) is diffeomorphic to U x S'. Here S* = {¢" : t € R} denote
the circle group where the product is given by complex multiplication. Note that
S1 is an abelian Lie group whose Lie algebra is just R with exponential map given
by t - et

An essential structure of SM is that it admits an action by S* from the right.
Given u = (z,v) € SM and g = ¢ € S, we define

Ry(u) £ ug = (z,ve"),

where ve® is the unit vector in the plane T, M obtained by rotating v counter-
clockwise by an angle of ¢t with respect to the given orientation on T,M. This
action depends only on ¢ mod 27 and is thus well-defined. It is plain to check
that (ug1)g2 = u(g192). In addition, any two elements (z,u) and (z,v) is related by
v = ug for a unique g € S*.

Remark 1.3. In the spirit of Sections 6.9 and 6.10, the “correct” bundle for metric
connections to live is the special orthonormal frame bundle

SO(M) = {(z;e1,62) : ¥ € M, {e1,&5} is a positive ONB of T,,M}.

This bundle admits a right-action by the rotation group

S0(2) = { ( cosf) —sinf ) :OGR}

sinfl  cos#@
which is defined by a change of basis:
(;e1,82)9 = (73 (e1,82) - 9),  (w5€1,82) € SO(M), g € SO(2).

The Lie algebra of SO(2) is

w@={( 3 )oer}

In the current 2D setting, it is obvious that SM = SO(M), because a positive ONB
{e1,e2} of T, M is uniquely determined by the unit vector e; along with the given
orientation. Also note that SO(2) = S! and s0(2) = R in the obvious way.
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The fundamental vector field and the canonical form

There are two canonical objects on SM which are both important to our discussion.

The first one is the fundamental vector field. A tangent vector V € T,,S(M)
is said to be wertical if it is tangential to the circle 771(x). The space of vertical
vectors at u is denoted as V,. Obviously, dimV, = 1. At each point u = (z,v),
there is a distinguished vertical vector defined by

vAd

= tzo(w,veit). (1.5)

This is the unique unit tangent vector to the circle 771(x) at v whose direction is
consistent with the orientation. By varying u, one obtains a vertical vector field

ViSM>3>u—V, eV,

Due to one-dimensionality, every vertical vector field W can be written as W = fV
with some real-valued function f on SM.

Definition 1.6. The vector field V' constructed above is called the fundamental
vector field on SM.

The other one is the canonical form. This is an R?-valued 1-form 6 = (0!, 6?)
which is defined in the following way. Let X € T,SM where u = (z,v) € SM.
Then we set (6'(X),6%(X)) to be the coordinates of (dr),X € T,M with respect
to the PONB {v,iv}, i.e.

(dr) X = 01(X) - v+ 0*(X) - iv.
Definition 1.7. The R2-valued 1-form 6 is called the canonical form on SM.

Proposition 1.1. (i) V, = ker6, = {X € T,SM : 0(X), = 6*(X), = 0}.
(i) One has
R ' \ [ cost sint o'
g\ 0 )  \ —sint cost 6?
for all g = €'t € S*.

(iii) The form 61 A 0* descends to the volume form voly, on M, namely, 0* A 0% =
m*volyy.

Proof. In view of Remark 1.3, this is a special case of Proposition 5.2. O]
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Connections on SM

We now give the precise definition of a connection on SM (cf. Definition 6.8).

Definition 1.8. A connection I' on SM, or a metric connection on M, is an
assignment of a linear subspace (horizontal subspace) H, of T,,(SM) at every u €
SM which satisfies the following properties.

(i) T.(SM) =V, & H, for all u € SM.
(1) Hug = (dRy)uH, for all u € SM and g € S*.

(iii) The assignment u — #,, is smooth.

Let T be a connection on SM. One can construct a 1-form w € Q'(SM) from
I' in the following way. Let X € T,,SM and write X =Y + Z where Y € V), and
Z € H,. There is a unique A € R such that Y = AV,,, where V is the fundamental
vector field defined by (1.5). Set w(X), £ A. This defines a linear functional on
T,SM, which yields a 1-form on SM by varying u. One has the following basic
theorem.

Theorem 1.3. The 1-form w satisfies the following two properties:

(i) w(V)y =1 for allu e SM;

(it) Rijw = w for all g € S*.

Conversely, given any 1-form w on SM satisfying (1) and (ii), there is an associated
connection T' defined by H, = kerw, = {X € T,SM : w(X), = 0}.

Proof. This is a special case of Theorem 6.1 and Proposition 6.5. [

Remark 1.4. On a general principal bundle, Property (ii) should be stated as Ryw =
Ad(g Hw (cf. Theorem 6.1). One does not see the adjoint action here because S*
is abelian. This is a very special feature of two dimensions.

As we discussed at the beginning, a connection I' on SM induces a notion of
parallel transport of tangent vectors along smooth curves in M. The key result to
make this precise is Theorem 1.4 below .

Definition 1.9. A piecewise smooth curve u; € SM is said to be horizontal if
iy € H,, at every differentiable point ¢.

Theorem 1.4. Let v : [a,b] — M be a piecewise smooth curve. For each u =
(Ya,v) € T Y(74), there exists a unique horizontal curve u : [a,b] — SM such that
g = u and w(uy) =y, for all t.

Proof. This is a special case of Theorem 6.2 and Corollary 6.1. ]
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By varying u € 7 !(7,) in Theorem 1.4, one obtains a map
oy T (e) T (), U g
This extends to a map
7y Ty M = T, M, v = [Joljoy (v/][v]])-

It will be proved in Proposition 6.19 that 7, is a linear isometry (the essential reason
is that the connection I' is assumed to be defined on SM in the first place). In
addition, it does not depend on the parametrisation of ~.

Definition 1.10. The map 7, is called the parallel transport along the curve .

The notion of parallel transport induces an intrinsic way of differentiating
smooth vector fields on M along arbitrary directions (the covariant derivative).
Let x € M and v € T, M. Let Y be a smooth vector field on M. We now modify
the naive limit (1.4) into the following precise definition:

1
VvY = %1_138 ; (TO,tY'yt - }/:’E)v

where v : (—£,e) — M is any smooth curve satisfying vo = x, Y% = v and 79, is
the parallel transport from 7', M to T, M along . It can be shown that the above
limit exists and is independent of the choice of 7 representing (x, v). For two vector

fields X,Y € I'(T'M), we define
(VxY)(z) 2 Vy,Y, x€ M.
This gives rise to a connection (or a covariant derivative)
V:I'(TM)xT(TM) - T(TM), (X,Y)— VxY

on the tangent bundle in the sense of Definition 6.12 (see Proposition 6.8). This is
a metric connection in the sense that it is compatible with the Riemannian metric:

XY, Z) =(VxY,Z) +(Y,VxZ)
for all X,Y,Z € I'(T'M). This is again due to the fact that V comes from a
connection on the sphere bundle SM (see Proposition 6.19).
1.3.3 Torsion and curvature forms

In this subsection, we define the torsion and curvature forms of a metric connection
and derive their basic structure equations. We will also introduce the key concept
of Gaussian curvature which appears in the Gauss-Bonnet formula (1.1). Let I' be
a connection on SM whose connection form is w.
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Definition 1.11. The torsion form of I is the R*-valued 2-form © on SM defined
by
O(X,Y) 2 di(hX,hY), X,Y € I(TSM),

The curvature form of I' is the real-valued 2-form €2 on SM defined by
QX,Y) 2 dw(hX,hY), X,Y €(TSM).
Here h- denotes the projection onto the horizontal component.

Remark 1.5. © and 2 are the exterior covariant derivatives of § and w respectively
(cf. Definitions 6.14, 6.17 and 6.22).

By definition, the forms © and ) are horizontal (this means O(X,Y) = 0 if
at least one of XY is vertical and the same for ). They satisfy the following
structure equations of Cartan.

Theorem 1.5. (i) (The first structure equation)
d9' =w N>+ 0, db* = —w A0 + B2
(i1) (The second structure equation) dw = Q.

Proof. Through the identification

HO—w Q<—>O_Q
v w 0 ) Q 0

and also observing that w A w = 0, the result is a special case of Theorem 6.6. [

According to Theorem 6.5, the family {6', 0% w} of 1-forms defines a basis of
TxSM at every u € SM. In particular, the family

wA O wA B0 A G? (1.6)

provides a basis of A2T*SM at every u € SM. Therefore, any 2-form on SM can
be written as a unique linear combination among the elements in (1.6). Since both
© and (2 are horizontal by definition , they cannot contain an w-component. In
other words, they must have the form

O = h0' NG, Q= —KO' A 6?

for some functions h;, K € C>°(SM) (i = 1,2). The above minus sign is a conven-
tion to ensure that K descends to the sectional curvature of V on M (see Lemma
1.1 and Remark 1.6). The structure equations can thus be viewed as the expansion
of df and dw with respect to the basis (1.6).
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Lemma 1.1. The function K descends to M. More precisely, there exists K €
C>®(M) such that K = K ow. In addition, one has Q = —n*(Kvoly).

Proof. Since w is Ry-invariant for all g € S*, so is dw = Q (the second structure
equation). Since €2 is also horizontal, it follows that {2 descends to a 2-form on M,
ie. Q = 71 for some 7 € Q*(M). On the other hand, recall from Proposition
1.1 (iii) that 6' A 6 descends to SM (in fact, ' A 6> = 7*volys). Therefore, the
function K must also descend to a function on M and the relation Q = —7*(Kvoly;)
follows. O

Definition 1.12. The function K is called the Gaussian curvature of the connec-
tion I

Remark 1.6. The Gaussian curvature K (zx) is precisely the sectional curvature of
V with respect to the plane T, M; one can show that

K(x) = (R(e1,€2)e2, €1) 1,11

where R(-,-)- is the curvature tensor of V defined by (6.46) and {1, 2} is any ONB
of T,M.

Among others, there is a special metric connection which has a vanishing torsion.
This simplifies the first structure equation and is particularly useful in Riemannian
geometry.

Theorem 1.6 (Fundamental Theorem of Riemannian Geometry). There exists a
unique metric connection whose torsion form is identically zero.

Proof. This is a special case of Theorem 6.9. ]

Definition 1.13. The metric connection given by the above theorem is called the
Levi-Civita connection on M.

Under the Levi-Civita connection, the structure equations are expressed as
do' =w A 62, do? = —w A6, dw = Q.

Throughout the rest, we will always work with the Levi-Civita connection.

1.3.4 Geometric interpretation of Gaussian curvature

In this subsection, we give a geometric interpretation of the Gaussian curvature.
Essentially, the Gaussian curvature measures the amount of rotation obtained by
parallel transporting a vector along a closed curve which bounds a topological disk.
Here we formulate a 2-simplex version which is directly applicable to our later proof
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of the Gauss-Bonnet theorem (cf. Remark 1.7 below for the more general case).
Let I' be the Levi-Civita connection on SM whose connection form is w.

Let [s] = [vo,v1,v2] be a closed 2-simplex. Let h : [s] — M be a smooth
embedding which admits a smooth extension to a neighbourhood of [s]. Suppose
that [s] is oriented in the way that h is orientation-preserving on the interior of
[s]. We label the three vertices vy, v1, v so that the induced boundary orientation
on J[s] is v9 — vy — vy. Define the curve v : d[s] - M by restricting h to the
boundary d[s] = vy — v1 — vy — vg.

Theorem 1.7. Let w € Ty,)M be a unit vector. Then one has

7y(w) = wexp (Z/[

5]

h*(KVOlM)>,

where T, @ Thwe)M — Thwe) M is the parallel transport along . In other words, the
parallel transport T, is the counterclockwise rotation by an angle of f[s] h*(Kvolyy)
with respect to the orientation of T, M.

We first state a lemma which will be useful for the proof of Theorem 1.7.

Lemma 1.2. Let o : [a,b] — M be a smooth curve. Suppose that &, 3 : [a,b] = SM
are smooth curves which satisfy (&) = m(8) = o and &a = B,. Then there exists
a unique smooth function 6 : [a,b] — R such that 6, = 0 and B, = aet for all
t € [a,b]. Suppose further that & is horizontal. Then one has w(f3;) = 0, for all

t € [a,b.

Proof. Write §, = dyg, for g, € S*. Then g : [a,b] — S* is a smooth function with
go = 1. Since R is simply-connected, the function g admits a unique smooth lift
0 : [a,b] — R satisfying 0, = 0 and g; = €. The first claim thus follows.

For the second claim, let us first differentiate the relation Bt = aug; to obtain
that

B = dugr + Big; dgs. (1.7)
Now suppose that & is horizontal. Then the first term of (1.7) is also horizontal

and is thus annihilated by w. In addition, by using g, = e it is easily seen that
the second term of (1.7) is just the vertical vector 6,V . Therefore, one has

W(ét) = W(&tgt) + w(/@tgt_ldgt) =0+0, =0,
which proves the second claim. O

Proof of Theorem 1.7. Fix w € Thy,)M. Let 4 : 9[s| — SM be the horizontal lift
of v starting at (h(vp), w). Denote the endpoint of 4 by (h(vy),w’). Our goal is to

show that
w = wexp (z /
[

5]

h*(KvolM)). (1.8)
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The main idea is to construct a lift & : [s] — SM of the map h (i.e. 7o h = h) in
a way that

h’[voml]u[vl,w] = :}/l[vo,vl]u[vl,w]? (19)

where [v;,v;41] denotes the edge of [s] connecting v; to vi;.
Assume such a lift h exists. Then one can write

/ h*(KvolM):/ h* o m*(Kvoly) :—/ h*dw
[s] [s] [s]

:—/ dﬁ*w:—/ h*w.
[s] J[s]

The second equality follows from the second structure equation and Lemma 1.1.
The last equality follows from Stokes’ theorem. According to (1.9) and the con-

struction of 7, one knows that B‘[UO,Ul]U[Ul,Uﬂ is horizontal. In particular, w(ﬁt) =0
for all ¢ € [vg, v1] U [v1, v2]. It follows that

/[s} h*(Kvoly) = —/ w(By), (1.10)

[v2,v0]

where § £ iLhUz’UO]. Let us set & = (4] Since both a, 3 are lifts of a £ V] fw,v0]
with the same initial point and & is horizontal, one knows from Lemma 1.2 that
By = aue® (t € [vg,v0]) where 6, satisfies 6,, = 0 and w(j3;) = 6, for all ¢ € [vs, vy).
By substituting this into (1.10), one obtains that

/ h*(Kvoly) = —/ 0, = —0,,.
[s] [v2,v0]

&vo = Bvoe_ievo = Bfuo €xXp <Z/

]
But £,, = (h(vy), w) and &, = (h(vy),w’) by construction. This gives the desired
relation (1.8).

Therefore,
h*(Kvol M)> .
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‘alvl

heve) Cheva)

h(V:)

Now it remains to construct the map h properly. For each v € [vg, v5], we define
M[UW] to be the horizontal lift of hlp, . starting at (h(v:), ¥, ), where [v1, v] denotes
the segment joining v; to v. By varying v on the edge [vg, v2], one obtains a map
h : [s] = SM which lifts h. On the edge [vy,vp], since the starting point of A is
the endpoint of ¥|(,,.,], it follows from the uniqueness of horizontal lift that ﬁ\[vl,vo}
equals the reversal of 7|, ,]. Namely, 7l|[vo,y1] = Y|vo,01]- For the same reason, one
also has ﬁ|[v1,v2} = Y|fv1,05). This shows that h satisfies the required property (1.9).

[

Remark 1.7. One can also prove (in fact, a more general version of) Theorem 1.7
from the covariant derivative perspective. Let V be the Levi-Civita connection
on TM. Let v :[0,1] — M be a piecewise smooth, simple closed curve in M
with 79 = 71 = x. Suppose that v bounds a domain D whose closure is contained
in a topological disk. We assume that the orientation of v is consistent with the
orientation on D induced from M. This ensures that Stokes’ theorem takes the

/ /
vy D

for any n € QY(D). Let w € T, M and let w’ be the parallel transport of w along
v. We claim that

w' = wexp (z/ KvolM). (1.11)
D

To prove this, let {e1, e} be a local PONF on a neighbourhood U of D. Such a
frame field exists because D is contained in a topological disk; for instance, one can
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pick a PONB of the tangent space at the center of the disk and parallel transport
it along radii. Since V is compatible with the metric, its local connection form on
U with respect to {ej,es} takes values in s0(2) (see Appendix B.9). As a result,
there exists a 1-form n € Q(U) such that

V61 :—77®€2, VBQ :77®€1. (112)
The relation 2 = —7*(Kvolys) descends to the relation
dn = —Kvoly, (1.13)

on U. Let {W,}o<i<1 be the parallel transport of w along . One can write

Wi = (cos pr)er () + (sinpr)ea(xy),

where (p;)o<i<1 is a uniquely defined continuous function once the initial value
is fixed (the angle from e;(x) to w). By using the relation (1.12), it is easily seen
that the parallel property

VWi =0 < ¢, = —n(iy).

It follows from (1.13) and Stokes’ theorem that

901—900:—/772—/d77=/KV01M.
o7 D D

This gives the relation (1.11), noting that by definition ¢; — ¢g is the angle of
rotation obtained from the parallel transport along . An immediate consequence
of (1.11) is the following interpretation of the Gaussian curvature:

. “Rotation angle by parallel transport along 0D”
K(x) = lim ,
D=0 volpy (D)

where the limit D — 0 is taken by contracting v to the trivial curve fixing the base
point x.

1.3.5 The Gauss-Bonnet theorem for 2-simplices

In this subsection, we establish the Gauss-Bonnet theorem for 2-simplices. The
formula involves the geodesic curvature of a curve which we shall first define. As
before, we work with the Levi-Civita connection on M.

Definition 1.14. Let v : I — M be a smooth curve which is parametrised at unit
speed (i.e. ||#|| = 1 for all ), where I a subinterval of R. We say that ~ is a
geodesic if the lifted curve 4; = (4, Y) € SM is horizontal.

~—

lI>
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Remark 1.8. A curve ~ is a geodesic if and only if its unit tangent vector field is

parallel along v, i.e. V4,4 = 0 for all ¢.

Definition 1.15. Let v : I — M be a smooth curve which is parametrised at unit
A

speed. The geodesic curvature of v at time ¢ is defined by k,(t) £ w(%,), where
A = (71, %) as before. Its total geodesic curvature is

w2 [k

Intuitively, the total geodesic curvature measures the extent to which v fails to
be a geodesic. Indeed, if 7 is a geodesic, one has k,(t) = 0. It is also clear that the
definition of 7,(7y) extends to the situation where 7 is piecewise smooth.

Let us make the same assumptions on the 2-simplex [s] = [vg, v1, v2] and the map
h as in Theorem 1.7. The Gauss-Bonnet theorem for 2-simplices further expresses
the rotation angle f[s] h*(Kvolys) of the parallel transport in terms of the total

geodesic curvature of the boundary curve and the interior angles of h[s].

Theorem 1.8. One has

/ h*(Kvoly) = —714(7) + Z(z’ntem'or angles of hls]) — ,
[s]

where v is the boundary curve of h[s| with unit speed parametrisation.

Proof. We first make a useful observation. Suppose « : [a,b] — M is a smooth curve
at unit speed. Let &, = (o, &) be its canonical lift and let a; be its horizontal
lift starting at (ap, ép). According to Lemma 1.2, one can write &; = azet, where
0, = 0 and w(&t) =0, for all t. It follows that

b
() = / w(Gy)dt = 0y — 0, = 6.
In other words, the angle from 7,(c,) to & is precisely the total geodesic curvature
of a. Here 7,(d,) is the parallel transport of &, to T,,M along .

Under the above observation, the proof of the theorem becomes very easy. Let
9 laj,aj41] — M be the curve Ay, ., ) (7 = 0,1,2 with v3 £ 1) which is
reparametrised at unit speed. Let w’ be the tangent vector obtained by parallel
transporting the initial vector vy along the entire boundary curve . Recall from

Theorem 1.7 that
w' = Yy exp <z /
[

s

h*(KvolM)>.
To reset w’ back to the initial 4y, one needs to apply a rotation of angle
To(7) + Z(exterior angles of ). (1.14)
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In fact, let w; be the vector obtained by parallel transporting 4, along v, Ac-
cording to the previous fact, the angle from w; to 7& . is equal to

Tg(v(o)) + “exterior angle at v,,”.

By rotating w; by this angle at ~,,, it is ensured that the starting vector for the next
stage of parallel transport (i.e. along v1)) is %ﬁﬂ Arguing in the same manner,
when one travels along the entire curve v and attempts to reset the final vector
w’ back to 4, the angle (1.14) is precisely the additional rotation required. To

summarise, one has obtained that
/ h*(Kvoly) + 14(7y) + Z(exterior angles of v) = 2k (1.15)
[s]

for some k € Z.

We claim that &£ = 1. This is most easily seen by using a continuity argument.
Suppose for now go is an Euclidean metric on h[s], which is induced from [s] C R?
through the map h. Then both K and 7,(y) are zero in this case. The relation
(1.15) reduces to the obvious Euclidean trigonometric identity

Z(exterior angles of a triangle) = 2.

Now let us consider the family of metrics g, £ (1—p)go + pg,where g is the original
metric on M. It is not hard to show that the quantities

K, 74,(7), (exterior angles of ),

all being defined with respect to g,, depend continuously on the parameter p. There-
fore, the integer k, appearing in (1.15) (now also depending on p) must also be a
continuous function of p. As a consequence, k, = 1. This proves the relation (1.15).

The result of the theorem now follows from the simple fact that the sum of an
interior angle and the corresponding exterior angle is equal to . [

1.3.6 The Gauss-Bonnet theorem for surfaces

Proof of Theorem 1.1. Fix a triangulation (K, h) of M. Let n; be the number of
open i-simplices in K (i =0, 1,2). According to Theorem 1.2, one has

X(M) = ng —ny + na. (1.16)

The above relation can be further simplified with the following observation: every
2-simplex has three edges and every 1-simplex is a face of precisely two distinct
2-simplices. This leads to the relation that 3ny = 2n, thus yielding

X(M)=ny——4+ny=nyg— — (1.17)



from the formula (1.16).
On the other hand, one has from Theorem 1.8 that

/M Kvoly = Z < — 14(0[s]) + Z(interior angles of h[s]) — 7T).

2-simplices [s]
For the total geodesic curvature term, one has
> 70fs) = 0.
2-simplices

This is because every 1-simplex, as a face of a 2-simplex, appears exactly twice but
with opposite orientations. In addition, the sum of interior angles at each 0-simplex
is always 2m. Therefore, one concludes along with (1.17) that

/M Kvoly = Z <Z(interior angles of hls|) — 7r>

2-simplices [s]

= 2mng — ngm = 2wy (M).

This proves the Gauss-Bonnet formula for surfaces.
]

Example 1.2. For a closed, oriented surface M, with genus g > 0 (a 2-sphere with
¢ handles attached), under any Riemannian metric one has

1
— Kvol =2 —2g,
21 Ju,

because the RHS is known to be the Euler characteristic of M.

Remark 1.9. The Gauss-Bonnet formula (1.1) holds for any metric connection. The
essential reason is that the 2-forms Kjvoly; and Kjyvoly, arising from two metric
connections differ by an exact form. Indeed, let w;,ws be two metric connections
on SM. Then w; — wy is horizontal and R,-invariant for all g € S 1 As a result,
w; — wy = ma for some o € QY(M). For the corresponding curvature forms, one
has

W*(KQVOIM — KlvolM) = Ql — QQ = dwl — dLUQ =drfa = W*da,

which implies that Ksyvoly, — Kyvoly, = da. It follows from Stokes’ theorem that

/ (Kavoly — Kyvoly) = / da = 0.
M M

In other words, the cohomology class of Kvoly (and thus the integral | o EKvolay)
does not depend on the choice of the metric connection. This fact will be studied in
a more fundamental way (and in a much more general context) from the perspective
of Chern-Weil theory in Chapter 7.
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We conclude this introductory chapter with a nice topological application of the
Gauss-Bonnet theorem. It suggests that the Euler characteristic is the obstruction
to an everywhere nonvanishing (smooth) vector field on a closed, oriented surface.

Corollary 1.1. Let M be a closed, oriented surface. Suppose that M admits an
everywhere nonvanishing smooth vector field. Then x(M) = 0.

Proof. Suppose that such a vector field V' exists. Fix any Riemannian metric on M.
One can then define a smooth map V' : M — SM by setting V() 2 (2, V,/|IValD.
By applying V* to the relation dw = —7*(Kvoly), one finds that

d(V*w) = —(m o V)*(Kvoly) = —Kvoly,.

In particular, Kvol,; is an exact form, hence having zero integral over M. It follows
from the Gauss-Bonnet formula that x (M) = 0. O

Example 1.3. The 2-sphere has Euler characteristic two. As a result, it does not
admit any smooth nonvanishing vector field. This is the famous Hairy Ball Theorem
(which is a nice mathematical demonstration that life can never be perfect). The
same is true for any closed, oriented surface with genus g > 2.
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2 Intersection theory

Chern’s original proof of the CGB theorem relies on a classical result in topology:
the Poincaré-Hopf index theorem for vector fields. This is stated as follows.

Theorem 2.1 (The Poincaré-Hopf Theorem). Let M be a closed, oriented manifold
and let V' be a smooth vector field on M with only isolated zeros. Then the sum of
indices over all zeros of V' is equal to the Fuler characteristic of M :

> ind, (V) = x(M), (2.1)

zeZ(V)

where Z(V) £ {x € M : V(x) = 0} denotes the zero set of V.

The number ind,(V'), which is known as the index of V' at x, will be defined
in Section 2.7. The sum in (2.1) is well-defined since Z(V') is a finite set as a
consequence of compactness. Our approach to proving (2.1) is based on intersection
theory and the Lefschetz fived point formula. Let A = {(z,x) : # € M} denote the
diagonal of the product space M x M. Let I(A, A) be the self-intersection number
of A inside M x M, which will be defined in Definition 2.5. The proof of (2.1)
contains two major steps.

Step 1. > ind, (V) = I(A, A).
Step 2. I(A,A) = x(M).

The proof of Step 1 has a geometric nature, which uses ideas and tools from inter-
section theory. This will be developed in the current chapter. On the other hand,
the proof of Step 2 is quite topological (and it has nothing to do with the vector
field V). As we will see, it is a direct consequence of the more general Lefschetz
fixed point formula, whose proof relies on several fundamental tools from algebraic
topology such as Poincaré duality, Thom isomorphism and intersection product
formula. We will develop this step in the next chapter.

Our approach to the Poincaré-Hopf theorem is not the shortest one. We choose
this longer path so that the reader will have the opportunity to encounter several
landmark results in classical algebraic and differential topology, most of which being
of fundamental importance on their own.

2.1 A heuristic interpretation of the Poincaré-Hopf theorem

We use a special situation to illustrate why the formula (2.1) is expected to hold.
Let M be a closed surface and assume that it is triangulated as a simplicial complex
of dimension two (see Definition 1.4). Consider a vector field V' which is constructed
in the following way (cf. Remark 2.6). Let x; denote the center of each simplex s
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in the given triangulation (a face, an edge or a vertex). The vector field V' is set to
vanish at all the x,’s. If s is an edge, the vector field V' flows from x4 into the two
vertices of s along the edge in the obvious way. If s is a face, the flow lines of V'
within s all start from z, and end at one of the vertices of s, except for the three
special ones which end at the center of the edges.

/N
/ N
\

Figure 2.1: A vector field with isolated zeros.

Apparently,
source, if s is a face;

Ts 1s a < saddle point, if s is an edge;

sink, if s is a vertex.

It will be apparent from Definition 2.11 of the index ind,_ (V') that

1, if s is a sink or a source;

—1, if sis a saddle point.

indacs (V) = {

As a consequence, one has

Z ind,, (V') = # of sinks + # of sources — # of saddle points

s

= # of vertices + # of faces — # of edges
= x(M).

This is the Poincaré-Hopf formula (2.1).

Remark 2.1. An immediate application of the Poincaré-Hopf formula is again the
Hairy Ball Theorem, which asserts that the two-sphere S? does not admit nonva-
nishing smooth vector fields (cf. Corollary 1.1 and Example 1.3 for a geometric
proof based on the Gauss-Bonnet formula). Indeed, if such a vector field V' existed,
the LHS of (2.1) would just be zero since there were no zeros of V. However, one
knows that y(S?) = 2. This leads to a contradiction to the formula (2.1).
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2.2 Transversal intersection

Let XY, Z be oriented manifolds without boundary. We assume that f : X — Y
is a given smooth map and Z is a closed, embedded submanifold of Y.

Definition 2.1. We say that f is transversal to Z, denoted as f M Z, if
Im(df)s + Ty)Z = Trw)Y (2.2)
for any x € f~12.

Remark 2.2. Sometimes it is needed to allow X to have boundary. In this case, in
addition to the condition (2.2) for interior points one also requires that

(df)z(Tan) + Tf(x)Z = Tf(x)Y

for boundary points z € X N f~1Z. Unless otherwise stated, we always assume
that X has no boundary.

Proposition 2.1. Suppose that f M Z. Then f~'Z is a submanifold of X with
dimension dim X +dim Z —dimY.

Proof. We work locally. Let the dimensions of X,Y, Z be k,n, m respectively. Let
V' C R" be a cube centered at the origin which represents a local parametrisation
of Y, such that the zero slice

Wé{(y17 ’yn) EVym+1::yn:0}
defines a local parametrisation of Z. Let U £ f~'V and G £ 7o f, where 7 : R* —

R™™™ denotes the projection onto the vertical component.

32



We want to show that f~'WW = G~1({0}) is a (k+m — n)-dimensional submanifold
of U. To this end, it suffices to show that (dG), is surjective for all x € f~'W.
Indeed, let § € ToR"™™ = T(,,)R"™™. By the transversality property, one can write
§ = v+ w where v = (df ),(u) for some u € T, X and w € Ty,)W. It follows that
¢ = (dGQ),(u) and thus (dG), is surjective. O

Of particular interest is the situation where X is compact and dim X +dim Z =
dim Y, which will always be assumed in the sequel unless otherwise stated. Suppose
that f M Z. In this case, (df), is necessarily injective for every x € f~'Z. In
addition, it follows from Proposition 2.1 that f~1Z is a 0-dimensional submanifold,
hence a finite collection of points in X.

Definition 2.2. Let V, W be real and oriented finite dimensional vector spaces. The
direct sum orientation of VW is defined by claiming that {vy, -+, vp, wy, -+, Wy}
is a positively oriented basis if {vy, - -+ , v, } is a positive basis of V and {wy, - -+, w,, }
is a positive basis of W.

Definition 2.3. Suppose that f th Z. For each x € f~'Z, the orientation number
of f with respect to Z at x is defined to be 1 if the direct sum orientation of
Im(df ), @ Ty Z coincides with the orientation of Ty Y. It is defined to be —1
otherwise. Here the orientation of the subspace Im(df), is the one induced from
T, X. The intersection number of f with respect to Z is the integer defined by

I(f,2)2 Y i)

zef-1Z
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2.3 Intersection number of a smooth map

It is useful to have a notion of intersection number I(f, Z) where f is only assumed
to be a smooth map. The basic idea is to “wiggle” f into a map g which intersects Z
transversally and use the intersection number of ¢ to define I(f, Z). This definition
turns out to be independent of the choice of g due to the homotopy invariance of
the intersection number. To make this idea precise, we need to recall some general
results from intersection theory. The reader is referred to |[GP74] for the detailed
proofs.

Let X,Y, Z be oriented manifolds where X is compact and Z is a closed, em-
bedded submanifold of Y. Only X is allowed to have boundary. The follow result
asserts that one can always “wiggle” a smooth map to intersect a manifold transver-
sally.

Theorem 2.2. (i) (Transversal Homotopy Theorem) Let f : X — Y be a smooth
map. Then there exists g : X — Y such that g ~ f and g th Z.

(i) (Homotopy Extension Theorem) Let f : X — Y be a smooth map. Suppose
that f N Z on C and Of t Z on 0X NC for some closed subset C C X. Then
there exists a smooth map g : X — Y homotopic to f, such that g h Z, 0g h Z
and g = f on a neighbourhood of C'.

From now on, we assume that dimX + dim Z = dim Y. The next result is the
key to the homotopy invariance of the intersection number.

Proposition 2.2. Suppose that X = OW for some oriented manifold W whose
induced boundary orientation is consistent with the orientation of X. Let f : X —
Y be a smooth map such that f ™ Z. Suppose that f admits a smooth extension
F:W =Y. Then I(f,Z) = 0.

Sketche of proof. By the Homotopy Extension Theorem (see Theorem 2.2 (ii)), one
may assume WLOG that F' th Z. According to Proposition 2.1, F~1Z is a compact,
one-dimensional submanifold of W' (possibly disconnected and with boundary). As
a consequence, it is a finite disjoint union of objects of the the following two kinds:

(a) a closed loop contained in the interior of W;
(b) an arc with two distinct endpoints on the boundary X.

Type-(a) loops will not contribute to the intersection number I(f, 7). For an arc
v from Type-(b), let p,q be its endpoints. The main observation is that i,(f)
and i,(f) have opposite signs. The precise proof of this fact requires homological
methods which will not be discussed here. Nonetheless, the intuition is easily seen
from the figure below.
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&Y

Here dimX = 1, dimZ = 2 and Y = R3. The orientation of Im(df), ® T2
is determined by the basis {u,, v,, w,} while the corresponding orientation at ¢ is
determined by {u,, vy, w,}. It is clear that

orientation{u,, v,,w,} = —orientation{u,, vy, w,},

because at point ¢ the orientation of Im(df) gets flipped while the Z-orientations
{vp, w,} and {v,, w,} are consistent. It follows that the intersection numbers of f
arising from Type-(b) arcs are all cancelled in pairs. One therefore concludes that
I(f,Z) = 0.

O]

Corollary 2.1 (Homotopy Invariance of Intersection Number). Suppose that f; h Z
(Z = O, 1) and fQ ~ fl- Then [(fo, Z) = [(fl,Z)

Proof. Let W = X x [0, 1] and we orient W in the way that the induced orientation
on the bottom boundary X x {0} is the given X-orientation. Note that the top
boundary X x {1} has an opposite orientation. Let F' : W — Y be a smooth
homotopy between fy and f;. It follows from Proposition 2.2 that

I(fo, Z2) = I(f1,2) = I(Flow, Z) = 0.
Therefore, the intersection number is homotopy invariant. O
Now we can define the intersection number for a general smooth map.

Definition 2.4. Let f : X — Y be a smooth map. The intersection number of f
with respect to Z is defined to be I(f, Z) £ I(g, Z) where g : X — Y is any smooth
map such that ¢ ~ f and g M Z. If X is itself a closed, embedded submanifold of
Y, we set [(X,Z) = I(1,Z) where ¢ : X — Y is the inclusion.

As a special example, we give the definition of the number I(A; A) which ap-
pears in the first major step for the Poincaré-Hopf theorem.
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Definition 2.5. Let M be a closed and oriented manifold. Let A £ {(z,z) : x €
M} denote the diagonal of the product space M x M. We orient both A and
M x M in the obvious way in accordance with the orientation of M. The number
I(A, A), which is defined by taking X = A = Z and Y = M x M in Definition 2.4,
is called the self-intersection number of the diagonal inside M x M.

2.4 Degree of a smooth map

An important example of intersection number is the degree of a smooth map. Let
X,Y be closed, oriented manifolds of the same dimension and assume that Y is
connected. Let f: X — Y be a given smooth map.

Definition 2.6. The degree of f is the integer defined by I(f,{y}) where y is any
given point in Y. It is denoted as deg f.

Lemma 2.1. The number deg f is well-defined, i.e. it is independent of the choice
ofyey.

Proof. Let y € Y be given fixed. According to the Transversal Homotopy Theorem
(Theorem 2.2 (i)), one can assume WLOG that f intersects Z = {y} transversally.
This means that (df), : T,X — T,Y is an isomorphism for all z € f~'{y}. By
the compactness of X, one knows that f~'{y} is a finite set, say {x1, -+ ,zx}. As
a result, there exist neighbourhoods U; of x; and V' of y such that f~'V is the
disjoint union of the U;’s and f|y, : U; — V is a diffeomorphism. By continuity, the
intersection number I(f,{y}) (which is the sum of the orientation numbers i, (f))
remains constant when one changes y to any z € V. In particular, the function
y — I(f,{y}) is locally constant. It follows from the connectedness of Y that it is
also globally constant. O]

Suppose that f h {y}. In the above proof, one has seen that
degf= > sgn((df).)
zef~1y)

where sgn((df),) = 1 if (df), : ToX — Tj)Y is orientation preserving and
sgn((df),) = —1 otherwise. In addition, the number deg f depends only on the ho-
motopy class of f. The following result provides an alternative characterisation of
the degree, which is often taken as an equivalent definition. Let n £ dim X = dim Y.

Proposition 2.3. One has

[ raziers [ 23

for any n-form o on'Y.
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Proof. We continue to use the notation from the proof of Lemma 2.1, in particular,
the representative f as well as the stack of diffeomorphisms f|y, : U; — V. Recall
that z; = f~*{y} N U;. The proof consists of the following steps.

(i) The formula (2.3) holds if a is supported in V. Indeed, on each U; one has

/ fl: [ o, if f|y, is orientation-preserving;
o=
U; Ui — fV a, if f|y, is orientation-reversing.

Since f*a is supported in U;U;, it follows that

/Xf*Oézi/Ujfl*Ujaziixj(f)X/va:degfx/ya.

(ii) Let M, N be closed, oriented manifolds with the same dimension. The integral
[, g« (a is any top form on N ) depends only on the homotopy class of g. To see
this, let G : M x [0,1] — N be a homotopy between gy and g;. Since « is a top
form, one has da = 0. It follows from Stokes’ theorem that

0 :/ G*da :/ d(G"a)
M x[0,1] M x[0,1]

:/ G*(x:j:(/ gi‘a—/ gocv).
Mx{0,1} M M

(iii) Let ¢ : Y =Y be a diffeomorphism and p ~ id. Then

| rea= [ ra [¢a=[a

This follows immediately from (ii). In particular, the formula (2.3) is valid for all
a supported in (V).

(iv) The family

UE{p(V):pis a diffeomorphism over Y, ¢ ~id}

is_an open cover of Y. Let z € Y. We want to show that z = ¢(y) for some
diffeomorphism ¢ that is homotopy equivalent to the identity. A natural way of
constructing such a ¢ is through the flow of diffeomorphisms induced by a vector
field (see Appendix B.1). Suppose that z,y are close enough so that they are
contained in a coordinate chart that is diffeomorphic to an open ball B in R". In
this case, it is elementary to construct a vector field W (e.g. supported in B) such
that its induced flow of diffeomorphisms ¢; : Y — Y satisfies ¢;(y) = z. For
instance, one can simply flow from y to z along the line segment joining them.
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Obviously, 1 ~ ¢y = id. For a general position z € Y, by path-connectedness
one can join y to z through a finite sequence of points 2y, - - - , 2, such that z;, z;14
satisfy the above property for each i. One can then flow from y to z through the
chainy — 2z —» -+ — 2z, — 2.

(v) Proof of (2.3) for general a.. Choose a partition of unity {;} subordinated to
the open cover U defined previously (in particular, suppy; C (V) for some ).
Let o be an n-form on Y. Since ¢« is supported on some ¢(V'), one knows from

Step (iii) that
/ [ (Yja) =deg f x / Y.
X 1%

Therefore, one has

/Xf*ozzz:/)(%(f)-f*azdegfXZ/Y%azdeng/Yoz.

The proof of the formula (2.3) is thus complete. O

A simple application of the degree is that
deg f #0 = f surjective.

Indeed, if f is not surjective, one can choose a top form supported outside the image
of f whose integral over Y is nonzero. The formula (2.3) implies that deg f = 0.

Example 2.1. Let A be an n x n invertible matrix. Let S" ! = {z € R" : |z]| = 1}
denote the unit sphere which is equipped with the canonical orientation induced
from R™. Then one has

1, det A > 0;

(2.4)
—1, det A <O.

A‘r, n—1 n—1| __
dengm.S — S }—{

Indeed, suppose that det A > 0. Then there exists a smooth curve 4; € GL}(R)
such that Ay = A and A; = id. It follows from the homotopy invariance of the
degree that

A
deg |z — L gt S”’l] = deg [:v o gl S”’l] = 1.
|Az| ||

If det A < 0, one connects A to diag(—1,1,---,1) through GL, (R) and the same
argument yields the other scenario of (2.4).
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2.5 Lefschetz maps and the Lefschetz number

Fixed points of a smooth map can be studied from the perspective of intersection
theory. Suppose that f : M — M is a given smooth map on a closed, oriented
n-manifold M. Let A denote the diagonal of M x M and let

D(f) 2 {(z, f(x) : w € M}

be the graph of f. Note that both A and T'(f) are closed, n-dimensional subman-
ifolds of M x M. The orientations on the spaces M x M, A and I'(f) are chosen
to be the natural ones induced from M.

The basic observation is that x € M is a fixed point of f (i.e. f(x) = x) if and
only if (z,z) is an intersection point between I'(f) and A. It is thus natural to first
consider the situation of transversal intersection.

Definition 2.7. Let x € M be a fixed point of f. We say that x is a Lefschetz fized
point if I'(f) (more precisely, the inclusion map id x f: M — M x M) intersects
A transversally at (x,x), i.e. if

Tm(id x (df)s) ® Tow = Ty (M x M).

The map f is said to be Lefschetz if T'(f) m A, ie. every fixed point of f is
Lefschetz.

According to Proposition 2.1, the set of fixed points of a Lefschetz map is a
0-dimensional submanifold and thus a finite subset of M.

Definition 2.8. Let f be a Lefschetz map. The local Lefschetz number of f at a
fixed point z, denoted as L,(f), is the orientation number of I'(f) with respect to
A at (z,x). The global Lefschetz number of f, denoted as L(f), is the intersection
number I(I'(f),A). In other words,

z:f(x)=x

where L,(f) = 1 if the direct sum orientation of Im(id x (df).) @& T, A coincides
with the product orientation T, (M x M) and L,(f) = —1 otherwise.

Below is a simple criterion for Lefschetz fixed points and a simple way of com-
puting the local Lefschetz number.

Lemma 2.2. A fized point v € M of f is Lefschetz if and only if id — (df), :
T.M — T, M is a linear isomorphism. In this case, one has

L.(f) = {1, if id — (df ), preserves orientation; .

—1 ifid — (df ), reverses orientation.
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Proof. (i) By comparing dimensions, it is easily seen that a fixed point z is Lefschetz
if and only if
Im(id x (df),) N T, A = {0}.

Elements (v,w) in Im(id x (df),) N T, A are of the form
(v,w) = (v, (df)v) = (v,v) <= v € Ker(id — (df)).

Therefore, z is Lefschetz if and only if Ker(id — (df).) = {0}.
(ii) Let {vy, -+, v} be an oriented basis of T, M. The family

B = {(1)1, (df)l“vl)? T (vﬂ"w (df)x'UTn)’ (Ulv 1}1), T (Umvvm)}

defines a basis of T}, , (M x M) and the orientation of B is the direct sum orientation
of
Im(id x (df).) & T . A.

One can use Gaussian elimination to turn B into a new basis without changing its
orientation; more precisely,

B —{(v1, (df)zv1), -+, (Vi (df )2m),
(07 (ld - (df)m)vl)a T (07 <1d - (df)a:)vm>}
—){(1}1, O)? B (vm7 0)7 (Oa (id - (df)x)vl)a T (07 (id - (df)m)vm>} =: B

The first arrow follows by subtracting the (k 4+ m)-th component by the k-th com-
ponent of B, and the second arrow follows by eliminating (df),v in the k-th com-
ponent using the isomorphism (id — (df),vx) from the (k+m)-th component. Since
B’ is block diagonal, its orientation coincides with the orientation of T}, , (M x M) if
and only if id — (df), is orientation preserving. The formula (2.5) thus follows. [

2.6 Computing the Lefschetz number through mapping de-
gree

Since the global Lefschetz number L(f) is defined through the intersection number,
it is not necessary to assume that f is a Lefschetz map.

Definition 2.9. The global Lefschetz number of a smooth map f : M — M is
defined to be L(f) £ I(id x f, A).

Note that L(f) is well-defined according to Theorem 2.2. Such an extension is
useful because one does not always have a Lefschetz map. In our study, we will
be particularly interested in the following situation where f only has isolated fixed
points (but they need not be Lefschetz).
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Example 2.2. Let V be a smooth vector field on a closed manifold M with only
isolated zeros. Let f; : M — M be the flow of diffeomorphisms induced by V. When
t is small, the fixed points of f; are precisely the zeros of V' (they are thus isolated
by assumption). However, f; needs not be Lefschetz in general. For instance,
consider the vector field V (x) = sin® 7z on the circle M = R/Z. The point 0 = 1
is the unique zero of V. We claim that the graph of f; is tangential to A at (0,0)
(in particular, the intersection is not transversal). To see this, one notes that the
function t — 0, fi(x) satisfies the ODE

%axft(x) = 2n(sin7 fi(z)) cos(mfi(2)) 0y fe(x), Opfo(x) = 1.

Since f;(0) = 0 for all ¢, it follows that 0, f;(0) = 1 for all ¢. As a result, the tangent
vector of the graph (z, f;(x)) at (0,0) is the vector (1,1).

We want to have a general method of computing L(f) when f is only assumed
to have isolated fixed points. Such a method is inspired by the following fact. Let
x € M be a Lefschetz fixed point of f. Let U be a positively oriented coordinate
chart around z which does not contain other fixed points of f. We may therefore
assume WLOG that f: U C R" — R" where 0 € U, f(0) = 0 is the unique fixed
point in U which is Lefschetz.

Lemma 2.3. Let B, be the c-ball centered at 0 whose closure is contained in U.

Then one has I
x— f(x
Lo(f) =deg |z » ———=
[z — f(z)|
Here both spheres OB, and S™' are oriented in the standard way from the ambient
FEuclidean space (see Example C.1).

0B, — S"t.

Proof. By the homotopy invariance of the degree, one may take € as small as needed.
Since f(0) = 0, one can write

f(x) = (df)o(z) + R(z)
where R(x)/|z| — 0 as x — 0. Define
fi(z) = (df)o(z) + tR(x), te[0,1],2 € 0B..
Note that
[z = fi(@)] = |z — (df )o(x)[ — |R(z)|
= |z| - [|(id = (df)o) (z/|2])| = [R()]/|].
Let
c£ inf |(id — (df)o)(y)|.

y:lyl=1
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which is strictly positive since 0 is Lefschetz. By choosing ¢ small enough so that
|R(x)|/|z] < ¢/2 for all x € OB, it follows that

iz — fi(z)] = % Va € OB..
In particular, the map
x— fi(x
gi(x) = e @) ﬁgﬂfil te[0,1],z € OB.

is well-defined. As a result, one concludes from Example 2.1 and Lemma 2.2 that

deg g1 = deg go = sign of det (id — (df)o) = Lo(f).
The result of the lemma thus follows. O
Lemma 2.3 suggests the following definition in general.

Definition 2.10. Let x € M be an isolated fixed point of a smooth map f: M —
M. Choose any positively oriented chart (U, ¢;4") around z which does not contain
other fixed points and satisfies ¢(x) = 0. Fix a small € > 0 such that

B.2{y =y, ,y") |yl <e} € p(U)
and f(p~'B.) C U. The local Lefschetz number of f at x is defined by

y — (efe )(y)
ly — (pfeH)(y)l

where both 0B, and S™ ! are oriented in the standard way from the ambient
Euclidean space R".

Lo(f) = deg |y . OB. — sn—l], (2.6)

By using the homotopy invariance of the mapping degree, one can show that
the number L,(f) does not depend on ¢ nor on the coordinate chart U. We are
now ready to present the formula for computing L(f).

Theorem 2.3. Let f: M — M be a smooth map over a closed, oriented manifold
M which only possesses isolated fixed points. Then one has

L(f)= >, L(f) (2.7)

z:f(x)=x

where L,(f) is the local Lefschetz number defined by (2.6).
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The key idea of proving Theorem 2.3 is to “wiggle” f into a Lefschetz map in
a tractable way. More specifically, one can “split” each fixed point x of f into a
bunch of Lefschetz fixed points x; of a Lefschetz map ¢ ~ f which agrees with f
outside a small neighbourhood of x. It is then seen that L,(f) equals the sum of
the local Lefschetz numbers of g at those x;’s. The formula thus follows from the
Lefschetz case and the homotopy invariance of the global Lefschetz number.

We first make precise the splitting of a fixed point.

Lemma 2.4. Let U be an open subset in which x € U 1s the unique fixed point of f.
Let K C U be a compact neighbourhood of x. Then there exists a smooth homotopy
fi: M — M (0 <t<1) such that the following properties hold true.

(i) fo=f.

(it) f; = [ outside K for all t € [0,1].

(111) f1 has only Lefschetz fixed points in U (they are thus all in K ).

Proof. Since the statement is essentially local, one may assume WLOG that f :
U CR" — R™ and zx is the origin. Fix an open neighbourhood 0 € V' &€ K. Choose

a bump function ¢ € C* such that g =1 on V and ¢ =0 on K¢ Let a € R"” be a
vector which will be chosen later on. We define

fely) = f(y) + to(y)a.
It is clear that fy = f and f; = f outside K for all ¢.
Let

a _
C—rlgl\lglf(y) yl,

which is strictly positive by assumption. One has

[fey) =yl = [f(y) —yl = la| = ¢ —a]
for all y € K\V and t € [0, 1]. We require a to satisfy |a| < ¢/2. This ensures that

[fey) —y[ >0
for all y € K\V and t € [0,1]. In particular, all fixed points of f; in U are inside

V.
To make f; Lefschetz on U, one first observes that

id — (dfy), = id — (df), (2.8)

for all y € V' (because ¢ = 1 on V). In addition, y is a fixed point of f; in V' if and
only if y — f(y) = a. We now choose a to be a regular value of the map (id — f)|y
such that |a| < ¢/2. This is possible due to Sard’s theorem (see Theorem B.6). By
the definition of regular value and the relation (2.8), one knows that id — (dfy), is
a linear isomorphism for all fixed points y of f; in V. As a consequence, all fixed
points of f; in V' (thus in U) are Lefschetz. O
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Next, we compute the local Lefschetz number of f at x through the above
splitting.

Lemma 2.5. Fiz B. C ¢(U) as in Definition 2.10. Let f; be the homotopy given
by Lemma 2.4, so that fi has only Lefschetz fived points {x1,--- ,xx} in U and they
are all inside p~'(B.). Then one has

k

i=1
Proof. Let B; be a small Euclidean ball centered at ¢(z;) (i = 1,--- , k). Consider

the manifold W £ B\ U; B; with boundary W = U;0B; U B, and induced
boundary orientation from W. Define the function

s Y= (pfir )

ly — (pfieH)(y)]
This is well-defined since there are no fixed points of fi(y) in W. Let £ € S"~! be
a regular value of G|y so that G|aw intersects {£} transversally in S"!. Since

G is a smooth extension of Glgy to W, one knows from Proposition 2.2 and the
definition of mapping degree that

G:W — S", G(y)

deg [G|3W LOW = sn—l] — [(Glow, {€}) = 0. (2.9)

On the other hand, note that f = f; on 0B, by Lemma 2.4. It follows from the
definition of L, f, the relation (2.9) and Lemma 2.3 that

—de y — (efie )y) -
fo—dg[yl—> Yo he ) - 9B. — S }
N o Y= (@he ) | n L at] LN
_;d g [yH T T :9B; — S } ;in(m_

This proves the result of the lemma. O
By applying the above two lemmas, one can now easily establish the formula
(2.7).

Proof of Theorem 2.3. Let (V) ... 2(") be all the isolated fixed points of f. Ac-
cording to Lemma 2.4, one can deform f into a Lefschetz map f; which only has
Lefschetz fixed points x&i), e ,:L‘,(;i) near z(® and coincides with f outside a neigh-
bourhood of {z(™), .-, (M} It follows from the homotopy invariance of intersection
number and Lemma 2.5 that

D) = L0R) = 30D Lo () = 3 Lo ()

i=1 j=1
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The proof of Theorem 2.3 is thus complete.

2.7 Index of a vector field

We now define the index of a vector field at an isolated zero, which is a key quantity
appearing in the Poincaré-Hopf theorem.

Definition 2.11. Let V be a smooth vector field on an oriented manifold M. Let
x € M be an isolated zero of V' (i.e. V(z) = 0 and V(y) # 0 for all y near z).
Choose any positively oriented chart (U, y;y') around x such that ¢(z) = 0. Fix a
small € > 0 such that B. € ¢(U) and V(y) # 0 for all y € o~ (B.)\{0}. The index
of V at x is defined by

Vi(y) )
\/Vl(y)Q + -+ Vr(y)?/ 1<isn

ind, (V) £ deg [y > ( :0B. — S”_l].

Here we write V(y) = V'(y)9, (y = ¢(y)) on U. Both spheres B, and S" ! are
oriented in the standard way from the ambient Euclidean space R".

Similar to the local Lefschetz number, the index ind, (V) does not depend on ¢
or the choice of the local chart U. Now we can complete the first major step for
the proof of Theorem 2.1.

Theorem 2.4 (Step 1 for Poincaré-Hopf). Let V' be a smooth vector field on a
closed, oriented n-manifold M which has only isolated zeros {x1,--- ,xx}. Then

one has
k

Y ind,, (V) = (—1)"1(A, A). (2.10)

=1

Remark 2.3. By considering the diffeomorphism (z,y) — (y,z) on M x M, one can
show that I(A,A) = 0 when n is odd. The proof of this fact is left as an exercise.
As a result, the formula (2.10) can be rewritten as

k

> ind,, (V) = I(A, A).

i=1
This is consistent with what we stated at the beginning of this chapter.

Proof. Let {fi} be the flow of diffeomorphisms induced by V. Then f; ~ id.
In addition, when t is small, fixed points of f; are precisely the zeros of V, i.e.
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{x1, -+ , 2}, and they are all isolated fixed points by assumption. According to
Theorem 2.3, one has

:Zdeg [yl—) %:aaﬁsn—l . (2.11)

Here B; is a small ball around z; as before and we have omitted the reference to
the local coordinate map ¢ for simplicity. On the other hand, by the definition of
the flow {f;} one can write

fi(z) =z +tV(x) +t*R(t, v)

for some smooth function R(t,z). It follows that
e—f®) V@) +tR(LD) V()
= file)]  V(x) +tRE )| [V(2)|
on each B; for small t. Therefore,
deg [q: - (I) :0B; — S 1]
|~”€ — filz)]
V(x) ~1
=d — :0B; — S"
eg |2 eI |
= (—=1)"ind,, (V). (2.12)
The result follows by substituting the relation (2.12) into (2.11). O

We conclude this chapter with the existence of a smooth vector field on a closed
manifold which has only isolated zeros. Recall that a critical point p of a function f :
M — R (i.e. df =0 at p) is said to be nondegenerate if the matrix (a;xjf(p))lgi’j@
is invertible, where (U;z%) is any local chart around p (this definition does not
depend on the choice of the chart). A Morse function is a smooth function whose
critical points are nondegenerate. It is clear that critical points of a Morse function
are all isolated (thus they form a finite set if M is compact).

Proposition 2.4. Let M be a closed manifold. Then there exists a smooth vector
field V- on M which has finitely many zeros and they are all isolated.

Proof. According to [AD14, Proposition 1.2.4], Morse functions on M always exist
(in fact, Morse functions are dense in the space of continuous functions under the
uniform topology; see [AD14, Theorem 1.2.5]). Fix a Morse function f. Let g be
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a Riemannian metric on M (the existence of a Riemannian metric is standard; for
instance, one can use a partition of unity to construct one). The gradient vector
field V f with respect to g is a smooth vector field whose zeros are precisely the
critical points of f. O

Remark 2.4. The zeros of the vector field V' constructed in the above proof are in
fact nondegenerate, in the sense that the Jacobian of V' at each zero, viewed as a
linear transform over R™ under a local chart, is nondegenerate.

Remark 2.5. A more “explicit” way of constructing a Morse function is the following.
Let f be an arbitrary smooth function. Consider a perturbation of f defined by

go(z) = f(2) + Z aii(x),

where a = (ay,--- ,ay) € RY and ¢; € C*(M). Suppose that N and the 1);’s are
chosen properly so that

Span{dys (), ,dyn(z)} =TiM

for all z € M. One can then show that (e.g. by using Sard’s theorem) for a generic
vector a, the function g, is a Morse function.

Remark 2.6. Here is another way of constructing a vector field with isolated zeros
without using a Morse function. Choose a smooth triangulation h : |K| — M
(see Definition 1.4) which always exists according to [Mun66]. For each simplex
(s5) = (vo,---,vx) € K, let x, = h(b,) where b, is the barycenter of (s), i.e.
bs = 77 S, vi. We define a vector field V which vanishes at x, for every (s) € K.
Near each x, the vector field V' flows inward from the barycenters of the simplices
having (s) as a face and flows outward towards the barycenters of the faces of (s).
Locally, the flow line directions emitting from (respectively, entering) the barycenter
xs of a k-simplex (s) form a (k—1)-dimensional (respectively, (n—k—1)-dimensional
with n = dim M) submanifold (cf. Section 2.1 and Figure 2.1).
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3 The Lefschetz fixed point formula

The goal of this chapter is to prove the following result, which yields the conclusion
of Step 2 for the Poincaré-Hopf theorem.

Theorem 3.1. Let M be a closed, oriented manifold and let A = {(x,z) : x € M}
be the diagonal. Then the self-intersection number of A inside M x M 1is equal to
the Euler characteristic of M, i.e. I(A,A) = x(M).

Theorem 3.1 together with Theorem 2.4 completes the proof of the Poincaré-
Hopf theorem. The heart of this chapter is the proof of a fundamental result
in algebraic topology, which is known as the Lefschetz fived point formula. This
formula relates the intersection number of a smooth map with its induced traces
on homology groups. Theorem 3.1 will be seen as a direct corollary of this formula.

3.1 Main theorem and idea of proof

We begin by stating the core theorem of this chapter.

Theorem 3.2 (The Lefschetz Fixed Point Formula). Let M be a closed, oriented
n-manifold and let f : M — M be a smooth map. Then one has

I(id x f,A) =Y (=DFTe[f* : HY(M;R) — H*(M;R)]. (3.1)
k=0
Here f* denotes the induced homomorphism on the singular cohomology groups
HY(M;R).

Remark 3.1. From the definition of I(f, A) (see Definition 2.3 and Definition 2.4),
the above result shows that if the RHS of (3.1) is nonzero, the map f must have at
least one fixed point.

The formula (3.1) immediately concludes Step 2 for the Poincaré-Hopf index
theorem.

Proof of Step 2 for Poincaré-Hopf. Let us take f = id in the formula (3.1). The
LHS becomes I(A, A) and the RHS is precisely x(M); since f* = id one has

Tr[f*: H*(M;R) — H*(M;R)] = dim H*(M;R).

This completes the entire proof of the Poincaré-Hopf index theorem.
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Now our task becomes proving the Lefschetz fixed point formula (3.1). The
approach we take here, which has a topological flavour, is largely inspired by [MS74].
Before developing the main topological tools, we first explain the essential idea.
There are two key insights.

(i) Submanifolds are represented by cohomology classes. Let X be a closed, oriented
n-manifold. The orientation of X is represented by a top homology class [X] €
H,(X) (the fundamental class). The cap product operator (see Section 3.3.1 below)

N[X]: H"H(X) = Hy(X), c— cn[X] (3.2)

provides an isomorphism between H" *(X) and Hy(X) for any 0 < k < n. This
is known as the Poincaré duality. Now suppose that A is a closed, oriented k-
submanifold of M. The fundamental class of A can be viewed as a homology
class [A] € Hi(X) under inclusion. According to the Poincaré duality (3.2), it
corresponds to a cohomology class D([A]) € H" *(X). This provides a topological
way (cohomology classes) of representing geometric objects (submanifolds).

(ii) Intersection of submanifolds are represented by the cohomology cup product.
Let A, B be closed, oriented submanifolds of X. Suppose that A intersects B
transversally so that AN B is also an oriented submanifold of X. The intersection
product formula asserts that

D([An B]) = D([A]) U D([B])

where D(+) is the aforementioned Poincaré dual and U is the cohomology cup prod-
uct. This provides a topological interpretation of geometric intersection.

We now return to the discussion of the Lefschetz fixed point formula. The
main idea (similar to what we did in Section 2) is to perform intersections in the
product space. Let f : M — M be a smooth map. Since both sides of (3.1)
are homotopy-invariant, one may assume that f is a Lefschetz map (cf. Theorem
2.2 and Corollary 2.1). We consider the ambient space X = M x M together
with submanifolds A = I['(f) (the graph of f in X) and B = A (the diagonal
embedding of M). Note that I'(f) intersects A transversally since f is Lefschetz.
The intersection product formula yields that

D([L(f) 0 A]) = D((H)]) v D(A]) (3.3)

at the level of cohomology. It will be easily seen that the LHS of (3.3) corresponds
to the intersection number I(f,A). For the RHS, the crucial point is that the
Poincaré dual D([A]) € H"(M x M) corresponds to the Thom class of the normal
bundle over A inside X. This requires an in-depth study of the so-called Thom
isomorphism theorem. Using topological tools, one can further express D([A]) in
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terms of a cohomology basis over M:

D([A]) = (—1)%&bD; x bf. (3.4)

Here {b;} is a basis of H*(M;R) and {b} is its dual in the sense that
(b U 0T, [M]) = 0.

By using the representation (3.4), one can easily compute the cup product on the
RHS of (3.3). This yields the RHS of the Lefschetz formula (3.1).

In what follows, we will develop the main topological tools towards proving
Theorem 3.2 in the spirit of the above discussion.

Convention. If we only write Hy,(M) or H*(M), that means the underlying coeffi-
cient ring is Z. Otherwise, we will write Hy(M;A) or H*(M; A) for a general coeffi-
cient ring A. The main examples of A are either Z or one of the fields Q, R, C, Z/27Z
(the last one is related to the nonorientable case).

3.2 Orientation and the fundamental class

Recall from Definition B.8 (as well as the paragraph following that definition) that
an n-manifold M is orientable if it admits a nowhere vanishing n-form w. This is
equivalent to saying that there is an atlas over M whose transition functions all have
positive Jacobian determinants. The aim of this section is to study orientability
from an equivalent homological perspective.

We first prove a technical lemma which will be useful in the sequel. For z €
K CLCM, we use

pe: Hi(M, M\K) — H;(M, M\{x}), px:H;(M,M\L)— H;(M, M\K)
to denote the inclusion homomorphisms for the relative homology groups.

Lemma 3.1. Let K be a nonempty compact subset of M. Then the following
statements hold true.

(1) Hi(M, M\K) =0 for all i > n.

(11) Let o € H,(M, M\K). Then o = 0 if and only if p.(a) € H,(M, M\{x}) is
zero for all x € K.

Proof. We divide the argument into the following steps.

(i) M =R", K is compact and convex.
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Fix € K. It is not hard to show that the inclusion ¢ : R"\ K — R"\{z} is a
homotopy equivalence. Therefore, one has

0, ©#mn;

Z, 1=n,

pe t Hi(R* R\ K) — H;(R",R"\{z}) = { (3.5)

where the second isomorphism follows from (A.18). The two claims of the lemma
are an immediate consequence of (3.5) in this case.

(ii) Suppose that the lemma is true for Ki, Ky and Ky N Ky (with a general M ).
Then it is also true for K; U Ks.

According to (A.16), there is a long exact sequence

oo Hipy (M, M\(KG N K)) — Hy(M, M\(K, U Ky))
55 Hi(M, M\K1) & Hi(M, M\K,) — H;(M, M\(K, N K3))
— oo — Ho(M, M\K,) ® Ho(M, M\K,) — Ho(M, M\(K; N K3)) — 0. (3.6)

Suppose ¢ > n. One has from (3.6) and the assumption that

In particular, H;(M, M\ (K, U K3)) = 0 which proves the first claim of the lemma
in this case. For the second claim, let a € H,,(M, M\ (K; U K3)) and assume that
pz(a) =0 for all z € Ky U K,. Let

(o1, 0) 2 () € Hy(M, M\K,) ® H, (M, M\K,),

where ¢, is the canonical inclusion map appearing in the sequence (3.6). Fix z € Kj.
The following commutative diagram

H, (M, M\ (K1 U K>)) » Ho(M, M\ Ky)

Hy, (M, M\ {x})

shows that p,(a;) = 0. Since this is true for all z € K, it follows from the
assumption for the K;j-case that oy = 0. Similarly, one also has ay = 0. On the
other hand, since H, (M, M\(K; N K3)) = 0, one knows from (3.6) that ¢, is
injective. Therefore, & = 0. This proves the second claim of the lemma in this
case.

(ii) M =R", K = K1 U---UK, where each K; is compact and convez.

This case follows from Steps (i), (ii) and induction.
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(iv) M =R", K is compact.

For the first claim, let o € H;(R",R"\K) with ¢ > n. Write a = [o] where
do € C;_1(R"\K). By the compactness of K, one can draw closed Euclidean balls
By,---, B, such that

Kc|JB =1L
j=1

and do € C;_1(R™"\L). It follows that o represents an element o € H;(R",R"\L)
and one has a = pg (). Step (iii) shows that H;(R",R™"\L) = 0 and thus o/ = 0.
As a result, one has a = 0.

For the second claim, let o € H,(R",R™\K) and assume that p,(«) = 0 for
all z € K. As before, one has o = pg (o) for some o € H,(R" R"\L). Define
(a1, ,ap) 2i,(a/) where

i : Hy(R",R"\L) - €P H,(R",R"\B))
j=1

is the inclusion homomorphism. Pick a point z; € K N Bj for each j = 1,--- ,r.
The following commutative diagram

o € Hy(R",R"\ L) —— « € H,(R",R"\ K)
a; € Hy(R*,R*\ B;) ——— 0 € H,(R",R"\ {z;})

shows that o; = 0 for every j. Therefore, i,(a) = 0. Since 4, is injective (for a
similar reason as in Step (ii)), it follows that o = 0.

(v) M is general, K is contained in an open set U which is diffeomorphic to R".

For any x € K, one has the commutative diagram
HM M\K) ——— H,(U,U\ K)
L
H.(M, M\ {z}) —— H,(U,U\ {z}),

where the horizontal isomorphisms are a consequence of excision. Both claims of
the lemma follow from the above diagram and Step (iv) in this case.

(v) M is general, K is compact.
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Write K = K; U ---U K, where each K is contained in some open set diffeo-
morphic to R” (also true for finite intersections among them). The result of the
lemma follows from Steps (ii), (v) and induction. O

We now define the notion of orientation from the homological viewpoint. Note
that H, (M, M\{z}) = Z for any x € M, which follows easily from excision. In
particular, the group H,(M, M\{z}) has precisely two generators.

Definition 3.1. A manifold M is said to be orientable if there exists an assignment
(an orientation)
T — pg - a generator of H, (M, M\{z}),

such that for any € M, there exists a neighbourhood N of z and u € H,,(M, M\N)
satisfying p, = p,(p) for all y € N. A manifold equipped with an orientation is
called an oriented manifold.

Remark 3.2. It will be proved in Proposition 3.4 that the above definition is equiv-
alent to the more familiar Definition B.8 from the differential viewpoint.

Theorem 3.3. Let M be an oriented n-manifold with orientation {p, : x € M}.
Let K be a compact subset of M. Then there exists a unique pgx € H,(M, M\K)
such that p, = p. (k) for all x € K.

Proof. (i) Uniqueness follows from the second claim of Lemma 3.1.

(ii) Suppose that the claim is true for K; with px, € H,(M, M\Kj) (j = 1,2).
Consider the long exact sequence of relative homology groups which we used in
Step (ii) of the proof of Lemma 3.1. Uniqueness implies that

j*(MK17NK2) = PKiNK> (:LLKl) — PKiNK> (:U’Kz) =0.

It follows from exactness that (pk,, pk,) € Im(iy), ie. (pr,, pr,) = t(pr) for
some fig, Uk, € Hy(M, M\(K;UK3)). Therefore, the claim is true for K U K, with
the (unique) class ik, Uk,

(iii) Let K be a given compact set. By the definition of orientation, for each
x € K there exists a neighbourhood N, of x and uy, € H,(M, M\N,) such that
py(pn,) = py for all y € N,. By reducing N, if necessary, we assume that N, is
compact. Due to the compactness of K, one can write

KC ON%. =L
j=1

for some r > 1 and 24, --- ,x, € K. Part (ii) and induction implies that the claim
is true for L with a unique class py. By setting ux = px(pz), one obtains the
result for the compact set K. O
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Suppose further that M is compact. Taking K = M in the above theorem leads
to the following important concept.

Definition 3.2. Let M be a closed, oriented n-manifold. The homology class
py € H,(M) given by Theorem 3.3 with K = M is called the fundamental class
of M. We also denote pups as [M].

Remark 3.3 (The nonorientable case). The above discussion naturally applies to
the situation when A = Z,. In this case, H,,(M, M\{z};Z5) has a unique generator
(the unique nonzero element) for every = € M. The property stated in Definition
3.1 is always valid; given x € M one can choose a small neighbourhood N so that
H, (M, M\N;Zsy) = Zs (by excision) and simply take py to be the unique nonzero
element of H,(M, M\N;Zs). Theorem 3.3 also applies without any orientability
assumption. For a closed manifold M, its fundamental class over Zs is thus always
well-defined. This is useful when M is not orientable. If M is oriented with funda-
mental class [M], the corresponding fundamental class over Z, is just the image of
[M] under the homomorphism H, (M) — H,(M;Zsy) induced by 17 — 1z,.

3.3 The Poincaré duality theorem

In this section, we prove an important duality result in algebraic topology. Let
M be a closed, oriented n-manifold with fundamental class [M]. The Poincaré
duality theorem provides a natural isomorphism between H*(M) and H,_;(M).
The precise construction of this isomorphism requires the notion of cohomology
cap product which we first define.

3.3.1 Cohomology cap product
Let X be a topological space. The cap product is the bilinear operator
N:CHX) x Cp(X) = Cpi(X)
characterised by the duality relation
(pvNo) = (pU,0)

for all p € C" (X)), € C*(X) and o € C,(X). Here U is the cup product (see
Definition A.11) and (-, -) denotes the pairing between singular cochains and chains.
Geometrically, ) Mo means that 1 eats the back i-face of o leaving its front (n —1i)-
face as an (n — 7)-simplex (in the case when ¢ is a singular n simplex). This is
described by the following result.

Proposition 3.1. Let 0 = [vg, -+ ,v,] be a singular n-simplex in X and let ¢ €
CY(X). Then one has

1/} ﬂ 0 = <¢7 O-|[7)n—i7"' 7'Un]>0-|[v()7"‘ 7'Un—'i}'
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Proof. By the definition of the cap and cup products, one has

<‘P> PN U> = <90 U, ‘7> = <‘P7 U|[vo,~~ ,vn7¢]><¢7 U|[vn7i,~~ ,vn]>
= (0, (¥, 0l s o)) w0, i)
for any ¢ € C"(X). O

The cap product satisfies the following basic properties. Recall that 0 is the
boundary map on singular chains and ¢ (defined as the dual of 9) is the coboundary
map on singular cochains (see Definition A.7 and Definition A.9).

Proposition 3.2. (i) (pUY)No=pN(YNo).
(i) 1No =o.
(i) O(p N o) =1 Ndo + (—1)de7=dev5y) N g,

(iv) (Naturality of cap product) f.(f*Y No) =Y N fuo where f : X — Y isa
continuous map, 1 is a singular cochain in'Y and o is a singular chain in X.

Proof. (i) One has

(€, (pUy)no) ={CUpUY,0) =(CU@,PNa)=((eN(PNa))
for any cochain ¢ (with suitable degree).
(ii) Obvious.
(iii) Write i = degt and n = dego. Let ¢ € C" " 1(X). According to the 9-§
duality and the Leibniz rule (A.4), one finds that

(p, 0 No)) =

Sp,p No) = (bp U, o)

S(pU), o) — (=1)" " Hp, 0 No)
U, d0) + (=1)""p,0 N o)

©, v Ndo+ (—1)"""0 No).

o~ o~~~

The result thus follows.
(iv) One has

(o, L(ffYna)) = (fe ffono) = (f"oUf, o)
= (f"(pU),0) = (U, fuo) = (g, ¥ N f.0o)

for any singular cochain ¢ in Y. ]
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The third property of Proposition 3.2 shows that the cap product descends to
(co)homology groups, namely, one has a well-defined cap product operator

N: H(X) x H,(X) = H,_;(X).
The cap product also extends naturally to a pair (X, A) (A is a subset of X):
N:CY (X, A) x Cp(X,A) = Cp_i(X). (3.7)

Indeed, let ¢p € C*(X, A) (i.e. v € C*(X) annihilates singular i-chains in A) and let
[0] € C.(X, A). One defines ¥N[o] = ¥No where o is any representative of [¢]. This
is well-defined since different representatives differ by a singular n-chain in A, whose
back i-face (as a singular i-chain in A) is annihilated by . In a similar fashion,
the relative cap product (3.7) also descends to relative (co)homology groups:

N: H(X,A) x Hy(X,A) = H,_i(X). (3.8)

This will be useful in our later study of the Poincaré duality.

3.3.2 Cohomology with compact support

The Poincaré duality theorem also requires the notion of singular cohomology with
compact support.

Definition 3.3. A cochain a € C'(X) is said to have compact support if there
exists a compact set K C X such that a € C*(X, X\K) (i.e. a annihilates singular
i-chains in X'\ K'). The Z-submodule of i-cochains with compact support is denoted
as C!(X). The cohomology of the complex C#(X), which is denoted as H}(X), is
called the singular cohomology of X with compact support.

Remark 3.4. The space H'(X) is isomorphic to the direct limit of H*(X, X\K),
where the limit is taken over compact subsets of X (see [MS74, Spa66]). As a
result, an element a € H!(X) is represented by a relative cohomology class a’' €
H'(X, X\K) with some compact set K. Two representations ' € H'(X, X\K)
and a” € H'(X, X\L) are identified if their images in H*(X, X\ (K U L)) coincide.
If X is compact, the groups H!(X) and H*(X) are the same thing.

Let M be an oriented n-manifold. There is a notion of integration over M
in the algebraic topology sense. Let a € H}(M) which is represented by some
a € H*"(M, M\K). Let ux € H,(M, M\K) be the relative homology class given
by Theorem 3.3. Using the natural pairing (-, -) between (relative) cohomology and
homology (see Appendix A.3), one can define a number (@', ux) € Z. It is routine
to check that this integer does not depend on the choice of the representative a'.
We denote it as Ij/(a). If M is compact, one has I(a) = (a, [M]) where [M] is the
fundamental class of M.

Definition 3.4. The number I),(a) is called the integral of a over M.
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3.3.3 The Poincaré duality

By using the cap product, we now proceed to establish the Poincaré duality. Let
M be a closed, oriented n-manifold with fundamental class [M]. The main theorem
is stated as follows.

Theorem 3.4 (The Poincaré Duality). The homomorphism
N[M] : H (M) = H,_i(M),a + an[M] (3.9)
defined by taking cap product with [M] is an isomorphism for every 0 < i < n.

Proof. We shall consider a more general situation. Suppose that M is an oriented n-
manifold (without assuming compactness). We generalise the duality map (3.9) in
the following way. Let a € H:(M) which is represented by some o’ € H*(M, M\K).
Let pux € H,(M, M\ K) be relative homology class given by Theorem 3.3. We then
define (see (3.8))

Pi(a) £ d Ny € Hy_i(M).

By using the characterising property of pg (cf. Theorem 3.3), one can check that
Pi,(a) does not depend on the representative a’. It follows that there is a well-

defined homomorphism ‘ A
Py H. (M) — H,_;(M). (3.10)

When M is compact, the map P}, is just the earlier N[M] defined by (3.9). With
the above preparation, we now prove the theorem in the following steps.

(i) Pi; is an isomorphism for all i if M = R™.

Let B be any closed ball. Similar to (3.5), one has

7, ifi=n;

H'(R",R™\B) =
( \B) {0, otherwise.

By taking direct limit, it follows that

Hi(R") = 7, ifi=n;
¢ ~ 10, otherwise.

The claim holds trivially if ¢ # n because both sides of (3.10) are zero.

To prove that Py, is an isomorphism, it suffices to show that BFg. maps a
generator of H'(R™) to a generator of Hy(R™). Let a be the unique element of
H™(R") such that (a/, ug) = 1 € Z where o’ € H"(R", R™\ B) is any representative
of a with some closed ball B. By definition, one has

(Lgorny, Pgn(a)) = (1gowny,a N pup)
= (1pommy Ud', pp) = (d', ug) = 1.
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Therefore, Pg.(a) is a generator of Hy(R™).

(i) Let M = U UV where U,V are open subsets. Suppose that P, P}, P, are
isomorphisms for all i. Then Py, is an isomorphism for all .

The main observation is that there is a Mayer-Vietoris sequence
e H(UNV)— HU)® H(V) = H(M) — H*HNUNV) — - (3.11)

for the compactly supported cohomology. Presume that such a sequence is valid.
By applying the Five Lemma (see Lemma A.2) to the commutative diagram

- — HUNV) —— HU)®H(V) —— H(M) — HFY({UNV) — ...

. N _ -
Jplzmv JPfJ eFy, lpfu lpffnv

- — Hn_i(UﬂV) — Hn_Z(U) @Hn_i(V) — Hn_i(M) — Hn_i_l(UﬂV) —

where the bottom row is the usual Mayer-Vietoris sequence for homology (see
(A.15)), one concludes that the vertical homomorphism in the middle is an iso-

morphism (since the other four are). Therefore, the theorem is true for U U V.
To justify the long exact sequence (3.11), one uses the following commutative
diagram

o H'(M,M\ (KN L)) — H M, M\ K)®H'(M,M\ L) — H(M,M\ (KUL)) — -

: ; !

s> HUNV,UNV\(KNL)) — H(U,U\K)®H (V,V\L) — H(M,M\ (KUL)) — ---

Here K (respectively, L) is a compact subset of U (respectively, V). The two
rows are the usual Mayer-Vietoris sequences for relative cohomology. The vertical
isomorphisms are obtained by excision. The desired long exact sequence follows
by taking direct limits over compact K’s within U and compact L’s within V'
respectively.

iii) Suppose that M is a closed, oriented n-manifold. Then Pi, is an isomorphism
(iii) Supp : A p
for all i.

Recall from Theorem B.3 that there exists a finite good cover of M, say M =
U¥_,U;, where each Uj is open and any of their (nonempty) intersections is dif-
feomorphic to R™. It follows from Steps (i), (ii) and induction that P}, is an
isomorphism for every 7. This completes the proof of the Poincaré duality theorem.

]

Definition 3.5. The cohomology class corresponding to o € H,,_;(M) under the
isomorphism (3.9) is called the Poincaré dual of a.
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Remark 3.5. With some extra technical effort, one can show that the homomor-
phism P}, defined by (3.10) is an isomorphism even in the noncompact case (see

[MS74]).

We briefly mention a useful extension of the Poincaré duality theorem to the
case with boundary. Let M be a compact, oriented n-manifold with boundary. This
means a preferred generator u, € H,(M, M\{z}) is chosen for every x € M\OM
such that the condition in Definition 3.1 holds. Note that as a topological space,
M contains both the interior and the boundary sets. In this case, there is a unique
relative homology class [M,0M| € H,(M,9M) such that p,([M,0M]) = u, for ev-
ery € M\OM. This induces an orientation on M in a natural way; the resulting
fundamental class of M is the image of [M,dM] under the connecting homomor-
phism in the long exact sequence for the pair (M,0M) (see (A.7)). The Poincaré
duality theorem in this setting asserts that both of the following homomorphisms

N[M,0M) :H"(M,0M) — H,_;(M), (3.12)
N[M,0M) :H"(M) — H,_i(M,0M)

are isomorphisms. The reader is referred to [Bre93| for the details.

Remark 3.6. The Poincaré duality theorem has an obvious extension to the case
when the coefficient ring A is a field. In this case, the corresponding fundamental
class [M], is the image of [M] under the homomorphism H,(M) — H,(M;A)
induced by 17 +— 1,.

3.4 The Thom isomorphism theorem

Here comes a basic question: how can one construct the Poincaré dual of a homology
class o € H,_;(M)? A typical situation is when « is represented by a submanifold,
i.e. a = [S] where S is a closed, oriented (n—1)-submanifold of M with fundamental
class [S] (viewed as a homology class in M). To understand this question, we need
to spend some time discussing another fundamental result: the Thom isomorphism.

3.4.1 Canonical generator of H"(R", Rj)

We first recall a standard computation in R” which will play a basic role in the
sequel. Let Ry = R"\{0}. It is well known that H"(R",R;) = Z (see (A.18)). A
canonical generator of H"(R",R)) can be obtained in the following way.

First of all, consider the triple (R,Rg,R_) where R_ £ (—0c0,0). The long
exact sequence (A.10) of relative cohomology applied to this triple yields the exact
sequence

0=H(R,R_) = H(Ry,R_) > H'(R,Rg) = H' (R,R_) =0,
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where 0 is the connecting homomorphism. In particular, § an isomorphism in this
case. There is a distinguished generator a of H°(Ry, R_); the evaluation of a on
0-simplices in Ry £ (0, 00) is identically equal to 1 and it annihilates R_. We set
¢ = §(a). Note that ¢ is a generator of H'(R, R).
One can now apply the Kiinneth theorem to see that
H'(R,Ry) ® - ® H'(R,Ry) = H"(R", R}).

N

-~
T

Under the above isomorphism, the class

¢ Eex--xe (3.13)
———

is a generator of H"(R", R} (here x is the cohomology cross product; see Definition
A.13). This is referred to as the canonical generator.

Remark 3.7. In the above construction, a preferred orientation of R” (the standard
orientation) is implicitly chosen when one decides to use the triple (R, Ry, R_) rather
than (R, Ry, R, ). In fact, the latter flips the sign of ¢, which can be interpreted as
a change of orientation.

3.4.2 Orientation of a real vector bundle

Recall from Definition B.16 that a real vector bundle (E, M, ; V) is orientable if
it admits a local trivialisation whose transition functions all have positive deter-
minant. In particular, one can choose an orientation of the vector space E, (the
fiber at ) in a globally consistent manner. The aim of this subsection is to study
orientability of a real vector bundle from an equivalent (co)homological perspective.
Let V' be an r-dimensional real vector space V' which is equipped with the stan-
dard Euclidean topology. Let V5 = V\{0}. Recall from (A.18) and its cohomology

version that
H.(V,Vo)) 2 Z = H"(V, V). (3.14)

In particular, there are precisely two generators of H,(V,Vp) (same for H(V, 1})).

Lemma 3.2. The following three objects are equivalent:

(i) an orientation of V, i.e. an equivalence class of bases of V' (two bases are
equivalent if their transformation matriz has positive determinant);

(i1) a generator of H.(V,Vp);
(111) a generator of H"(V, V).
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Proof. An orientation of V' is represented by a basis {e1,--- ,&,}. This provides an
isomorphism between R” and V. Let u denote the image of the standard generator ¢”
of H"(R",R) (see (3.13)). Then u is a generator of H"(V, V{) which is independent
of the basis representing the given orientation of V' (left as an exercise). Through the
duality H"(V, V) = Homg(H,.(V, Vp),Z), there exists a unique class a € H,(V, V})
such that (u,a) = 1. This a is a generator of H,(V,V;). It is represented by any

r-simplex [vg, - -+ ,v,] € V whose center is the origin and {v; —vg, -+ , v, —vg} form
a positively oriented basis. Flipping the orientation of V' changes both u — —u
and a — —a. O

We now move to a real vector bundle (£, M, 7;R") and define its orientability
from the cohomological viewpoint.

Definition 3.6. The bundle F is said to be orientable if there exists an assignment
x — uy € H(E,, (E;)o) (an orientation) such that the following properties hold
true.

(i) u, is a generator of H"(E,, (E,)o) for every z € M.

(ii) For any x € M, there exists a neighbourhood N of x and a relative cohomology
class uy € H" (7 ' N, (7~ 'N)o) such that uy|, = u, for all y € N. Here (77 *N)g is
the space of nonzero elements of 7' N and

Jy  H' (77N, (77 N)o) = H'(Ey, (Ey )o)

is the standard restriction homomorphism.

A real vector bundle equipped with an orientation is called an oriented vector

bundle.
Proposition 3.3. Definition 3.6 and Definition B.16 are equivalent.

Proof. Suppose that E is oriented in the sense of Definition 3.6. One can obtain an
oriented local trivialisation in the following way. Given x € M, pick an arbitrary
local trivialisation ¢ : 771N — N x R". We may assume that N is a contractible
neighbourhood of z and is chosen small enough so that a relative cohomology class
uy is also defined according to Definition 3.6 (ii). It is clear that (¥ ™1)*uy =
+1 x ¢". If it is a plus sign, one keeps v as it is. Otherwise, one applies an
orientation reversing automorphism of R" to get a new trivialisation 1& satisfying
(@/Afl)*uN =1 x¢". By varying x, one obtains an oriented local trivialisation of the
bundle E whose transition functions all have positive determinants.

Conversely, suppose that {U,, 14} is a given local trivialisation whose transition
functions have positive determinants. Let x € M and assume that x € U,. Using

the linear isomorphism |z, : F, — R”, one can define u, £ (¥4|g,)*¢". It follows
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that wu, is a generator of H"(E,, (F,)o) which is independent of the choice of U,
containing x. To justify Condition (ii) of Definition 3.6, one simply defines

Uo = (Y ) (1 x ¢") € H (77 Uy, (77 U4)0).

Then u,|, = u, for any y € U,. O

Restricting to the tangent bundle, all notions of orientability we have seen so
far are equivalent.

Proposition 3.4. Let M be an n-manifold. The following statements are equiva-
lent.

(i) M is orientable in the sense of Definition B.S.
(i) M is orientable in the sense of Definition 3.1.
(11i) TM is orientable.

Proof. (i) = (iii). Suppose that there exists an open cover U = {(U,;z.)} of
M by coordinate charts whose Jacobians all have positive determinants. Fach
chart (Uy,;z!,) gives rise to a trivialisation of TU, with respect to the local frame
field {Op1,- -+, 0 }. The transition functions of this local trivialisation is just the
Jacobians of the change of coordinates from U. Therefore, they all have positive
determinants. This shows that T'M is orientable in the sense of Definition B.16.

(iii) = (i). Suppose that {(Us; €1, ,€na)} is a local trivialisation of TM,
where {€14, - ,€na} is a local frame field on U,, and the transition functions all
have positive determinants. Let w, = 7L A--- An" where {1’} is the coframe field
dual to {e; o }. Let {¢n} be a partition of unity subordinated to {U,} with the same
index (see Theorem B.2 (ii)). Define

w= Z PalWa-
(03
It is easily seen that w is a smooth n-form on M. In addition, by writing

W = Z Pa ( Z det paﬁwﬁ)
a B

where p, 4 is the transition function and noting that det p,s3 > 0 whenever U,NUpg #
(), one has w(x) # 0 for every x € M.
(ii) <= (iii). Let x € M and let U be a small open neighbourhood of x. There

are isomorphisms

Ho(M, M\{z}) = H,(U,U\{z}) = H,(T,M, (T,M)y). (3.15)
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The first isomorphism follows from excision on M. The second isomorphism can
be obtained by putting a Riemannian metric on M, using the exponential map (as
a local diffeomorphism around z) and applying excision on T, M. There is also a
canonical isomorphism

H™(T, M, (T, M)o) = Homg(H, (T, M, (T,M)), Z.). (3.16)

Using the isomorphisms (3.15, 3.16), there is a natural correspondence between gen-
erators of H, (M, M\{z}) and of H"(T, M, (T, M)). Indeed, let i, be a generator
of H, (M, M\{z}). One then defines u, to be the unique element in H" (M, M\{z})
such that (u,, ;) = 1 through the duality (3.16). Vice versa. By varying x, one
thus obtains a correspondence between an orientation of M (in the sense of Def-
inition 3.1) and an orientation of 7'M (in the sense of Definition 3.6). The local
classes pun and uy in the underlying definitions also correspond in a similar way;
indeed, when N is small one has the canonical isomorphisms

Hy (M, MAN) = Hy, (M, M\{2}), pn < fha,

H"(TN,(TN)y) = H (T, M, (T, M)y), uy <— .
This proves the equivalence between an orientation on M and an orientation on
T M in the algebraic topology sense. [
3.4.3 The Thom class and Thom isomorphism

Let (E, M, m;R") be a real, oriented vector bundle over a closed manifold M. Let
Ey 2 {e € E : e # 0}. The goal of this subsection is to construct a relative
cohomology class u € H"(E, Ey), such that the cohomology cup product

a—alUu

induces an isomorphism between H’(E) and H'*"(E, E,) for every j.

We work over a general coefficient ring A with unit 1. Let {u, : © € M} be the
given orientation of E. By abuse of notation, the image of u, in H"(E,, (E;)o; \)
induced by 17 — 1, is still denoted as u,. The main theorem is stated as follows.

Theorem 3.5 (The Thom Isomorphism). There ezists a unique relative cohomology
class u € H"(E, Ey; \) such that u|, = u, for all z € M. In addition, the map

Uu : H(E;A) — H™"(E, Eg; ), a+— aUu (3.17)
15 an isomorphism for every j € Z.

Remark 3.8. When j < 0, one has H’(E;A) = 0. In this case, the isomorphism
(3.17) is understood as the statement that H*"(E, Eg; A) = 0.
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Proof. (1) E = M x R" is the trivial bundle.

Assume that E is oriented by R”, i.e. wu, = i%(e") where ¢ is the canonical
generator of H"(R",Ry; A) and 7, : {z} x R” — R" is the standard identification.
Let m : £ — R denote the projection onto the second component. Define u = mje”.
Then u|, = u, for all x € M. To see that Uu is an isomorphism, one considers the
following commutative diagram

Hi(E)

l Ue”

Hi(M) —=— HI*"(M x R", M x RY).

The bottom map is an isomorphism due to the Kiinneth theorem (see Theorem
A.2). The vertical map is an isomorphism because M is a deformation retract of
E (contracting the entire fiber to the base point). Therefore, Uu must also be an
isomorphism.

(i) Suppose that M = M'"U M" and the theorem is true for E|\yr, Elyr, Elyronr
with classes u', u”, u" respectively. Then the result holds for M.

For simplicity, we write E' £ E|yy, E" = E|y» and E" = E|ypape. Consider
the Mayer-Vietoris sequence

0= HYED, BN A) — H'(E, Ey; A)
S HY(E,E;N) @ H(E",ElN) S H(EV, ED);A) — -
for the relative cohomology (see (A.17)), where
i*(v) £ (v|gr,v|gn), j5,0") 20" gn — V| En.

Since j*(u’,u”) = 0, one has by exactness that (v/,u”) € Im(i*), i.e. (v, u") = i*(u)
for some u € H"(E, Ey; A). Clearly, u|, = u, for every x. The uniqueness of u

follows from the injectivity of i*.
The isomorphism property of Uu follows from the Five Lemma applied to the
commutative diagram

e —— HITL(ED) HI(E) HI(E"Y® HI(E") ————— HI(E") —— ---

JUUQ JUu JUu'GBUu” Juum

<o — HITWHT(EDES) — HITT(E,Eo) — HIYT"(E',E})) ® HI*"(E",El) — HI*"(E",EJ) — -+,

noting that Uu" and Uu’ & Uu” are both isomorphisms.

(iii) Since M is closed, there is a trivialisation of F consisting of at most finitely
many members. The result thus follows from the previous two steps and induction.
]
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Definition 3.7. The relative cohomology class u € H"(F, Fy) is known as the
Thom class of E. The isomorphism (3.17) is called the Thom isomorphism.

Remark 3.9. The Thom isomorphism theorem remains valid over a noncompact
base manifold M with coefficient ring A being a principal ideal domain. The ex-
tension to this case requires additional tools from homological algebra. The reader
is referred to [MS74] for the details.

3.5 The Poincaré dual of a submanifold

We now return to the question raised at the beginning of Section 3.4 about con-
structing the Poincaré dual of a submanifold. Let X be a closed, oriented n-
manifold. We use D : H,(X) — H" *(X) to denote the inverse of the Poincaré
duality (3.9) (the Poincaré dual). In other words, one has

D@)n[X]=a (3.18)

for any homology class a in some H,,_;(X).

A particular situation is the case when the homology class a comes from a sub-
manifold of X. Let A be a closed, oriented (n —i)-manifold that is closed embedded
as a submanifold of X. The aim of this section is to understand the Poincaré dual
of the homology class [A] in X. Stated in vague terms, the main theorem we shall
prove in this section is that the Poincaré dual of [A] in X is the (absolute) Thom
class of the normal bundle of A in X. See Proposition 3.5 and Corollary 3.1 for the
precise formulation. This is a nice result as it provides a cohomological description
(the Poincaré dual as a Thom class) of a geometric object (the submanifold).

3.5.1 Normal bundle and tubular neighbourhood

We begin by defining the normal bundle. For simplicity, we will just assume that
A is an actual subset of X.

Definition 3.8. The normal bundle of A in X, denoted as N¥, is the real vector
bundle over A whose fiber at each = € A is the quotient space N, & T, X /T, A.

We will fix an orientation of N¥ in the following way. Let z € A. Pick any
complementary subspace V of T, A in T, X (i.e. T, X =T, A®V). The quotient map
T,.X — N, restricts to an isomorphism between V' and N,. A basis {fi1,---, f;} of
N, is declared to be positive if

{61,"' 7€n7i7f{7"' 7le}

is a positive basis of T, X whenever {e;,--- ,e,_;} is a positive basis of T, A. Here
f} is the element in V' corresponding to f; under the aforementioned isomorphism.
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We let the reader check that the above orientation of N¥ at x does not depend
on the choice of the splitting factor V. By varying = € A, one obtains a well-
defined orientation on N%, which is canonically induced from the ones on A and
X. Heuristically, this orientation is determined by the following condition:

or(X) =or(A) @or(Ny), ("base—fiber" orientation) (3.19)

where or(-) means orientation.
Sometimes it is more convenient to work with a homotopy equivalent version of
the normal bundle: a tubular neighbourhood.

Definition 3.9. A tubular neighbourhood of A in X is an open neighbourhood U
of A in X that is diffeomorphic to an open neighbourhood of the zero section of
NX

Theorem 3.6 (Tubular Neighbourhood Theorem). A tubular neighbourhood ezists.

Proof. Fix a Riemannian metric g on X. Consider the bundle N whose fiber N,
at x € A is the orthogonal complement of T, A in T, X with respect to the given
metric. It is easily seen that N§ and N§ are isomorphic as vector bundles. By the
compactness of A, there exists € > 0 such that the exponential map

exp: D.(NY) = X (3.20)

maps the e-disk bundle D.(NY) £ {v € N : ||Jv||, < &} diffeomorphically onto an
open neighbourhood of A in X.

This is by definition a tubular neighbourhood of A in X. O
Remark 3.10. From the above proof, it is clear that the tubular neighbourhood can
be chosen to be diffeomorphic to N¥.

We will use N to denote the normal bundle N5 and use T to denote the closure
of the tubular neighbourhood of A constructed in the previous proof. Note that
T is a (closed) disk bundle over A whose fibers are closed disks with spherical
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boundary. In addition, as a submanifold T" carries an induced orientation from X
. This orientation is consistent with (3.19).
There are obvious identifications

HY(X,X\A) = H(T,0T) = H'(N, Ny), (3.21)

which will be used frequently in the sequel. The first isomorphism of (3.21) fol-
lows from the relations H*(X, X\A) & HY(T,T\A) (excision) and H'(T,T\A) =
HY(T,0T) (9T is a deformation retract of T\A). The second isomorphism of
(3.21) is obtained in the same way. Let uy € H'(N,Ny) be the Thom class
of N with respect to the orientation (3.19). We denote ur € H(T,0T) and
uﬁ’X\A € H'(X,X\A) as the counterparts of uy under the isomorphisms (3.21).
We also denote uf = j*(ui}(’X\A) where j* : H (X, X\A) — H(X) is the natural
map (the absolute Thom class).

3.5.2 The Thom class and Poincaré dual

Recall that T inherits an orientation from X which is consistent with (3.19). In
particular, there is a well-defined (relative) fundamental class [T, 07T € H,(T,0T)
and a Poincaré duality map (3.12). We use Py (respectively, Pr) to denote the map
(3.9) (respectively, (3.12)). We also denote Dx = Py (respectively, Dy £ P; ') as
the Poincaré dual. The main result of this subsection is stated as follows.

Proposition 3.5. The Poincaré dual of [A] in T is equal to the Thom class ur,
i.e. Dr((t%).([A])) = ur, where Jy : A — T s the inclusion map.

Proof. Let vy £ Dy ((¢%).([A])). For each z € A, our aim is to show that 7 £ vr|, is
the positive generator of H(T,,dT,). Let B be a small closed disk around z so that
T|p = Bx D' =: W where D' is the closed i-disk. Let w £ vp|y € HY (W, Bx0D").
The relation vy N [T, 07 = [A] descends to the local relation that

w N [W,0W] = [B,0B]. (3.22)
On the other hand, noting that
H (W, B x 0D") = H°(B) ® H'(D',0D"),

one can write w = 13 ® 7. Since [W,0W| = [B,dB] x [D?, 0D, the relation (3.22)
implies that (7,[D?,dD']) = 1. As a consequence, T is the positive generator of
HY(T,,dT). O

The following result is a consequence of Proposition 3.5. It justifies the earlier
claim that the Poincaré dual of a submanifold is the absolute Thom class of the
normal bundle.
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Corollary 3.1. The Poincaré dual of [A] in X is equal to u’k, i.e. Dx((tX).([A])) =
uy, where 1y : A — X is the inclusion.

Proof. This follows immediately from the commutative diagram

o

H,_i(A) —2 H,_(T) = H(T,0T) —— H'(X, X\ A)

(3.21)
ll/x l
LX T
A
H,_i(X) > H'(X),
noting that Dr sends (:%).([4]) to ur by Proposition 3.5. O

3.6 Intersection product formula

In this section, we give a cohomological description of intersection: the intersection
product formula. This plays an essential role in the later proof of the Lefschetz
fixed point formula.

Let X be a closed, connected and oriented n-manifold. Let A, B be closed,
oriented and embedded submanifolds of X with dimensions n—1t, n— j respectively.
We assume that A intersects B transversally (see Definition 2.1 with f =id). In
particular, 2 + j < n and AN B is a submanifold of X with dimension n —i — j.

We orient AN B in the following way. Let x € AN B. A basis U of T,(AN B)
is declared to be positive if the following property holds true:

e Extend U to a family B = {V,U, W} C T,X such that B is a basis of T, X,
{V,U} is a basis of T, A and {U, W} is a basis of T, B. If {V,U} and {U, W}
are both positively oriented, then B is also positively oriented.

We leave it as an exercise to show that the above orientation of 7, (A N B) is
well-defined. By varying x in A N B, one obtains an orientation of AN B.

Let [A], [B], [ANB] be the fundamental classes of A, B, AN B respectively. Here
we view them as homology classes in X without writing the inclusion homomor-
phisms for simplicity. Recall that Dy = P;' : H,_.(X) — H*(X) is the Poincaré
dual (inverse of (3.9)).

Definition 3.10. The intersection product between [A] and [B] is the homology
class [A] - [B] € H,—;—;(X) defined by the relation

Dx([A] - [B]) = Dx([A]) U Dx([B]),

where U is the cohomology cup product.
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Remark 3.11. If i+j = n, the intersection AN B is just a finite set of discrete points.
In this case, [AN B] = I(A, B)[pt] € Ho(X), where I(A, B) is the intersection
number of A with respect to B (see Definition 2.3) and [pt] is the homology class
defined by any 0-simplex (a point) in X.

The main result of this section is stated as follows. It provides a cohomological
description of geometric intersection.

Theorem 3.7 (Intersection Product Formula). [A N B] = [A] - [B].

Proof. Let N§ be the normal bundle of A in X which is oriented by the convention
(3.19). Similarly, let N¥ 5 be the normal bundle of ANB in B, whose orientation is
induced from the orientations of AN B and B through the same convention (3.19).
Let NX|anp be the bundle obtained by restricting N to A N B (the pullback of
N¥ by the inclusion 145 : AN B — A; cf. (B.18)).

—_—— - —

Under the above orientation conventions, it is apparent that
N2 lans = Ninp (3.23)

as oriented vector bundles (namely, there is an orientation-preserving bundle iso-
morphism between them).

Let uf’X\A € HY(X,X\A) and u%¥ € H(X) denote the relative and absolute
Thom classes (see the discussion at the end of Section 3.5.1). The next crucial
observation is that

uf AP = (M), uB g = e (uf), (3.24)

where A ' ' '

ry: H(X,X\A) —» H(B,B\ANB), ry:H(X)— H'(B)
are the restriction homomorphisms. The first relation of (3.24) follows from the
characterisation of Thom class and the fact that both sides restrict to the positive
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generator of the i-th relative cohomology group of (N |ang). = (N§ 5). at every
r € AN B; the latter claim is an immediate consequence of (3.23). The second
relation of (3.24) follows from the first one and the commutative diagram

Wi e HI(X, X\ A) ——— uf € HI(X)

lrl TQJ/
WA ¢ Hi(B, B\ AN B) —— u5., € H(B).

Using the second relation of (3.24) and duality, the proof of the intersection
product formula now becomes a matter of algebraic manipulation. Indeed, by
Definition 3.10 of the intersection product, it suffices to prove that

(Anp)«[ANB] = (u} Uug) N[X], (3.25)
By Corollary 3.1, one has

(tArp)[AN B] =

s

= (v Uug) N[X].

The third equality follows from (3.24), the fourth equality follows from the natu-
rality of cap product (see Proposition 3.2 (iv)) and the last equality follows from
Proposition 3.2 (i). This proves the relation (3.25), which therefore completes the
proof of the theorem. O

3.7 The Lefschetz fixed point formula

In this section, we develop the proof of Theorem 3.2 following the strategy outlined
in Section 3.1. Let M be a closed, oriented n-manifold. The essential idea is to
apply intersection theory to the pair (I'(f), A), where

L(f) = A{(z, f(z)) 1 2 € M}

is the graph of f and
A2 {(z,x):x€ M}

is the diagonal in M x M.
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3.7.1 The diagonal class

Let N be the normal bundle of A in M x M (see Definition 3.8). There is a
canonical isomorphism N = T'M which is defined by

 T.MeT,M

TxM > (IE,U) — (([L’,I), [(_U’U>]) € Nx T(z :(;)A

(3.26)

We orient N by T'M (which is in turn oriented by M itself) through this isomor-
phism. Note that this orientation is consistent with (3.19), where both A and
M x M are oriented by M.

MxM

Let
w e H"(M x M, (M x M)\A) = H"(N, Ny)

be the Thom class of N with respect to the above orientation. For each z € M, let
pe € Hp(M, M\{x}) be the preferred generator (coming from the orientation of M)
and let u, € H"(M, M\{x}) be its dual, i.e. (uy, p1,) = 1. Define j, : M — M x M
by j.(y) = (x,5) (the vertical slice at ).

Lemma 3.3. ' is the unique class in H"(M x M, (M x M)\A) such that jiu' = u,
for every x € M.

Proof. Pick a Riemannian metric on M. Fix x € M and let B, be the closed e-ball
on T, M (e small). Consider the following two maps:

P1 - Bs — M x M7 801(@) £ (epr(—’U),epr(U)),
o1 B. — M x M, py(v) = (m,expx(v)).

Note that ¢; ~ ¢, through the homotopy

V= (expgc(—tv), eXPm(U))ogtgl‘
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As aresult, ¢f = @5 on H"(M x M, (M x M)\A). Since v’ is the Thom class, it re-
stricts to the local orientation class of the normal bundle NV at x, which corresponds
to u, under the isomorphisms

HP(M x M, (M x M)\{(z,2)}) = H"(N,. (N.)o) (3.27)
By identifying H"(B., B:\{0}) with (3.27), one has ¢ju’ = wu,. On the other
hand, under the same identification one has @ju’ = jiu'. Therefore, jiu' = u,.
Uniqueness follows from the characterisation of the Thom class. ]

Definition 3.11. The diagonal class v € H"(M x M) is the image of v’ under
the inclusion homomorphism H"(M x M, (M x M)\A) — H"(M x M).

I«

The following result shows that the diagonal class u” “concentrates” at the di-

agonal A in an algebraic sense.

Lemma 3.4. One has (a x 1) Uu” = (1 x a) Uu” for all a € H*(M), where X is
the cohomology cross product.

Proof. Let p; : M x M — M denote the projection onto the i-th component
(1 =1,2). Then one has
plja=ax1l, pija=1xa

for any a € H*(M). Let N, be a tubular neighbourhood of A in M x M (e small).
It is easy to show that p;|ye =~ paln.-

MXM

S

As a result,
pia‘Ns = p;a‘NE € Hk(N5>

Following the arrows in the commutative diagram

H*(M x M) L s H*(N.)

lUu’ Uu’l

HY(M x M, M x M\ A) ———— H*(N.,N.\ A)
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where ¢ : N, — M x M denotes the inclusion, one finds that

(pja) Uu' = (pya) U (3.28)
The result follows by applying the inclusion homomorphism H*(M x M, (M x
M)\A) — H*(M x M) to the relation (3.28). O

3.7.2 Slant product and dual cohomology basis

In this subsection, we work over a field A. Our aim is to prove the following result,
which provides a representation of u” in terms of a cohomology basis. Note that
H*(M; A) is finite dimensional for every k, since M is assumed to be closed.

Proposition 3.6. Let {by,---,b,} be a basis of the cohomology ring H*(M;A).
Then there exists a dual basis {b7,--- b#} in the sense that

(b; VT, [M]) = 6y (3.29)

for all i,j. In addition, one has

w' = (—1)%E; x bF, (3.30)

i=1
where X s the cohomology cross product.

Remark 3.12. By abuse of notation, we used the same u” to denote the image of
u” (over Z) under the homomorphism H"(M x M) — H™(M x M;A) induced by
17 — 1.

The proof of Proposition 3.6 relies on the notion of slant product, which we
shall first define. Let X,Y be given topological spaces. Recall that the Kiinneth
theorem provides a canonical isomorphism

HYX xY;A) = @) H'(X;A) @ H (Y3 A). (3.31)

itj=k
Definition 3.12. The slant product is the map
JHY (X xY;A) @ Hi(Y;A) — H7(X; A)
induced by the relation
(a®b)/B s (b,Ba, a€ H**(X;A),be H(Y;\),B€ H;j(Y;A)

under the Kiinneth isomorphism (3.31).
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Lemma 3.5. The slant product is left H*(X)-linear, i.e.
((ax1)Ub)/B=aU(b/B) (3.32)
foranya e H*(X;A), be H*(X x Y;A) and 5 € H.(Y; \).

Proof. 1t suffices to consider b =V x b with ' € H*(X;A) and b" € H*(Y;A). In
this case, by using the relation (A.20) one finds that

((ax1)ub)/B= (" B)(aUl)=aU (¥, B))=aU(b/p).
The relation (3.32) thus follows. O

The slant product provides a very simple relation between the diagonal class u”
and the fundamental class [M].

Lemma 3.6. v"/[M]=1¢€ H°(M;A).

Proof. Fix any « € M. We want to show that (u”/[M])|, =1 € A. Consider the
map
Jo{x} x M = M x M, J(,y) = (z,y).

Using the commutative diagram
H (M x M) —"™ . go(ar)
b |
H({} x M) =55 HO({a))
and noting that J¥u” =1 x jiu”, it suffices to show that
(jru, [M]) = 1. (3.33)

To this end, consider the following commutative diagram

H(M x M, M x M\ A) —2 5 q*(M, M\ {z})

L,

H™(M x M) o > H™(M)

where the vertical arrows are the inclusion homomorphisms. According to Lemma
3.3, one has

(ru”, [M]) = (prtia, [IM]) = (e, po([M])) = (ua, pa) = 1.

Here p, : H,(M) — H,(M,M\{x}) is the inclusion homomorphism and u, €
H™(M,M\{z}) (respectively, p, € H,(M,M\{x})) is the local orientation coho-
mology (respectively, homology) class at x. The claim (3.33) thus follows. O
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We are now in a position to prove Proposition 3.6.

Proof of Proposition 3.6. By using the Kiinneth isomorphism
H"(M x M;A) = @ H*(M; A) @ H"*(M; A),
k=0

one can write
u'=by Xecr 4+ b Xy, (3.34)

with some ¢; € H" 4% (]M; A).
Let a € H*(M; A) be any given cohomology class. Recall from Lemma 3.4 that

((ax 1yuu”)/[M] = ((1 xa)uu")/[M]. (3.35)

By Lemma 3.5 and Lemma 3.6, the LHS is just a. The RHS equals

D (F1ytEedEhi(h x (aUe))/[M] =) (=1)* P (@ U ¢, [M])bi.

% 7

We now choose a = b;. The relation (3.35) thus becomes

bj =Y (—1)*E*dEh (b, Ue;, [M])b;.

Since {b;} is a cohomology basis, one finds that
(—1)de8bideebi(p ¢ [M]) = 6.
The relation (3.29) follows by defining
b# é (—1)degbi0i.

It is clear from (3.29) that the family {bfé} is linearly independent and thus provides
a basis of H*(M;A). The relation (3.30) is also immediate from (3.34) and the
definition of b7

O

As an application of Proposition 3.6, one can obtain another proof of the
Poincaré duality theorem which is now stated in terms of cohomology.

Corollary 3.2 (The Poincaré Duality). There is a canonical isomorphism
Py - HF(M; A) — Homp (H" F(M; A), A), (3.36)
Pua)(b) 2 (bUa,[M]), a € HE(M; A), b€ H™*(M; A)

for every k =0,1,--- ,n.
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Proof. Let {b;} and {b7} be the bases given by Proposition 3.6. We claim that the
family
{b7 : degb; = k} (3.37)

is a basis of H"*(M;A) . Indeed, suppose that

> =0

i:deg b;=k

with some \; € A. By taking cup product with b; (degb; = k) and using the relation
(3.29), one finds that \; = 0. As a result, the family (3.37) is linear independent.
In particular,

dim H*(M;A) < dim H"F(M; A).

By interchanging the roles of £ and n — k, one obtains the reversed inequality as
well. Therefore,
dim H*(M; A) = dim H"*(M; A)

and the family (3.37) is a basis of H"*(M;A).
By using the relation (3.29) again, it is easily seen that the family

is dual to (3.37), i.e. PA’M(bZ)(bf) = 0;;. As aresult, it is a basis of Homp (H" % (M; A), A).
It follows that b; — pM(bi) is a basis correspondence and the map PM is therefore
an isomorphism. O

Remark 3.13. Under the natural isomorphism H,,_;,(M; A) = Homy(H"*(M;A), A)

~

(which is valid since A is a field), the two maps Py, and P); are identical.

3.7.3 The Euler class and Euler characteristic

In this subsection, we introduce the (topological) Euler class and investigate its
relation with the Euler characteristic.

Definition 3.13. Let (E, M, 7; V') be a real, oriented vector bundle of rank r over
a closed manifold M. The Euler class of E, denoted as e(E) € H"(M), is the image
of the Thom class u of ¥ under the homomorphism

H(E,Ey) 2 H'(E) 5 H (M), uws e(E).
Here the first map j* is the inclusion homomorphism. The second map is the

pullback by the zero section, which is an isomorphism since M is a deformation
retract of E.
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Remark 3.14. If A is a field, the image of e(E) under 17 +— 1, is still denoted as
e(E) € H (M;A).

We now establish a basic result which asserts that the natural pairing between
the Euler class of TM and the fundamental class of M yields the Euler character-
istic.

Proposition 3.7. One has
e(TM) = A*(u") and (e(TM), [M]) = x(M), (3.38)
where A : M — M x M (A(z) £ (x,2)) is the diagonal embedding.

Proof. The first relation in (3.38) is a direct consequence of the following commu-
tative diagram

H™(M x M, M x M\ A) — H™"(M x M) —=— H"(M)

% l

H"(N,Ny) ——— H"(TM, (TM),) —— H"(TM).

Here N is the normal bundle of A in M x M (recall from (3.26) that N = T'M) and
m:TM — M is the bundle projection. To prove the second relation, one recalls
from Proposition 3.6 that

W = Z(_l)degbibi > bzﬁﬁ

over a field, say A = R. By using the first relation in (3.38) (more precisely, the
same induced relation over R), one has

e(TM) =Y (—1)*&%b, U by,
It follows from the duality relation (3.29) that

(e(TM), [M]) =Y (=1)*=" (b U b, [M]) = zn:(—l)kdim H"(M;R).

% k=0

Note that the above equation is a numerical identity and the RHS is an integer.
Therefore, the same identity also holds over Z. This completes the proof of the
second relation in (3.38). O
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3.7.4 Proof of Theorem 3.2

Finally, we are in a position to prove the Lefschetz fixed point formula, which
therefore also completes the proof of the Poincaré-Hopf index formula. Here the
coefficient ring is assumed to be the real field R.

Proof of Theorem 3.2. Since both sides of (3.1) are homotopy invariant, one may
assume without loss of generality that the graph I'(f) of f intersects A transversally.
According to the intersection product formula (Theorem 3.7), one has

(L)AL =[] -[A] (3-39)

where both I'(f) and A are oriented by M in the obvious way. The LHS of (3.39)
is just I(id x f, A)[pt] by Remark 3.11. Now we compute the RHS.

Let D : Hyy (M x M;R) — H*(M x M;R) denote the Poincaré dual map in
M x M. According to Corollary 3.1, one has D([A]) = «”. Denote v = D(I'(f)).
It follows from Definition 3.10 of the intersection product that

(LN [A] = (wuw”, [M x M])[pt]

{

(=1)" (" Uv, [M x M])[pt]

(=1)™(u", v N [M x M])[pt]

(=1)" (", [L(H)]) [pt]- (3.40)

Let F': M — M x M be defined by F(z) = (z, f(z)). Note that F,([M]) = [[(f)].
By using the representation (3.30) of «” in terms of a cohomology basis {b;} and
its dual {b7}, one finds that

(", [DO]) = (D (1% x b F.([M)))

i

(D (1) hF (b, x b, [M])

)

= () (=1)*E%b; U fof, (M), (3.41)

i

where the last equality follows from the simple relation that F*(b; x b7) = b;U f*b
(left as an exercise).
Since {b#} is a cohomology basis, one can write f* b# > )\Z] 7 uniquely with
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some J\;; € R. It follows from the relation (3.29) that
() (=1)dsbin; U febF [M])

= D (1) 0, uAGOT [M]) = ) (—1)*ENA

%, %

=Y (“1)*Tx[f*: H"*(M;R) — H" *(M;R)]. (3.42)

By substituting (3.42) back into (3.41, 3.40) and changing the index k to n — k,
one concludes that

T(A)] - [A] =D (=DM [f*: H*(M;R) — H*(M;R)] x [pt].

The Lefschetz fixed point formula (3.1) follows by equating the LHS with [I'(f) N
Al =I(id x f, A)[pt].
[
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4 The differential viewpoint

In this chapter, we establish the differential counterparts of various topological re-
sults (Poincaré duality, Thom isomorphism, intersection product formula) in the
previous chapter using the de Rham cohomology. Such correspondence is not sur-
prising in view of the de Rham theorem, which will be addressed in Section 4.7.

4.1 The Poincaré lemma

We first introduce another important type of cohomology, which is the differential
counterpart of singular cohomology with compact support (cf. Definition 3.3).

Definition 4.1. Let M be a manifold. We use (M) to denote the complex of
differential forms on M with compact support. The exterior derivative operator d
is well defined on Q(M). The resulting cohomology H}(M) is known as the de
Rham cohomology of M with compact support (or compactly supported cohomology
in short).

In this section, we compute the two types of de Rham cohomology of R™. This
is known as the Poincaré lemma.

Theorem 4.1. One has

R, p=0;
0, p#0,

R, p=mn;

HP(R") = { 0. petn.

HP(R") = {

4.1.1 One-dimensional case

Theorem 4.1 will be proved by induction on the dimension n. In this subsection,
we first handle the one-dimensional case, which is a rather elementary matter.

Proof of Theorem /4.1 for R!. (i) (The de Rham cohomology) If f is a smooth func-
tion on R', one has df = 0 <= f = constant. This proves H*(R') = R. If
w = g(x)dz is a 1-form on R!, one can write w = df, where f(x) £ fox g(y)dy. This
proves H'(R') = 0.

(ii) (Compactly supported cohomology) If f is a closed O-form, it has to be a
constant function, hence being identically zero since it has compact support by
assumption. Therefore, H?(R!) = 0.

For the first order cohomology, consider the integration map

/ IR 2R, we [ ow.
R

]Rl
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It is obvious that le is surjective. We claim that

ker/Rl = {df : f € C(R")}. (4.1)

Indeed, suppose that w = df for some f € C°(R'). Then

o= [ ar = s00) - si=o0) 0.

Conversely, suppose that w € ker [5, . Write w = g(x)dx for some g € C°(R") and
define f(z) £ [*_g(y)dy. Then f € CZ(R') (because [y, w = 0) and w = df.
Therefore, the claim (4.1) holds. It follows that H!(R') = R.

[
4.1.2 Proof of Theorem 4.1: de Rham cohomology

We now prove the first part of the Poincaré lemma. The main strategy is to prove
that
H*(R™ x RY) = H*(R™). (4.2)

Once this is established, the result follows immediately from the one-dimensional
case and induction.
To prove the isomorphism (4.2), we consider the following two maps:

m:R*" xR' - R", 7(z,t) £ x

s:R* 5 R" x R, s(z) = (z,0).

Apparently, s*7* = id : H*(R"™) — H*(R") because s = id. It remains to prove
the following result.

Lemma 4.1. 7*s* =id : H*(R" x R') — H*(R" x R!).
Proof. The key point is to construct a linear operator
K, : QP(R" x R") — QP"H(R" x R')
for each degree p, which satisfies the relation
id — *s* = £(dK, + K,,1d) (4.3)

on (P(R™ x R'). We leave it as an exercise to show that the relation (4.3) implies
id = 7*s* on cohomology.
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To construct K, one first observes that any differential form on R" x R! is a
linear combination of forms of the following two types:

Type I: (x%¢) - f(x,t); TypeIl: (7°¢) A (f (2, t)dt),

where ¢ € Q*(R") and f(z,t) is a smooth function on R" x R'. We define K, by
sending any Type I form to zero and sending any Type II form

t
(6) A (. )dt) = (x°0) - [ f(z.5)ds. (1.4)
0
We leave it as an exercise to check that
id — 75" = (1)’ 1(dK, — K,41d)

on QP(R" x RY) for every degree p (consider the evaluation on Type I and Type
IT forms separately). This proves the desired relation (4.3), hence completing the
proof of the first part of Theorem 4.1. O

Remark 4.1. The family of operators {K,} is known as a homotopy operator be-
tween the two chain maps id and 7*s*. The construction of a homotopy operator
satisfying (4.3) is a standard homological algebra technique for proving that two
different chain maps induce identical actions at the (co)homology level.

The following extension of Theorem 4.1 will be useful to us. A subset U C R" is
said to be star-shaped with center x € U if the closed line segment Zy is contained
in U for every y € U.

Lemma 4.2. Let U be a star-shaped domain (i.e. open and connected subset) in
R™. Then
R, p=0;

0, p#0.

Proof. The idea is very similar to the proof of Lemma 4.1. The key is to construct
an operator S, : QP(U) — QP~1(U) for every p > 0, such that

HP(U) = {

id = £(dS, + S,.1d). (4.5)

If such an operator exists, it is clear that every closed p-form is exact, hence yielding
that H?(U) = 0 for every p > 0. The fact that H°(U) = R is obvious since closed
0-forms on a connected manifold are constant functions.

Assume WLOG that U is centered at the origin. To construct the operator S,
one first defines (cf. (4.4))

S, QP(U x R) — QP7H(U)
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by sending a Type I form to zero and sending a Type II form

1
(7°0) A (f(at)it) o> 6+ [ fla )
0
Next, let p: R — R be a smooth function such that
p(t)=0fort <0; p(t)=1fort>1;, 0<p< 1.

Consider the map
T:UxR—=U, T(z,t) = p(t)x.

This is well-defined since U is star-shaped. One can check that the operator S, =

ng* satisfies the relation (4.5) with suitable signs. Details are left as an exercise.
O

4.1.3 Proof of Theorem 4.1: compactly supported cohomology

The second part of the Poincaré lemma is proved using a similar strategy. Note
that compactly supported differential forms on R"™ x R! are linear combinations of
forms of the following two types:

Type T+ (°6) - (a1 Type IL: (x°6) A (f (. 1)),
where ¢ € Q*(R") and f € C>°(R™ x R'). First of all, we define the map
T (R x RY) — Q1R (4.6)

by sending Type I forms to zero and sending Type II forms
(m*¢) A (f (@, t)dt) = (7*¢) - [ f(x,t)dt.
]Rl

Next, let e = e(t)dt € Q}(R") be a given fixed bump form such that [, e(t)dt = 1.
We also define the map

et QE(R") — QTR x RY), e,(¢) £ (7°¢) Ae.
Lemma 4.3. Both w, and e, are chain maps, i.e. one has dm, = m,d and de, = e,d.

Proof. Left as an exercise. ]

Note that m.e, = id by definition. It remains to show that

e =id : HY(R" x RY) — H*(R" x R'). (4.7)
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Once this is proven, it follows that
T HXPHR" x RY) — HX(R™),

is an isomorphism whose inverse is e,. The Poincaré lemma for compactly supported
cohomology thus follows from the one-dimensional case and induction.

As in the de Rham cohomology case, the key point to proving the relation (4.7)
is the construction of a linear operator

L,: P(R" x RY) — QP /(R x RY)
satisfying id — e,m, = £(dL, — Ly11d) for every degree p (cf. (4.3)). We define L,
by sending any Type I form to zero and sending any Type II form

wro) A Gty = () ([ smsits—aw) [ steo)is).

where A(t) £ ffoo e(s)ds. In the same way as before, the following lemma shows
that {L,} is indeed a homotopy operator between id and e,m,, thus yielding the
relation (4.7) and completing the proof of Theorem 4.1.

Lemma 4.4. One has
id — e,m, = (=1)*"'(dL, — L,11d) (4.8)
on QP(R™ x RY) for every degree p.

Proof. (i) Let w = (7*¢)f(x,t) be a Type I p-form where ¢ € QP(R"™). By the
definitions of 7, and L,, one has (id — e, )w = w and

of . 9
(AL, — Lyp1d)w = — Ly [dww e+ (—1)p(7r*q§)(a—£idxl + a—{dt)}
Ly < 9
- (—1)p_1(7r*¢)< /_ a—éds—A(t) /_ a—ids)

= (17" (7" ¢) f(x,t) = (1) w.
(i) Let w = (7*¢) A (f(x,t)dt) be a Type II p-form where ¢ € QP~1(R"). First of
all, one has

o0

(id — esm)w = (1°0) A (fdt) — ( / fds) (7°¢) Ae.

—00

84



On the other hand,

dLw :d[(w*¢)< /_ :O Fds — A(t) / : fds)}

:(dﬂ*gf))( / ; fds — A(t) / Z fds)

+ (=1)P (%) A (dazz/ %ds + fdt
—e(t)dt /Oo fas—Aw) [ gjids>
and
of

Lysidw =L,y [(dw*gb) A (fdt) + (=17 (w7 ¢) A 2L dai A dt]

ox’
:(dw*¢)( /_ too fds — A(t) /_ Z fds>
t af.ds—A(t) h afds).

oo OT° o 0T

+ (—1 o A da)

It follows that

o0

(AL~ Lyend)wo = (~17" (') A (ft — (1) / fs)

—00

= (=1 (id — e,y )w.
This proves the desired relation (4.8). O

Remark 4.2. The map 7, is essentially integration along the fiber by viewing R” x R!
as a (trivial) vector bundle over R" with fiber R! (cf (4.13)).

We define the generator of H?(R™) to be the unique cohomology class [w] €
H(R™) whose total integral with respect to the standard orientation of R™ is equal
to one. The following corollary is immediate from the previous discussion.

Corollary 4.1. Let ey(t), -+ ,e,(t) € CX(RY) with [o, e;(t)dt = 1 for every i.
Then the form
er(at) e (z™)dzt A A da"

is a representative of the generator of HI'(R™).
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4.2 The Poincaré duality revisited

In this section, we establish the differential counterpart of the Poincaré duality
theorem (more specifically, of Corollary 3.2). Let M be an oriented n-manifold.
For every 0 < k < n, we define the linear operator

PYT HOD) — B PR D) 2 [ naw @)
M
for [w] € H*(M) and [n] € H?*(M).
The (differential) Poincaré duality theorem is stated as follows. Recall that a

good cover of M is an open cover {U,} such that any (nonempty) finite intersection
Ua, N ---NU,, is diffeomorphic to R™.

Theorem 4.2. Suppose that M has a finite good cover. Then Pﬁ}ﬁ 1S an 1s0mor-
phism for every k.

Remark 4.3. Theorem 4.2 holds without assuming the existence of a finite good
cover. However, we will only prove the theorem under this additional assumption
for simplicity.

We first recall the Mayer-Vietoris sequences for the two types of de Rham coho-
mologies, in particular, the explicit description of the connecting homomorphisms
which will be used in the proof of Theorem 4.3. Let U,V be open subsets of M
with U NV # 0. Let {¢p, pv} be a partition of unity subordinated to {U,V} on
UuvV.

(i) (The de Rham cohomology) Recall from (B.14) that there is a long exact se-
quence

s HYUUOV) S B O e HANV) D BRUAV) S B UUY) - (4.10)

Here

i"([w) = (Wlo, Wllv), 5" (W], [7]) = [rloey — wlvav].

The connecting homomorphism §* is defined in the following way. Let [w] € H*(UN
V). The pair of forms

(—d(pvw), d(ppw)) € QHU) & QH(V)

agree on U NV and hence they patch to a global form 7 € Q¥(U U V). Then
§*[w] £ [7]. Note that 7 is supported in U N V.

(ii) (Compactly supported cohomology) There is also a long exact sequence for the
compactly supported cohomology:

. . k
S HEUNV) B HRUY e B B HR O UV) S BN UNY) -

C
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This is induced from the short exact sequence
0= QUNV) S QM) e Qf (V) L QU uV) 0.
Here
(W) 2 (W], WD), (W], [7]) = [w+ 7.

The connecting homomorphism is explicitly given as follows. Let [w] € H¥(UUV).
The form 7 £ d(pyw) is compactly supported in U N'V. Then 6¥[w] £ [7].

The following fact is a simple application of the Mayer-Vietoris sequences.

Proposition 4.1. Suppose that M has a finite good cover. Then both H*(M) and
HY(M) are finite dimensional for every k.

Proof. We only the consider H*(M). The compactly supported case is treated
in a similar way. Let U,V be open subsets of M such that U, V,U NV are all
diffeomorphic to R™ (in particular, they all have finite dimensional cohomology
groups by the Poincaré lemma). The Mayer-Vietoris sequence (4.10) together with
the Rank-Nullity theorem shows that

HY U UV) 2 keri* @ Ims* = Imé* ™ @ Tmi*.
Since
dim(Imé*~1) < dim H*"4(U NV) < oo,
dim(Imi*) < dim H*(U) + dim H*(V) < oo,

one concludes that H*(U U V) is finite dimensional. The general case with more
than two open subsets follows by induction on the cardinality of the cover, which
is finite by assumption. ]

We now proceed to prove Theorem 4.2. The argument is parallel to the singular
case (cf. Section 3.3.3).

Proof of Theorem 4.2. (i) If M = R", the result is immediate from the Poincaré
lemma. Indeed, in this case one only needs to prove that the linear map

HOR™) — HM(R")*, f [w o /R fw]

is an isomorphism. But this is obvious since they are both isomorphic to R by the
Poincaré lemma and this map is clearly nonzero.

(ii) Let U,V be open subsets of M such that U,V,U NV are all diffecomorphic to
R"™. Consider the commutative diagram

S HMUUV) —— HRU) @ HY(V) —— HRUNV) =y B uV) — -

J A J B J c J (1)

sky*
co— HY RO UV)r — HFM RO @ HE R (V) — H?‘k(UﬂV)*<L)>H2_’“_1(UU V) —
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where the two rows come from the Mayer-Vietoris sequences and the vertical ho-
momorphisms are the Poincaré duality map. It is straight forward to check that
the squares A and B are both commutative. We claim that Square C is sign-

commutative, i.e.
/ WA 0T = i/ (ow) AT (4.12)
unv Uuv

for any w € QYU NV) and 7 € QU *YU U V), where §,d. are the connecting
homomorphisms in the previous long exact sequences (with superscripts omitted).
Indeed, by the explicit expression of . and the closedness of 7, one has

/ 0T Nw = / d(pyT) ANw
unv unv
= / (dpy) NTAw = (—1)degT/ T A (dey) A w.
unv

unv

In addition, by the explicit expression of § and the closedness of w (also noting that
dw is supported in U N'V'), one has

/UUVT/\(&U) :—/Umvr/\d(@vw) :—/Imvf/\(dgpv)/\w.

The relation (4.12) thus follows.
Now the Poincaré duality for U UV follows from the known cases for U, V, UNV
and the Five Lemma applied to the diagram (4.11).

(iii) As usual, for a manifold admitting a finite good cover, the result follows from
above cases and induction on the cardinality of the good cover.
O

Corollary 4.2. Suppose that M is a connected, oriented n-manifold which admits
a finite good cover. Then the integration map

/M;Hg(MHR, [w]H/MW

1S an tsomorphism.

Proof. According to Theorem 4.2, one has H*(M)* = H°(M) = R. Therefore,
H(M) = R. The claim follows by simply observing that the integration map [ M
is nonzero. [

4.3 The Thom isomorphism revisited

We discuss the Thom isomorphism from the perspective of de Rham cohomology.
In contrast to the singular case (3.17) which requires the knowledge of the Thom
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class, it is much easier to write down the inverse isomorphism in the de Rham case,
which is just integration along the fiber. In what follows, let (E, M, 7;R") be a
real, oriented vector bundle of rank r over a manifold M.

Definition 4.2. A differential form w € Q*(F) is said to have compact support
along the fiber if (m~'K) N suppw is compact for any compact subset K C M.
The complex of such differential forms is denoted as Q7 (F). The cohomology of
(Q,(E),d) is called the de Rham cohomology of E with compact support along the
fiber and it is denoted as HZ (E).

We now construct a linear operator
T UF(E) — QY(M) (4.13)

which is a natural generalisation of (4.6). Over a positively oriented trivialisation
Y7 'U — U X R", any form in Qf (F) is locally a linear combination of forms of
the following two types:

Type L: (7*¢) A f(z, t)dt" A--- Adt" with [ <7,

Type I1: (7*¢) A f(x, t)dt" A--- Adt",

where ¢ € Q*(M) and f(z,t) € C2(E|y). We define . by sending any Type I
form to zero and sending any Type II form

(T*Q) A fla,)dt' A~ Adt" ¢ [ flx, t)dt" A--- Adt"
R'r

Lemma 4.5. The operator w, is well-defined (i.e. it does not depend on the trivi-
alisation or the local representation of the form) and commutes with d.

The operator 7, is known as the integration map along the fiber. According to
Lemma 4.5, 7, descends to a homomorphism on corresponding cohomology groups.
The (differential) Thom isomorphism theorem is stated as follows.

Theorem 4.3. Let (E, M, 7;R") be a real, oriented vector bundle of rank r over a
closed manifold M. Then

Ty HZJT(E) — HJ(M)

s an 1somorphism for every j = 0.

Proof. The proof is parallel to the singular case (cf. Theorem 3.5). We extend
the claim to the situation where M has a finite good cover (see Appendix B.5;
recall from Theorem B.3 that every compact manifold has a finite good cover). If
E = U x R” where U is diffeomorphic to R", the claim can be proved in exactly
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the same way as in Section 4.1.3 (the Poincafe lemma for compactly supported
cohomology). Next, suppose that the claim is true for E|y, E|y and E|yqny. By
applying the Five Lemma to the following commutative diagram

< — HIIT(Bluov) — HLT(Ely) @ HET(Ely) — HET(Bluayv) -2 BT (Eluoy) — -

i HI(UUV) ——— HI(U)® HI(V) ———— HI(UNV) —2 HItH U UV) — -,
one concludes that the claim also holds for E|yyy. Here the bottom row is the
Mayer-Vietoris sequence (B.14) and the top row is defined similarly. Now let M be
a manifold with a finite good cover. One can choose a finite good cover which is at
the same time a positively oriented local trivialisation of E. The claim thus follows

by induction on the number of the members in the cover as well as the previous
steps. O]

Under the assumption of Theorem 4.3, let T : H*(M) — H2}"(E) be the inverse
of m,. Define
® £ T([1]) € H{,(E).

Then the integral of ® along each fiber of E' is equal to one. In addition, note that
T ((T*'w) Am) = w A Ten (4.14)

for all w € Q*(M) and n € Qf (F). The relation (4.14) can be easily proved using
local expressions, which is left as an exercise. By applying (4.14) to n = ® (more
precisely, any representative of @), one has

Te(T"W) AN P) =w AT P =w
for all w € Q*(M). As a result, the map T is explicitly given by
T(w) = (7"[w]) A ©.

Proposition 4.2. ® is the unique cohomology class in H.,(E) such that ®|, is the
generator of HL(E,) (the unique cohomology class whose total integral over E, with
respect to its given orientation is one) for every x € M.

Proof. Clearly, ® has the claimed integral property by definition. Suppose that &’
is another class satisfying the same property. According to the relation (4.14),

T(TwAD) =wAmd =w

for all w € Q*(M). It follows that T ([w]) = (7*[w]) A ®’. Taking [w] = [1], one
concludes that
o=T(1]) = (7*[1]) A D = .

This proves the uniqueness of ®. ]
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Definition 4.3. The map
T=m'=n()Ad: H (M) — H:"(E)

is called the (differential) Thom isomorphism. The cohomology class ® is called
the (differential) Thom class of E.

Remark 4.4. ® is the differential counterpart of the singular Thom class u in The-
orem 3.5.

4.4 The Poincaré dual of a submanifold revisited

In this section, we reexamine the Poincaré dual of a submanifold from the dif-
ferential perspective. We continue to use the same notation as in Section 3.5. In
particular, we consider a closed, oriented (n —1i)-submanifold A of a closed, oriented
n-manifold X.

Definition 4.4. The (differential) Poincaré dual of A is the unique cohomology

class [wa] € H'(X) such that
[oanea= [ @y
X A

for all [y] € H" (X)), where 1% : A — X is the inclusion.

The Poincaré dual [wy] is well-defined due to Theorem 4.2. Our goal of this
section is to show that [wa] coincides with the Thom class of the normal bundle of
Ain X.

Let N (respectively, T') be the normal bundle (respectively, a closed tubular
neighbourhood) of A in X. We may choose T such that T is diffeomorphic to N
(see Theorem 3.6 and Remark 3.10). As in Section 3.5.1, we orient 7" by X and
also orient N according to the convention

or(X) = or(A) @ or(N). (4.15)

Let ® € H{ (N) be the Thom class of N with respect to the above orientation.
Since N is dlffeomorphlc to T, one can view ® as a cohomology class in H Z(T)
hence a class in H'(X) by zero extension outside T. This class is denoted as .

The main result we shall prove is stated as follows, which is the differential
counterpart of Corollary 3.1.

Proposition 4.3. The Poincaré dual of A equals the Thom class of N, i.e. [wa] =
P.
Proposition 4.3 follows from a product integration formula which we first discuss.
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Definition 4.5. Let E be a real, oriented vector bundle of rank r over an oriented
n-manifold M. Pick any positively oriented local trivialisation {(U,, )} of E,
where {(U,, ¢a)} is a positively oriented atlas of M. The local product orientation
of F is defined by claiming that

{ﬂ-_l(Ua)v (Spa o, P20 %)}

is a positively oriented atlas of E (in the manifold sense). Here ps denotes the
projection of U, x R” onto the R"-component.

Remark 4.5. For the normal bundle N (or the tubular neighbourhood T'), the local
product orientation is consistent with the convention (4.15).

Lemma 4.6 (Product Integration Formula). Let E be equipped with the local prod-
uct orientation under the setting of Definition 4.5. Then one has

[EWT)AW:/MTA(W)

for all 7 € QE(M) and w € QI (E) provided that p + q = n + r, where 7, is the
integration map defined by (4.13).

Proof. Left as an exercise (Hint: work locally and consider Type I and Type II
forms separately). ]

Proof of Proposition 4.3. Let n be an arbitrary closed (n — i)-form on X. Since

o

A is a deformation retract of T', one has 7*(:4)* = id on H*(T). As a result,
(¢7)*n = 7*(¢X )*n + dr for some 7 € Q*7~H(T). Since ® is compactly supported in

T, one has
/7]/\@:/77/\(1):/W*(L)A(>*77/\q)+/d7'/\q).
X T T T

According to Stokes’ theorem and the fact that ® = 0 on 97,

/TdT/\@Z/Td(r/\cb):O.

In addition, according to Lemma 4.6 and the characterisation of the Thom class,

[w@rmne = [ @yannse = [ @y

Jond= [ wirn

The claim thus follows from the definition of [w].

Therefore,
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4.5 Intersection product formula revisited

The differential counterpart of the intersection product formula (cf. Theorem 3.7)
can be derived easily by using the Thom class. We assume the same set-up and
notation as in Section 3.6. In particular, A, B are closed, oriented submanifolds of a
closed, oriented n-manifold X with dimensions n —i, n — j respectively. We assume
that A intersects B transversally and orient the submanifold A N B according to
the convention described at the beginning of Section 3.6. Let [wal, [wg], [wans]| be
the differential Poincaré dual of A, B, AN B respectively (see Definition 4.4). The
following result is the differential counterpart of Theorem 3.7.

Theorem 4.4. [wang| = [wa] A [wg].
Before proving Theorem 4.4, we first state a simple property of the Thom class.

Lemma 4.7. Let E| F be real oriented vector bundles over M. We orient E® F' by
the direct sum orientation. Let ®(E), ®(F),®(E & F) denote their Thom classes
respectively. Then

OEDF)=mP(E)ANT3P(F),

where T : E®F — E and 7o : E® F — F are the projections.
Proof. One has

f., ewamem)l= ([ o)< ([ ewi)=1

The result follows from the characterisation of the Thom class (see Proposition
4.2). O

Proof of Theorem 4.4. Let N4, Ng, Nanp be the normal bundles of A, B, AN B in
X respectively. Under the orientation convention (3.19) for normal bundles as well
as the orientation convention for A N B, it is easily seen that

Nanp = Ny @ Np

as oriented vector bundles. The result thus follows from Lemma 4.7 as well as the
identification between the Poincaré dual and Thom class (Proposition 4.3).
O

4.6 The Euler class and global angular form: a geometric
construction in rank two

Let (E, M,m;R") be an oriented vector bundle where M is a manifold admitting a
finite good cover (so that Theorem 4.3 applies). The differential counterpart of the
Euler class is defined as follows (cf. Definition 3.13).
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Definition 4.6. The (differential) Euler class of E is defined by e(E) = si® €
H"(M), where so : M — E is the zero section and @ is the Thom class of .

In this section, we give a geometric construction of the Euler class in the case
when r = 2. We assume additionally that F is equipped with a (fiberwise) Eu-
clidean metric. A key insight is that the pullback of e(E) to By = {u € E : u # 0}
is represented by an exact form dW¥. This form ¥ has the essential property that
the integral of its restriction to the unit sphere in (Ep), is equal to —1 for every
x € M. By using these properties of ¥, one can obtain a simple construction of
the Thom class .

Let {U,} be a local trivialisation of E. Suppose that a local PONF is defined
on each U,, so that one can consider polar coordinates

(Towea) : (E0)|Ua — (07 OO) X Rmod 21

of elements in E, with respect to U,. For any «, f with U, N Uz # (), there is a
well-defined smooth function g, (up to a constant multiple of 27) such that

03 = bo = T P50 (4.16)

where 7 : By — M is the projection map. More precisely, g, is the counterclock-
wise rotation angle from the a-coordinate system to the (-coordinate system. If
pga - Uy NUg — SO(2) are the transition functions of £, one has pg, = elPpa

Lemma 4.8. There exists a 1-form &, on U,, such that

1
- Qo — —d o
§8 = Sa =5 _-dps
on any U, NUsz # 0.
Proof. Let {1} be a partition of unity subordinated to {U,}. Define

1
ba 2 5D ypay.
Y

Then one has

1
£ — &a = o Z Uyd(Pgy = Par)-
¥
The main observation is that

Py = Ppa + Pay (mod 27),
and hence d(¢gy — Yay) = dppa. It follows that

1 1
& — 6o =5 Z Urdpsa = 5—dga.
This prove the claim of the lemma. ]

94



Lemma 4.8 shows that d{, = d¢z on U, N Us. Therefore, they define a global
2-form e € Q*(M). Note that e needs not be exact, since the £,’s may not patch
to a global 1-form on M.

Remark 4.6. If £ is trivial, one can choose ¢g, to be a constant function. In this
case, e = 0. As a result, the form e measures the nontriviality (twisting) of the
bundle E to some extent. As we will see, e is a representative of the Euler class.

Next, one observes from the relation (4.16) and Lemma 4.8 that

mMo€s — Moba = 5-dmopsa = 5—(dbls — dba).
Equivalently, one has
1 . 1 *
As a consequence, the forms —%d@a + 1€, patch to a global 1-form U € Q(FEy)
which is called the global angular form.

Lemma 4.9. One has d¥ = wje. In addition,

/ EU =1
S(E.)

for every x € M. Here S(E,) is the unit circle on the fiber E,, which is oriented
according to the convention that

or(E,) = “outer normal’ & or(S(E,)).
The map i, : S(E,) — Ey is the inclusion.

Proof. The first claim follows immediately from the definitions of e and W. For the
second claim, let x € U,. Noting that i;m;¢, = 0, one has

1 27
/ M:——/ 40, — —1.
S(Eq) 21 Jo

The result of the lemma thus follows. O

One can easily construct a representative of the Thom class by using the global
angular form V. Let
r:E—10,00), 7(u) 2 |u|g

be the radial function defined by the metric of E.
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Proposition 4.4. Let 1 : [0,00) — [0,00) be a smooth function such thatn =1 on
[0,1/2] and n =0 on [1,00). Then the form

d(n(r)W) =n'(r)dr NV + n(r)mye (4.17)

extends smoothly to a global 2-form on E with compact support along the fiber. In
addition, ¢ is closed and [¢] is the Thom class of E.

Proof. The form n/(r)dr A ¥ is well-defined near the zero section because 7' = 0
near the origin. The form n(r)nje naturally extends n(r)m*e on E. This shows that
¢ is well-defined. The support property of ¢ is obvious. The closedness of ¢ follows
from the relation d¥ = 7je. Finally, one has

/Ezi;gb: (/Ooon’(r)dr> A (/S(EI)\IQ —1

for every x € M. It follows from Proposition 4.2 that ¢ is a representative of the
Thom class. [

Corollary 4.3. The form e is a representative of the Euler class e(E).

Proof. 1t is clear from the construction (4.17) of ¢ that
So0 = symie = e.

Since [¢] is the Thom class, it follows from the definition of the Euler class e(E)
that [e] = e(FE). O

Remark 4.7. The extension of the above construction to the higher rank case will
be treated in Section 7.4 using the Chern-Weil theory. This is the heart of the proof
of CGB from the Chern-Weil perspective.

4.7 The de Rham theorem

In these notes, we have been switching between singular and de Rham cohomologies
freely. For instance, we used singular cohomology theory to address the Lefschetz
fixed point formula while we will mostly work with the de Rham cohomology when
we develop various geometric-analytic approaches later on. The aim of this section
is to establish a fundamental theorem of de Rham, which asserts that for a closed
manifold the singular cohomology with real coefficients is canonically isomorphic
to the de Rham cohomology. This theorem justifies the equivalent usage of the two
cohomology theories. The main theorem we shall prove is stated in Theorem 4.5.
The modern approach to the de Rham theorem is based on sheaf theory (cf.
[War83]). In this section, we present an elementary proof of this theorem following
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the excellent exposition of [ST67]. A nice benefit of this approach is that one gains a
concrete and explicit understanding about this isomorphism. A small disadvantage
is that one has to work with the simplicial cohomology instead (which in turn
relies on the combinatorial structure of a triangulation). The isomorphism between
the simplicial and singular cohomologies follows from standard algebraic topology
argument and will be addressed in Appendix A.7.

4.7.1 Simplicial homology and cohomology

We will define the simplicial (co)homology of a closed manifold M in terms of a
triangulation of M as a simplicial complex (cf. Definition 1.4). We first introduce
the notion of orientation for a simplex (cf. Definition 1.2).

Definition 4.7. Let s = (vo,v1,--- ,v;) be an open k-simplex. We identify two
representations (orderings)

(/Ui07 e 7U’ik) ~ (Ujm e ?Ujk)

of s if (ig, -+ ,ix) is an even permutation of (jo,--- ,Jx). An orientation of s is a
choice of one of the two equivalence classes. An oriented k-simplex is an open k-
simplex s together with a given orientation. We denote it as (s) = (vg, - - - , vy) if the
underlying orientation is given by the equivalence class of the ordering (vg, - - - , vg).

Let K be a simplicial complex in the sense of Definition 1.3. As a standard
route, in order to define the simplicial homology, we shall construct a (simplicial)
chain complex together with a boundary map. These are defined as follows.

Definition 4.8. For each k > 0, we define the k-th simplicial chain group of K
over R to be the real vector space generated by the (simplicial) k-chains, namely,

Ci™(K;R) = Span{(s) : s € K,dim s = k}.

In other words, {(s) : s € K,dim s = k} is a basis of C§™(K;R) and every element
of C™(K;R) is uniquely expressed as

c= Z As(s),

seK:dim s=k
where all but finitely many A\, € R are zero.

Remark 4.8. We do not specify a preferred orientation of each s in the above
definition. If s = (v, v1,- -+ ,vx), one has (vg, vy, v, -+, vk) = —(V1,V0, U2, -+ + , Vg)-

97



Definition 4.9. We define the boundary map O5™ : C3™(K;R) — C3™ (K;R)
(k > 0) to be the unique linear map satisfying

k
M (v, -+, up) = Z(—l)j@o,--- )

for any k-simplex (vg, - -- ,v;) in K. As a convention, we set C*(K;R) = {0} and
thus 9§™c = 0 for all ¢ € Cy(K;R).

It is elementary to check that (95™)* = 0. As a result, one obtains a chain
complex of real vector spaces

B o R) T o (KGR) B B o R) T G (KGR) — 0.

As usual, one can construct the homology groups associated with this chain com-
plex.

Definition 4.10. For each k& > 0, we define
Z7™(K;R) £ {c e C}™(K;R) : 9c = 0},
B™(K;R) £ {0°™c: c e CPY(K;R)}.

Elements of Z3™(K;R) (respectively, Bi™(K;R)) are called (simplicial) k-cycles
(respectively, k-boundaries). It is clear that B{™(K;R) is a subspace of Zi™(K;R).

The quotient space

. Zsim(K. R)

Hsun KR é k. )
k ( ) ) lem(K, R)

is called the k-th simplicial homology group of K with real coefficients.

Remark 4.9. Since K consists of finitely many simplices, the spaces Z3™, Bsim i
are all finite dimensional. In addition, C§™ (hence H™) is zero if k > dim K.

Example 4.1. The following computations are left as an exercise.

(i) K is the boundary of a triangle:
Hi™ >~ [im >~ R H™ =0 for all k> 2.
(ii) K is a (closed) solid triangle:
H™ >R, Hi™=0forall k> 1.
(iii) K is the boundary of a tetrahedron:

Hi™ = g5m =R H5™ = [5™ = for all k > 3.
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A basic topological feature of a simplicial complex is the Euler characteristic.

Definition 4.11. The (combinatorial) Euler characteristic of a simplicial complex
K is the integer defined by

dim K

X(K) 2> (=1)*8,

k=0
where 38, = dim H{™(K;R) is known as the k-th Betti number of K.

Remark 4.10. Of course, x(K) is just the (topological) Euler characteristic of the
underlying topological space |K|. This is a consequence of the fact that the sim-
plicial and singular homologies are isomorphic (see Theorem A.3).

Proposition 4.5. One has
dim K
X(K) =Y (=1)Fy,
k=0
where oy, denotes the number of k-simplices in K.

Proof. Let n = dim K. According to the Rank-Nullity Theorem, one has
oy = dim Z3™ + dim Bj™

for every k = 0,1,--- ,n (B £ {0} by convention). By the definition of y(K),
one has

X(K) = (=1)¥(dim Z™ — dim By™)

k=0

=) (=1)*dim Z;™ + z:(—l)'C dim Bi™ (because B:™ = {0})
k=0 k=1

= dim Z5™ + > " (—1)* (dim Zg™ + dim Bj™)

k=1

=> (1o

k=0
The result thus follows. O

By dualising the previous constructions, one is naturally led to the consideration
of simplicial cohomology. As before, let K be a simplicial complex.
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Definition 4.12. The space of (simplicial) k-cochains is defined by C% (K;

Csm(K;R)* (the vector space dual of C§™(K;R)). The coboundary map 8:1111 :
Ck (K;:R) — C*1(K;R) is the unique linear map satisfying

(0%me) () = (8°™c)

for all ¢ € C% (K;R) and ¢ € C3 (K R).

S1m

R) £

It is clear that (9%

sium

)2 = 0. One can therefore introduce the following definition.

Definition 4.13. The k-th simplicial cohomology group of K with real coefficients
is the quotient space

W(KR)
Hk K R sim )
where
sun { 1m90 Csﬁm1<K R)}

are the space of (simplicial) k-cocycles and k-coboundaries.

Proposition 4.6. H: (K;R) is canonically isomorphic to Hi™(K;R)*.

S1um

Proof. Left as an exercise. ]

Remark 4.11. One can also consider simplicial (co)homology over other coefficient
rings. We choose to work with real coefficients because our aim is to establish its
relation with the de Rham cohomology (over R).

We conclude this subsection with a useful formula for the coboundary map 9%,,.
Given a k-simplex s € K, we define (5 € C% (K;R) by

sim

w@w»é{iLixizi@?

for any (t) € C™(K;R).

Lemma 4.10. For any k-simplex s = (vg,- - ,v;) € K, one has

amm(p = ZQO(UWO,'“,U)@)? (418)

where the above summation is taken over all vertices v € K such that (v,vg, -+ , vg)
is a (k+ 1)-simplex in K.
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Proof. Let (t) = (wp, -+ ,wky1) by any oriented (k4 1)-simplex. By the definition

of 0%,,, one has
(a:im(p(vm",vk)) (<t>) = @(vm-",vk)(aSim@))
k+1
= > (=1 Py (w0, -+ 1y, wiya)). (4.19)
=0
The above expression is nonzero if and only if s is a face of ¢, say t = (v, vg, -+, vx)

for some additional vertex v € K. If (t) = (v,vg, -+ ,vg), the RHS of (4.19) is
equal to 1 and the same is true for the RHS of (4.18) applied to (t). If (t) =
—(v, v, -+ ,vx), both quantities are equal to —1. Therefore, the relation (4.18)
holds. [

4.7.2 The de Rham isomorphism

Let M be a closed n-manifold. We fix a smooth triangulation (K, h) of M in the
sense of Definition 1.4 (which always exists according to [Mun66]). In particular,
h :|K| — M is a homeomorphism and for each s € K, the map Al extends to a
smooth embedding h, : U — M on a neighbourhood U of s in the subspace where
s lives.

Our aim is to establish a canonical isomorphism between HE, (M) (de Rham
cohomology) and HE_(K;R) (simplicial cohomology). From now on, we will omit
the sub/superscript “sim” in all objects related to the simplicial cohomology. The
reader should be aware that we are always working with the simplicial (rather than
singular) setting in the following discussion.

To build a homomorphism Zj : HY; (M) — H*(K;R), a standard route (from

the perspective of homological algebra) is to construct a chain map
L. : (' (M), d) — (C*(K;R), 8%),
namely, a linear map Zy, : Q%(M) — C*(K;R) for each k satisfying
9" 0Ty = Tpsr o d. (4.20)

Here Q*(M) = {Q¥(M)}ock<n is the de Rham complex of differential forms on M
and d is the exterior derivative operator. Once this is achieved, it is immediate that
7y descends to a homomorphism Z; on cohomology.

Construction of 7,

The definition of Zj, is nearly immediate. Let w € QF(M). We define Z(w) €
C*(K;R) by setting

To(w)((s)) 2 /< K (5 € G (4.21)
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and extend the definition linearly. To be more precise, recall that hy, : U — M is a
smooth embedding where U is a neighbourhood of [s] = [vp, - - - , vg] in the subspace
S of [s]. We orient U by declaring that

{v1 —vo, -+, vk — vo} (4.22)

is a positive basis of S. The integral on the RHS of (4.21) is then understood
in the usual differential geometric sense (cf. Appendix B.6) as the integral of a
k-form hfw on a regular domain [s] in an oriented k-manifold U. If one writes
hiw = gdz' A -+ A dz” for some g € C*®(U) where (2%)1<;<x are the coordinates
with respect to the basis (4.22), then

/ h:w:/ gdx' - - - da*
(s) [s]

Remark 4.12. The intuition behind Z; is very simple: the action of a k-form w on
any oriented k-simplex (s) is just defined to be “the integral of w over (s)”.

as a Lebesgue integral.

Lemma 4.11. Z, = {Zy }o<k<n S a chain map, i.e. il satisfies the relation (4.20)
for every k.

Proof. Let w € QF(M) and (s) € Cry1(K;R). By the definition of Z;, and Stokes’

theorem (see Theorem B.4), one has

Tt (dw)((s)) = / e (dw) = / dhiw = / B = Ti(w) (0(s)).
(] [s] a[s]
This proves the relation (4.20). O

_ As a consequence of Lemma 4.11, the map Z; descends to a homomorphism
Ty, : HY% (M) — H*(K;R).

Theorem 4.5 (The de Rham Theorem). 7y, : Hi; (M) — H*(K;R) is an isomor-
phism for every k.

The proof of the de Rham theorem relies on the following two key lemmas: one
for surjectivity and the other for injectivity.

Lemma 4.12 (Surjectivity Lemma). For each k, there exists a linear map ay :
CHK;R) — QF(M) such that Tj, o a = id and d o oy, = ayq 0 0%,

Lemma 4.13 (Injectivity Lemma). Suppose that w is a closed k-form and Iy (w) =
0*p for some p € C*1(K;R). Then there exists a (k—1)-form T such that dt = w.
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We now complete the proof of the de Rham theorem, presuming the correctness
of the above two lemmas. The proofs of these two lemmas will be given in the next
two subsections.

Proof of Theorem 4.5. Let [¢] € H¥(K;R). Define w = ax(p) € QF(M). Since
0*p = 0, Lemma 4.12 shows that w is closed and Zy(w) = . Therefore, Z;,([w]) =
[¢]. This proves the surjectivity of Z.

Let Z([w]) = 0. Then one has Zy(w) = 9*¢ for some ¢ € C*1(K;R). It
follows from Lemma 4.13 that w is exact (in particular, [w] = 0). This proves the
injectivity of Zj.

[

Remark 4.13. Different triangulations of M induce isomorphic simplicial cohomol-
ogy groups; in fact, they are all isomorphic to the singular cohomology (see Ap-
pendix A.7).

4.7.3 More on simplicial complex

Before proving the two key lemmas, we need to introduce a few more notions from
simplicial complex.

Definition 4.14. Let (s) = (vg,--- ,vx) be an open k-simplex. For each z € (s),
there is a unique vector (b, - - - , by) such that

k k
bi > 0, sz =1land x = Zbﬂ)z
=0 =0

The number b; is called the barycentric coordinate of x with respect to the vertex
v; in (s).

Let K be a simplicial complex of dimension n, whose topological point set is | K.
For each 0 < r < n, we use K" to denote the r-skeleton of K, i.e. the subcomplex
consisting of all simplices with dimension < r. Let K° = {vy,--- ,v,,} denote the
vertex set of K.

Definition 4.15. We define a coordinate function b = (by,--- ,b,,) : |[K| = R™ in
the following way. Let x € |K|. There is a unique (s) = (vj,,--- ,v;,) € K such
that = € (s). We then define b;,(z) (0 < [ < k) to be the barycentric coordinate of
x with respect to v;, in (s) and set b;(z) £ 0 if j & {ig, - ,ir}-

Lemma 4.14. (i) The function b; : |K| — R is continuous for every j.

(iti) x = > bj(x)v; for every x € |K].

103



() Let {ig,--- ,ix} € {0,---,m}. Then b;y(z)---b; (x) # 0 for some x € |K]| if
and only if (vi,, -+ ,v;,) € K.

Proof. Left as an exercise. ]

A benefit of working with a simplicial complex is that one can construct an

open cover in a quite explicit way. Given (s) = (viy, - ,v;,) € K, we define the
star of s by
St(s) £ U .
(t)eK:

(s) is a face of (¢)

Lemma 4.15. (i) St(s) is an open subset of |K|. In addition, x € St(s) if and
Only Zf bio(‘r) T blk(x) 7é 0.
(ii) {St(v) : v € K%} is an open cover of |K]|.

Proof. Left as an exercise. ]

4.7.4 Surjectivity lemma

We now formulate and prove a slightly stronger version of the surjectivity lemma.
To ease notation, we will omit the homeomorphism h and simply identify |K| with
M. Recall that [, w = Ty(w)((s)) for any (s) € Cx(K;R) and w € Q*(M).

Lemma 4.16. For each k, there exists a linear map oy, : C*(K;R) — QF(M) such
that the following properties hold true.

(1) Iy o oy, = id.

(ii) d o a = a1 © 0.

(iii) For each (s) € Cy(K;R), ar(pe) is compactly supported in St((s)). In par-
ticular, a(@(sy)z = 0 for any x € Kk1

Proof. (i) Construction of partition of unity.

The main input we shall use to construct forms on M is a partition of unity.

Recall that {vy,--- ,v,} is the vertex set of K. For each j, consider the sets
F 2 {ae K] by(x) > —— b2 {eelr bya) > —— }
2l 2bi(x) = , . =< L0\ =2 3
J J n+1 J J n+2

where n £ dim K and b; : |K| — R is the function introduced in Definition 4.15.
It is clear that F; C G; C St(v;).
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We claim that {F; : 1 < j < m} is a cover of M. Indeed, let x € |K|. Then
z € (s) = (viy, - ,v;,) for some (s) € K. Since
k k
xr = Zbiz (x)vy,, Zbil(x) =1,
1=0 1=0

there is some [ such that

1 1
(@) 2 3 2w
Therefore, x € F;,.

Now pick a smooth function 0 < f; < 1 such that f; =1 on Fj and f; = 0 on
GS. Define g; £ % Since {F}} is a cover of M, the function g; is well-defined.
It is clear that {g;} is a partition of unity subordinated to {St(v;) : 1 < j < m}
and g; is compactly supported in St(v;).

(ii) Construction of ay.

It is enough to specify a(p(s) for each (s) = (viy, - ,v;,) € Cp(K;R). We
define

k
k(i) = k! Z(—l)lgildgio A Ndgi, N+ Ndg,
1=0
According to Lemma 4.15 (i), one has
k
St(s)° < | &g,
1=0

Since g;, vanishes on Gf by construction, it follows that ai(p()) is compactly
supported in St(s).

(iil) d o a, = vyq © O*.

Fix (s) = (viy, - -+ , v, ). By the definition of oy, one has

doap(pw) = (K + 1dgiy A--- A dg,. (4.23)
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On the other hand, according to Lemma 4.10,

!
1 © O (9(s)) =1 Z 90<vj,mo,~~,vik.>)
!
:(/{; + 1)' Zj (gjdgio A A dglk

k
+ 3 (1) g dg; Adgiy A Adg, A Adgy,),  (4.24)
1=0
where Z; denotes the summation over all vertices v; € K such that (vj, viy, -+, v;,)

is a (k4 1)-simplex in K.
The main observation is that the above summation is the same is the one taken
over all j & {ig, - ,ix}. Indeed, let v; € K°\{v;,,-- ,v;, } and suppose that

(95dgio A -~ N dgi)a # 0
for some x € |K|. Then
x € St(v;) N St(viy) N -+ N Sty ).
According to Lemma 4.15 (i), one has
bj(x)biy(z) -+ b, (z) # 0.
It follows from Lemma 4.14 (iv) that (vj, v, - ,v;,) € K. As a consequence, for
those v;’s where (v;, v4y, - -+ ,v;,) does not form a simplex, one must have

9idgi, N\ -+ Ndg;, = 0.

Similarly, the form g;,dg; A dgiy N\ -+ A d/g; A --- Adg;, is also identically zero for
the same v;’s.
Now one can rewrite the j-summation on the RHS of (4.24) as

k
> (gidgio A+ Ndgi + > (1) gidg; Adgiy A+ Ndgi, A< Adgy,)
]%{ZO,,’L}C} =0

k
= ) gidgin A Adgi+ > (=D gidg; Adgig A Ndgi A Adgs,
J¢{io, ik} =0 J#u

k
= Z g]dglo AR /\dgzk +Z(_1)lgndgu /\ng0 /\/\dg” /\/\dgzk
J&{i0, ik} 1=0

k
= Y gidgi Ao Adgi, + Y gidgio A Adgi A Adgg,
i {io, ik} 1=0

=dgi, \--- Ndgi,, (4.25)
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where we used the fact that > ;95 = 1 to reach the second and last equalities. The
relation

doar(prsy) = arp1 00" (w))
follows by substituting (4.25) into (4.24) and comparing the result with (4.23).
<1V) Ik O ) — id.

We prove this claim by induction. For & = 0, one has by definition that
(@) = g;- It follows that

/< ofitey) = 5(04) = Bk = 20 ()

for any v, € K°. Therefore, Z; o (L)) = Ploy)-
Suppose that the claim is true for ay_;. We want to show that

)1, i () = (s);
/ >ak<so<s>>—{07 2 (4.20

for any (s), (t) € Cyx(K;R). The case when (t) # (s) is obvious because ax(p(s) is
compactly supported in St(s) and hence vanishes identically on a neighbourhood

of [t]. For the other case, write (s) = (v;,,--- ,v;,) and consider the simplex (r) =
(Viy, -+ ,v;,). According to the relation we proved in Step (iii) and the induction
hypothesis,

/ ak(3*<ﬂ<r>)=/ d(ar-1(¢w))) =/ r-1(pwy)
(s) (s) a(s)
=/<>Oék1(90<r>) =1

On the other hand, by Lemma 4.10 and the second case of (4.26), one also has

. /
/<> ak<a @(r)) = /<> O‘k«p(s)) + Zj /<> Oék(@(vj,vil,'“,vik))u

where the summation is taken over those vertices v; # v;, such that (v;, v;,, -+, v;,)
is a k-simplex of K. But none of these simplices would be equal to (s). As a result,
the above Z;—summation is zero. It follows that |, (s) ai(p(sy) = 1, which proves the

first case of (4.26). The induction step is therefore complete. O

4.7.5 Injectivity lemma

The proof of the injectivity lemma relies crucially on the idea of extending closed
/ exact forms from lower to higher dimensional skeletons. We first summarise the
key lemma that achieves this purpose.
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Lemma 4.17. (i) Let w be a closed k-form defined near 0[s], where (s) is a given
[-simplex. Suppose additionally that

/ w=0 (4.27)
a(s)

in the case when | = k + 1. Then there exists a closed k-form 7 defined near [s],
such that T = w near J[s].

(ii) Let w be a closed k-form defined near [s], where (s) is a given l-simplex. Suppose
that w = dt near d[s] for some (k—1)-form T defined near d[s|. Suppose additionally

that
(s) A(s)

in the case when | = k. Then there exists an (k — 1)-form 7" defined near [s|, such
that 7" = 7 near 0[s] and w = d7’ near [s].

Remark 4.14. The condition (4.27) is necessary because if such a 7 exists, one must

have 0_/dT_/ T_/

by Stokes’ theorem. In a similar way, the condition (4.28) is also necessary.

Proof. We use (A)g (k > 0) to denote Property (i) and (B), (k > 1) for Property
(ii) respectively. Our plan is to prove that

(Ag) = (B); = (A); = (B)y = ---

(1) Justification of (Ay).

In this case, w is a function defined near 9d[s]. If [ > 1, by the closedness of w
it must be constant near d[s|. One just takes its obvious (constant) extension to a
neighbourhood of [s]. If I = 1, say (s) = (v, v;,). The condition (4.27) becomes
w(viy) = w(v;, ). This allows one to extend w constantly to a neighbourhood of [s].

(i) (A)p-1 = (B)s.

Let w be a closed k-form defined near an [-simplex [s] and suppose that w = dr
for some (k — 1)-form 7 near J[s]. Since [s] is star-shaped, one knows from the
Poincaré lemma (see Lemma 4.2) that w = dry for some (k — 1)-form 7 near [s].
Note that 73 — 7 is closed near J[s]. In the case when [ = k, one also has

Ju =y L= e
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by assumption. It follows from Hypothesis (A);_; that there exists a closed (k—1)-
form o defined near [s] such that 0 = 7, — 7 near J[s]. Setting 7/ & 7, — o, it is
plain to see that 7/ = 7 near 0J[s| and

dr' =dn —do=w—-0=w

near [s]. This proves the claim (B)y.
(i) By = (A)g.

Let w be a closed k-form defined near J[s| for some [-simplex (s) = (v, ,v;,).
The key point is to show that w is exact near J[s], i.e. w = du for some (k — 1)-

form p defined near 0[s]. Presuming this is true, let f be a bump function which
is supported inside the domain D of p and equals one near J[s|. Define

T é d(fﬂ)7 on Da
0, on D°.

It is apparent that 7 is a well-defined closed k-form on M. In addition, one has
T=df N\p+ fdu=0ANp+1 -w=w

near J[s|. This proves the extension property (A)y.

Now it remains to prove the exactness of w near J[s]. To this end, let ()
(viy, -+ ,v;,) and choose a star-shaped neighbourhood V' of [s]\(¢) with respect to
the vertex v;,. According to the Poincaré lemma again, there exists u; € QF1(V)
such that w = dpy on V. This in particular holds near J[t]. In the case when
| =k +1, setting ¢ 2 9(s) — (t) € C,(V;R) one also has

/w—/ ulz/w+/u1=/w~l—/w:/ w=20
() a(t) 0) dc () c d(s)

by assumption. It follows from Hypothesis (B); that there exists a (k — 1)-form ps
near [t] such that pus = p; near J[t] and w = dus near [t]. As a consequence, the
forms gy and py patch to a well-defined form p near 0[s| which satisfies w = du
near 0J[s]. O

4

We are now in a position to prove (a slightly stronger version of) the injectivity
lemma.

Lemma 4.18. Suppose that w is a closed k-form and Iy(w) = 0*p for some ¢ €
C*YK;R) (k > 1). Then there exists a (k — 1)-form 7 such that dT = w and

f(s> T = for any (s) € Cr_1(K;R).
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Proof. The main strategy is to construct a sequence 79,7, - , 7, of (k — 1)-forms
inductively with the following properties.

(i) 7; is defined near |K!| and dr; = w near |K!|.
(ii) 7, = 7_1 near |K'1.
(iii) [y 7o-1 = ©((s)) for any (s) € Cp_1(K;R).
To construct 7y, we cover K° by disjoint balls and apply the Poincaré lemma to
obtain a (k — 1)-form 7} defined near |K°| such that dr} = w near |K°|. If k # 1,
we just define 7o = 75. If k = 1, we set
70 = T(l) + f,
where f is the locally constant function defined near |K°| by
Foy) £ p(v;) = 1(vy), v € K°.

It is readily checked that 7, satisfies the required properties.

Suppose that 7y, -+, 7,1 have already been constructed. Given any [-simplex

(s) € K, one has drj_1 = w near J[s]. If | = k, by applying the assumption of the
lemma and Property (iii) for 7;_;, one also has

/(S> w = p(0s)) = /8 R

It follows from Lemma 4.17 (ii) that there exists a (k — 1)-form 7;(s) defined near
[s], such that
7(s) = 11 near J[s], dm(s) = w near [s]. (4.29)

The property (4.29) allows one to patch the forms {7;(s)} to a well-defined (k — 1)-
form 7/ near |K!| which satisfies Properties (i) and (ii).
If | # k — 1, we just define ; £ 7/. If | = k — 1, we adjust 7/_, by setting
Tk—1 2 7-l/c—l + ak—1(¢)>
where 1 € C*}(K;R) is defined by
SN 2 o) = [ s () € el
This precisely ensures that Property (iii) holds for 7,_;. In addition, since a_1(1))
vanishes near |K*7?| (see Lemma 4.16 (iii)), one has 74,1 = 74_o near |K*72.
Finally, one also has
di_l = dTI/g—l + dak_l(w)
=dr_+a(0™Y) =dr_, =w
near |K*~1|, because ay(0*1) vanishes identically near |K*~1|. Therefore, 75,_; sat-
isfies Properties (i), (ii) and (iii). O
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4.7.6 Summary of singular and de Rham correspondence

Let D : H*(M;R) — H} (M) be the actual isomorphism between singular and de
Rham cohomologies (inverse of Z, in Theorem 4.5 composed with the isomorphism
between simplicial and singular cohomologies). Here H*(M;R) refers to the singu-
lar cohomology with real coefficients. It can be shown that D is a ring isomorphism
with respect to the (singular) cup and (differential) wedge products respectively. If
M is assumed to be oriented, one also has

| Da= (a1

for all a € H"(M;R), where [M] is the fundamental class of M.

All results we developed so far in both the singular and de Rham settings are
consistent under the de Rham theorem. For instance, the de Rham image of the
singular Poincaré dual Py'([A]) of the submanifold A (Definition 3.5) is the dif-
ferential Poincaré dual [wy] (Definition 4.4). The de Rham image of the absolute
singular Thom class u¥ (Corollary 3.1) is the differential Thom class ® (Proposition
4.3). More generally, the de Rham image of the singular Thom class (respectively,
singular Euler class) of a vector bundle is the differential Thom class (respectively,
differential Euler class). For the Thom class, one shall invoke the following version
of de Rham isomorphism:

There is also a relative version of de Rham isomorphism:
H*(T,0T;R) — Hix(T,0T),

where T is the closed tubular neighbourhood in the earlier submanifold context
and Hix (T, 0T) is the relative de Rham cohomology group (the cohomology of forms
whose pullback to the boundary vanish). This relative de Rham isomorphism sends
the singular Thom class ur (Section 3.5.2) to the previous differential Thom class
P (viewed as a relative de Rham class in Hiy (T, 0T)).
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5 The original intrinsic proof of S.S. Chern

In this chapter, we discuss Chern’s original intrinsic proof of the CGB theorem in a
self-contained way following Chern’s original paper [Che44] (cf. [CW93]). Through-
out this chapter, let M be a closed, oriented Riemannian manifold of dimension
n = 2m. Recall from Definition C.2 that the Riemann curvature tensor is given by

R(X,Y)Z 2 VxVyZ —VyVxZ —VixyZ

for X,Y,Z € I'(T'M). In this chapter, V always denotes Levi-Civita connection.

5.1 The Chern-Gauss-Bonnet theorem

In this section, we formulate the CGB theorem and summarise the essential idea
behind Chern’s intrinsic proof.

5.1.1 The Euler form

The key concept appearing in CGB is the so-called Euler form which we shall first
define.

Let e = {e1, -+ ,e,} be a local PONF defined on some open subset U C M.
In other words, {ei(x), - ,e,(z)} is a PONB of T, M at every « € U. To see the
existence of such a frame, one can for instance take a star-shaped open set U and
parallel transport an ONB of T,- M at the center x* of U along rays emitting from
x*. Let {n',---n"} be the dual frame field of {es,--- ,e,}, i.e. n° € QY(U) with
n'(e;) =0y

Let A = (A])1<i j<n be the local connection matriz of V defined by

Ve, = Al @e;. (5.1)

One can write Ag = Fiink, where F{“. are the Christoffel symbols of V with respect to
{e;},1.e. Vg e = Fiiej (cf. Section 6.9.5). We will use matrix notation exclusively.
For instance, n is viewed as an n x 1 column vector and w is an n X n matrix.

The characterising properties of the Levi-Civita connection are summarised as
follows (cf. Section 6.10).

(i) The connection V is compatible with the metric if and only if A7 = —A;'-, namely,
A is an so(n)-valued 1-form on U.

(ii) The connection V is torsion free if and only if dp = —A A n (under matrix
notation).

The local curvature matriz of V with respect to {e;} is the so(n)-valued 2-form
on U defined by
FZdA+ANA.
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Equivalently, (F} (e, €1))1<i,j<n is the matrix of R(ex, ¢;) with respect to {e;} :
R(ey, e)e; = F;(ek, ee;

Note that F' is local; if € = {éy,--- ,€é,} is another PONF which is related to e by
¢ =e-Q for some Q € C®°(U;S0(n)), one has F = QFQ' where F is the local
curvature form with respect to € and Q¥ means the transposition of Q.

Now we are in a position to define the Euler form. Recall that dim M = n = 2m.

Definition 5.1. The Fuler form is the 2m-form on M defined by

2m

1 . . 7 12m—
E2 o 3 sl b )FR A AEDT . (52)
i1, yi2m =1

The first question we shall address is the intrinsicness of £.

Lemma 5.1. The FEuler form does not depend on the choice of the PONF. In
particular, it is intrinsically defined on M.

Proof. Under a new PONF é = ¢ - Q, one has F = QFQ". Tt follows that

& 2 Z sgn(U)Fg((Ql)) ‘A F ((Qm) Y

c€Sam
= > selo) D (QUUERQLT) A (@R QL)
oE€Sam i1, y52m
- Z det Qzu o lem)F“ A ﬁ;ijgil'
yi2m

Note that det(Q,, - -+ , Qiy,,) = 0 if i, = 4; for some k # [ and
det(Qil, s 7Qi2m) = sgn(il, s ,igm) det Q = Sgn(il, o ,igm)

if (iy,--+ ,i2,) is a permutation of (1,--- ,2m). Therefore, one obtains that

& = Z sgn(iy, - - ng)ﬁii; A sz: '

1,0 l2m

This shows that the definition of & is independent of the local PONF e. O]

5.1.2 Main theorem and idea of Chern’s intrinsic proof

The main theorem of S.S. Chern is stated as follows.
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Theorem 5.1 (The Chern-Gauss-Bonnet Theorem). The integral of the Euler form
over a closed, oriented, 2m-dimensional Riemannian manifold M is equal to the

Fuler characteristic of M :
/ £ = x(M). (5.3)
M

The essential idea behind Chern’s original proof are summarised as follows.
The development of the underlying techniques has led to far-reaching implications
in global differential geometry.

1. The lift of the Euler form onto the special orthonormal frame bundle SO(M)
is an exact form. In other words, one can write 7*& = dII for some form II
on SO(M), where m: SO(M) — M denotes the bundle projection.

2. Due to its specific construction, the form II descends to a form II' on the
sphere bundle SM. More precisely, let 71 : SO(M) — SM and 7y : SM — M
denote the bundle projections. There exists a form II' such that II = #}II'.
As a result, the lift of £ onto the sphere bundle is exact: 75 = dII’. This
part is a rather deep insight of Chern.

3. Let V be a smooth vector field on M with isolated zeros {p, : 1 <1 < r}.
This defines a section

V:M\| fp} = SM, V(z) £

et |

It follows from Step 2 that & = dV*II" on M\{py,---,p,}. Note that in
general, one cannot expect £ to be exact on M. Here exactness is obtained
after puncturing M by the “holes” {py,--- ,p,}.

4. Stokes’ theorem allows one to transfer the integral [ 1 € to boundary integrals
around the isolated zeros py:

T

E=—lim / V*IT.
/M H0+Z dB(p1.)

=1

A careful analysis into the shape of the form II’ shows that the above localised
integral at p; picks up the index of the vector field V' at p; in the limit:

/ V*(—1II') = Ind,, (V) + O(e) ase— 07.
9B(pi.¢)

In view of the Poincaré-Hopf theorem, the CGB formula (5.3) thus follows.
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Remark 5.1. One will gain deeper insight into the construction of £ after we discuss
the Chern-Weil theory in Chapter 7. Basically, the Euler form is a certain so(2m)-
invariant polynomial of the curvature (the Pfaffian). The Chern-Weil theory shows
that such construction is a cohomology class property (Euler forms defined from
different geometries yield the same cohomology class). Since the integral of the
Euler form depends only on its cohomology class, it is therefore reasonable to expect
that one picks up topological information and does not feel the actual geometry of

M.

5.2 Orthonormal frame bundle

Chern’s proof uses the special orthonormal frame bundle in an essential way. In
general, an advantage of working over frame bundles (more generally, over principal
bundles) is that there are intrinsic geometric quantities (e.g. connection and cur-
vature forms, horizontal vector fields etc.) which need not admit global projections
on M.

In this section, we recall some basic properties of this bundle and examine the
Levi-Civita connection from this perspective. Most discussions here follow naturally
from the general connection theory developed in Chapter 6 (as a special situation),
through which the reader will gain deeper understanding. We will only provide
proofs that are not contained in the more general results in that chapter. The
reader should also compare the discussion here with the two-dimensional situation
(cf. Section 1.3.2 and Section 1.3.3).

Definition 5.2. The special orthonormal frame bundle SO(M) over M is the bun-
dle of PONB at every point of M, namely,

SOM) & {u=(z; X1, - ,X,) :w € M, {Xy,---,X,} isa PONB of T,M}.

The bundle SO(M ) admits a canonical differential structure which makes it into
a manifold of dimension n(n + 1)/2. The group SO(n) acts transitively on SO(M)
from the right along each fiber; under usual matrix notation the action is defined
by

In other words, the g-action transforms a PONB (X7, -+, X,,) of T, M into another
one given by {Y; = gf X; :1<i<n}. Any two such bases are related by a unique
element in the group. In particular, each fiber 771(z) (7 is the bundle projection)
is diffeomorphic to SO(n). Let U be an open cover of M where on each U € U is

defined a PONF {e¢;}. Then
hy - U x SO(n) — 7 'U, hy(z,9) = (z; (e1(x), -+ ,en(x)) - g) (5.4)

defines a local trivialisation (as well as a local parametrisation if U is a coordinate
chart) of SO(M).

115



5.2.1 Vertical subspaces and the canonical form

The fiber directions of SO(M) define the vertical subspaces of TSO(M) in a canon-
ical way, which do not depend on the geometry of M.

Definition 5.3. Let u = (x; X) € SO(M). The vertical subspace V,, of T,,SO(M)
is the space of vectors that are tangential to a curve passing through u and living
on the fiber 77!(z). Equivalently, V, = ker(dr),.

Since the fiber 77!(z) is homeomorphic to SO(n), it is reasonable to expect that
V, = s0(n). In fact, such an isomorphism is canonical (see Proposition 6.3).

Proposition 5.1. Let u € SO(M) be given fized. The map
d
son) 3 A= Va2 —| weteV, (5.5)
dt lt=0

1S a linear isomorphism.

On the bundle SO(M), there is a canonical R"-valued 1-form 6 = (6*,--- ™)
which is defined as follows. Let X € T,,SO(M). We define 6(X), by the unique
expansion

(dm)u X = 0"(X)u X,

where u = (z; X1, -, X,,). In other words, {#?(X),} are the coefficients of (drm), X
with respect to the basis {X, -+, X,,} of T, M.

Let {e;} be a local PONF on some open subset U C M and let {n’} be its dual.
The canonical form 6 admits the following local expression (see Lemma 6.7):

Oeg) = (97"l = glm (5.6)
where (z,9) (z € U,g € SO(n)) is the parametrisation of 7='U under the local
trivialisation {e;} (see (5.4)). In matrix notation, one has 6 = ¢' - 7*n. Unlike

the forms 7° which are only local, a nice feature of SO(M) is that the forms 6° are
globally well-defined.

Definition 5.4. The form 6 is known as the canonical form on SO(M).
We summarise a few basic properties of the canonical form as follows.
Proposition 5.2. (i) For each u € SO(M), one has
Vo ={Y € T,SO(M) : {§")Y), = 0 for every i}.
(it) R0 = g~" - 0 for all g € SO(n).

(iii) The n-form ' A --- A 0" descends to the volume form voly, on M. More
precisely, one has 0 A --- N\ 0" = 7*voly,.
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Proof. The first two parts are proved in Proposition 6.14. To prove Part (iii), we
first show that ' A --- A 6" descends to M. Indeed, for any g € SO(n), one has
from Part (ii) that

Ri(O'A---ANO") = RyO' A - AR =aj ---al 07N NG
= (deta) - ' A---AO" =" Ao ANO",

where a = g~! and the last equality holds since a € SO(n). Together with Part
(i), one concludes that the form 6 A --- A §™ annihilates vertical vectors (i.e. (8* A
NI (X, -, X)) = 0 provided that at least one of the X;’s is vertical) and is
invariant under SO(n)-actions. As a consequence, it descends to an n-form on M,
namely, 01 A -+ A 0" = 7*7 for some 7 € Q*(M).

It remains to prove that 7 = voly;. Let {e1, -+ ,e,} be alocal PONF over some
open subset U C M. Let s : U — SO(M) be the section defined by

s(z) = (zye1(x), -+ en(x)).

By the definition of 0, for any v € T,,M one has
(5°0")2(v) = 0'((ds)(v))s@) = {(dr) © (ds)v, i) = (v, €3)s-
This shows that {s*0',--- s*0"} is dual to {e;} on U. It follows that
volyy = S* 0L A - A STO™ = st = T

This proves the final claim. ]

5.2.2 Horizontal subspaces and connection form

Essentially, both the vertical subspaces and the canonical form are differential con-
cepts and do not depend on the geometry of M (they are in fact well-defined on
the general frame bundle and descend to SO(M) because of the Riemannian struc-
ture). We now introduce another important construction which is based on the
Levi-Civita connection on M and is thus geometric.

Definition 5.5. A curve u; = (7 X¢) on SO(M) is said to be horizontal if each
component of X, is parallel (as a vector field) along ;. A tangent vector H €
T.,SO(M) is a horizontal vector if it is tangential to a horizontal curve passing
through u. The horizontal subspace H,, of T,SO(M) is the subspace of horizontal
vectors at u.

Note that the horizontal subspace H, is determined by the Levi-Civita con-
nection. It is isomorphic to T, M under the projection (dm),. Indeed, for any
curve vy, passing through z, there is a unique horizontal curve u,; passing through
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u = (x; X) € SO(M) such that 7(u;) = 74; this curve is defined by u; = (y1; X3)
where X; is the parallel transport of X along ~. In addition, if two base curves
and 4; are equivalent at x (i.e. 79 = 9 = x and v, = 4(), their horizontal lifts
u; and u; are also equivalent at u. The horizontal vector at © whose projection is
v € T, M is called the horizontal lift of v at u.

Since ker(dm), =V, and (dm)y|3, : Hy — T, M is an isomorphism, it is imme-
diate that 7,SO(M) =V, & H,. This decomposition gives rise to the connection
form w on SO(M) which is defined as follows. For

we set w(X), to be the element of so(n) corresponding to the vertical vector Y
under the isomorphism (5.5). By varying u, one obtains an so(n)-valued 1-form
w € QY (SO(M)).

Let {e;} be a local PONF on some open subset U C M. Let A be the local
(so(n)-valued) connection matrix of V with respect to {e;} (i.e. Ve; = A @ e;;
see (5.1)). The connection form w admits the following local representation (see
Proposition 6.6):

Wag =9 dg+g T A, g, (5.7)
Here the term ¢! - dg is understood as follows. Let Y be a tangent vector at

u = (x, g) represented by a curve uy = (v, g¢) (z; € U, g; € SO(n) with ug = (2, g)).
Then

(97" dg,Y)u =g gj €s0(n).
In the following proposition, we summarise the essential properties of the con-

nection form w on SO(M) in the spirit of connections on principal bundles (cf.
Theorem 6.1).

Proposition 5.3. (i) The kernel of w at each uw € SO(M) is precisely the horizontal
subspace H,. This gives rise to a splitting T,SO(M) =V, & H, as a direct sum
that varies smoothly in u.

(it) For any v € SO(M) and a € SO(n), one has Hyq = (dRy)uwHu.

(ii1) For any V € V,, the matriz (w,V), € so(n) is the element corresponding to
V' under the canonical isomorphism (5.5).

(iv) Riw = Ad(a ') (w) =a™' -w-a for all a € SO(n).

Proof. (i) and (iii) just follow from the definition of w. (ii) is a direct consequence of
(i) and (iv). We thus only need to prove (iv). Indeed, by using the local expression
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(5.7) one has

Riw=Ry(g ' -dg+g ' -7A-g)
= 9_1<Ra 0-)-d(g(Rso0-))+ Q_I(Ra o) -mA-g(Ryo0-)
1

:ai .gil.dg.a_i_a*l.gfl.ﬂ-*A.g.a

—a (gt dg+gt-mTAg)a=atw-a
for all @ € SO(n). This gives the desired relation. O

Remark 5.2. Currently, the connection form w is defined in terms of the Levi-Civita
connection (through the induced notion of parallel transport). The general theory
of connections on principal bundles takes the opposite viewpoint. A connection on
SO(M) is an so(n)-valued 1-form on SO(M) which satisfy the four properties of
Proposition 5.3 (cf. Definition 6.8 and Proposition 6.5). Suppose that a connection
w is given in this sense. One can then define horizontal curves and vectors (since
the horizontal subspaces are well-defined as the kernels of w), and in particular, the
notion of parallel transport. This allows one to make sense of covariant derivative
of vector fields on M, therefore giving rise to an associated affine connection on the
tangent bundle T'M. Such an affine connection must be compatible with the metric
because w is s0(n)-valued. It is the Levi-Civita connection (namely, satisfying the
additional torsion free property) if and only if d0 +w A0 = 0 (cf. the first structure
equation in Theorem 6.6).

5.2.3 Curvature form and the lifted Euler form

We now define the curvature form of w where w is the connection form on SO(M)
associated with the Levi-Civita connection.

Definition 5.6. The curvature form of w is the so(n)-valued 2-form on SO(M)
defined by Q £ dw + w A w.

One can also write .
Q:dw+§[w/\w], (5.8)

where the Lie bracket wedge [- A -] is defined through

[(a®A)A(B® B)] = (aAB)®[A, B]

for a, 6 € Q(P) and A, B € so(n) (cf. (6.29)). It is clear from (5.8) that €2 is so(n)-
valued. Unlike the local curvature matrix F' = dA + A A A, the curvature form €2
is intrinsically defined over the entire SO(M). In addition, one has the following
basic properties of Q. A form n on SO(M) is said to be horizontal if «(V)n = 0 for
all vertical vector fields V', where +(V') is the interior product by V' (see Definition
B.6).

119



Lemma 5.2. (i) Locally, one has Q = ¢' - 7*F - g. In particular, Q2 is horizontal.

(ii) R:Q = a' - Q- a for all a € SO(n).

Proof. (i) By using the local expression (6.11) of w, one finds that
dw=dg"-dg+dg" A -g+g¢" -7dA-g—g'-7*A-dg,
wAw=(¢""dg+g" -7 A-g)N(g" -dg+g"-T"A-g).

The claim follows by adding up the above two identities together with the obser-
vation that dg' - g + ¢* - dg = 0. The fact that € is horizontal is obvious from
this.

(ii) This is a direct consequence of Proposition 5.3 (iv). O

The curvature form (2 satisfies the following Bianchi’s identity, which plays an
essential role in Chern’s intrinsic proof of the CGB theorem.

Proposition 5.4 (Bianchi’s identity). dQ2 = QAw —w A Q.
Proof. This is another straight forward computation:
dY=dwAw) =dwAw—wA dw
=Q-wWAWVAW—wWAQ—-—wAw)=QAw—wAQ.
O

We now restrict to the even dimensional case (n = 2m) and define the lifted
Euler form on SO(M). Recall from Definition 5.1 that the Euler form £ on M is
defined by (5.2).

Definition 5.7. The (lifted) Euler form on SO(M) is defined by

2m

1 . .
=4 T | 1 Ceo A Q2mt
=T 92momg | Z Sgn(Zh 722m>QZ‘2/\ A iom
25! i1, yi2m=1
Lemma 5.3. One has = = w*E. In particular, = is horizontal and SO(2m)-

invariant, i.e. R'= == for all a € SO(2m).
Proof. By definition and Lemma 5.2 (i), one has

== 22m7rmml . Z Z sgn(in, -+ s lom) (gjl *Fﬁgm)

“y82m J1,0 5J2m

J2m—1 * ]2m 1 _.72m
(922 E]Zm ngm)
1 . .
- - . . * g1 * g2m—1: *
_22mﬂ-mm! Z Sgn(‘]l’ ’]Qm)ﬂ- FJ2 A AT FJ2m T g’
jl).”?j2m

where the second identity follows from the fact that det ¢ = 1. As the pullback of a
form on M by 7*, it is immediate that = is horizontal and SO(2m)-invariant. [
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Remark 5.3. A differential form n on SO(M) is the pullback of some form on M (i.e.
n = m*a for some o € Q(M)) if and only if 7 is horizontal and SO(2m)-invariant.
The proof of this fact is left as an exercise.

5.3 Chern’s intrinsic proof

In this section, we discuss Chern’s intrinsic proof of Theorem 5.1. The fundamental
idea is to construct a family of transgression forms on the sphere bundle and use
them to establish the exactness of the lifted Euler form.

5.3.1 Transgression forms and their descendence to sphere bundle

We begin by introducing the following key constructions, which are nowadays known
as the Chern transgression forms.

Definition 5.8. For each £ =0,1,--- ,m — 1, we define
2m—1 ) ) 4
P, £ Z sgn(in, - igm—1, 2M)QL A - AQZ T Awg ™ A== Awgm ™ (5.9)
i1, iam—1=1
and
2m—1

U, £ Z sgn(it, -+, dom_1, 2m) QLA - NQEETEAQREFL A 2R AL A2t

19k 2m

11, igm—1=1
A .
We also set _; = 0 as a convention.

Similar to the Euler form, it is routine to check that ®;, ¥, are intrinsic over

SO(M). Note that @, € Q*"1(SO(M)) and ¥;, € Q*™(SO(M)). A crucial fact
is that the forms ®, ¥, descend to the sphere bundle. We first recall the basic
definition.

Definition 5.9. The sphere bundle SM over M is the bundle of unit tangent
vectors:
SM £ {(z,v):z € M, veT,M,v|lp,u=1}.

The bundle projection is denoted as my : SM — M. We also define the canonical
projection
71 SO(M) — SM, 7 ((z; X1, , X)) = (z,X,).

By definition, 7 = mg omy. The bundle (SO(M), SM, ) is an SO(n — 1)-bundle
where one identifies SO(n — 1) with

{a: ( gt (1) ) g € SO(n—l)}. (5.10)
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The action of a on (z;Xy,---,X,) € SO(M) is defined by transforming the first
n — 1 vectors (X1, -, X,,_1) leaving the last vector X, fixed. We say that a form
n on SO(M) descends to SM if there exists a form a on SM such that n = nja.
Similar to Remark 5.3, a form 7 descends to SM if and only if it is 7-horizonal
(i.e. tyn = 0 for any m-vertical vector field V') and SO(n — 1)-invariant.

Lemma 5.4. The forms ®,, Y, descend to the sphere bundle SM.

Proof. (i) The forms @y, ¥y are SO(2m — 1)-invariant. Let a be given by (5.10)
with some g € SO(2m — 1). According to Proposition 5.3 (iv) and Lemma 5.2 (ii),

2m—1

R:;(I)k = Z 8(2'1, e ,Z'mel, 2m) (RZQ)Z A A (R:Q)Zj%il

2k
11, yiom—1=1

(R* )12k+1 A - (R* )lQm 1
The R;Q-terms are of the form

2m
(R = > ada), o, f=1---,2m— L

s,y=1

Due to the special form of a, the above sum only runs over ,y = 1,--- ,2m — 1.
The R;w-terms are of the form

Za wlay,, a=1,-,2m~—1.

dy=1

Note that v must be equal to 2m and ¢§ essentially runs over 1,--- 2m — 1. Based
on these observations, one finds that

2m—1 2m—1
* _ : . Ji Jom—1
Raq)k - § § Sgn(“v Ty lam—1, Qm)gzl  Gigm
i1, i2m—1=1 J1, Jam—1=1
le /\QJQk 1 /\w.72k+1 A - /\w]2m 1
J2 J2k
2m—1

= Z Sgl’l(jl, et ;j2m—17 2m)9;; A szz 1

Ji s jem—1=1
AWREL A AW = Oy,
In a similar way, it can be shown that Wy is also SO(2m — 1)-invariant.

(ii) The forms ®y, Vs are m-horizontal. The horizontality of €2 is contained in
Lemma 5.2 (i). In addition, recall from (5.7) that locally one has

2m
k=1
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Note that (g5 )i<p<om are the coefficients of Xs,, (the last vector of the frame
u = (x,g)) with respect to the local PONF {e;}. If

Uy = (x;Xl(t>7 e ,sz(t)) = (‘Tvgt)

is a m-vertical curve, the curve Xy,,(t) is constant and thus g4, (0) = 0 for all k.
As a result, tydgh,, = 0 for all m;-vertical vectors V € T,,SO(M). The second part
of (5.11) is clearly horizontal. This proves that w3, is also m;-horizontal. It follows
from the definitions of ®, ¥y that they are both 7;-horizontal. O

5.3.2 Exactness of the Euler form on sphere bundle

According to Lemma 5.4, one can write

for some @) € Q*™"1(SM) and ¥, € Q*"(SM). In this subsection, we establish
the following key relation.

Lemma 5.5. The recursive relation
d®, = (2m — 2k — 1)U}, — 2kW}_, (5.13)
holds for all k =0,1,--- ;m — 1.

Proof. The argument is quite technical and we divide it into several steps. Recall
from the definition of {2 and Bianchi’s identity that

dQ=QNw—-—wAQ, dv=Q—wAw. (5.14)

These are two key relations that will be used in the main calculation. In what
follows, we always omit the summation sign over the repeated indices i1, - -+ , 42,1
(but noting that the range of summation is from 1 to n — 1).

(i) By using the definition of ®; and the relation (5.14), one can write

k
d®y =sgn (i1, - ,izn-1,2m) [Z QA AAQPT A AQETE A !
=1

21 12k
2m—1
Ao N ) (FTIE A A QT Awgt
1=2k+1
/\---/\dwé%/\~~/\w;f7’f’1] —: Ay, + By + C), + Dy,

where
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k 2m

. i 197 _ 1ok 7 i _
Akﬁzzsgn i1, - zgm_l,Qm)Q;;/\---/\Q;l lAwgl/\---/\Qi;: 1/\0.)22"’?1/\---/\(«1;3;" t
=1 a=
k 2m
. i i ok 2 i _
2= Zngn i1, - -~,22m_1,2m)Q§;/\-~~/\wa21 ! ANQG, N /\Qlii PAw BT A A wgtm T
2m—1 2m
. i 19k 2 i i _
L 2 E E sgn i1, - zzm_1,2m)Qz;/\~-/\Qi§z lszifL“/\-u/\wg‘m/\wg/\ /\wzin L
1=2k+1 a=
2m—1
2 -1 . . i i2k—1 12k+1 i 12m—1
Dy = E (=1 Tsgn(in, -+ i2m—1,2m)QL A AQZETE Awgrh A AQYL A Awgrt T
1=2k+1

(ii) In the expression of Dy, by moving Q% to the place between Q2 251 and Wy 2’““

one easily finds that

(=) tsgn(in, -+ ydome1, 2M) QL A= AQEETI AW AL AQE A AW = T,

12k

for every 2k +1 <[ < 2m — 1. As a result, one has
Dy = (2m — 2k — 1)V,

(iii) Observe that Ay, By, Cj all involve summation over o = 1,--- ,2m. We claim
that the summation over a = 1,--- ,2m — 1 is zero for each of these three terms.
Indeed, by rearranging terms one can write

A+ B+ Ce= Y winni+ A+ B,

1<a<f<L2m—1

where 7§ are suitable (2m — 1)-forms and the terms A}, By, are defined by freezing
a = 2m in the definitions of Ay, By, respectively. Here the Cj-term is not needed
because () contains the factor wy which vanishes when a = 2m. It follows that

Ao, = (2m — 2k =)+ Y wlAn§+ A+ By (5.15)

1<a<f<L2m—1

Our aim is to show that ng = 0.

To this end, note that the forms ng, A}, By, C, are all expressed in terms of
linear combinations of exterior products among the QF wy ’s. It was shown in
the proof of Lemma 5.4 that Qg, wh, . are mi-horizontal (so are the @y, Uy’s). As a
consequence, by applying ¢y for any 7 -vertical vector to both sides of (5.15) one

finds that
Z (tyw?) A ng = 0. (5.16)

1<a<fB<2m—1
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Now fix a pair 1 < a < 8 < 2m — 1. Let V, g be the vertical vector at u =
(z; (X1, -, Xom)) represented by the rotation u; = (z; (X1 (1), -+, Xom(t))) (—¢ <
t <€), where

X, (t) & (cost) X, + (sint) Xg, Xg(t) 2 —(sint)X, + (cost)Xps

and X, (t) £ X, for all v # a, 3. By the definition (5.7) of w and the construction
of uy, it is readily checked that

(W5, Vag)u = (X5(0), Xo(0)) 1,00 = (X5(0), X5(0))7,0r = 1

and (w], V,g)y = 0 for all (o,7) # (o, B). It follows from (5.16) with V' =V, 5 that
ng = 0 at u. The claim follows since «, §, u are arbitrary.

(iv) From Step (iii), one obtains that
d®;, = (2m — 2k — 1)U, + A} + B,

By rearranging the factors and keeping track of sign properly, it is not hard to see
that each [-summand in the definition of A, or Bj is equal to —W¥;_;. Therefore,
one has

It follows from (5.12) that
T (d®), — (2m — 2k — 1)U} + 2kV;_,) = 0.

On the other hand, by using a local section it is easily seen that 7] is injective.
Therefore, one concludes that

Ao, — (2m — 2k — 1)V} + 2kV,_, =0,
which gives the desired relation. O

Let us define the (lifted) Buler form on SM by Z' £ 75€. By using Lemma 5.5,
one can now establish the exactness of Z'.

Corollary 5.1. One has =/ = dIl' where

—

1A /. R/ D
2y ¢, ¢ 2
0

3

2—k

(2m)™(2m — 2k — 1)!!k!©k' (5.17)

=
Il

Proof. By the definition of ¥y, it is easily seen that

2m

- 22mgmyy |

—_
—
—

m—1-
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This relation descends to SM due to the injectivity of 7], namely, one has

=/ __ 2m \Ill
T 2mgmyy] Ml

It is now a simple matter of algebra to deduce =’ = dII’ based on this identity and
the recursive relation (5.13). O

Remark 5.4. Of course, one also has = = dII on SO(M ), where II is defined by the
same formula (5.17) with @}, replaced by ®;. However, exactness of the Euler form
on SM is the heart of the whole argument.

Remark 5.5. Historically, it was a bit mysterious how Chern came up with the
specific construction of the forms ®;, Uy in the first place. One possible observation
is that = has the form “Q A --- A€)” and a reasonable idea is to look for a family of
forms of the shape “QA---AQAwA---Aw”; the key relations in (5.14) yield certain
recursive relations among these forms, which eventually lead to the exactness of =.

5.3.3 Local analysis of transgression forms

Another remarkable quantitative aspect of Chern’s proof is that the (2m — 1)-form
IT" restricts to the normalised volume form on each fiber of SM. Let x € M be
given fixed. The orientation on the unit sphere

Sx £ ng(a:) = {U S TxM : ‘U’TIM = 1}

is taken to be the one induced from the oriented Euclidean space T, M. Recall from
Example C.1 that the normalised volume form on S, is given by

e L -~
v <mz7rm—) > (=1 aldat A Ndad A A da? (5.18)
j=1

Here (7%)1<i<2m are the extrinsic coordinates on T,M with respect to any fixed

PONB.
Lemma 5.6. Let i, : S, — SM be the inclusion. Then

I = i) = —v (5.19)
and i£®), = 0 for all k > 1.

Proof. Define ®y, in the same way as &) with @, replaced by @, (see (5.17)). Locally,
@}, is just the pullback of ®; by any local section s of 7;. Since each @ (k > 1)
contains the term Q = ¢g*- 7*F - g, it is obvious that i ®} = 0. For the same reason,

the term ¢' - 7 A - g appearing in any of the w,, -terms in the expression of ® is
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annihilated by i* (after restricting to &)6 by s). The only nontrivial contribution
thus comes from the term

2m—1 2m
A 1

~ 2r)m(2m — D! Z Z sgn(in, -+, am-1)

11,y i2m—1=1 J1," Jam—1=1

J1 Joam—1 7, 7j1 J2m—1
gil . glzm 1d92m /\dg *

(I)O,main

This form indeed descends to SM. To see this, one first notes that

Ji J1
2m—1 91 T Yam—
. . 71 Jam—1 .
E Sgn<21, e 722771*1)9@'1 gz2m T det ’
i1, i2m—1=1 Pt g
1 2m—1 g1 9om—1
for each fixed (j1, -, jom—1). This determinant is nonzero only when (jq, -« , jom—1)

are all distinct. For any such distinct (2m — 1)-tuple, the relation g'g = id easily
yields that

9{1 T gginfl
g%i;n = (_1)J2msgn(j17 T 7j2m71) det )
gt gy
where ij é (jl; s ,jgm_l)c. Since
Sen(ji, -+ s Jame1)dgdh, A -+ Adghi ™ = dgh,, A+ Ndgl A+ Adgs
It follows that
,main (2 ) 2m — 1 I 2m 2m7 :

J2m_1

which is indeed a form on SM. For (z, Xa,,) € SM, note that (g3,,)1<j<2m are the
coefficients of X5, with respect to a local PONF. In view of (5.18), the restriction

of (5.20) on the fiber S, is precisely the negative of the normalised volume form.
The relation (5.19) thus follows. O

Chern’s proof of Theorem 5.1 actually uses a perturbed version of Lemma 5.6
around isolated zeros of a vector field. The key estimate is contained in Lemma
5.7 below. Let V' be a smooth vector field on M with isolated zeros {pi, - ,pr}
and we assume that each p; is nondegenerate (see Proposition 2.4 and Remark 2.4
for a discussion on the existence of such a vector field). For each p;, we consider
a normal chart (U;z') around p; along with a PONF {e;} on U that is parallel

127



along geodesic rays emitting from p; (see Appendix C.3 for the construction). Let
us write . ‘
V(z) = XN(z)e)(z) = Vi (x)0;
with some functions A\, V¢ on U.
We define the normalised vector field

A V(x)

V:M\{p1, - ,p} = SM, V(x) V)

On the normal chart U, one has

i) - 2m () ol
T v

For each small £ > 0, we define

~ 2m—1 1) A (Vl(aj)v U 7v2m(l.))
Vi,e . aB(plag) — 5 ; ‘/l,é(x) = (z] Vj(l’)2)1/2

Here the sphere dB(p;, €) is oriented under the outer normal orientation and S%"~!
is the standard sphere in R" (with the standard orientation). We also denote
‘/2,5 £ VlaB(pl,a) : GB(pl,g) — SM.

Lemma 5.7. There exist positive constants C, ey depending only on M and V', such
that the following estimate

Vi (—10) = V| < CemCm=2)

holds for all € € (0,&¢) and I = 1,--- | r uniformly over OB(p;,e). Here v denotes
the normalised volume form on S*™~1.

Proof. The computation is essentially the same as the proof of Lemma 5.6. The
1/e-singularity comes from the terms

d[(&iiﬁp)%] (Isi<m)

inside the expression of V;(—II'). In the decomposition

3

WTE(_H/) = ‘7:5( - (i);c)7
0

i

the terms corresponding to k& > 1 are all of order at most O(s~*?™~3)) (because
they contain at most 2m — 3 number of dw},’s; see (5.9)). The leading term (i.e.
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the most singular term) therefore comes from &)6; in fact, it is from (i)o,main defined

by (5.20) since those terms containing g - 7* A - g have singularity of order at most
—(2m—2).
By definition, one can now write
o @m-ir Qf: (=1)72m =17 92m (2)dV (2) A -~ A dVzm (2) A --- A dV2™(x)
T (2m)m(2m — D! i ’

2m=1

Ve (= o,main)

~ _ (2m71)' m Jom —17742m Sl S (72m
m’sy_mjz (=1)72m =LV izm (2)dV(@) A--- AdVizm (z) A - - A AV (),

where we introduce
e M@)o s Vi)
Vi(x) £ =5, V'(z) = - 3
(3, Ni(@)2)" (3, Vi(z)?)"

to ease notation. Let (07) be the matrix such that e; = 079;. Then one has

N(z)ol (z) = VI(z).

It is standard that o/(z) = 6/ + O(¢) as ¢ — 0% uniformly in 2 € OB(p;,€) (see
(9.10)). It follows that N -
Vi(x) =V'(z)+ O(e)

for all ¢ uniformly in € 0B(p;,€). Similarly, one also has
AV —dVi=0(1); dV',dV' = O0(e ™).
As a consequence,
Vit (= @omain) — Viv = O~ @m72),

The desired claim thus follows. O]

5.3.4 Proof of CGB

We now gather the main ingredients obtained so far to present Chern’s proof of
Theorem 5.1. The strategy becomes quite clear at this stage.

Proof of Theorem 5.1. First of all, since 75€ = dII' and 75 o V = id, one has
E=V*ll' =dV*II" on M\{p:, - ,pr}.

It follows from Stokes’ theorem and Lemma 5.7 that

T

3 / =3 / o) (5.21)
8B(pl’€) =1 BB(])Z,E)

=1

A
M\Ui=, B(pi.e)
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for all small e. Here the boundary orientation of M\Uj_, B(p, €) is the inner-normal
orientation of the spheres 0B(p;, €) as the boundary of B(p,€).

On the other hand, according to Definition 2.11 of the index and Proposition
2.3, one has

/ /v = ind,, (V) / v = ind,, (V). (5.22)
9B(p1.¢)

S2m—1

By substituting (5.22) into (5.21) and taking ¢ — 0", one concludes that

/Mg — lim £ =3 indyy (V) = x(M).

+
20T JM\U_, B(pi.e)

The last identity follows from the Poincaré-Hopf theorem.
The proof of Theorem 5.1 is now complete.

130



6 Basic theory of connections

In this chapter, we recall the basic theory of connections from the perspective of
principal bundles. This will provide deeper insight into several computations over
SO(M) in the previous chapter as well as some preliminary notions needed for the
Chern-Weil theory, which leads to another proof of the CGB theorem in the next
chapter. Putting aside CGB, this chapter is of fundamental importance in various
geometric contexts (e.g. gauge theory, index theory, low dimensional topology etc.).
The contents of this chapter essentially come from [KN63|, which is undoubtedly
the best reference for this part.

Throughout the rest of this chapter, unless otherwise stated M is an n-manifold
and G is a matrix Lie group.

6.1 Principal bundles

We start with the definition of a principal G-bundle.

Definition 6.1. A principal G-bundle over M consists of a manifold P, an action
of G on P (G is called the structure group) and a projection w : P — M which
satisfy the following properties.

(i) 7 is a smooth surjective submersion.

(ii) G acts freely on P from the right and is fiber preserving (i.e. m(ug) = m(u) for
all u € P and g € G).

(iii) P is locally trivial in the sense that for every x € M, there exists an open
neighbourhood U C M of x and a diffeomorphism

Vo U = U x G, d(u) = (m(u), p(u)),

where ¢ is the G-component of 1), such that ¢ is G-equivariant in the sense that
o(ug) = p(u)g for all w € 77U and g € G.

We will use the notation (P, M, 7; G) to denote a principal G-bundle.

Example 6.1. The trivial principal G-bundle is the product space P = M x
GG, where the group action is defined by multiplication from the right on the G-
component.

Example 6.2. Let
F(M) &2 {(; X1, ,X,) :x € M, {Xy,---,X,} is a basis of T,M}.

The space F(M) admits a natural differential structure which makes it into an
(n+n?)-dimensional manifold. F (M) is a principal GL(n; R)-bundle over M whose
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right GL(n;R)-action on F(M) is defined by the usual matrix multiplication:
((37; Xy, 7Xn)7g) (@ Xigiu - 'Xigiz)'

The bundle F(M) is known as the frame bundle over M. If M is a Riemannian
manifold, the orthonormal frame bundle O(M) is the subbundle consisting of or-
thonormal bases. This is a principal O(n)-bundle over M (cf. Section 5.2). The
bundle (SO(M), SM,m;SO(n—1)) we used in Section 5.3 is a principal SO(n —1)-
bundle.

It is often useful to describe a principal bundle by means of local gluing data.
Suppose that (P, M, ;G) is a principal G-bundle. By definition, there exists an
open cover {U, : a € A} of M together with G-equivariant diffeomorphisms ), :
7, = Uy X G (ie. @a(ug) = pa(u)g). Given o, 8 € A with U, N Uz # 0, we
define

9pa  Uap 2 Ua NUs = G, gpala) = pp(u)palu)™
where v is any point on the fiber 7=!(x). The G-equivariance of each ¢, ensures
that gg, is well-defined. In other words, the G-components of a point u € P are
related by the transition rule ¢g(u) = gga(m(u))pa(uw). The family of maps gsa
satisfy the following cocycle relation:

® 9.0(r) = g,5(2)gsa() for all z € U,p, £ U, N Us N U, provided that this
intersection is nonempty.

Note that the above cocycle relation implies that gse(z) = gas(z) ™! and gaa(z) = e.
The family {(Us, Yo, gsa)} is called a local trivialisation of P.

Definition 6.2. A gluing cocycle with respect to an open cover {U, : a € A} is
a family of maps gs, : Usg — G (o, 8 € A with U,p # ) which satisfy the above
cocycle relation.

One has seen that a local trivialisation of a principal G-bundle gives rise to
a pair (U, ges) (local gluing data) where U = {U,} is an open cover of M and
Gee = {Gpa} is a gluing cocycle. Conversely, given such a pair one can construct a
principal G-bundle in the following way. Define the total space

p2 (|_|<{a} x Us X G))N

«

where LI means disjoint union and the equivalence relation ~ is defined by

(o, 2,0) ~ (B,y,b) <= y=x,b= gga(z)a.

It is standard to show that P admits a natural differential structure. In addition,
with the projection m and G-action defined in the obvious way, (P, M, 7; G) becomes
a principal G-bundle. The family {U,, %a, gsa } With ¥, ([(o, z,a)]) £ (z,a) is alocal
trivialisation of this bundle. We refer the reader to [KN63, Proposition 5.2| for the
routine details.
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Definition 6.3. A homomorphism between two principal bundles (P', M’ n’; G")
and (P, M,7;G) consists of a smooth map f; : P/ — P and a homomorphism
fa : G' — G such that

fil'g") = fi(W) fo(d)
for all &' € P and ¢ € G'. It is called an embedding if f; : P’ — P is an

embedding and f; : G’ — G is a monomorphism. It is called an isomorphism if fi
is a diffeomorphism and f5 is an isomorphism.

A homomorphism (f1, f2) clearly preserves fibers, hence inducing a smooth map
from M’ to M. By abuse of notation, the aforementioned maps will all be denoted as
f. We are primarily interested in the situation where M’ = M and G' = G. Suppose
that P, P’ are principal G-bundles over M. In this case, by a homomorphism
(covering the identity idy;) we specifically mean a smooth map f : P’ — P such
that mo f = 7" and f(u'g) = f(u')g for all W' € P',g € G. An automorphism is a
principal G-bundle isomorphism onto itself.

We would like to know under what condition(s) two pairs (U, ges), (V, hes) 0Of
local gluing data determine isomorphic principal G-bundles over M. To answer
this question, we first make a simple observation. A pair {W;, g, : 4, j € T} is said
to be a refinement of {Uy, gsa : o, € A} if for every i € Z, there exists some
a(i) € A such that W; C Uys) and g, = a(j)ai|w,;- It is apparent that (U, ges)
and any of its refinement define isomorphic principal G-bundles. We may therefore
assume without loss of generality that Y =V = {U, : a € A}. The following result
provides an answer to the aforementioned question.

Proposition 6.1. Let U = {U, : o € A} be an open cover of M. Let gz, and
hga be two gluing cocycles with respect to U. The two pairs (U, Ges) and (U, hes)
define isomorphic principal G-bundles if and only if there exists a smooth map
T, :U, — G for each a € A, such that

hpa(r) = Ts(2)gpa(z) Ta(z) ™ (6.1)
for all x € Uyp provided that Uag # 0.

Proof. Let P’', P be the principal G-bundles over M associated with gluing data
(U, goo), (U, hee) and let ¢!, = (7', ¢), Yo = (7, ¢a) be the corresponding local
trivialisation maps respectively. Suppose that f : P’ — P is an isomorphism.
Define T,(z) = o (f(u'))¢!,(v/)~, where u is any point on the fiber of P over =.
Then {7,} satisty (6.1).
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Conversely, given such maps {7T,} we define

Flu) & (7 (o), Ta (' (u)) g (0)).

Using the relation (6.1), one checks that f is a well-defined isomorphism between
P’" and P. O

Definition 6.4. Two gluing cocycles {gga} and {hg,} are said to be cohomologous
if there exists a smooth map T, : U, — G for each « such that the relation (6.1) is
satisfied.

Another important concept is the reduction of a principal G-bundle.

Definition 6.5. We say that the structure group G of a principal G-bundle P is
reducible to a closed subgroup G’ if there exists an embedding f of some principal
G’-bundle (P, M,7';G") into (P, M, m;G) such that f : M — M is the identity
map and f : G’ — G is the inclusion. The bundle P’ is called a G’-reduced bundle
of P.

Suppose that P is a principal G-bundle over M with local gluing data (U, ges)-
The structure group G of a principal G-bundle (P, M, 7;G) can be reduced to a
closed subgroup G’ if and only if there exists a local trivialisation {Us, ¥a, 9ga}
such that gg, takes values in G’ (see [KN63, Proposition 5.3]).

Example 6.3. Let M be a Riemannian manifold. The orthonormal frame bundle
O(M) is an O(n)-reduction of the frame bundle F(M). If M is oriented, one can
further reduce F(M) to the special orthonormal frame bundle SO(M).

We can also consider the pullback of a principal bundle. Let (P, M, 7;G) be a
principal G-bundle and let f : N — M be a smooth map. The space

f*P2{(n,u) € NxP: f(n)=m(u)}
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admits a principal G-bundle structure over N, where the projection is given by
7'(n,u) = n and the right G-action is defined by (n,u)g = (n,ug). Suppose that
{Uas Vo = (7, ¢4), gsa} is a local trivialisation of P. Then

Va = fﬁan; w;<n>u) £ (TL, Soa(u)); hﬁa £ 9Ba © f

defines a local trivialisation of f*P. The principal G-bundle f*P over N is called
the pullback of P by f.

6.2 Associated vector bundles

An important reason for considering principal bundles is that every vector bundle is
associated with a principal bundle. As we will see, geometric properties of a vector
bundle (e.g. connection and curvature) are inherited from the principal bundle in
a natural way.

6.2.1 Basic construction and examples

Let (P, M,m;G) be a principal bundle. Let p : G — GL(V') be a given representa-
tion of G on a K-vector space V (K =R or C). We define an equivalence relation
~,on P xV by

(u,€) ~, (ug™t, p(g)€), uecPEcV,ged.

Let P x,V denote the space of equivalence classes. It is easy to show that P x,V
is a K-vector bundle with fiber V; the projection map is induced from P (denoted
as ) and the linear structure on each fiber is defined by

M(w, O] + [(w, )] = [(w, A+ )], EmeVireK

Definition 6.6. P x,V is called the associated vector bundle of (P, p).

Fix u € P. The map

defines a linear isomorphism between V' and Er(,. By abuse of notation, we will
just denote this map as u. Let {U,, ¥a, gsa} be a local trivialisation of P. Then

Yo 1 7 (Ua) = Ua x V, [(w,6)] = (m(w), p(0a(u)€)

defines a local trivialisation of P x, V' with transition functions p(gs.) : Usg —
GL(V). Let {e1,--- ,&,} be a given basis of V. Then the family

{si(z) £V (2,6) :x € Un 1 <i <1} (6.3)
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defines a local frame field of E (i.e. the family {s;(z), - ,s.(z)} is a basis of E,
at each xz € U,).

Every vector bundle can be realised as an associated vector bundle. Indeed, let
E be a K-vector bundle of rank r over M . Let

F(E)={(x;e1, -+ ,e,) :x € M,{ey, - ,e.} is a basis of E,} (6.4)

be the frame bundle of E. As in Example 6.2, F(F) is a principal GL(r; K)-bundle
over M whose group action is given by

((l’, €1, aeT’)7g) = (mygieza 79;{6’5)

The map .
((I‘;@l,"' 767")75) Hfzei
induces a vector bundle isomorphism F(F) x;q K™ — FE, where id denotes the

standard (matrix) representation of GL(r;K) over K. In addition, for fixed u =
(z;e1,-- - ,e,) the u-map (6.2) is given by u(&) = E'e;.

Example 6.4. The tangent bundle 7'M is isomorphic to the associated vector
bundle of (F(M),id) where F(M) is the frame bundle defined in Example 6.2.
More generally, the tensor bundle

TTME2TM® - @TMRT*M® - @T*M

~~
T S

is isomorphic to the associated vector bundle of (F(M),id}), where id] is the rep-
resentation of GL(n;R) on the tensor product space

T & R © (R
induced from id in the obvious way.

Example 6.5. Let G be a matrix Lie group with Lie algebra g. The adjoint
representation of G on g is defined by

Ad: G — Aut(g), Ad(g)(X) = gXg '

The associated vector bundle P x oqg is called the adjoint bundle of P. It is denoted
as Ad(P).

A

Example 6.6. Let p : G — GL(V) be a representation and let p, = (dp). : g
End(V) be the induced representation on the Lie algebra g. Define End,(V
p«(g). Elements of End,(V') are those endomorphisms described by g-actions
finitesimal symmetries). For any g € G and X € g, one has

p(Ad(9)X) = p(9)p(X)p(9) "

>4

)
(

1mn-
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In particular, End,(V') is Ad-invariant. This allows one to define a representation

Ad, : G — GL(End,(V)) by
Ad,(g)(T) £ p(9)Tp(9)”", T € End,(V). (6.5)

The associated vector bundle P x a4, End, (V) is called the bundle of infinitesimal

symmetries of E = P x,V and is denoted as End,(F). Clearly, it is a subbundle
of End(E).

6.2.2 (G-structures on a vector bundle

Let E be a vector bundle over M with fiber V. We say that E admits a G-structure
if there exists a principal G-bundle P over M and a representation p : G — GL(V)
such that £ is isomorphic to P x, V' as vector bundles. In terms of local data,
E admits a G-structure if and only if there exists local gluing data (U4, ges) and a
representation p : G — GL(V') such that the vector bundle defined by (U, p(ges))
is isomorphic to E.

Example 6.7. Let E be a real vector bundle of rank r and suppose that there is
an Euclidean metric on E. Then E admits an O(r)-structure. To see this, consider
the orthonormal frame bundle

O(E) ={(z;e1,-- ,e,) :x € M,{ey, -+ ,e.} is an ONB basis of E,}

as a principal O(r)-bundle and the identity representation id : O(r) — GL(r;R).
The map . .
((x; 1, er), (Al)lgigr) = Ne; € I,

induces an isomorphism between O(FE) xiq R™ and E, hence yielding an O(r)-
structure for E. In particular, the tangent bundle over an n-dimensional Rieman-
nian manifold admits an O(n)-strucutre. Similarly, if £ is a complex vector bundle
with a Hermitian metric, it admits an U(r)-structure.

Proposition 6.2. Different Euclidean (respectively, Hermitian) metrics on a real
(respectively, complex) vector bundle E of rank r induce isomorphic O(r)-structures
(respectively, U(r)-structures).

Proof. We first recall a simple fact from linear algebra. Let V be a finite dimen-
sional, real vector space and let hg, hy be two Euclidean metrics on V. Then there
exists a unique linear isomorphism F' : V' — V which satisfies the following three
properties:

(i) F' is hg-symmetric: ho(F'(£),n) = ho(§, F'(n)) for all &, n € V;
(ii) F is ho-positive-definite: ho(F'(£),&) > 0 for all € # 0;
(iii) hi(&,m) = ho(F(§), F(n)) for all {,n € V. O
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To prove this, let {e1,--- ,&,} be a fixed ONB of V' with respect to hq. Suppose
that such an F exists. Let A = (a!) be its matrix with respect to {g;}, i.e. F(g;) =
ale;. According to (i) and (ii), the matrix A is symmetric and positive definite.
Let B = (b)) where b} £ hy(e;,¢;). Property (iii) shows that B = ATA = A2
in particular, A is a symmetric, positive definite square root of B. But it is well
known from linear algebra that such a square root exists uniquely. Therefore, the
matrix A is uniquely defined, and so is F' accordingly.

In the bundle context, let h; be an Euclidean metric on E and let P; be the
corresponding orthonormal frame bundle (i = 0,1). At each x € M, one uses the
previous fact to find the unique linear isomorphism F, : E, — FE, satisfying the
above three properties. It follows that F, maps an h1-ONB of E, to an hyg-ONB of
E,. As a consequence, the family {F, : © € M} induces a map P, — P, which is
easily seen to be a principal O(r)-bundle isomorphism.

Remark 6.1. Apparently, the isomorphism between the two O(r)-structures con-
structed in the above proof is canonical.
6.2.3 Construction of global sections

Finally, we recall the construction of global sections from local data. Consider
a principal G-bundle (P, M,w;G) with a local trivialisation {U,,%a, gsa}. Let
Sq @ Uy — G be a family of smooth maps indexed by a. Suppose that they satisfy
the consistency relation sg(z) = gga(2)Sa(z). Then they patch together into a
global section of P, more precisely,

s(z) £ v, (2, 54())

is a well-defined global section. The same discussion applies to a vector bundle E.
In the context of an associated vector bundle £ = Px,V, suppose that s, : Uy, — V
is a family of maps satisfying

s5(2) = p(g8a(7))sa(1). (6.6)

Then
is a well-defined global section of E.
6.3 Connections on a principal bundle

In this section, we study connections on a principal bundle and its associated vector

bundles.
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6.3.1 Fundamental vector fields

We first recall a basic construction. For each uw € P, the vertical subspace V, is
the subspace of T, P consisting of vectors that are tangential to the fiber at u. The
vertical subspace is canonically isomorphic to the Lie algebra g (cf. Proposition 5.1
as a special case).

Proposition 6.3. The map

d
g2 A— —| wuexp(td) €V, (6.7)
dt lt=0

s a linear isomorphism for every u € P.

Proof. Linearity is obvious. Since the G-action is transitive, every vertical vector
V at wu is represented by a curve of the form u; = ug; (t € (—¢,¢)) where g, € G
and gy = e. But g, is equivalent to §; = exp(tgy) at t = 0. Therefore, V is also
represented by the curve @, = ue'%. This shows that the map defined by (6.7) is
surjective. By dimension comparison, it is a linear isomorphism. O

Definition 6.7. Given A € g, by varying u € P one obtains from (6.7) a vector
field on P. This is called the fundamental vector field associated with A and it is
denoted as A*.

The lemma below shows that fundamental vector fields are consistent with the
Lie bracket.

Lemma 6.1. [A*, B*] = [A, B]* for all A, B € g.

Proof. Since the flow of A* is R.:a, one has

t—0 w

1
I:A*’ B*]’U, = (,CA*B*)U = llm ;((dRe—tA)BZetA —_— B*) (68)
Note that the g-element corresponding to the vertical vector (dR.—wa)B? .4 is
e Be M = Ad(e')B.

It follows that the g-element corresponding to the RHS of (6.8) is
1
lim - (Ad(e"")B — B) = ad(A)B = [A, B].
t—0 ¢

Therefore, the RHS of (6.8) equals [A, B} O

139



6.3.2 The concept of a connection
Now we give the precise definition of a connection on P.

Definition 6.8. A connection T' on P is an assignment of a linear subspace (hori-
zontal subspace) H, of T,,(P) at every u € P which satisfies the following properties.

(i) Tu(P) =V, ® H, for all u € P;

(ii) Hug = (dRy)yH, for all uw € P and g € G, where R, denotes the right G-action
on P;

(iii) The assignment u — #,, is smooth.

Remark 6.2. Property (iii) means that for each u € P, there exists a neighbour-
hood U of u and a family of smooth vector fields {Xj, -+, X,} on U such that
{Xi(v),--, X, (v)} is a basis of H, for every v € U.

Let I" be a connection on P. Since ker(dr), = V,, it follows from Property (i)
of the connection that (d7)y|y, : He — TeM (x £ 7(u)) is a linear isomorphism.
Given v € T, M, the horizontal vector (dm);*(v) is called the horizontal lift of v at
u. Let X be a smooth vector field on M. One can define a vector field X* on P
by setting X to be the horizontal lift of X ,).This is the unique vector field X*
such that X} € H, and (dn),X; = Xy for every u. According to Property (ii),
one has (dRy). X, = X,

Definition 6.9. The vector field X* is called the horizontal lift of X.

The horizontal lift satisfies the following basic properties. Given a vector field
Z on P, we write hZ as the horizontal component of Z.
Proposition 6.4. (i) (X +Y)* = X* + Y™
(it) (fX)* = (f om)X*where f € C(M).
(117) [ X, Y]* = h[X*, Y*].
Proof. The first two properties are obvious. The third property is a direct con-

sequence of the fact that the Lie bracket is consistent with pushforwards (see

(B.2)). O

6.3.3 Connection forms and their local representations

A connection I' can be equivalently described in terms of a g-valued 1-form on P.
Let I" be a given connection on P. For each u € P and X € T,(P), by writing
X =Y + Z where Y € V, and Z € H,, we define w(X), £ A € g where A is the
element corresponding to the vertical vector Y under the isomorphism (6.7). By
varying u and X, one obtains a g-valued 1-form w on P. This 1-form satisfies the
following basic properties.
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Theorem 6.1. (i) w(A*) = A for all A € g, where A* is the fundamental vector
field associated with A.

(i1) Riw = Ad(g~")w for all g € G. Equivalently,
Wag ((dRg)uXu) = Ad(g™ " wu (X (6.9)
forallue P, ge G and X, € T, P.

Proof. Property (i) is just definition. For Property (ii), it is obvious if X, is hor-
izontal (both sides are zero). Now suppose that X = A* for some A € g. The
vertical vector (dR,), A% is tangential to the curve

(—e,€) 3t uetg =ug- g ey,

which corresponds to the g-element Ad(g~1')A. This gives the relation (6.9) for
vertical vectors. n

Conversely, suppose that w is a g-valued 1-form on P which satisfies (i) and (ii)
of Theorem 6.1. Define H,, £ kerw, for each u € P. Then the assignment u — H,,
defines a connection on P. In summary, one obtains the following basic result.

Proposition 6.5. A connection on P is equivalent to a g-valued 1-form on P
satisfying Theorem 6.1.

We use €(P) to denote the space of g-valued 1-form on P satisfying Theorem
6.1. Elements in €(P) are called connection forms on P.
Local representation of a connection form

We now describe a connection in terms of local data, which is sometimes more con-
venient to work with. Let w € €(P) be a given connection form. Let {Us,, ¥a, gga }
be a local trivialisation of P. For each «, we define A, £ orw where 0, : U, = P is
the local identity section defined by o, (z) = ¥;!(x,e). Note that A, is a g-valued
1-form on U,.

Lemma 6.2. The family {A,} satisfies the following consistency relation

Ap = gga A Gpa — A9pa * G- (6.10)
Proof. We first claim that

05(2) = 0a(®)gap(®), @ € Uag.

Indeed, let g € G be such that og(x) = o,(x)g. By the G-equivariance of yg, one
has

e = ps(05(x)) = ©s(0a())g = gpa(2)Paloa(z))g = gsa(x)g.
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Therefore, g = gap(z) which yields the desired claim.
Now let v € T, M and let z(t) (t € (—¢,¢)) be such that x(0) = z, #(0) = v. By
differentiating the relation os(x(t)) = 0u(x(t))gas(x(t)) at t = 0, one finds that

(dog)ev =(dRy, ;)o0(2)(d0a)2v
+0u()05(0) | gasl@) s (1)
=(dRyy5)0u(@)(d00)0v — 05(2)(dgpa - G50 )av-

It follows from Theorem 6.1 that

w((dag)mv) = Ad(g[ga(x))w((daa)xv) — (dgsa - ggé)wv.
This gives the desired relation (6.10). O

The family {A,} is called the local representation of w. Conversely, given such
a family {A,} one can construct a connection form w whose local representation is

{Aa}-

Proposition 6.6. Let {Uy, %, gsa} be a local trivialisation of P. Let {A, €
QN U,) ® g} be a family of local g-valued 1-forms which satisfy the consistency
relation (6.10). Then there exists a unique connection form w € €(P), such that
Ay = olw on each U,. More precisely, w is given by the formula

w = tdo, + Ad(p 1) (7* Ay). (6.11)
Proof. For fixed a, let F 2.1 : U, x G — 7 1(U,). We claim that
(AF)(0.0) (X, V) = (dRg) oo (2)(d00)2(X) + (67 V) F(ag) (6.12)
for all (x,g) € Uy x G and (X,V) € T,M & T,G. Indeed, one first notes that
F(z,9) = 0a(1)g = Ry(0a()).
For X € T, M, one has

(AF) o) (X,0) = 2

G| Baloa@)) = @Ry 0 (do). (),

t=0

where z; is any curve satisfying o = = and o = X. For V € T,G, by setting
A% g7V € g one has

d
F - _

The relation (6.12) thus follows.

tzoaa(x)getA - A*F(a:,g) = (g_lv)}(%g)'
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Now suppose that w is a connection form whose local representation is {A,}.
By applying w to both sides of (6.12) and using the properties of connection, one
finds that

(F*w)(a,g) = Ad(g™ ") (priAa) + pr5(g~ ' dyg),
where pr; denotes the projection onto the i-th component (i = 1,2). Since F~! =
Vo = (T, o), it follows that

w = Ad(gp;l)(ﬂ*Aa) + ngldgpa-

This justifies the formula (6.11) and proves the uniqueness claim. For its existence,
by using the consistency relation (6.10) one checks that the formula (6.11) defines
a global g-valued 1-form w on P. In addition, it is plain that w satisfies the two
properties of Theorem 6.1 and A, = o} w. Therefore, w is a connection form with
local representation {A,}. O

In summary, a connection form w € €(P) is also equivalent to a family {A, €
0N (U,) ® g} of local g-valued 1-forms satisfying (6.10). The space of such families
is denoted as €(U, gee) (clearly, such {A,} is described in terms of the open cover
U = {U,} and the gluing cocycle gse only). The following result shows how different
local representations of a connection are related.

Proposition 6.7. Let {A,} and {B,} be local representations of a connection form
0 € €(P) with respect to local trivialisations {Ua, Vo = (7, ¢4)} and {Ua, ¢, =
(m,¢!)} respectively. Then one has

By=—dT, - T, '+ Ty Ay - TY on U,
where T, : Uy — G is the map defined by To(x) £ ¢ (w)pa(u)™ (x € Uy, u €
T (x)).

Proof. Left as an exercise. [

6.4 Horizontal lift of curves

Next, we discuss the important concept of horizontal lift of curves. This allows one
to define a notion of parallel transport, which is essential for the construction of co-
variant differentiation on associated vector bundles later on. Let I be a connection
on P whose connection form is w.

Definition 6.10. A piecewise smooth curve u; € P is said to be horizontal if
Uy € H,, at every differentiable point ¢.

Theorem 6.2. Let v : [0,1] — M be a smooth curve and let u € 7~ *(vyy). There
exists a unique horizontal curve u : [0,1] — P such that ug = u and 7(u;) = v for
all t.
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Proof. Let (v;)o<t<1 be any smooth lift of v at u, i.e. v9 = uw and 7(v;) = =, for
all . The existence of v; can be obtained by using the local triviality of P. We
therefore look for a “correction path” ¢, € G such that u; = v,g, is a horizontal
lift of 4. Apparently, 7(u;) = 7(v;) = v and one also has vy = w if go = e. By
differentiating w;, one finds that

Uy = UG + Vg = (dRg, ), Ur + Utgt_lgt-

Therefore,
w(in) = Ad(g; w () + g7 g

Requiring u; to be horizontal means that w(1u;) = 0, which is equivalent to saying
that

gugy ' = —w(t). (6.13)
The equation (6.13) is a linear ODE for g, which can be solved uniquely with initial
condition gy = e. This proves the existence of u;. For its uniqueness, suppose i,
is another horizontal lift of v at u. Write @, = v,g; for some g, € GG. The same
reasoning as above shows that g, solves the ODE (6.13) with initial condition gy = e.
By uniqueness, one concludes that g; = ¢g; and thus u; = ;. O

Corollary 6.1. Let v : [a,b] — M be a piecewise smooth curve and let u € 71 (7,).
There exists a unique horizontal lift of v starting at u.

Proof. Apply Theorem 6.2 to each smooth piece of 4, consecutively. ]

Let v : [a,b] — M be a piecewise smooth curve. We define a map 7, : 71 (7,) —
7 () in the following way. Given v € 7 '(z,), let u; be the horizontal lift
of v starting at u. Then we set 7,(u) £ u;. This map is known as the parallel
transport along «y. It is easy to show that 7, is bijective and does not depend on
the parametrisation of . If v is the concatenation of two curves o and 3, one has
T, = Tg 0 T,. In addition, since horizontal subspaces are invariant under G-actions,
it follows that 7, is G-equivariant, i.e. Rjo7, = 7,0R, for all g € G. It is important
to note that the parallel transport depends on the entire curve ~.

6.5 Connections on associated vector bundles

Let E = P x,V be the associated vector bundle of (P, p) where p : G — GL(V)
is a given representation. The aim of this section is to construct a suitable notion
of “covariant derivative” Vxs of a section s € I'(E) with respect to a vector field
X eI'(TM).

If the bundle E is trivial (i.e. £ = M x V), sections of E are just V-valued
functions on M and one can simply define Vxs to be the directional derivative of
s along the direction X. More precisely, one defines

(Vxs)(z) 2 g%%(s(%) _s(z)), weM, (6.14)
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where 7 : (—e,6) — M is any smooth curve satisfying vy = z, 50 = X,. The
difference s(y:) — s(z) makes sense since both s(y;) and s(z) take values in the
same vector space V.

If £ is not a trivial bundle, the difference s(v;) — s(z) does not make sense
because s(y;) € E,, and s(z) € E, live in different spaces. A natural idea is to
“transport” s(7;) to the fiber £, along the curve 7 so that one can make sense of
the limit in (6.14) on the same vector space F,. This requires a notion of parallel
transport, which is naturally induced from a connection on the principal bundle P.

Let T' be a connection on P. We first define the horizontal subspace HE C T.E
(with respect to I') at each e € E. Pick a representative (u, &) of e and consider
the projection map P 3 v + [(v,€)] € E. The horizontal subspace HE is defined
to be the image of H, under the differential of this projection map at u. It can be
shown that #Z does not depend on the choice of representatives of e.

A piecewise smooth curve e; on E is horizontal if é, € ’HeEt at every differentiable
time ¢. Let «y : [a,b] — M be a piecewise smooth curve and let e € E._. Similar to
Theorem 6.2, there exists a unique horizontal curve e : [a,b] — F such that e, = e
and 7(e;) = y; for all ¢. This curve is called the horizontal lift of v at e. By varying
e € m7'(7a), one obtains a linear isomorphism 7.0 : E,, — E,, (e~ €,). The map
Tf is called the parallel transport along .

The horizontal lift e; and parallel transport can be easily described from the
principal bundle perspective. Recall that each u € P defines a linear isomorphism

u:V — Ep given by u(&) = [(u, ).

Lemma 6.3. Let (u,&) be a representative of e € E. and let uy € P be the
horizontal lift of v at w. Then e; = [(u,§)]. In particular, the parallel transport of
e to E,, along v is given by uu~'(e).

Proof. By definition, the curve ¢ — [(u, £)] is horizontal in E. O

With the notion of parallel transport, one can now define the covariant derivative
of E-sections in a precise mathematical way. We proceed in the following manner.

Definition 6.11. (i) (Covariant derivative along a curve) Let v : I — M be a

smooth curve defined on an interval I and let s be a smooth section over v (i.e.

sy € E,,). The covariant derivative of s along 7 is the section over v defined by
Dst A q. 1

E
— = lim — (7, Sten — S:) € E
Ay s = st) € By

where 7/, denotes the parallel transport from E,,

to E,, along 7.

(ii) (Covariant derivative along a direction) Let v € T, M and let s be a smooth
section of E defined on a neighbourhood of x. The covariant derivative of s at x
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with respect to the direction v is defined in the following way. Pick a smooth curve
v : (—e,e) = M satisfying 7o = x and 4y = v. We then set

(Vos)(x) 2 2

= E t:os(%)'

(iii) (Covariant derivative operator) Let s € I'(E) and X € I'(T'M). By using (ii),
one can define the covariant derivative (Vxs)(z) at every x € M. This gives rise

to a section Vs € I'(E) which is known as the covariant derivative of s along the
vector field X.

The following result shows that the covariant derivative is consistent with the
more familiar definition of a connection on a vector bundle from the differential
operator perspective (cf. Definition B.17). Its proof is routine and is left as an
exercise.

Proposition 6.8. The covariant derivative operator V x s is well-defined and satis-
fies the following properties. For any X,Y € I'(TM), s,t € I'(E) and f € C*(M),
one has

(Z) V(fx+y)8 = fVxs+ Vys;

(ZZ) VX(S + t) = VXs + VXt;

(111) Vx(fs) = (X[f)s+ fVxs.

Here X f denotes the directional derivative of f with respect to X.

Definition 6.12. A connection (or a covariant derivative) on a vector bundle
(E,M,;V) is a linear operator

V:I'(TM)xT'(E) = T'(E), (X,s)— Vxs
which satisfies the three properties in Proposition 6.8. One can equivalently view
V:I(E) = T(T"M ® E) = Q' (M, E)
by setting (Vs, X) £ Vys.

Remark 6.3. Every connection on E is the covariant derivative induced from some
principal bundle connection. In fact, a connection V on E defines a notion of
parallel transport (see Definition B.18). This gives rise to a connection on the
frame bundle F(F) in the following way. Let u = (z;e1,--- ,e,) € F(E). Given
v € T,M, draw a curve v; with 79 = x and 49 = v. The parallel transport of
e; along 7, defines a curve uy = (yse(t), - ,e(t)) € F(E) with up = u. The
set of tangent vectors 1 obtained by varying v € T, M defines an n-dimensional
subspace of T, F(E). By declaring this subspace as the horizontal subspace for each
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u € F(F), one obtains a connection on the principal bundle F(F). It follows that
V is the covariant derivative operator induced from this connection. If £ admits an
Euclidean metric, there is an O(r)-reduction £ = O(E) Xiq R" (see Example 6.7).
In this case, metric connections on F (i.e. connections that are compatible with the
metric in the sense of (B.21)) are in one-to-one correspondence with connections
on the orthonormal frame bundle O(F).

Example 6.8. Recall from Example 6.4 that the tensor bundle 77 M is an associ-
ated vector bundle of the frame bundle F(M). A connection I' on F(M) therefore
induces a connection V on T, M. One can view V : T/ M — T M by setting

(VS)( Xy, X, X) 2 (VxS)(Xy,--+, X,) € Ty (T, M), X;,X €T,M.

This connection is consistent with the induced connection on tensor bundles defined
using (B.23) (cf. (C.1)). A tensor field S € I'(T7 M) is said to be parallel if V.S = 0.
This is equivalent to saying that the parallel transport of S(+,) along any smooth
curve v : [a,b] — M coincides with S(7;).

The following useful result (and its corollary below) tells one how to compute
the covariant derivative from the principal bundle perspective; essentially, it is the
directional derivative along horizontal vectors.

Lemma 6.4. One has (Vxs)(z) = u((X*f)(u)) for allz € M and v € 7 (z).
Here X* 1s the horizontal lift of X and f is the V-valued function on P defined by

flu) £ ut(s(m(u))).

Proof. Fix u € P. Let v : (—¢,e) — M be a smooth curve such that vy = 2 = m(u)
and 49 = X,. Let u : (—e,) — P be the horizontal lift of 7 at u. Then one has

(0 ) ) = Jim - (70) — Fw)) = B = (7 (5(3)) — 5.

h—0 h—0

It follows that )
(")) = fim + (i (s(0) = 5(2)) (6.15)

h—0

According to Lemma 6.3, uu; '(s(7;)) is precisely the parallel transport of s(7;) to
E, along v. By the definition of covariant derivative, the RHS of (6.15) is equal to
(Vxs)(x). O

Corollary 6.2. Let s: [ — FE be a section of E along a smooth curve v : I — M.
Let u: I — P be a horizontal lift of v and let & = u;'(s;) € V. Then one has

Vi, 8¢ = Ut(ét)

forallt e 1.
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A section s along v is said to be parallel if V., s, = 0 for all ¢. This is equivalent
to saying that u; *(s;) is constant in ¢ for any horizontal lift (u;) of .

As an application of Lemma 6.4, one can derive the local representation of
V. Let {Ua;%a, gpa} be a local trivialisation of P. Let {s1,---,s,} be the local
frame field of E over U, induced from a fixed basis {€1, -+ ,&,} of V' (see (6.3)).
More precisely, s;(z) = [(0a(x),e;)] where o,(x) is the identity section on U,. Let
{A, = olw} be the local representation of the connection I on P. Recall that
p« = (dp)e : g — End(V) is the induced representation of p.

Proposition 6.9. Let A, be the matriz of p.(Aa) € Q' (Us) ® End(V') with respect
to {&;}, i.e. pu(An)ei = (An)] @ ¢;. Then one has

VSi = (Aa)f X Sj.
In other words, p.(As) is the local connection matriz of V with respect to{s;} on
Ug.

Proof. The argument consists of the following basic observations.

(i) Let s € I'(E). There exists a smooth function v : U, — V such that s(z) =
[(0a(2),v(x))] for all z € U,. Let f: P — V be defined by f(u) £ u™*(s(m(u))).
Then one has

0(2) = f(0a(2)). (6.16)
In addition, by applying Lemma 6.4 with v = o,(z), one finds that
(Vxs)(x) = [(oalz), (X" f)(0a(z)))] (6.17)

for any vector field X € I'(TU,). Here X* is the horizontal lift of X.

(ii) We claim that
X;a(ar) = (daoc):ch - Aa(X);; (618)

where A,(X)* is the fundamental vector field corresponding to A,(X), € g. In-

xT

deed, the projection of (do, ). X, — Aa(X): down to M is clearly X,. In addition,
by using the relation A, = o} w one finds that

(@, (d00)e Xy — Aa(X)2) = Ap(X)s — Au(X), = 0.

In particular, (do,), X, — Ao (X)E is a horizontal vector. Therefore, it is the hori-
zontal lift of X, at o,(z).

(iii) Suppose that F': P — V is a function which satisfies F'(ug) = p(g')F(u) for
allu € P and g € G. Let A € g with fundamental vector field A*. Then one has

AF)w) = 5| Fue®) = 2| pe @) = —p(AF@). (619
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(iv) By applying the relations (6.16, 6.19) to (6.18) (acting on F'), one obtains

(X" f)(0a(2)) = (dv)2(Xe) + (peAa(X)z)v(2).

It follows from (6.17) that

(Vis)(@) = [(0a(2). (d0):(X0) + (peAa(X))o(2)]. (6.20)

(v) Now take s(z) = s;(z) = [(0a(x),&;)]. In this case, v(x) = ¢;. According to
(6.20), one has

(Vxs)(@) = [(0a(@), (e Aa(X)2)2:)] = (Aa(X)a)![(0a(@),25)] = (Aa)]s().

This completes the proof of the proposition. O

6.6 Exterior covariant derivative

The study of curvature relies on the notion of exterior covariant derivative which
we shall first introduce. Let (P, M, m;G) be a principal bundle.

Definition 6.13. Let p : G — GL(V) be a representation. A type (p, V') k-form on
P is a V-valued k-form ¢ € QF(P) ® V which satisfies the relation Rip = p(g~")¢
for all g € G. We say that ¢ is horizontal if p(Xy,---, Xx) = 0 provided at least
one of the X;’s is vertical.

Remark 6.4. Definition 6.13 does not rely on a connection on P, although the term
“horizontal” is used (just as a convention).

An important fact is that a horizontal, type (p, V') k-form ¢ on P is equivalent
to an E-valued k-form @ on M. Here E £ P x,V is the associated vector bundle
of (P, p). Indeed, suppose that ¢ is a horizontal, type (p, V) k-form on P. Given
v, v, € T, M, we define

@(Ulu"' 7Uk);t é U(QO(Xl, 7X/€)u) € E:D (62]‘)

where v is any point in 77! (x) and X is any lift of v; at u (i.e. (dm),X; = v;). One
checks that ¢ is a well-defined E-valued k-form on M. Conversely, suppose that
¢ € Q¥(M,E). Given Xi,---, Xy € T, P, we define

SO(le T 7Xk)u = u_l (@((dﬂ-)qu’ T (dﬂ-)uXk‘)ac)

Then ¢ is a horizontal, type (p, V) k-form on P.

Suppose that I' is a connection on P whose connection form is w. Note that
w is a type (Ad,g) 1-form but it is not horizontal. It cannot be descended to a
Ad(P)-valued form on M.
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Lemma 6.5. Let ¢ be a type (p, V') k-form on P.

(1) dy is a type (p, V) (k + 1)-form.
(i) The form ©" defined by ©"(X1, -+, Xg) = @(hX1, - ,hXy) (hX; denotes the
projection of X; onto the horizontal subspace) is a horizontal, type (p, V') k-form.

Proof. The first claim follows from the relation that R} commutes with d. The
second claim follows from the invariance of horizontal subspaces under R,. ]

Definition 6.14. The ezterior covariant derivative of a type (p, V') k-form ¢ on P
is the horizontal, type (p,V) (k + 1)-form defined by Dy = (dy)"; more precisely,

(D¢)<X17 o 7Xk+1) £ (d80)<hX1, T ,th+1>.

Definition 6.14 does not require ¢ to be horizontal. If one further assumes
so, its exterior covariant derivative can be equivalently described in terms of the
connection V on E (Proposition 6.10). We first give the following definition.

Definition 6.15. The exterior covariant derivative operator dv : Q*(M,E) —
Q*t1(M, E) is the unique linear operator which satisfies dV(s) = Vs for s € I'(E)
and the Leibniz rule

dV(aAs)=da s+ (—1)Fand’s (6.22)
for « € QF(M) and s € Q*(M, E) (k > 1).

Proposition 6.10. For a horizontal, ty&(p, V) form ¢ on P, let ¢ be the corre-
sponding E-valued form. Then one has Dy = d¥¢.

Proof. Let ¢ be a V-valued function satisfying ¢(ug) = p(g~"')p(u). Let ¢ be the
horizontal, type (p, V) 1-form corresponding to Vo € Q'(M, E). We want to show
that Dy = 1. Indeed, for any u € P and X € T, P, one has

D(X)w = ™ (Viamx@) = u " (u((hX)g)) (by Lemma 6.4)
= ((hX)) (w) = (D) (X)u-

Therefore, Dy = 1. This proves the claim for O-forms.

For general k-forms, one only needs to observe that the exterior covariant deriva-
tive D also satisfies the Leibniz rule on the principal bundle. Namely, for any
a € QF(M) and any horizontal, type (p, V) form 1 on P, the form 7*a A 7 is also
horizontal and of type (p, V'), and one has

D(r*a An) =dr*a An+ (=1)*7*a A Dn.

This part is straight forward. ]

150



In the horizontal case, one can derive an explicit formula for the exterior covari-
ant derivative in terms of the exterior derivative d and the connection form w. To
state this formula, we first introduce some notation.

Definition 6.16. We define a natural pairing - A - between Q(P) ® End(V') and
Q(P) ® V by extending the relation

(@@SANPBREE(anB)@S(E), a,B€QP),SecEnd(V),£cV

in a multilinear manner. In the case when ® € Q'(P)®End(V) and ¢ € Q*(P)®V,
it is easily seen that ® A1 € Q¥(P) ® V is given by

ST 0(X) (X0, X Xp). (6.23)

=0

(® AY)(Xo, -+, Xi)

Proposition 6.11. Let ¢ be a horizontal, type (p,V') form on P. Then
Dy =dp+ (psw) A ¢, (6.24)

where the above N-pairing is understood in the sense of Definition 6.16. Equiva-
lently, if one views p € Q(M, E) whose local representation with respect to a local
trivialisation {Uq, Vo, gpa t 18 0o € Q(Us) @V, then the local representation of dY ¢
1S given by

(dv§0>a = dpa + (pxAa) A Pa, (6.25)

where { Ay} is the local representation of w.

Proof. We only prove (6.24). The local version (6.25) follows immediately from
(6.24) as well as Proposition 6.10. Let ¢ be of degree k. We need to show that

(D) (Xo, -+, Xp) = (dp + (pew) A ) (Xo, -+, Xi) (6.26)

for all vector fields X, -+, X} € T'(TP).

(i) The X;’s are all horizontal. In this case,

((paw) A @) (Xo, -+, Xi) =0

due to the presence of the w-term. The relation (6.26) just reduces to the definition
of Dep.

(ii) At least one of the X;’s is vertical. Without loss of generality, let us assume
that Xo = A* with A € g. In this case, the LHS of (6.26) is zero. For the RHS,
since ¢ is horizontal, by using the formula (6.23) one finds that

((p*w) A 90) (A*7X17 T 7Xk) = (p*A) (@(Xla T >Xk))

151



On the other hand, according to Cartan’s formula for the Lie derivative (see Propo-
sition B.1), one has

Larp = 1(A")dp + di(A%)p = o(A")dy
where ((A*) is the interior product (see Definition B.6). Therefore,
(dp) (A", Xy, -+, Xp) = ((A")dep) (X, -+, Xi)
= (Lap) (X1, , Xp).

It remains to shows that

(La=p) (X1, Xp) = —(peA) (X1, -+, X)), (6.27)

Indeed, by Definition B.2 of the Lie derivative and the fact that ¢ is of type (p, V),
one has

o1, 1 1A
(Lap)u = lim ;(Remsouem —u) =lim ;(p(e Mow — 0u) = —(pA)pu.

This gives the relation (6.27) and thus completes the proof of (6.24). O
Example 6.9. In the case when p = Ad and F = Ad(P), one has

Dy =dp+[wA gl (6.28)

Here the Lie bracket wedge between two g-valued forms on P is the unique bilinear
map

[ A (QP)@g) x (AP)©g) = QP)©g (6.29)
which satisfies

[(a®A)A(B®B)=(aAp)@ A, B
for a, p € Q(P) and A, B € g. This is because (Ad.w) A ¢ = [w A ¢|. From the
Q(M, Ad(P)) perspective, one has the local representation
(dvsp)oc = d‘pa + [Aoz A Qpa} (630)

in this case.

6.7 Curvature of a connection

Now we discuss a central concept of this chapter: the curvature of a connection.
Let I' be a connection on (P, M, 7; G) whose connection form is w. Recall that w is
a type (Ad, g) 1-form on P. We define the horizontal, type (Ad, g) 2-form Q £ Duw.
According to the previous discussion, 2 descends to an element of Q?(M, Ad(P))
which is denoted as F,,.

Definition 6.17. Both  and F,, are called the curvature form of T' (which one is
referred to will depend on the context).
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6.7.1 Cartan’s structure equation and Bianchi’s identities

The curvature form € satisfies the following (second) structure equation of Cartan
(cf. Theorem 6.6).
Theorem 6.3. One has ]

Q:dw+§[w/\w], (6.31)
where [-A-] is the Lie bracket wedge defined in (6.29). An equivalent way of rewriting

(6.31) is that
QX,Y) = (dw)(X,Y) + [w(X),w(Y)] (6.32)

for all X, Y € I(TP).
Proof. We verify (6.32) at each u € P. Let X,Y € T, P.

(i) Both X, Y are horizontal. In this case, w(X) = w(Y) = 0 and the relation (6.32)
is just the definition of €.

(ii) Both X, Y are vertical. In this case, one can assume that X = A Y = B} with
A, B € g. By definition, Q(A*, B*) = 0. On the other hand

(dw)(A", BY) + [w(A"),w(B")]

= A*w(B*) — B*w(A") — w([A*, B*]) + [w(A"), w(B*)]
= —w([A", B"]) + [w(A"),w(B")]

= —w([4, B]") + [A, B]

= O7

where the second last equality follows from Lemma 6.1.

(iii) X is horizontal andY = A¥ (A € g) is vertical. We take a horizontal extension
of X (still denoted as X) to a neighbourhood of u. For instance, one can choose
an extension of (dm),X to a neighbourhood U of 7(u) and take its horizontal lift
to 771 (U). By definition, one still has Q(X, A*) = 0 and also [w(X),w(A*)] =0 in

this case. It remains to show that

(dw)(X, A¥) = 0. (6.33)

To this end, one first notes that
(dw)(X, A%) = Xw(A") = A'w(X) + w([4", X]) = w([A7, X]).

Next, we claim that [A*, X] is horizontal. In fact, one has

[A*, Xy = (LaX)y = 1im%((dRetA)XuetA - X.).

t—0

The RHS is clearly horizontal since horizontal subspaces are invariant under G-
actions. Therefore, w([A*, X]) = 0 and the relation (6.33) follows. O
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Remark 6.5. The 1/2-factor appearing in the structure equation (6.31) does not
contradict the formula (6.28). In fact, Proposition 6.11 cannot be applied to ¢ = w
because w is not horizontal. If one examines the proofs of both Proposition 6.11 and
the formula (6.31) carefully, the 1/2-factor precisely arises from the nonhorizontality
of w.

Remark 6.6. The structure equation shows that
Q(X,Y) = —w([X.Y]) (6.34)

for horizontal vector fields X,Y. In particular, Q(X,Y), picks up the g-element
corresponding to the vertical component of [X,Y],. From this perspective, the
curvature measures the degree of nonintegrability for the horizontal distribution
{Hu}uep. If the connection is flat (i.e. © = 0), the relation (6.34) shows that
the horizontal distribution is invariant under Lie bracket. As a consequence, the
horizontal distribution is integrable and P is thus foliated by maximal connected
horizontal leaves (Frobenius theorem; see [War83, Theorem 1.60]). If M is further
assumed to be simply connected, it is isomorphic to the trivial bundle M x G (see
[KN63, Corollary 9.2]).

Remark 6.7. Since G is assumed to be a matrix Lie group, one can also express the
structure equation (6.31) in the following form:

Q=dw+wAw, (6.35)

where w is viewed as a matrix-valued 1-form and the above exterior product is taken
with respect to matrix multiplication. This formula is consistent with Definition
5.6 in the orthonormal frame bundle case.

The curvature form satisfies the following Bianchi’s identity, which is an exten-
sion of Proposition 5.4.

Theorem 6.4 (Bianchi’s Identity). One has D2 = 0, or equivalently, d¥ F,, = 0.
Here dV is the exterior covariant derivative on Q(M, Ad(P)) induced from T.

Proof. By taking exterior derivative on both sides of (6.35), one obtains that
dQY=dw Nw—w A dw.

Due to the presence of w in the above equation, it is apparent that (dQ)(X,Y, Z) =0
for any horizontal vector fields X,Y, Z. ]

Remark 6.8. By using the formula (6.28) and the relation that [wWAQ] = wAQ—QAwW,
one can rewrite Bianchi’s identity as

dQA=QANw—wAS.

This is consistent with Proposition 5.4 in the orthonormal frame bundle case.
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Example 6.10. Consider the trivial principal G-bundle P = M x G. The Maurer-
Cartan form is the g-valued 1-form on G defined by @ £ ¢~'dg; its evaluation at
X, € T,G is the left translation of X, by ¢! as an element in g. Explicit calculation

shows that ]
d@+§[w/\w] = 0.
As a result, the curvature of the connection pjiw (py : P — G is the projection onto

the second component) is flat.

6.7.2 Local representation of curvature form

Now we consider local representations of Q. Let {Us, ¥4, gsa} be a local trivialisa-
tion of P. Similar to the connection case, we define F, £ ¢:Q € Q?(U,) ® g where
oo(7) £ 7 (2, €) is the local identity section. It follows from (6.35) that

Fy =dAq + Ay A Ay, (6.36)

where we recall that A, £ 07w is the local representation of w. Using the consis-
tency relation (6.10) for A,, it is plain to check that

F3 = gpa - Fa - 050 00 Usgp. (6.37)

In particular, F(X,Y) = Ad(gga)(Fu(X,Y)) on U,s, which is precisely the con-
sistency relation required for {F,(X,Y)} defining a global section of Ad(P) (cf.
(6.6)). In other words, the family {F,} patches to a global Ad(P)-valued 2-form F
on M which is of course just F,,. Sometimes we also use F4 to denote the curvature
form if the connection is given by the local data A = {A,} € €(U, ges). According
to the relation (6.30), Bianchi’s identity dV F,, = 0 locally reads

dF, + [Aq A Fa] = 0. (6.38)

Lemma 6.6. Let {U,,v¢,} and {U,, ¢} be two local trivialisations of P. The
corresponding local representations of Q0 are related by F!, = T, F, T, where T, :
Uy — G is the map defined by To(z) = @, (p)oa(p)™ (v € Uy, p € 77 4(2)).

Proof. This is explicit calculation based on Proposition 6.7. ]

6.7.3 Curvature of induced connection on associated vector bundles

Finally, we consider the curvature of the induced connection on an associated vector
bundle £ = P x, V. Recall from Section 6.5 that the connection I' on P induces a
connection V on E. The form p, () is a horizontal, type (Ad,, End,(V)) 2-form on
P, which descends to an element Fy € Q?(M,End,(E)) (see Example 6.6 for the
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relevant definitions). The form Fg can also be constructed in the following way.
Define B B B B
F,=dA,+ A, N A, € Q*(U,) ® End,(V),

where A, £ p.(A,) is the local representation of the connection V (see Proposition
6.9). According to the relation (6.37), one has

Fg = Ady(9a) (Fa)-
It follows that the family {F,} patches to a global element Fy € Q*(M, End,(E)).

Definition 6.18. The form Fy € Q*(M,End,(E)) is called the curvature form of
the connection V.

By viewing End,(E) as a subbundle of End(£) in a natural way, the 2-form Fyg
is exactly the curvature tensor of V defined by (B.20); indeed, one can show that

Fv(X, Y)S = VXVyS — VYVXS — V[X7y}8

forall X, Y e I'(T'M) and s € I'(E) (cf Lemma 6.8). The additional structure here
is that the endomorphisms determined by Fy are infinitesimal symmetries coming
from g through the induced representation p, (cf. Example 6.6).

Example 6.11. Let (E, M, ;V) be a real Euclidean vector bundle of rank r.
Recall from Example 6.7 that E = E' £ O(E) x;qR" where O(FE) is the orthonormal
frame bundle of E. A metric connection V on E is therefore equivalent to a
connection w on O(F) (see Remark 6.3). The curvature tensor Fy of V is an
element of Q*(M, End™ (E)), where End™ (F) is the subbundle of End(F) consisting
of endomorphisms that are antisymmetric with respect to the metric. On the other
hand, there is a natural isomorphism

D : El’ldi(E) — EndidE’, @(S) £ [((33, €1, 767‘)7 (ﬂ'j)lgi,jgr”;

where z = 7(s) and Tij is defined by se; = Tl-jej. The image of Fy under @, as
an element of Q?(M,End;qE’), is precisely the curvature of the connection on £’

induced from w. Similar discussion applies to the complex Hermitian case.

6.8 Gauge transformations

We take a small detour to briefly discuss how connection and curvature transforms
under principal bundle automorphisms. Let (P, M, 7;G) be a given fixed principal
bundle.

Definition 6.19. A gauge transformation of P is a principal bundle automorphism
T : P — P such that m o T = 7. The space of gauge transformations (the gauge
group) is denoted as G(P).
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Clearly, G(P) is a group under composition. Let (U, gee) be given fixed lo-
cal gluing data of P. Recall from Proposition 6.1 that a gauge transformation
T € G(P) is equivalent to a family of maps T, : U, — G satisfying gg.(z) =
Ts(2)gpa(2)To(z)~t. We also denote G(P) as G(U, ges) if we prefer to work with
their local representations.

Proposition 6.12. Let S,T € G(P) with local representations {S,}, {T.} respec-

tively. Then {S.To} (defined by pointwise multiplication) is the local representation
of ST.

Proof. From the proof of Proposition 6.1, one knows that

T(u) = ¥y (m(u), Ta(2)pa(u)).

Therefore, one has

S(T(w) = vg ' (1(w), Sa(2)pa(T () = ¢5 " (1(u), Sa(r)Ta(z)palu)).
This shows that the local representation of ST on U, is S,T,. O

Remark 6.9. Let {T"} be the local representation of 7" with respect to another
gluing data (U, hee). Then T, = R, T R;' where R,(z) = ¢, (u)ps(u)™! for u €
7 ().

The gauge group G(P) acts on the space €(P) of connections in the obvious
way:

Tr~ws (THYw, TeGP)weEP).

This is indeed a group action; one has (ST) ~w =S ~ (T' ~ w). The following
result provides the local formula for this action (cf. Proposition 6.7).

Proposition 6.13. Let T € G(P) and w € €(P) be represented by {T,} and
{A.} respectively under local trivialisation {Us, ¥, gga}- The local representation
of T ~ w is then given by

B, = Ty AT — dT, T (6.39)
Proof. Let S2£ T and w £ T ~ w = S*w. By definition,
B, =o0w' = (So004)w,

where o,(x) = 1, (x, e) is the local identity section. An important observation is
that

(So0a)(z) =S¥y (,€) = ¥y (7, Sa(2)e) = U (z, €50 (x)) = 0u(x)Sa(x),
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where {S,} is the local representation of S. Now let v € T, M be given fixed.
Setting u 2 o, (x) and g = S,(z), one has

(B 0)z = (W, (S 0 04)40)ug- (6.40)
Let 2, be a curve representing the tangent vector v. Denoting X, = (04).v € T, P,
it follows that

_d
~ dtli=o

_ d -1
= (Ry). Xy +ug | S:'(x)Sa(a).

(S 004)v Oolt)Sa(T4)

By substituting this into (6.40) and using Theorem 6.1 (ii), one finds that

* d —
(Ba, V)e = (Rywug, Xu) + <wug,ug%’tzosal(x)é’a(xt»
d
-1 “ -1
= 97 wu X)g + (g ug | S2 (@) Sale)

— () (A 00T ()™ + (g g2 S ()Saln)),

dt )t:O
To evaluate the second term, one observes that

— () Sa(xy) = (Shw,v), = <Sad5;1,v)x
dt 1t=0
= —(dTaTa’l,v)x =: A€y,

where @ is the Maurer-Cartan form (see Example 6.10). By using Proposition 6.1
(i), one has

d
(Wag, ug = SoH@)Sa(m)) = A= —(dT. T, ", v),.

=0

As a consequence,
(Ba, V) = To(2) (A, V) To(z) ™t = (dT,T1, 0,
The relation (6.39) thus follows. O

The curvature also transforms in an obvious way under the gauge action. More
precisely, one has Fr~,, = T(F,) where T : Ad(P) — Ad(P) is the isomorphism
induced by [(u, A)] — [(Tu, A)] (u € P, A € g). If {T,,} is the local representation
of T, one has (Frny)a = To - (Fl)a - T3t

More generally, let ® : P — () be an isomorphism of principal G-bundles over
M (covering the identity idys). Suppose that (U, ges) (respectively, (U, hes)) is the
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local gluing data for P (respectively, for Q). According to Proposition 6.1, ® is
equivalent to a family of maps T, : U, — G satisfying the relation (6.1). Let
w € €(P) and w' £ (®7')*w be the corresponding connection on Q. Their local
representations ({A,} and {B,} respectively) are related by

B, = T AT —dT, T

Their curvatures are related by F,, = ®(F,) where ® : Ad(P) — Ad(Q) is the
vector bundle isomorphism induced by ®. Locally, one has (F.,/)q = To - (F,)a-

6.9 Affine connections on tangent bundle

In this section, we apply the general theory to a particular situation: the tangent
bundle T'M.

Let M be an n-dimensional manifold. Recall from Example 6.2 that the frame
bundle F(M) is a principal GL(n; R)-bundle over M. Elements of F(M) are of the
form v = (x; Xy, -+, X,), where z € M and {Xy,---,X,} is a basis of T,M. A
local frame field {e;} of T'M over some open subset U C M gives rise to a local
trivialisation (parametrisation)

Y7 U U x GL(n;R), ¥((z; X1, , X)) = (2,9) (6.41)
where ¢ is the transformation matrix from (e, --- ,e,) to (Xy,---, X,), i.e.
(X17"' 7Xn) = (617'“ 7en) - g.

According to Example 6.4, the tangent bundle T'M is isomorphic to the associated
vector bundle F(M) x;q R™, where id : GL(n; R) ~ R" is the standard represen-
tation defined by matrix multiplication. For v = (z;X4,---,X,) € F(M), the
linear isomorphism u : R® — T, M is defined by u(¢) £ £'X; (cf. (6.2)). In other
words, u(€) is the tangent vector whose coordinates with respect to the basis u are

(€)1<i<n-

6.9.1 The canonical form

The frame bundle F(M) has a special feature: the canonical form (cf. Definition
5.4).

Definition 6.20. The canonical form on F(M) is the R"-valued 1-form on F(M)
defined by
0(X), £ u ' ((dn),X), weF(M),X €T, F(M).

More explicitly, 6°(X), is the X;-coefficient of (dm),X with respect to the basis
{X1, -+, X, } of T, M defining u.
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The form 6 admits the following local expression.

Lemma 6.7. Let {e;} be a local frame field of TM over some open subset U C M
and let {n'} be its dual. Then one has

Owg) =g " 7N, (6.42)
where (x,g) is the local parametrisation of F (M) given by (6.41).

Proof. Let X € T,F(M) and write (dr),X = MX;, where u = (z; X1, -+, X,,).
By the definition of #, one has

(g7 "im™ n?, X) = (g7 )5, (dm)uX) = (g7 "), A¥ X)
= (g5, Nogrer) = (g71)igiAF = N = 07(X)..
This gives the relation (6.42). O

Proposition 6.14. The canonical form 6 is horizontal and of type (id, R™). It
descends to an element § € QY (M, T M) which is given by 0(v), = v for allv € T, M.

Proof. By definition, one has
(08 )u =g/, (d7)uY ).
for any Y € T, F(M). Since g is invertible,
0Y), =0Vi < (i, (dn),Y), =0Vi <= (dn),Y =0 <= Y € V,.

This shows that ker 6, =V, and in particular, 6 is horizontal.
Next, we need to show that

0((dRg) X)ug = g~ - 0(X)., (6.43)
for all X € T,F(M) and g € GL(n;R). Indeed, the LHS of (6.43) is the co-
ordinates of v £ (dr),X with respect to the basis (Xi,---,X,) - g where u =

(x; Xy,--+,X,). It is therefore related to the vector 6(X) (coordinates of v with
respect to (Xi,--+, X)) by the formula (6.43).
Finally, to derive the expression of #, one simply recalls from (6.21) that

0(v)e = u(0(X)y), v€T.M,

where v € 77! (x) and X is any lift of v. It is apparent from definition that u(6(X),,)
is just v. O]
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6.9.2 Affine connections and absolute parallelism

Connections on T'M are called affine connections. According to Remark 6.3, a con-
nection on 7'M is equivalent to a connection on F(M). We will use the terminology
affine connections on M / on T'M / on F(M) interchangeably depending on the
context.

In what follows, we assume that F(M) is equipped with an affine connection
I' with connection form w. Another special feature of F(M) is that it admits
an absolute parallelism with respect to I', i.e. a global frame field {Vji,Hk 1 <
i,j,k < n} in the sense that {V/'(u), Hy(u)} is a basis of T, F (M) at every u €
F(M). The vector fields {V}} are the fundamental vector fields corresponding to
the canonical basis of gl(n;R). To construct the Hy’s, we need to introduce the
following definition.

Definition 6.21. Let £ € R™. For each u € F(M), we define H (), € H, to be the
horizontal lift of u(§) € Trw)M. The horizontal vector field v — H (&), is called
the standard horizontal vector field corresponding to &.

We summarise a few basic properties of standard horizontal vector fields as
follows.

Proposition 6.15. (i) The map & — H(&) is linear. In addition, for each £ # 0,
the vector field H (&) is everywhere nonvanishing.

(i1) 0(H(§)) =& for all € € R™.
(iii) (dRy)H (&) = H(g™'€) for all§ e R™ and g € G.
(v) [A*, H(§)] = H(AE) for all A € gl(n;R) and & € R".

Proof. The first three properties are straight forward. In addition, one has

A" H(E)] = (Ca-H(E))u = lim - (AR o) H(€)wrn — H(E)y)

t—0 t
! ‘A
= H(AS)
This proves the last property. O]

Now we prove the aforementioned absolute parallelism. Let E; € gl(n;R) be
the elementary matrix whose (7, j)-entry is one and all other entries are zero. Note
that {E} : 1 <4,j < n} is a basis of gl(n;R). Let {e1,--- ,e,} be the canonical
basis of R".
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Theorem 6.5. Let (E;)* be the fundamental vector field corresponding to EJZ Then
the vector fields {(E})*, H(ex)} and the 1-forms {w?, 6%} on P are dual to each other.

In particular, |
{(EYS He)u : 1< 004, k <}

form a basis of T,F (M) at every u € F(M).

Proof. Note that w annihilates horizontal vectors and # annihilates vertical vectors.
The result follows immediately from Theorem 6.1 (i) and Proposition 6.15 (ii). O

6.9.3 Structure equations and Bianchi’s identities

In Section 6.7, we derived the structure equation and Bianchi’s identity for the
curvature form 2 = Dw in the general principal bundle context. In the frame
bundle case, there is an additional structure equation as well as an additional
Bianchi’s identity which are both related to the so-called torsion form. Let I be an
affine connection on F(M).

Definition 6.22. The torsion form of I' is the horizontal, type (id,R") 2-form
defined by © £ D@ where 6 is the canonical form.

Remark 6.10. Recall from (6.34) that the curvature form measures the vertical
component of the Lie bracket between two horizontal vector fields. To some extent,
the torsion form measures its horizontal component. Let H({) and H(n) be the
standard horizontal vector fields corresponding to & and n respectively. By the
definition of ©, one has

O(H(£), H(n))

do(H (&), H(n))
(E)O(H (n)) — Hn)(OH(E)) — 0([H(£), H(n)])

(&)n — H(n)& — O(h[H(E), H(n)])

—0(h[H(E), H(n)]). (6.44)

The vector O(h[H (), H(n)]). picks up the coordinates of (dm),(h[H(§), H(n)|.)
with respect to the basis u of T, M.

H
H(¢

We now state the full structure equations and Bianchi’s identities for an affine
connection.

Theorem 6.6. (i) (The first structure equation) df = —w A 0 + O.

(ii) (The second structure equation) dw = —w A w + €.

Proof. The second structure equation was proven in Theorem 6.3 and we only
consider the first one. Fixing u € F(M), we test the equation on a pair of vectors
X, Y e T,F(M).
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(i) Both X,Y are vertical. We assume that X = A’ Y = B for some A, B € g.
In this case, the RHS is zero. For the LHS, one has from Lemma 6.1 that

d0(A*, B*) = A*0(B*) — B*0(A*) — 6(|A*, B*))
— —0([A, B]") = 0.

(ii) Both X,Y are horizontal. In this case, the claim just becomes the definition of

O.
(iii) X s vertical and Y is horizontal. We assume that X = A* and Y = H(¢), for
some A € g, £ € R". In this case, one has from Proposition 6.15 that
df(A*, H(E)) = A"0(H(£)) — H(§)0(A™) — 0([A", H(E)])
= 0—0(H(AS)) = —AC.

On the other hand,
(—w A0+ 0)(A" H(S)) = —w(AT)I(H (L)) = —AL.
The desired claim thus follows. O
Theorem 6.7. (i) (The first Bianchi’s identity) DO = Q A 6.
(ii) (The second Bianchi’s identity) DS) = 0.

Proof. The second Bianchi’s identity was proven in Theorem 6.4 and we only prove
(). According to the structure equations, one has

dO =dw N —wAdb
=(Q-wAWA)—wA(—wAO+0O)
=QAN0—-wANBO.

It follows that
dO(X, Y, Z) = (A B)(X.Y, 2)

for any horizontal vector fields X,Y, Z. This implies DO = Q A 6. [

6.9.4 Descendence to tangent bundle

In this subsection, we consider the equivalent formulation of the torsion and curva-
ture forms on the tangent bundle. Let V denote the connection (covariant deriva-
tive) on T'M induced from the affine connection (cf. Definition 6.11). Firstly, ©
descends to a T'M-valued 2-form on M which will be denoted as T' (the torsion
tensor). In addition, © descends to an Ad(F(M))-valued 2-form on M. There is
an isomorphism Ad(F(M)) — End(T'M) defined by

[(u, A)] = [Dv = u(A-u )] € End(T,M) (u€rn (x)).
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This allows one to view € as an element in Q%(M, End(T'M)) which will be denoted
as R (the curvature tensor). The tensors 7" and R have the following more familiar
expressions in Riemannian geometry.

Lemma 6.8. One has
T(X,Y)=VxY -VyX — [X,Y], (6.45)
R(X,Y)Z =VxVyZ —-VyVxZ —Vxy|Z (6.46)
for all X,Y,Z € T(TM).

Proof. We only prove (6.46) and leave the other one as an exercise. Fix u € F(M).
Let X*, Y*, Z* be the horizontal lifts of X, Y, Z respectively. Let f £ 6(Z*) be the
R"™-valued function on P corresponding to Z. According to Lemma 6.4,

(VxVyZ = VyVxZ = Vixy1Z)s
= u(X;(Y*f) = V(X" f) = B[X*, Y. f)
= u(v[X*,Y*]uf),

where v[X*, Y*] denotes the vertical component of [X* Y*]. Let A € g be the
element such that A* = v[X* Y*],. Since [ satisfies f(ug) = ¢g~'f(u), the same
reasoning leading to (6.27) shows that

v[ X5 Yo f = —Af(u).

Therefore,
(VXVYZ - VyVXZ - V[_}Qy]Z)x == —u(Af(u)) (647)

On the other hand, one has from (6.34) that
QX" Y, = —w([ X", Y"]), = —A.
It follows that
(R(X,Y)Z)e = u(QUX*, Y )uf(v) = —u(Af(u)). (6.48)
Combining (6.47) and (6.48), the relation (6.46) thus follows. O

The following lemma is an almost immediate application of Lemma 6.4. It is
useful for deriving Bianchi’s identities for 7" and R.

Lemma 6.9. Fiz u € 7 (z) and let X,Y,Z, W € T,M. Let X*,Y* Z* be the
standard horizontal vector fields corresponding to the vectors v X, u='Y, u='Z
respectively. Then the following two relations hold at u:

(VxT)(Y,Z2) =u(X*(O(Y*, Z)), (6.49)
(VxR)(Y, Z)W = u(X*(QY™, Z%)) - u"'W).
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Proof. We only prove (6.49) as the other one follows from similar reasoning. By
viewing T € T'(T) M), let

fiFM)=>R"@ R @ R, fu=u " (Trw)

be the function corresponding to 7. Let n = «~'Y and ¢ £ u~'Z. According to
Lemma 6.4, one has

(VXT)(Y, Z) = u((X3f)(n,Q)) at u. (6.50)

On the other hand, let u : (—¢,e) — F(M) be a curve satisfying uy = u and
iy = X¥. By the definition of f,

X0y, 2) = 2| ez, = %L:Ofut (u (dm) Y, up M (dm) Z2,).

Since Y*, Z* are standard horizontal vector fields, one has
up H(dm)Y, =, g (dm) 2y, = ¢

for all t. As a result,

X002 = 5| 1,0 = (XiH).0).

It follows that (6.50) that
W(X3O(*, 7)) = (VAT)(Y,Z) at
which yields the relation (6.49). O

We now give the equivalent formulation of Theorem 6.7 in terms of the tensors
T and R. It describes the basic symmetries of the curvature tensor R. We use
&(--+) to denote a cyclic symmetrisation, i.e.

C(P(X,Y,2) £ 9(X,Y,Z) +®(Y,Z,X) + ®(Z, X,Y).

Theorem 6.8. (i) (The first Bianchi’s identity) €(R(X,Y)Z) = €(VxT)(Y, Z)+
T(1(X.)Y), 2)).

(11) (The second Bianchi’s identity) €(VxR)(Y,Z) + R(T(X,Y),Z)) = 0.

In particular, if the connection is torsion free (i.e. T =0), one has
C(R(X,Y)Z) =0, €(VxR)(Y,Z)) =0

for all X,Y,Z € T(T'M).
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Proof. The result is just the descendence of Theorem 6.7 to the tangent bundle.
We only prove the first identity. Recall from Theorem 6.7 (i) that DO = QA 6. Fix
u € F(M) and let XY, Z € TrwyM. Let X*,Y* Z* be the standard horizontal
vector fields corresponding to the vectors v ' X, u='Y, u='Z respectively. On the
one hand,

DO(X;, Y}, Z1) = €(X:(O(Y", Z27) — O([X", Y™, Z%).,)
= u [e((VT)(Y, 2) = T((dm)u[X", Y "), 2)]
- u—l[e((vXT)(Y, Z) + T(T(X, Y),Z))]. (6.51)
The second equality follows from (6.49). The third equality follows from the relation
(dm)u[ X" Y], = —T(X,Y),
which is just a restatement of (6.44). On the other hand,
(A B)(X, Yy, 7) = €(Q(X,Y),0(2))
—u |¢(R(X,Y)2), | (6.52)
Equating (6.51) and (6.52) gives the first Bianchi’s identity. O

An important geometric concept associated with an affine connection is the
notion of geodesics.

Definition 6.23. A smooth curve v : I — M is called a geodesic with respect to
the connection V if 4, is parallel along v, i.e. V4,4 =0 for all ¢ € 1.

The following result provides a neat characterisation of geodesics from the prin-
cipal bundle perspective.

Proposition 6.16. A smooth curve in M is a geodesic if and only if it is the
projection of an integral curve of a standard horizontal vector field in P.

Proof. Let v, be a smooth curve in M and let u; be a horizontal lift of ;. Define
& 2 u; ' () € R™ According to Corollary 6.2, one has

Vi = u(&) (6.53)

for all t.

Now suppose that v, is a geodesic. One knows from (6.53) that & = 0 and thus
& is constant (say £). In other words, 1, is the horizontal lift of u;(&) for all t. By
definition, this shows that u; is the integral curve of the standard horizontal vector
field H(§). Conversely, if u,; is such an integral curve, & must be constant and one
concludes from (6.53) that V5,7 = 0. Therefore, ~; is a geodesic. O
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Proposition 6.16 immediately gives the existence and uniqueness of geodesics.

Corollary 6.3. Let x € M and v € T, M. There exists a unique geodesic vy defined
on a mazximal interval I containing the origin, such that vy = x and vy = v.

Proof. Fixu € n~!(x) and set £ 2 u~!(v). According to Proposition 6.16, the claim
is equivalent to the existence and uniqueness of the integral curve u : I — F(M) of
H (&) with ug = u. The latter follows from the standard existence and uniqueness
theorem for first order ODEs (the integral curve is defined by the ODE @, = H(§),,
with ug = u). It is easy to see that the geodesic is independent of the choice of u
(of course, the vector £ will change accordingly). ]

An affine connection is said to be complete if all geodesics are defined on
(—00,00). According to Corollary 6.3, this is equivalent to saying that H(&) is
complete on F(M) (i.e. integral curves are all well-defined on (—o0, c0)) for all
£ e R

6.9.5 The Christoffel symbols

In this subsection, we compute the torsion and curvature tensors under a local
coordinate chart. The key ingredient is the expression of the connection form w in
terms of local coordinates.

Let (U;z') be a local chart on M. This provides a local parametrisation of
F(M) by defining

7Y U) 3 urs (2%, X}) € U x GL(n; R),

where (') are the coordinates of 7(u) and (X7) is the matrix of the basis u =
(z; X1,--+,X,) with respect to {9;}, i.e. Xz = X}9;. Recall that Ay £ ojw €
QY U) ® gl(n;R) is the local connection matrix of w on U, where oy is the iden-

tity section on U. Let {E?} be the canonical basis of gl(n;R) consisting of the
elementary matrices, one can now write

Ay =T da? @ Ef
for some I', € C>(U).

Definition 6.24. The functions Fé.k are called the Christoffel symbols of the con-
nection w with respect to the local chart (U;z?).

The following result gives the local expression of w in terms of the Christoffel
symbols.

Lemma 6.10. One has
wh = Y dXF + VX (7 Tk )da™,

where the matriz (Y}) is the inverse of (X7).
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Proof. This is a direct corollary of the formula (6.11). [

Corollary 6.4. The horizontal lift of 0,, is given by

0
* x 1k l
Proof. Since (dm) X = 0,,, one can write
0
X =0 + b ——
m =m0 X

with some by € C*°(x~!(U)). By applying Lemma 6.10 to the relation w(X,) = 0,
one finds that by = —(7*I'%) X} O

We now derive the local formula for the connection V on T'M, which yields a
more familiar characterisation of the Christoffel symbols.

Proposition 6.17. V,0; = Ffj@k.
Proof. According to Lemma 6.4,
Vo,0; = u(X7 f;),

where f;(u) £ u=1(9;) is the R"-valued function on 7~(U) corresponding to 9; and

X} is the horizontal lift of 0;. It is straight forward to see that f;(u) = (Y}")i<p<n,

where (Y}) is the inverse of (X}). In addition, one has from Corollary 6.4 that

. . 0
J

Since (Y})1<p<n are the coordinates of 9y with respect to u, it follows that
w(X; f;) = L0
This yields the claimed identity. [

As an immediate application, we derive the local formulae for the tensors T', R
as well as the geodesic equation.

Proposition 6.18. (i) One has

T(9;,0k) = T30, R(Ok,01)0; = Rjy,0s,
where ’ ‘ .
T?k - F;‘k - FZ@

J
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. ory, ory,

TR Dk ox!

(ii) A curve vy = (V) 1<icn (¢ € 1) in U is a geodesic if and only if

+ rg%r;‘m — r;’;r;‘m.

o+ ()3 =0
foralltel and1 < i< n.
Proof. This follows immediately from Proposition 6.17 and Lemma 6.8. ]

6.10 Riemannian connections

We now further restrict ourselves to the Riemannian context. In what follows, let
(M, g) be an n-dimensional Riemannian manifold.

Definition 6.25. An affine connection V on T'M is said to be a metric connection
(or simply metric) if

XY, Z)=(VxY,Z)+(Y,VxZ)
forall X,Y,Z € I'(TM).
The Riemannian structure allows one to introduce the orthonormal frame bundle
OM) & {(x; X1,--+, X,) : {X1,---,X,,} is an ONB of T, M}.

Recall that O(M) is a principal O(n)-bundle over M. In addition, the inclusion
f:O(M) — F(M) defines a principal bundle embedding.

A connection I'" on O(M) induces a connection I on F (M) in the following way.
Let v € F(M). Choose an ONB v’ of T (,yM and let g € GL(n;R) be the matrix
such that u = u'g. We define the horizontal subspace H, C T, F (M) by

Hu = (ng)u/(df>u/ (H;/)v

where H!, C T,,O(M) is the horizontal subspace defined by the connection I".
One can check that #H, is independent of the choice of /. The assignment u +— H,,
defines a connection I on F(M) in the sense of Definition 6.8.

Proposition 6.19. Let I' be an affine connection on M with induced connection
V on T M. The following statements are equivalent.

(1) V is metric.

(ii) The metric tensor g is parallel, i.e. Vg = 0 (recall from Example 6.8 for the
definition).

(i1i) Parallel transports in T M are isometries.

(iv) The connection I" is induced from a connection I'" on O(M).
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Proof. (i) <= (ii). This follows from the Leibniz rule for the induced connection
on tensor fields (cf. Example 6.8):

(Vxg)(Y,Z) = XY, Z) = (VxY,Z) = (Y, VxZ)

forall X,Y,Z e I'(TM).
(ii) <= (iii). Let v : I — M be a smooth curve and let Y}, Z; be parallel vector
fields along . By the definition of Vg, one has

(Va00) (i Z0) = lim 5 ((Veon Zesn) — (Y3, Z2). (6:54)

Suppose that g is parallel. One obtains from (6.54) that the function p(t) = (Y;, Z;)
has zero derivative. Therefore, (Y;, Z;) is constant in ¢. This shows that the parallel
transport along v is an isometry. Conversely, suppose that parallel transports are
isometries. It follows that the LHS of (6.54) is identically zero for all curves -, and
all parallel vector fields Y;, Z; along ;. This clearly implies Vg = 0.

(ili) <= (iv). Let v : [0,1] — M be a smooth curve and fix Y, Z € T, M. Let
u' € 7 () NO(M) and let (u;)o<t<1 be the horizontal lift of v in F(M) starting at
u'. Recall from Lemma 6.3 that the parallel transport of Y (respectively, Z) along
7 is defined by Y; £ u,€ (respectively, Z;, = w;n), where £ £ (u/)~'Y (respectively,
n = (u)7'Z). Since v’ € O(M), it is clear that (Y, Z) = (£, n)gn

Suppose that I' is induced from a connection F’ on O(M). Then one has u; €
O(M) for all t. As a result,

(Yi, Zt) = (w€, uem) = (€, mrn = (Y, Z).

This shows that the parallel transport along 7 is an isometry. Conversely, suppose
that parallel transports are isometries. We define a connection on O(M) by revers-
ing the above consideration. More specifically, let v’ € O(M). Given any smooth
curve v : (—¢,e) = M with vy = 7m(«'), let u; be the horizontal lift of v in F(M)
starting at u’. By assumption,

<ut§7 Utm = <u/§7 ’LL/77> - <§7 77>R"

for all ¢t and all {,n € R". This implies that u; must be an ONB of T),M, i.e.
ur € O(M). We now define H!, to be the collection of vectors ug € T,,O(M) which
are obtained in the above manner (by varying v in an arbitrary way). This defines
an assignment O(M) > v’ — H!, which gives rise to a connection I on O(M). It
is plain to check that I' is induced from I". O

Remark 6.11. Proposition 6.19 naturally extends to general vector bundles. Let
E = P x,R" be an associated vector bundle of a principal G-bundle P and a
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representation p : G — GL(R"). Suppose that E admits an Euclidean metric.
Then the structure group G can be reduced to the subgroup

H 2 {geG:pg)eOn)}

The principal H-bundle

Q= {ueP:(u§),un)s,, = nr forall §,neR"}

is an H-reduced bundle of P (cf. Definition 6.5). The G-structure of E is also
reducible to H, i.e. F= Q) x,R". Now let I' be a connection on P. Parallel to the
proof of Proposition 6.19, I' is metric iff parallel transports in E determined by I’
are isometries and iff I' is induced from a connection on ) (in the same manner as
in the tangent bundle case). Similar discussion holds in the Hermitian setting with

R™ replaced by C"™ and O(n) replaced by U(n).

Let " be a connection on O(M). The connection form of I' is now an so(n)-
valued 1-form w on O(M). All previous results on F(M) (canonical form, torsion
and curvature forms, structure equations, Bianchi’s identities) descend to O(M) in
the obvious way by replacing the structure group GL(n;R) with O(n) and the Lie
algebra gl(n; R) with so(n). In particular, the structure equations

dd=—-wANO0+0, dv=—-wAw+

hold in the same way as before.

In Riemannian geometry, it is particularly advantageous to work with a “special”
connection which is on the one hand metric (i.e. coming from a connection on
O(M)) and on the other hand with vanishing torsion (so that the first structure
equation simplifies to df = —w A 0).

Definition 6.26. An affine connection on a Riemannian manifold M is a Rieman-
nian connection if it is both metric and torsion free.

We conclude this chapter by establishing the following fundamental theorem of
Riemannian geometry.

Theorem 6.9. There exists a unique Riemannian connection on any Riemannian
manifold M.

Proof. Uniqueness. Let ¢, w be two connections on O(M) which are both torsion
free. Since p(A*) = w(A*) = A for all A € so(n), the form ¢ — w annihilates
vertical vectors. As a result, one can write
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with some al, € C*°(O(M)). Since ¢ — w takes values in so(n), one has

aby, = —aj, (6.55)

for all 7,7,k. On the other hand, since both ¢ and w are torsion free, the first
structure equation yields that

0= (¢ —w) N0 =al 0" Nb,

which further implies that ' '
Ay, = ;- (6.56)

It is an elementary algebra exercise to show that the relations (6.55) and (6.56)
force a’;, = 0 for all 4, j, k. Therefore, ¢ = w.

FEzistence. Let ¢ be any connection form on O(M) (the existence of a connection
on a general principal bundle can be proved e.g. by using a partition of unity
argument in a way similar to the existence of a Riemannian metric on any manifold).
Let © be the torsion form of ¢. Since © is horizontal, one can write

i _ Lo o5
O = STjt” A o
where the functions T}, € C*(O(M)) satisfy T}, = —T};. Consider the 1-forms

defined by

) 1 ' )
= ST+ T - The" 1<ij<n
Note that 7 £ (7})1<i,j<n is s0(n)-valued and satisfies © = —7 A 0. It is plain to

1
check that the so(n)-valued 1-form
w2 p+T

is a connection form on O(M) which satisfies df = —w A 6. According to the first
structure equation, one concludes that w is torsion free. Therefore, w defines a
Riemannian connection. H

Remark 6.12. Theorem 6.9 can also be proved from the (more standard) covariant
derivative perspective. By using the formula (6.45) for the torsion tensor, the
metric-compatibility and torsion free properties force VxY to satisfy

UVXY, Z) =X(Y, Z) + Y(Z,X) — Z(X,Y)
_<X’ [Y>Z]>+<}/: [Z7X]>+<Z7 [X7Y]> (657)

for all X,Y,Z € I'(T'M). This formula uniquely determines the covariant deriva-
tive operator (X,Y) — VxY, which proves existence and uniqueness at the same

172



time. It is also immediate from the formula (6.57) and Proposition 6.17 that the
Christoffel symbols of V under a local chart (U;z?) are given by

ri _ lgil(agjl n Ogu agjk)
k97 \ggk T oxd Oxl )

Here g;; £ g(0;,0;) and (¢g%) is the inverse matrix of (g;;). The approach we took

before emphasises the principal bundle perspective.

Definition 6.27. The unique Riemannian connection given by Theorem 6.9 is
known as the Levi-Civita connection.

Remark 6.13. If M is oriented, all the previous discussions further descend to the
bundle SO(M) with structure group SO(n), which was the principal bundle set-up
in Chapter 5.
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7 The Chern-Weil theory

In this chapter, we discuss some basics of the Chern-Weil theory which is a funda-
mental technique in global differential geometry. This will provide deeper insight
into the CGB formula (in particular, the construction of the Euler form &£). The
main goal of this chapter is to provide an alternative proof of the CGB theorem
from the perspective of the Chern-Weil theory.

The Chern-Weil construction provides a general way of constructing cohomology
classes of a manifold M that are associated with principal bundles over M. To some
extent, these cohomology classes measure the topological twisting (nontriviality) of
the bundle. To be more specific, let G be a Lie group with Lie algebra g. The
Chern-Weil construction requires the input of an adjoint invariant polynomial ¢
on g and a principal G-bundle (P, M, 7; G). Its output is a de Rham cohomology
class [¢p(P)] € Hjz(M) over the base manifold M. The actual construction of the
differential form ¢(P) requires an additional piece of geometric data: a connection
on P (more precisely, the curvature form of a connection). The remarkable point
is that, although the form ¢(P) does depend on the choice of the connection, its
cohomology class does not and thus encodes topological information about the
principal bundle P.

In the context of the CGB theorem, the construction of the form ¢(P) (with
suitable choices of ¢ and P) naturally yields the Euler form £ which depends on
the Riemannian curvature. Its cohomology class, however, coincides with the Thom
class of the tangent bundle, whose integral yields the Euler characteristic. This is
essentially the CGB formula.

Convention. In this chapter, we always work with the de Rham cohomology (over
real coefficients unless otherwise stated). We will therefore only write H*(M) with-
out the subscript “dR”.

7.1 Adjoint invariant polynomials

We first discuss the notion of adjoint invariant polynomials. Let V' be a real, finite
dimensional vector space. A symmetric, k-linear functional over V' is a map

6:Vx--xV-oR
k

which is linear in each variable and symmetric in all variables. The space of all
such functionals is denoted as S*(V*). Note that ¢ is uniquely determined by the
functional
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through polarisation:

1 o -

d(vr, -, 0p) = Hmﬂtﬂh + - o).

If A is a real algebra with unit, any ¢ € S*(V*) determines a unique k-linear map
Pa:(AQV)x - x(AQV)—= A
which satisfies
dalar @vi, -+ a, @) = d(vy, -+ vp)ay - -ag, a; € Av; e V. (7.1)

Note that ¢4 is also symmetric if A is commutative.

The main interesting situation is when V' is a Lie algebra. Let G be a given
matrix Lie group with Lie algebra g. A symmetric, k-linear functional ¢ € S*(g*)
is said to be Ad-invariant if

gb(gXlgila U 7nggil) = ¢(X17 e 7Xk>

holds for all g € G and X; € g. The space of such functionals is denoted as I*(G).
We introduce the spaces

1(G) =P 1HG), 116) 2 [ 1*(G).

Elements in I(G) (respectively, in I[G]) are called Ad-invariant polynomials (re-
spectively, Ad-invariant formal power series).

Example 7.1. Let G = GL(n;C) with g = gl(n; C). The function Trexp : g —
C can be viewed as an element in I[G]. In fact, its k-th level component is the
functional

B(X) £ Sin[XY;

more precisely, the corresponding symmetric, k-linear functional is given by

1
(k!)2 > [ Xow - Xow).
€Sk

¢k(X17 R ,Xk) =

It is clear that ¢, is Ad-invariant.

Example 7.2. Let G = T" = U(1) x --- x U(1) be the r-torus. Its Lie algebra is
g=u(l) x--- xu(l). Under the parametrisation

(O, ,0,) R > (i6y,--- ,ib,) € g,

any functional on g can be viewed as a function of the real variables (0y,--- ,0,).
Since G is abelian, the Ad-invariance property becomes trivial. As a result, I(G) =
R[#y,- - ,6,] (the R-algebra of polynomials in r commutative variables).
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Example 7.3. Let G = SO(2m) with g = s0(2m). Any X € gis SO(2m)-conjugate
to a block diagonal form
AMd DD NS

0

where J = ( 1

_01 > and Ai,---, \n € R. The polynomial

g3 X > M\ An€R

defines an element in I"™(G). As we will see later on, this polynomial will play an
essential role in the Chern-Weil proof of the CGB theorem (the Euler form will be
constructed from this polynomial).

7.2 The Chern-Weil construction

We now explain how one can use Ad-invariant polynomials to construct cohomology
classes associated with principal bundles. In what follows, we fix a matrix Lie group
G with Lie algebra g.

Let P be a principal G-bundle over a manifold M. Let w € €(P) be a connection
on P with curvature F,, € Q?*(M,AdP). Under a local trivialisation (U, gee), the
curvature F,, admits the following local representation (see (6.36)):

1
Fop=dA,+ Ay N Ay = dA, + E[Aa NAL € (UL ® g,

where {A,} is the local representation of w. Let ¢ € I*(G) be a given fixed Ad-
invariant polynomial. By abuse of notation, we define

¢(Fa) = ¢(Fav e aFoc) < Q%(Ua)
according to (7.1) with A £ Q*(U,) and V = g. Recall from (6.37) that
Fg = ggo - Iy gﬁj on Uyg = Uy, NU3.

Due to the Ad-invariance of ¢, one has ¢(F3) = ¢(F,) on the intersection Up,g.
As a consequence, the local forms {¢(F,)} patch to a globally well-defined form
d(F,) € Q?*(M). Since the local expressions of the curvature form under different
trivialisations are also Ad-related (see Lemma 6.6), it follows that ¢(F,,) does not
depend on the particular choice of local trivialisation. The following result lies at
the heart of the Chern-Weil theory.

Theorem 7.1 (The Chern-Weil Theorem). (i) The form ¢(F,) is closed.

(ii) Suppose that W°, w' € €(P). Then ¢(F,1) — ¢(F,0) is an exact form. In par-
ticular, the cohomology class [p(F,)] € H?*(M) is independent of the connection
w e ¢(P).
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We first state a simple observation that is particularly useful for proving the
Chern-Weil theorem.

Lemma 7.1. (i) For any X, X;,--- , Xy € g, one has
O([X, Xu], Xoy o, Xp) + -+ + d( Xy, Xo, - -+ [X, X)) = 0.
(i1) Let Fy,--- Fj_1 € Q"(U)® g and A, F, € Q*(U) ® g. Then

k
Zéf)(Fl, o F 1 [ANE Fiq, -+ Fy) = 0.

i=1
Proof. (i) This follows from the relation

d

a‘tzo(b(etX)(left)(7 . ,etXXkeftX) — O,

which is a direct consequence of the Ad-invariance of ¢.

(ii) Due to multilinearity, let us assume that

Fi:ai®Xia A:Ol®X

One has

¢(F17'“ 7E—17[AAE]7E+17'.' 7Fk’)

== <_1)d(dl+m+di71)a A (0%} ANRERIAN ak¢(X17 ) [Xa X’L]? e >Xk)7
where d £ dega and d; £ dega,. Since Fi,--- , F,_; are all even, the sign on the
RHS of the above identity is positive. The result thus follows from Part (i) after
summing over 4. O

Proof of the Chern-Weil theorem. (i) According to Bianchi’s identity (6.38), one
has

d(b(Fa) :¢(dFa7Fa;"' >Fa>+"'+¢<Fa7"' 7Fa7dFa)
= _[¢<[Aa/\Fa]aFa7"' 7Fa>+"'+¢<Faa"' 7Fom[Aa/\Fa]>:|~
Since F,, is even, the above expression is zero as a consequence of Lemma 7.1 (ii).

(il) We consider the connection A* defined by
Al £ A) +1C,,

where C,, = AL — A%. Note that the local forms{C,} patch to a global element in
Q'(Ad(P)). By explicit calculation, one has

t2

F! = F? +#(dC, + [AY A C,)) + 5[0“ A Cy) (7.2)
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Ft=dC, 4 [A° A Co] + [tCy A Cy] = dCy + [AL, A C).
It follows from the symmetry of ¢ that

1
O(EL) — (FD) = k / O(EL L, F')dt
0
1
- k/ &(dCy + [AL A CL], FL, -+ FhYdL.
0

Our aim is to show that the LHS is exact.
Indeed, we claim that

H(dCy + [AL AN CY], FL, -+ FY) = dp(Cy, FL, -+ | FT). (7.3)
To see this, one computes by using Bianchi’s identity that

dgb(Ca,Fé,"' ,F£)=d¢(F5,"~ 7FotuCa)
= [QS(_[AQ/\F;LF;v 7Fc€7ca)+"'+¢(Fé7"' 7Fotu_[AZ</\Fotz]vco<)
+¢(F¢i7 7F£¢7_[A7;/\0a])] +¢(F£N 7Fctwd0a+["4ta/\0a]> (74)

Observe that the summation inside the bracket [---] on the RHS of (7.4) is zero,
which is again a consequence of Lemma 7.1 (ii). This yields the relation (7.3). It
follows that

1
O(FY) ~ o(F) = d[k [ o(Cu. Fle--  Fi)at]

0

The local (2k — 1)-forms {7,} defined by

1
To = k/ (Co, FL, -+ FL)dt (7.5)
0
patch to a global (2k — 1)-form on M since

F3 = 95aFu95a: Cs = 95aCabpa-

Therefore, ¢(F°) and ¢(F1l) define the same cohomology class.
[

Remark 7.1. The (2k — 1)-form 7 defined by (7.5) is called the (¢-)transgression
from w? to w! and it is denoted as Ty(w®, w'). The formula

A(Fr) — d(Fin) = dTy(w’,w') (7.6)

is known as the transgression formula.
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The cohomology class [¢p(F,,)] € H?**(M), which is independent of the choice of
the connection w € €(P), is denoted as ¢(P). The following result shows that ¢(P)
is also invariant under principal bundle isomorphisms.

Proposition 7.1. Suppose that ® : P — Q is an isomorphism of principal G-
bundles over M (covering the identity idy; ). Then ¢(P) = ¢(Q).

Proof. Suppose that P, admit local trivialisations (U, ges ), (U, hee) respectively.
The isomorphism & is locally represented by a family of maps T, : U, — G (see
Proposition 6.1). Let w € €(P) with local representation {A,}. Then

B, & T, AT, —dT, - T

defines a connection w’ € €(Q). Their curvature forms are related by (F./), =
T, (F,)a - T;' (see Lemma 6.6). It follows from the Ad-invariance of ¢ that

«

O((Fir)a) = O((Fl)a)- O

To some extent, the nontriviality of the cohomology class ¢(P) reflects the global
nontriviality of the bundle P. This is suggested by the proposition below.

Proposition 7.2. Let P = M x G be a trivial principal G-bundle. Then ¢(P) =0
for all ¢ € I*(G) with k > 1.

Proof. Consider the connection induced by the Maurer-Cartan form (see Example
6.10). Its curvature is flat, thus yielding a trivial cohomology class ¢(P) for any
¢ € I*(Q). O

Let us summarise the Chern-Weil construction we discussed so far. Let G be a
given matrix Lie group and let P be a principal G-bundle over M. Then there is
the so-called Chern-Weil correspondence

CWp: I(G) — H (M), ¢ — ¢(P).

It is easily seen that CW p is an algebra homomorphism. In addition, the map CWp
depends only on the isomorphism class of P and is in particular gauge invariant.
The following proposition also shows the naturality of the Chern-Weil construction
under pullbacks.

Proposition 7.3. Let f : N — M be a smooth map and let P be a principal
G-bundle over M. Then

o(f"P) = f*¢(P) € H*(N)

for any ¢ € I(G).

Proof. Let {A,} be a connection on P with curvature {F,}. Then {f*A,} is a
connection on f*P with curvature {f*F,}. The result follows from the fact that
ffo(F,) = ¢(f*F,) (f* is consistent with the wedge product). O
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7.3 Characteristic classes

In this section, we investigate a few concrete examples of the Chern-Weil construc-
tion which yield some important characteristic classes of vector bundles.

7.3.1 Chern classes

Consider G = U(r) (r x r unitary matrices) and g = u(r) (r x r skew-Hermitian
matrices). Recall from linear algebra that any X € u(r) is U(r)-conjugate to a
diagonal matrix of the form

i
A= (7.7)
i\

for some real numbers Ay, --- , A,.. In addition, permutations of the \;’s can also be
achieved by U(r)-conjugations. Therefore, Ad-invariant polynomials on u(r) are
precisely the symmetric polynomials of (A1,--- ,A.). As a convention, we will use
the variables

1
T2 ——N, k=17 (7.8)
27

For 1 <k < r,let ¢ : u(r) = R be the k-th elementary symmetric polynomial:

cr(X) & Z Tiy - T

1<ip <<t <r

where the z;’s are defined by (7.8) with the \;’s coming from the diagonal form
(7.7) of X. It is standard that the space of symmetric polynomials of (zq,--- , )
has a basis given by the elementary symmetric polynomials ¢y, - - - , ¢, (see [Wey39)).
It follows that I(G) = Rley, -+, ¢,

The ¢;’s can be defined in a more unified manner using the following expansion:

r

a(X) £ det (id — 5 X) = kHl (1-52)

= [T+ tar) =D en(X)t-. (7.9)

The polynomial ¢;(X) € I(U(r))[t] is called the universal rank-r Chern polynomial.
The polynomials {c;(X),---,¢.(X)} are called the universal rank-r Chern classes.

Now suppose that F is a complex vector bundle of rank r over a manifold M.
Let E be equipped with a Hermitian metric so that it admits a U(r)-structure (cf.
Example 6.7). Let V be a connection which is compatible with the given metric.
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This is equivalent to a connection on the principal U(r)-bundle of unitary frames.
Let Fy be the curvature of this connection. For each t € R, define the cohomology
class

c(E) 2 [e(Fy)] = [ det (id - %Fv)} e H*(M).

In view of (7.9), one can write

T

a(E) =) al(B)t*

k=0

where ¢, (E) = [cx(Fy)] (k=1,---,7). According to the Chern-Weil theorem, the
cohomology classes ¢;(F), cx(E) are independent of the connection V. They are
also independent of the metric, since different Hermitian metrics yield isomorphic
U(r)-structures (see Proposition 6.2 and Proposition 7.1). As a consequence, these
cohomology classes contain topological information about the vector bundle E.

Definition 7.1. The polynomial ¢;(F) € H*(M)][t] is called the Chern polynomial
of E. The cohomology class cx(E) € H*(M) is called the k-th Chern class of E.
As a convention, we also set co(E) £ 1 (the unit of H*(M)).

Proposition 7.4. Suppose that E = FE; & Es where Ey, Fy are complex vector
bundles over M. Then
a(E) = c(Er)c(Es),
where the multiplication is the cohomology wedge product. In particular, one has
k

a(E) =) cj(Er)cr—j(Es)

=0
for every k.

Proof. Fix a Hermitian metric as well as a compatible connection V¢ on E; (i =
1,2). Consider the direct sum metric and the compatible connection V £ V! @ V2
on E. It is apparent that Fy = Fy1 @ Fyz; in local matrix form, one has

= (5 . )

c(E) = [det (id — ——Fy)]

As a consequence,

2mi
. t . t
= [det (ld — %Fvl) det (ld — %Fv2)] = Ct(El)Ct(EQ).

]

Remark 7.2. Although u(r) consist of complex matrices, the Chern classes are real
cohomology classes by definition.
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7.3.2 Pontryagin classes

Consider G = O(r) (r x r real orthogonal matrices) and g = so(r) (r x r real
anti-symmetric matrices). Every X € so(r) is O(r)-conjugate to the following
block-diagonal form:

+ O {diag(w, s And), i =2mg (7.10)

diag(MJ, -+, A, 0), ifr=2m+1

with certain real numbers Ay, --- , \,,, where

a0 -1
2 (0.

Block permutations of the A\;.J’s and sign flips of any of the A\;’s can also be achieved
by O(r)-conjugations. As a consequence, Ad-invariant polynomials are precisely the
symmetric polynomials of (A2,--- | A\%). Using the variables z;, introduced in (7.8),
we define

(X)) & > (g, m)% X €so(r), (7.11)

1<ip < <ip<m

It follows that 1(O(r)) = R[py,- - ,pm). Similar to (7.9), the p,’s can be obtained
as coefficients of the polynomial

pe(X) 2 det (id — —X =[] (1 +1t23) = Z pr(X)E2R € T(O(r)[t].

The polynomial p;(X) € I(O(r))[t] is called the universal rank-r Pontryagin poly-
nomial. The polynomials {p;(X),--- ,pm(X)} are called the universal rank-r Pon-
tryagin classes.

Now suppose that E is a real vector bundle of rank r over a manifold M. Similar
to the complex case, let E be equipped with an Euclidean metric and let V be a
compatible connection with curvature Fy. For each t € R, define the cohomology
class

pi(E) 2 [p(Fg)] = [det (id — %Fv)} e H*(M).

One can also write .
= (B
k=0

where pi(E) = [p(Fy)] € H*(M) (k = 1,---,m). The cohomology classes
pi(E), pp(E) are independent of the connection V and the metric.
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Definition 7.2. The polynomial p:(E) € H*(M)[t] is called the Pontryagin poly-
nomial of E. The cohomology class py(E) € H* (M) is called the k-th Pontryagin
class of E. As a convention, we also set po(FE) = 1.

Similar to Proposition 7.4, one has the following decomposition of Pontryagin
classes with respect to a direct sum.

Proposition 7.5. Suppose that E = E1 ® Es where Ey, Ey are real vector bundles
over M. Then

pi(E) = pi(E1)pe(E2),

In particular, one has
k

pr(E) = ij(El)pkfj(Ez)

for every k.

7.3.3 The Euler class

Now we consider the case when G = SO(r) and g = so(r). Again, every X € so(r)
is SO(r)-conjugate to the block-diagonal form (7.10). If » = 2m + 1, block per-
mutations of the A\;J’s and sign flips of any of the A\;’s can be achieved by SO(r)-
conjugations. In this case, Ad-invariant polynomials are again just symmetric poly-
nomials of the A?’s; namely, one has

I(SO2m+1)) = I(O(2m+ 1)) Z Rlp1, - , Pml,

where py, is the polynomial defined by (7.11).

The situation when r = 2m is more interesting. In this case, SO(2m)-conjugations
can permute the A\;J blocks in any arbitrary way, however, they can only flip the
signs of an even number of A\;’s. This observation gives rise to a new invariant
polynomial which is defined as follows (cf. Example 7.3).

Definition 7.3. The Pfaffian on so(2m) is the polynomial defined by
Pf(X) £ X1 A,

where A1, -+, A\, are the real numbers appearing in the block-diagonal form (7.10)
of X.

Remark 7.3. Definition 7.3 differs from the standard convention of Pfaffian by a
sign factor (—1)™.

Note that Pf(X) is not invariant in the r = 2m + 1 case; an SO(2m + 1)-
conjugation can possibly flip the sign of a single A\, hence changing the sign of

Pf(X). The following alternative characterisation of the Pfaffian is also useful.
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Lemma 7.2. One has

(=™
Pf(X) = Sl ZS: SEN(0) Ao (1)0(2) * * * Ao(2m—1)o(2m) (7.12)
g€d2m

for all X = (a;;)1<i j<om € $0(2m).

Proof. Denote the RHS of (7.12) by F(X). It is easy to show that F(X) is in-
variant under SO(2m)-conjugations. As a result, one may assume WLOG that
X = diag(A1J, -+, ApnJ). In this case, a summand in F(X) is nonzero exactly
when o is a permutation of the m diagonal blocks and each a,(2r—1)s(2x) i one of
the two off-diagonal elements in the corresponding block. More precisely,

Ug(1)o(2) " * Ao(2m—1)o(2m) 7 0
if and only if there exists 6 € S,,, such that
(c(2k —1),0(2k)) = (26(k) — 1,26 (k)) or (26(k),25(k) — 1) (7.13)

for all £ = 1,---,m. Note that the block permutation & has no effect on the
sign of 0. For each k, Case I of (7.13) yields ao(2r—1)o(2k) = —As(k) With a “+17
contribution to the sign of o, while Case II of (7.13) yields ao(2k—1)o(2k) = As(r) With
a “—1” contribution to the sign of o. Therefore, one has

8(0’)@0( Do(2) * " Qo(2m—1)o(2m)
( 1)#{k :keCase I} > ( 1)#{k:k€Case 11} x /\1 . /\m

= (=1)"A -

It follows that

This completes the proof of the lemma. ]

Conventionally, we will use the variable x; defined by (7.8) and introduce the
SO(2m)-invariant polynomial

1

AX)Ezxp=(— o

Lymprx)
accordingly. The polynomial A(X) is called the universal rank-2m FEuler class.

It is clear that the py’s are SO(2m)-invariant polynomials. The following result
shows that 1(SO(2m)) is precisely the algebra generated by the py’s and A modulo
the obvious relation that A% = p,),.
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Proposition 7.6. The algebra homomorphism V : R[Py,--- | P, D] — I(SO(2m))
induced by
Pk — Dk, D— A

is surjective whose kernel is the ideal generated by D?* — P,,. In particular, one has
R[P1, -+, P, D]/(D* = Pp) = I1(SO(2m)).

Proof. Surjectivity of V. Let ¢(z1,--- ,2y) € 1(SO(2m)). Note that

¢(—$1,£C2,"' ’xm) = (b(xl,... s =Ty " - ’xm> (714)

for each k£ > 2. Define

¢+<ZC1, o 7xm) = ¢(x17x27 e 71;7?1) + ¢(—I1, Lo, ,l’m),
¢—(I1) e 7xm) = ¢($1,$27 e ’xm) - ¢(_x17 T, 7xm)-
Since ¢, is O(2m)-invariant, one has ¢, = f(p1,--- ,pm) for some polynomial f.

To analyse the shape of ¢_, let 27" --- 2% be a monomial appearing in ¢. If oy is
even for some k, this monomial must be annihilated in the expression of ¢_ due to
the relation (7.14). As a result, only those monomials where all the a;’s are odd
can survive in the expression of ¢_. Therefore, one can write ¢_ = A - ¢ where
is an O(2m)-invariant polynomial. In other words, ¢pg = A - g(py,- -+ , pm) for some
polynomial g. It follows that

d==(fpr.- .pm) + A g(p1,+ pm)) € Im(V).

N | —

This shows that W is surjective.

Kernel of V. First of all, it is obvious that (D? — B,,) C ker®. Conversely, let
F € ker U. By viewing F' € R[P,,--- , P,][D], one can write F' = Q- (D?—P,,)+ R
where

R:f(Pl’... 7Pm)D+g<P17... ’Pm)
for some polynomials f, g. Note that R € ker ¥. In other words, one has
f(pb 7pm)x1xm+g<p17 7pm):O (715)

for all X € so(2m). Since (7.15) is true as a function of (z1, - - , z,,,) € R™, it follows
that both f and g must be zero. Therefore, R = 0 and thus F' € (D> — P,,). O

Now suppose that F is a real, oriented vector bundle of rank 2m over a manifold
M. Let E be equipped with an Euclidean metric and let V be a compatible
connection with curvature Fy.
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Definition 7.4. The differential form

_1)m
(V) 2 A(Fe) = S pr(ry) € a2 (ar)
(2m)™
is called the Euler form of V. The cohomology class [e(V)] is called the geometric
Euler class of E. It is denoted as €geo(E).

Clearly, the Euler form e(V) depends on the connection V. However, the geo-
metric Euler class egeo(E) is independent of the connection V and the metric. As
suggested in the proposition below, the geometric Euler class provides the obstruc-
tion of possessing nonvanishing sections by F.

Proposition 7.7. Suppose that E admits a nonvanishing section. Then egeo(E) =
0.

Proof. A nonvanishing section s of E defines an obvious line bundle L (as a sub-
bundle of F):
L= {ueE:ueSpan{s(m(u))}}.

Let E be equipped with an Euclidean metric. Then one obtains the global splitting
E = L ® L+ where L is the (fiberwise) orthogonal complement of L with respect
to the metric. Now let us pick metric connections V%, VE" on L, L+ respectively
and define V £ VF @ V" on E. Since V* is always flat, the local shape of the
curvature Fy (as a s0(2m)-valud 2-form) is of the form

(0 0 so@m) .
Iy = < 0 Fo. ) ~ 7 diag(0,0, M\, -+ A1 J).

In particular, Pf(Fy) = 0. O

Example 7.4. Let M be a closed, oriented Riemannian manifold of dimension
2m. The form e(VM) € Q**(M), where VM is the Levi-Civita connection on
E =TM, is precisely the Euler form £ defined by (5.2) in Chapter 5. This follows
immediately from Lemma 7.2. In the 2D case, let {e;,e2} be a local PONF. The
Gaussian curvature is given by

K = (R(eq, e1)eq, e9),
where R is the Riemann curvature tensor (see Appendix C.1). By locally writing

R as ( 2 —Ow ), one easily finds that w = —K x voly;. As a result,

1 1 K
e(VM) = —%Pf(R) = —5-w = 5-volu.

This is consistent with the Gauss-Bonnet theorem for surfaces (cf. Theorem 1.1
and Corollary 7.1).
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7.4 Chern-Gauss-Bonnet revisited: the Chern-Weil perspec-
tive

In this section, we give another proof of CGB from the perspective of the Chern-
Weil theory. If one re-examines Chern’s original proof, a key insight is that the
Euler form &£, when lifted to the sphere bundle, becomes an exact form. The proof
we will present here is not essentially different from the Chern’s original proof,
in the sense that this insight remains a key ingredient. Based on the Chern-Weil
theory, this point can now be understood in a more fundamental way.

Let E be a real, oriented vector bundle of rank 2m over a closed manifold M.
Recall that the (differential) topological Euler class is defined by eiop(E) = s5®,
where sg : M — F is the zero section and & is the (differential) Thom class
(see Definition 4.3 and Definition 4.6). The class e, (E) is constructed through
topological data (one always identifies singular and de Rham cohomologies through
the de Rham theorem). On the other hand, the geometric Euler class ege(E) (see
Definition 7.4) is constructed by means of geometric data (a metric connection).
The CGB theorem, stated in the context of vector bundles, asserts that these two
cohomology classes are identical.

Theorem 7.2 (CGB on Vector Bundles). eiop(E) = €geo(E).
We first show that the CGB theorem is a direct corollary of Theorem 7.2.

Corollary 7.1. Let M be a closed, oriented Riemannian manifold with dimension
2m. Then one has

KO = [ egu(v),
M
where VM denotes the Levi-Civita connection on the tangent bundle.

Proof. According to Proposition 3.7 and the de Rham theorem (cf. Section 4.7.6),
the integral of e, (17'M) gives the Euler characteristic. On the other hand, Theorem
7.2 shows that egeo(TM) = e4op(T'M). The result thus follows. O

Remark 7.4. 1f the rank of E is odd, the topological Euler class is trivial. In fact, let
a: E — E be the antipodal map defined by a(u) = —u. It is clear that a*® = —®
because rank(F) is odd (® is the Thom class). After applying pullback by the zero
section, one finds that e, (E) = —etop(£) which implies that e, (E) = 0.

In the rest of this section, we develop the proof of Theorem 7.2. The main
argument is essentially a higher rank extension of Section 4.6.
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7.4.1 Global angular form and construction of the Thom class

Let V be a connection which is compatible with some Euclidean metric on E. To
prove Theorem 7.2, one essentially needs to construct a closed form ¢ € Q2™ (E)
which satisfies the following two properties.

(i) me¢ = 1 € Q°(M). Here m, is the integration along fiber defined by (4.13). This
will imply that ¢ is a representative of the Thom class ¢ of F.

(ii) sj¢ = e(V). Together with (i), this clearly implies that
[e(V)] = sol0] = 502,
which yields the conclusion of the theorem.

Similar to the spirit of Chern’s original proof, let us consider the sphere bundle
S(EY2{uecE:|u =1},

where | - | denotes the given metric on E. Let V be the induced connection on the
pullback bundle 7 E over S(E), where 1 : S(F) — M is the projection map.

/ E
S(E) —=— M.

According to Proposition 7.3, one has

(V) = m3e(V) = (— 5=)"PI(Fe).

™

The key lemma for constructing the aforementioned Thom class representative ¢ is
stated as follows.

Lemma 7.3. There exists a (2m — 1)-form ¥ on S(E) such that e(V) = d¥ and

/ U= 1 (7.16)
S(Ez)

forallx € M. Here S(E,) denotes the unit sphere on the fiber E,. The orientation
of S(E,) is chosen according to the convention that

or((e)) ® or(T.S(E,)) = or(E,)

for alle € S(E,). The map i, : S(E,) — S(E) is the canonical inclusion.
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The form ¥ given by the above lemma is called the global angular form. Its
general existence (without the integral property (7.16)) is an easy consequence of
the Chern-Weil theory. To see this, the main observation is that the vector bundle
7o F admits a canonical nonvanishing section defined by the identity map u — w.
As a consequence of Proposition 7.7, the Euler class [e(V)] is trivial. In other
words, one has e(V) = dW¥ for some (2m — 1)-form on S(E).

The nontrivial part of the lemma is that —W restricts to the normalised volume
form on each sphere S(E,) (i.e. the integral property (7.16) holds). The last
quantitative property is essential for constructing a representative of the Thom
class. We shall use the transgression formula (7.6) to write down W explicitly and
deduce the integral property (7.16) from that.

We first complete the proof of the CGB theorem by presuming the correctness
of Lemma 7.3. After that, we will come back to prove this key lemma.

Proof of Theorem 7.2. Let Ey = {u € E : u # 0}. One can identify E, with
(0,00) x S(E) by u — (|u|,u/|u|). The two projections under this identification
are denoted as p; (i = 1,2) respectively. Let W be the global angular form given
by Lemma 7.3. Let 1 : [0,00) — [0,00) be a smooth function such that n = 1 on

[0,1/2] and n = 0 on [1,00). Using the above objects, one can construct a form ¢
on E by

¢ = pi(/(r)dr) A p3(9) + (n o p1) - T e(V). (7.17)
It is clear that ¢ is well-defined on F with compact support along fibers.
(i) ¢ is closed. Indeed, one has

de = —pi(n/'(r)dr) A p5(d¥) + pi (1 (r)dr) A T7e(V).

Since 7/(r) vanishes near the zero section, the above 7*e(V) can be replaced by

pamy(e(V)). The claim thus follows from the fact that dU = e(V) = w5e(V).

(i) sf¢ = e(V). This follows immediately from the definition (7.17) of ¢ and the
properties of 7.

(iii) m.¢ = 1. By the definition of the integration map 7, one has

(7)., = (/Ooo 7 (r)dr) (/S(EI) ) = (-1) x (-1) = 1

The proof of the CGB theorem is therefore complete.

7.4.2 Construction of global angular form

We now prove Lemma 7.3. The crucial point is the global splitting 7} F = L & L*,
where L is the canonical line bundle over S(F) induced by the identity section
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uw — u and Lt is its orthogonal complement with respect to the given metric.
Recall that V is the connection on 7j £ induced by V.

Exactness of ¢(V) and transgression form

We define another connection V on 7o in the following way.
(i) V is trivial on L: V(fe) = df ® e where e denotes the identity section of L.

(ii) For any section s of L*, Vs is defined to be the orthogonal projection of Vs
onto the L*-component.

Similar to the proof of Proposition 7.7, it is easily seen that Pf(F) = 0 (because the
L-component is flat). It follows from the transgression formula (7.6) that e(V) =
dW, where

I m(—1)"

Y= e

1
/ PV — ©, F', ..., F')dt

0
is the transgression form and F* is the curvature of V + ¢(V — V).

Induced connections at z

Let x € M be given fixed. Our aim is to prove the integral property (7.16), where

m ol
i = M/ Pf(i3(V — V), it Ft, - it FYdt.

2m)™  Jo
To this end, let S(E,) be the unit sphere on E, and consider the pullback vector
bundle 7 E over S(E,), where 7, £ 7,014,. Note that this bundle is trivial; one has
7B = S(E,) x E,. In particular, sections of 7 E are just E,-valued functions on
the sphere S(E,). Let us write V* £ §*V and \AdE z;‘j@ as the induced connections
on S(E,) respectively.

Lemma 7.4. The connection V* is trivial. In other words, V*V = dV for any
smooth section V : S(E,) — E,.

Proof. Let A, be the local connection form of V. Then 7} A, is the local connection
form of V*. Since the map 7, is degenerate, the pullback of any differential form
(with positive degree) by 7 is trivial. In particular, one has 7*A, = 0. O

Lemma 7.5. Consider the canonical splitting nE = N, & TS(FE,), where N, is
the normal bundle and T'S(E,) is the tangent bundle over S(E,). Then @I|TS(E,C)
is the Levi-Civita connection with respect to the standard spherical metric on S(E;)
induced from the Euclidean space E,. As a consequence, V7 is the direct sum of
the trivial connection on N, and the Levi-Civita connection on TS(E,).
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Proof. By definition, VZ is precisely the orthogonal projection of V¥ onto the tan-
gential component T'S(E,). The claim thus follows from the consistency property

of Levi-Civita connection with respect to isometric embeddings (see Proposition
C.1). ]

Explicit computation of i}V

Now we proceed to evaluate i W. Let u € S(E,) be given fixed. Let {s1, -, Sam_1}
be a local PONF of T'S(E,) near u, which is chosen such that the corresponding
Christoffel symbols of the Levi-Civita connection vanish at u (see Appendix C.3).
Let {6,--- 6?1} be the dual coframe of {sy,- -, S2,,_1}. We also take sq to be
the unit normal vector field near u so that so(u) = u and s = {sg, s1, - , Som_1} 18
a local PONF of 7*E. Let A° (respectively, A!) be the local connection matrix of
Ve (respectively, V) with respect to the frame field s near u. Their local curvature
matrices are denoted as F°, F'! respectively.

Lemma 7.6. At the point u, one has A°(u) = 0 and

dA(u) = FO(u) = ( 8 (o Aeoj)gm_l ) : (7.18)

1,7=1

Proof. The relation A°(u) = 0 follows from the triviality of V*|y, and the fact that
the local connection matrix of @’”|TS( B,) With respect to {si, -+, sa,_1} vanishes
at u. In addition, the curvature F° is the direct sum of the curvature of the trivial
connection on N, (which is flat) and the curvature F{, of the Levi-Civita connection
on T'S(E,). Under the PONF {sy,- -, 83,1}, the matrix F} of the curvature F,
is defined by

2m—1

Fo()sp= Y Fi()si, j=1,---,2m—1.
=1

Since S(F,) has constant sectional curvature K =1 (see Example C.1), it is easily
seen from the definition of the sectional curvature that

(Fp(si(u), si(w))s;(w), si(u)) = b0 — 600

In particular, '
Fi(sp(u), si(u)) = dindji — djudir-

This shows that Fj = 6" A6’ at u and the curvature expression (7.18) thus follows.
Finally, one also has

FOu) = dA°(u) + A%(u) A A°(u) = dA%(u),
since A%(u) = 0. O
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Lemma 7.7. At the point u, one has

O _91 . _92m—1
o1 0 0
1\ 10,
Al(u) = : 0 , dA N (u) = ( 0 (67 n07)") ) :
g2m—1 7

Proof. Recall from Lemma 7.4 that V? is the trivial connection. By the construc-
tion of s;, one easily finds that ngso = s; for each j = 1,---,2m — 1. This is

equivalent to saying that
2m—1

v“’so = Z ‘9]' ® Sj,
j=0
which gives the zeroth column of A'(u). In addition, for 7 > 1 one can write
?;Si = <?§j8ia30>80+(?§j‘si)’r7 ] = 17 72m_17

where (-)” denotes the orthogonal projection onto the tangent bundle T'S(E,). The
tangential term (Vﬁjsi)T vanishes at u since it becomes the Levi-Civita connection.
The normal term is computed as

<?fj3i,50> = —(81,?@50) = —(5;,07) = —0;.

It follows that V¥s; = —0'®sg, which gives the i-th column of A'(u). The expression
of dA'(u) follows from the fact that F'' = 0 (because V7 is trivial). O

With the aid of the previous two lemmas, one can now compute ;U easily.

Lemma 7.8. The form itV is the negative of the normalised volume form on S(E,).
In particular, the integral property (7.16) holds for every x € M.

Proof. We continue to use the previous notation. Let C' (respectively, G*) denote
the matrix of V¥ — V¥ (respectively, i* F*) with respect to the local PONF s at u.
By using the formula (7.2) and Lemmas 7.6, 7.7, one computes that

0 _Ql . _92m—1
o' 0 0
AL t A
C = : 0 , G _<0 (1—752)(6%9]')??_11).
g2m—1 ’
According to Lemma 7.2, one has
(=)™
= omm) Z Sgn(U)CJ(O)a(l)Fg(z)a(s) T F$(2m72)a(2m71)' (7.19)
" 0€Sam
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Note that the term C,(p),(1) is nonzero if and only if 0(0) = 0,0(1) # 0 or o(1) =
0,0(0) # 0. The first case in the sum of (7.19) gives that

Z sgn(o)(—@"(l)) NG AL A 90(2m—1)(1 _ t2)m—1
0€S2m:0(0)=0

== 3 s A AT = —(am — Dol s,

TES2m—1
The second case gives the same expression by similar calculation. As a consequence,

m(=1)" (=1)"*12(2m — 1)!
(2m)m 2mm|

1
Z;\If = / (1 — tQ)m_ldt X VOlS(Ez). (720)
0

Using the elementary relation

1 A 72-4-----(2m—2)
/0<1_t) dt_l.g.....(gm_l)’

one finds that the entire coefficient in front of volg(g,) in (7.20) is equal to —vol(S(E,)) "
Therefore, one concludes that >V is the negative of the normalised volume form
on S(E,). This completes the proof of the lemma. O
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8 The Hodge theory

In this chapter, we discuss a rather beautiful result in global differential geometry:
the Hodge theorem. Let M be a closed, oriented manifold. The de Rham theorem
(see Theorem 4.5) asserts that the de Rham cohomology of M, which is defined in
terms of the differential structure, is isomorphic to the singular cohomology with
real coefficients and is thus a topological invariant. Now suppose that M is equipped
with a Riemannian metric. One can then define the so-called Hodge Laplacian A
on forms and consider harmonic forms on M (those forms w satisfying Aw = 0).
The Hodge theorem asserts that the space of harmonic k-forms is isomorphic to the
k-th de Rham cohomology group and hence encoding topological information. This
is a profound theorem, since the notion of harmonic forms relies on the underlying
geometry (the Riemannian metric), while (surprisingly) the dimension of the space
of harmonic forms turns out to be a topological invariant. This result will also be
used in the later heat equation proof of the CGB theorem.

8.1 The Hodge star operator

We need some linear algebra preparation (Hodge duality) before moving to the
definition of the Hodge Laplacian. Let W be a real, oriented Euclidean space of
dimension n. This means that W is equipped with an inner product (-,-) and
a preferred equivalence class of bases (orientation) is fixed. Let AW denote the
exterior algebra over W.

Definition 8.1. The Hodge star operator x : AW — AW is defined in the following
way. Let {6',--- 0"} be a PONB of W. We define * : A¥W — A" "W to be the
unique linear operator such that

*(921 A A 9%) 4 sgn([, J)@jl A A an*k, (81)
for all I £ (iy < -+~ <ig) and J = (j1 < -+ < Jup) = I

Lemma 8.1. The Hodge star operator is well-defined, i.e. it is independent of the
choice of PONB. In addition, one has 2| yky, = (—1)¥=Rid.

Proof. Left as an exercise. ]

The relation (8.1) remains valid even if the indices iy, - -+ ,ix € Tand {1, , jn_r} =
I¢ are unordered (but still distinct). Let vol = 6 A --- A 6" denote the volume ele-
ment. By definition,
(O A ANOE) A KO A AOF) = vol.

It is also true that x1 = vol and xvol = 1.
By using the Hodge star operator, one can define a canonical inner product
structure on AW.
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Definition 8.2. The inner product (-,-) on A is defined in the following way. For
k-vectors a, B € A¥W, we set

(o, B) & #(a A %B).
We also assume that A¥WW and A'W are orthogonal if k # .

It is obvious that (-, )| is the original inner product. It also admits the fol-
lowing alternative expression.

Lemma 8.2. One has

(@, B) = det (((vi, wj)1<i<k)) (82)
foranya=vi A---ANvg and f=wy A--- ANwy (v, w; € W).
Proof. It suffices to consider the case when o = 0% A+ - - Af%* and B = G/t A--- NGIx,

where {0, 6"} is a positive ONB of W and 4, < -+ < iy, j1 < -++ < jx. To this
end, one simply observes that both sides of (8.2) are zero if (i1, - -+ ,ix) # (J1,** , Jk)
and are equal to one if (iy,--- ,ix) = (J1, -, Jk)- O

Lemma 8.3. One has a A x8 = («, )vol for all k-vectors o, € AFW.

Proof. By Lemma 8.1, one has x*x = id on n-vectors, and in particular,
aNxf=xx(aAxf)=x(a,f) = (a,5) * 1 = (a, B)vol.

This gives the desired relation. ]

8.2 Divergence operator and the Hodge Laplacian

We now return to the geometric setting. Let M be a closed, oriented, n-dimensional
Riemannian manifold.

Definition 8.3. The (Riemannian) Hodge star operator * : A¥T*M — A"~FT*M
(0 < k < n) is defined by applying the Hodge star operator to W = T*M at every
x € M, where the metric on Ty M is induced by its canonical identification with
T, M under the Riemannian metric.

The fiberwise inner product naturally induces an inner product on the space of
differential forms via integration.

Definition 8.4. We define an inner product on (M) by setting

(o, B) 2 é/ (a, B)dz, «,B € Q(M).
M
Here («, ), denotes the fiberwise inner product on AT M (see Definition 8.2) and
dz denotes the volume form on M. We define L?(AT*M) to be the completion of
Q(M) with respect to {(a, ) 2.
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By Lemma 8.3, one also has the following alternative expression:
(@B = [ anss. agentan, (8.3)
M

Using the L?-inner product and duality, one can define the divergence operator on
forms.

Definition 8.5. The divergence operator & : Q(M) — Q(M) is the formal L*-
adjoint of d. More precisely, given a € Q(M) we define da to be the unique
differential form such that

(0, B)r2 = (o, dB) 2

for all 5 € Q(M).

Since d? = 0, it is clear from the definition that 62 = 0. In addition, § maps
(k+1)-forms to k-forms. Sometimes we use 4" to emphasise its action on (k+ 1)-
forms (and similarly for d* on k-forms). The following lemma allows one to express
5%*1in terms of d and the Hodge star.

Lemma 8.4. For each 1 < k < n, one has 6* = (—1)" "1 5 d %,
Proof. For any o € QF(M) and 3 € Q*"}(M), one has
(B, a2 = / a6 nxa (by (8.3))
M
:/ d(B A *xa) — (—1)k1/ BAdx*a
M M
= (—1)k/ B Adxa (by Stokes’ theorem)
M

= (—1)"“”4rl /MB A x(xdxa) (by (8.1))
= (B, (=1)"™ " x d x ) e.

The result thus follows. O

Recall that the divergence of a vector field X is defined by (C.9), which is
uniquely characterised by Green’s formula (see (C.11)):

/M fdivXde = — /M (VMFf X)dx
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for all f € C*(M). In particular, one sees from the duality TM = T*M and
Lemma 8.4 (with k£ = 0) that

divX = —dax = *d * ax, (8.4)
where ax € Q'(M) is the metric dual of X.

Example 8.1. Let X be a vector field on R? (equipped with standard metric and
orientation). As we just saw, divX = *d * ax. In a similar way, one can also show
that curl X = xdax, where we identity a vector field with a one form as usual.

Now we introduce the central concept of this chapter: the Hodge Laplacian.

Definition 8.6. The Hodge Laplacian is the linear operator A : Q(M) — Q(M)
defined by A £ dj + §d. One also writes A¥ £ dF=16F 4 §k+1gk . QF(M) — QF(M)
to keep track of the degree.

Note that A is just the negative of the Laplace-Beltrami operator on functions;
this follows directly from the relation (8.4). It is immediate from definition that A
is self-adjoint:

(Aa, B) 12 = {dba, B) 2 + (ddav, ) 2
= <(SO{, (55>L2 + <dOé, d6>L2
= <Ck, d55>L2 + <Oé, 5d5>L2 = <Oé, Aﬁ>L2.

It is also nonnegative definite:
(Aa, )2 = (dda, )2 + (dda, a) 2 = (da, da) 2 + (da, da) 2 > 0.

Before delving into deeper properties, we make one simple observation to conclude
this subsection.

Definition 8.7. A form « is harmonic if Aa = 0.

Lemma 8.5. A form a € Q(M) is harmonic if and only if it is closed (i.e. da =0)
and co-closed (i.e. da =0).

Remark 8.1. The definitions of Hodge star, divergence and Hodge Laplacian can
be extended to noncompact manifolds in the obvious way (even for Lorentzian
manifolds though the Hodge theorem will break down in a fundamental way). We
restrict ourselves to compact Riemannian manifolds for the development of the
(classical) Hodge theorem.
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Example 8.2. Using differential forms and the aforementioned operators, Maxwell’s
equations in classical electromagnetism can be formulated in an elegant intrinsic
form:
dF =0, 0F = —J.
Here
0 —-E, -E, —FE,
E, 0 -B, B,
E, B, 0 -8B,
E., -B, B, 0

F =

is the electromagnetic tensor (which is a 2-form) and

charge density p
J = .
current density J

is the 4-current over Minkowski spacetime. The divergence operator here (as well
as the underlying Hodge star) is defined with respect to the flat Lorentzian metric.
Maxwell’s equation in vacuum (i.e. J = 0) just becomes the search of a (Lorentzian)
harmonic 2-form as a result of Lemma 8.5. Since Minkowski spacetime is topolog-
ically R*, one knows that dFF = 0 <= F = dA for some 1-form potential A.
Under spacetime coordinates (¢,z,vy, z), the equation §F = 0 therefore becomes
the standard wave equation

0%A <82A N 0%A N 82A) _0
ot? B

8.3 The L?*-Hodge theorem

We first establish the L?-version of the Hodge theorem, whose proof is a neat
application of heat kernel technique. In this section, we assume that M is a closed,
oriented, n-dimensional Riemannian manifold. We also fix a degree k between 0
and n.

Theorem 8.1 (The L*-Hodge Theorem). There exists a sequence {\j,w; : j > 1}
such that the following properties hold true.

(i) {w; : j = 1} is an ONB of L*(A*T*M) and w; is smooth (i.e. w; € QF(M)).
(it) Aj is an eigenvalue of A with eigenform w;, i.e. Aw; = \jw.

(111) The eigenvalues are arranged in nondecreasing order:
O<S A< <~ <A\ Too

and each \; has finite multiplicity.
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We first summarise the main tool for proving Theorem 8.1 in the lemma below.
This lemma will be fully proved in Chapter 9 when we study heat kernels on vector
bundles in depth.

Lemma 8.6. (i) There exists a map
(0,00) x M? > (t,z,y) = p(t,x,y) € A*T*M ®AkTy*M
such that the following properties hold true.
(a) The map (t,z,y) — p(t,x,y) is smooth.
(b) (Heat equation) p(t,x,y) satisfies the following PDE:
(0 4+ A)p(t,z,y) =0 Y(t,z,y) € (0,00) x M2
(¢) (Initial condition) For any w € QF(M), one has

lim [ (p(t, z,y), w(y)),dy = w(z) (8.5)
t—0t M
uniformly for x € M. Here (-,-), denotes the fiberwise inner product on AkT;M
with respect to the y-variable. If w € L*(A*T*M), the above convergence holds in
the L*-sense.

(d) (Symmetry) One has

(p(t,x,y),f)z = <p(t,y,x),£)1 S AkT;M

for all £ € AkTy*M. Here (-, -); means taking inner product with respect to the i-th
spatial variable of p (i =1,2).

(i1) For each t > 0, define the linear operator
e LA(NFT* M) — LA(APT*M),

(e Bw)(x) £ /M (it 2, ), w(y)), dy,

where we set e 2 id if t = 0. Then {7 : t > 0} is a semigroup, i.c.
e~ TDA = o758 o o=t [ addition, e is a compact, nonnegative definite, self-
adjoint operator for everyt > 0.

Proof. According to the Weitzenbock formula (see Proposition 8.1), the Hodge
Laplacian A is a generalised Laplacian on the vector bundle of k-forms in the sense
of Definition 9.1. This ensures the existence and uniqueness of a smooth kernel
p(t, x,y) for A (see Theorem 9.1). The symmetry of p(t, z,y) follows from the self-
adjointness of A. The statement of (ii) is contained in Corollary 9.3, where com-
pactness comes from the fact that e7*® is a Hilbert-Schmidt operator (see Lemma
9.7). O
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Definition 8.8. The map (¢,7,y) + p(t,7,y) (respectively, {e™** : t > 0}) is
called the heat kernel (respectively, the heat semigroup) of the Hodge Laplacian on
k-forms.

Remark 8.2. In general, p(t,z,y) should belong to A¥T*M @ (AFTrM)*. Here we
identified (AT M)* with A*T*M using the Riemannian metric.

Proof of Theorem 8.1. Fix ty > 0. Since e %2 is a compact and self-adjoint, it
follows from the spectral theorem that the Hilbert space L?(A*T*M) admits an
orthogonal decomposition

L*(A'T*M) = D E...
n=1

Here {E, : n > 1} are all the eigenspaces of e 2. All eigenvalues of e % are

nonnegative (because e %2 is nonnegative definite) and has finite multiplicity (ex-
cept for the zero eigenvalue if it exists). In addition, the only possible accumulation
point of the eigenvalues is zero. We now break down the proof of the theorem into
the following main steps.

(i) e~ does not have zero eigenvalue. In particular, all eigenvalues of e "* are

strictly positive and thus dim E,, < oo for all n. Suppose on the contrary that
e~"08w = 0 for some nonzero k-form w. Then

—toA/2

(e_tOAw,w>L2 _ <€_tOA/2w,€_tOA/2w>L2 =0 = ¢ w = 0.

Arguing inductively, one obtains that e %2/2"w = 0 for all n. According to (8.5),
one has w = 0 which leads to a contradiction.

(i) E, is invariant under e=** for all t. Let v > 0 be the eigenvalue of e~%0*

E,. For any w € F,,, one has

6—t0A(e—tAw) — e—tA(e—tko) — ’ye_tA(,d.

on

This implies that e **w € E,,.

(iii) Since the family P = {e7** : ¢ > 0} is commutative, Part (i) shows that
P is simultaneously diagonalisable on FE,. It follows that there exists an ONB
{wi, wa, -+ } of L2(A*T*M), such that

El = Span{wla e 7wk1}7 E2 = Span{wkl—i-la e 7wk1+/€2}7 .

Each w; is a common eigenform of e~* for all t.

(iv) For each w;, let ;(t) > 0 be its eigenvalue for e~*2, i.e.

ey = (B or /M (p(t, 2, y), wi(y))ydy = Y(H)wilz).
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Since the heat kernel p(¢,x,y) is smooth, it follows that v;(¢) is smooth in ¢ and
wi(z) is smooth in z. By using the heat equation, one has

_ i)
7i(t)
This in particular shows that 7.(t)/v;(t) is independent of ¢. Call this number

—)\; so that Aw; = Aw;. Using the initial condition ~;(0) = 1, one finds that
v:(t) = e*i. Note that \; > 0 since A is nonnegative definite.

7.

Yi()w; + 7 (1) Aw; =0 or Aw; =

(v) Since v;(tg) = e Y% are all equal for w;’s belonging to the same E,,, those \;’s
are repeated eigenvalues of A with multiplicity dim £,,. The result of the theorem
follows by rearranging the \;’s in nondecreasing order, which is possible because oo

is their only possible accumulation point.
]

Remark 8.3. The k = 0 case corresponds to functions on M. In this case, Af =0
if and only if f is constant on each connected component of M. Therefore, the
dimension of the space of harmonic 0-forms coincides with the number of connected
components of M (i.e. dimHJz(M)). The Hodge theorem for de Rham cohomology
is an extension of this fact to higher degrees (see Theorem 8.3).

Remark 8.4. One can also formulate the L?-Hodge theorem (with no essential
changes) on AT*M (forms with mixed degrees). This is sometimes more conve-
nient for applications.

8.4 (*®-regularity and the Hodge decomposition theorem

The L2-Hodge theorem, as a standard consequence of compactness and the spec-
tral theorem, is the easier part of the story. The harder part concerns with C'*°-
regularity. To discuss the main theorems here, we first introduce some basic defini-
tions. As before, we assume that M is a closed, oriented, n-dimensional Riemannian
manifold. We introduce the operator D £ d 4+ 6. Note that D is a “square root”
of A in the sense that D? = A; this follows from the fact that d> = §> = 0. In
addition, D is also self-adjoint: (Da, 8)r2 = (o, DB) 12 for all a, § € Q(M).

Definition 8.9. Let a, 8 € L*(AT*M). We say that Da = 3 in the weak sense
(or just weakly) if

<O" ZDSO>L2 = <57 ‘;0>L2
for all p € Q(M). Similarly, we say that Aa = (§ in the weak sense if

<Oé, AQO>L2 = <67 ¢>L2

for all ¢ € Q(M).
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Definition 8.10. The space of harmonic forms is defined by
HE2ker A2 {we LAAT*M) : Aw = 0 weakly}.
We also introduce the space
HE L2 {ac QM) : (a,w)2 =0 Vw e H}
of smooth forms that are orthogonal to H.
The two main theorems of Hodge are stated as follows.

Theorem 8.2 (The Hodge Decomposition Theorem). (i) (Regularity of harmonic
forms) The space H is finite dimensional and all elements of H are smooth.

(it) (Green’s operator) The restriction Al : Hy, — Ha, defines a linear isomor-
phism. Define the (C*°-)Green’s operator G : Q(M) — Q(M) by setting

Glu 20, Gls 2 Al (8.6)

Then one has
id=my+Aod (8.7)

on Q(M), where wy; denotes the orthogonal projection onto H.

(111) (Hodge decomposition) The space QM) admits the following direct sum de-
composition:

QM) = H & Im(d) ® Im(5), (8.8)

where Im(d) £ {da : o € Q(M)} and similarly for Im(0). In addition, the three
components in (8.8) are orthogonal in L*.

Theorem 8.3 (The Hodge Theorem for de Rham Cohomology). Let 0 < k < n.
Every de Rham cohomology class in H*(M) admits a unique harmonic representa-
tive, which minimises the L?*-norm over all representatives of the same class. In
particular, H*(M) is isomorphic to the space of harmonic k-forms.

8.4.1 Basic analytic ingredients

The proofs of Theorem 8.2 and Theorem 8.3 rely on two key analytic lemmas
(Garding’s inequality and the regularity of D). In this section, we only state these
lemmas and then proceed to prove the main theorems. After that, we come back to
prove these analytic lemmas in Section 8.5. For each s € N, let (H (AT*M), (-, +)s)
denote the order-s Sobolev space on forms (see Definition C.8). In the sequel, we
will just write H, to ease notation. Note that H is a Hilbert space and (Hy, ||-||o) =
(LA(AT*M), || - ||2)-

Garding’s inequality allows one to control first order derivatives in all directions
in terms of the operator D which only involves a mixture of specific directions.
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Lemma 8.7 (Garding’s inequality). For each s € N, there exists Cs > 0 such that
lwlls+1 < Co(llwlls + [[1Dwlls)
for allw € Hyp (ANT*M).

The regularity lemma asserts that D increases regularity by one degree. Intu-
itively, this is a natural consequence of Garding’s inequality (D controls first order
regularity). We say Da € Hy if Da = 8 weakly for some § € H,.

Lemma 8.8 (Regularity of D). Suppose that w € L? and Dw € Hy. Then w €
Hg. 1. In particular, Dw € Q(M) = w € Q(M).

Remark 8.5. What lies at the heart of the proofs of these two lemmas is the so-
called Weitzenbick formula (see Proposition 8.1 and Proposition C.2). It asserts
that the Hodge Laplacian A differs from the Bochner Laplacian V*V by a zeroth
order operator R (the curvature endomorphism), i.e. A = V*V + R. Using this
relation, one sees that

I1Dw[f = (Aw,w) = (V*'Vw + Rw,w) = [Vwllg + (Rw,w) > cllwlli - Cllw]i5,

which basically yields Garding’s inequality (at least for s = 0). In addition, A
is an elliptic operator, which intuitively explains the regularity lemma from the
perspective of classical elliptic theory (D is the “square root” of an elliptic operator
and the latter increases regularity by two).

8.4.2 Green’s operator and the Hodge decomposition

We now proceed to prove Theorem 8.2. The use of Green’s operator plays an
essential role in the argument. We first consider Claims (i) and (ii) of the theorem.

Proof of Theorem 8.2 (i). Define ker D £ {w € L*(AT*M) : Dw = 0 weakly}.
Elements in kerD are smooth as a direct consequence of the regularity lemma. For
elements in H, one has

Aw = 0 weakly = D(Dw) = 0 weakly = Dw € QM) = w € Q(M).
It is obvious that kerD C H. Conversely, one has
weEH = Aw=0 = dw=90w=0 = w e kerD.

Therefore, H = kerD = {w € Q(M) : Aw = 0}. For the finite dimensionality of H,
suppose on the contrary that dimH = co. One can then choose an orthonormal
{z,} CH, ie Dz, =0and (z,,x,)r2 = Opmn. It follows from Garding’s inequality
that {z,} is bounded in H;. According to Rellich’s compactness theorem (see The-
orem C.3), {z,} contains a convergent subsequence in L?. But this is impossible
since |2, — o, llo = V2 for all m # n.

]
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Remark 8.6. H is just the zero-eigenspace of A (equivalently, the 1-eigenspace of
e~*A) appearing in the L?-Hodge theorem.

Proof of Theorem 8.2 (ii). It is obvious from self-adjointness that A(HL) C HL.
In addition, AlyL is injective;

Aa=0& acH = acHNHL = a=0.

It remains to show that Al is surjective. The argument is quite standard from
the perspective of weak solution theory of elliptic PDEs.
Consider the bilinear form

W,‘P] = <¢7A90>L2 - <D¢7D§0>L2 7¢790 € Hé_o
It is apparent that [, -] is symmetric and positive definite. In addition, one has
[o, 0] < Cllell? Vo € Hy, (8.9)

with some positive constant C.
The key observation is that

[p,¢] = cllollf Vo€ HL (8.10)

for another positive constant c. Suppose on the contrary that there exists a sequence
{on} € HL with ||¢,|l = 1 but

[‘Pna 9071] = ”DSOTL”(Q) — 0.

According to Rellich’s compactness theorem, ¢,, — some ¢ in L? along some
subsequence ny. We claim that Dy = 0 weakly (and hence ¢ € #). Indeed, for
any ¢ € (M) one has

(p, D)2 = lim (@y,, DY) 2 = lim (D, , )2 = 0.
k—o00 k—o0

On the other hand, ¢, 1 H = ¢ L H. Therefore, ¢ € HNHL = {0}, and in
particular, |¢n, |lo = 0. This contradicts Garding’s inequality which reads

||90nkH1 S ||D90nkH0 + HSDTLJC“U

The LHS is equal to one while the RHS converges to zero. The relations (8.9, 8.10)
show that [-,-] and (-,-); are equivalent inner products on HL. As a result, [, ]
admits a unique extension to Hi" £ {w € H; : w L H in L*} (which is also the
completion of HL under || - ||1).
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Now suppose that 3 € HL and let us define

(p) £ (B.p)izs w € H

Since
L) < NBllczllellze < 18]z llell,

one knows that [(-) is a continuous linear functional with respect to the inner

product [-,-]. It follows from the Riesz representation theorem that there exists a
unique a € Hi-, such that
lp) =l ¢] (== (0, Ap)rz = (B, )) (8.11)

for all ¢ € Hi-. The relation (8.11) also holds trivially for ¢ € H. As a result,
A« = [ weakly. Since § is smooth, one concludes from the regularity lemma that
o is also smooth. This proves that Aly. : Ha, — Ha, is a linear isomorphism.

Finally, let us define Green’s operator G : Q(M) — Q(M) by (8.6). For any
w € Q(M), one has w — myw € HL and therefore, it is equal to Aa where

a= A|7’{;(w —mpw) = G(w — myw) = G(w).

It follows that w = myw + AG(w). This proves the decomposition (8.7).
[

By extending the above argument further, one can construct Green’s operator
for D which is sometimes quite useful. For each s € N, we define H: = {w € H, :
w L H} as usual.

Lemma 8.9. For each s > 1, the operator D|y. H — HE | has a well-defined,
bounded inverse.

Proof. 1t is easily seen that D(H-) C H;-, and D|p. is injective. Let R, = D(HY).
The same argument leading to (8.10) shows that D]} : Ry — H} is a bounded

linear operator. It remains to prove that R, is dense in H ;. But this follows from
the facts that H} , is the || - ||,_;-closure of HL and any element 3 € HL can be
expressed as

f=Aa = D(Da) € Ry

for some o € HL as a consequence of Theorem 8.2 (ii). O

-1
Remark 8.7. The composition H LN H} — H}, is a compact operator, be-
cause the latter map is compact due to Rellich’s compactness theorem.

We now prove the Hodge decomposition (8.8). This is a simple application of
Green’s operator.
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Proof of Theorem 8.2 (iii). The orthogonality of #H,Imd,Imd follows easily from
duality; for instance, one has

(a,08) = (da, B) =0 Va € H,00 € Imd.
The decomposition (8.8) follows from (8.7), as one can write
w=muw+AoGw)=myw+ d(6G(w)) + 0(dG(w))

for any w € Q(M).

8.4.3 Proof of the Hodge theorem for de Rham cohomology

In this subsection, we present two proofs of Theorem 8.3: the standard functional-
analytic proof and the more enlightening heat equation proof.

The functional-analytic proof. Let [w] € H*(M). By Theorem 8.2 (ii), one can
write

w="myw)+AoGw)=ryw)+d0Gw)) + 6(dG(w)).

Note that G commutes with d (because A does and G = A~! on HL ) and therefore,
dG(w) = G(dw) = 0. It follows that

w = my(w) + d(0G(w)).

In particular, the harmonic form 74 (w) is a representative of [w].
Suppose that both hy, hy are representatives of [w]. Then hy — hy = df for some
B € QFL(M). Tt follows that

[Py = hall72 = (P — ho, dB) 12 = (6(hy — ha), B) 12 = 0.
As aresult, one has hy = hy. This shows the uniqueness of harmonic representatives
of [w].
For the last claim, note that any representative of [w] must have the form h+dp

where A is the unique harmonic representative and 3 € Q~1(M). One then obtains
that

1h+ dBlize = [Rll7: + IdBIZ + 2(0h, B)r2 = ||hl[7> + dBIIZ> > 127

This shows that & minimises the L?-norm in the class [w].
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The heat equation proof. We again assume that w is a given closed k-form. It is
enough to prove the existence of a harmonic representative of [w]; uniqueness and
the L2-minimising property follow from the same argument as before.

For each t > 0, one has

d

7€
where the last equality comes from the facts that A commutes with d, and w is a
closed form. By integrating (8.12) from 0 to ¢, one finds that

TRy = —e P Aw = d(—e P ow), (8.12)

e B —w=dpt); plt) 2 — /t e *Aowds € QFH(M). (8.13)
0

On the other hand, according to the L?-Hodge theorem,

lim e "“w = Ty (w) in L2 (8.14)
t—o0

In fact, the e **-action on those eigenform directions with strictly positive eigen-

values will all vanish in the large ¢ limit due to the exponential decay. The only

surviving term is the projection on the zero-eigenspace (i.e. space of harmonic

k-forms). Now the relations (8.13, 8.14) imply that
dB(t) = my(w) —w in L? (8.15)

as t — oo.
We claim that 3(t) converges to some 3 € QF"1(M) under || - ||;. Indeed, since
B(t) € Im§ C Hi and DJB(t) = dB(t), one knows from Lemma 8.9 that

18(t) = B(s)llx < ClldB(t) — dB(s)llo Vs,t

with some universal constant C. It follows from (8.15) that {f(¢)} is a Cauchy
sequence in Hy as t — 0o, hence converging to some 3 in H;. In particular, dg(t) —
df in L?, and as a result, d3 = myw — w (in the weak sense). But one also has
0p = 0 (because 65(t) = 0). Therefore, D = myw — w (in the weak sense). Now
the regularity of D (Lemma 8.8) shows that [ is smooth. Consequently, the relation

Dp=dp =myw —w

holds in the classical sense. This proves that both myw and w represent the same
cohomology class.
]
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Remark 8.8. By using Lemma 8.4 and Theorem 8.3, one knows that every co-closed
form o admits a unique decomposition &« = w + df where w € H. The following
picture is a nice illustration of the Hodge decomposition (8.8).

T._vn(o(-) T exact ‘('NV“S

Intd)-

co -~ exact -(ormg

8.5 Proof of basic analytic lemmas

In this section, we return to the proofs of the two key analytic lemmas. As we
mentioned, the core ingredient is the Weitzenbock formula which we shall first
discuss.

8.5.1 The Weitzenbock formula

In this subsection, we assume that M is an oriented, n-dimensional Riemannian
manifold. Let V be the Levi-Civita connection. Let V : Q(M) — ['(T*M @ AT*M)
be the induced connection on the exterior algebra bundle AT*M (see Appendix
C.1), whose associated connection Laplacian is denoted as A ™M (see Definition
C.6). On the other hand, let Ag = V*V : Q(M) — Q(M) be the Bochner Lapla-
cian, where V* : T(T*M @ AT*M) — Q(M) denotes the formal L2-adjoint of V (see
Definition C.7). Since the connection V is compatible with the Euclidean metric on
AT*M given by Definition 8.2, it follows from Proposition C.2 that Ag = AM™M,
The Weitzenbock formula asserts that the operator

REA—ANM A Ay

is tensorial (i.e. R € I'(End(AT*M))). In fact, it provides an explicit expression of
R in terms of the Riemann curvature tensor (see Definition 8.12 and Proposition
8.1).
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Clifford multipliers on exterior algebra

We need some multilinear algebra tools in order to define the aforementioned cur-
vature endomorphism R. Let V' be a finite dimensional, real Euclidean space and
we always identity VV* = V through the given metric.

Definition 8.11. Let v € V be given fixed. We define the following linear operators
on the exterior algebra AV*.

(i) The operator a(v) is the exterior product by v* (v* is the dual of v), i.e.
a()w = v Aw, w € AV

(ii) The operator ¢(v) is the interior product by v, i.e. the unique linear operator
L AV* — AV* satisfying ¢(v)w = w(v) for all w € V* and

L) (wAN) = (L(v)w) An+ (=1)Fw A u(v)n. (8.16)

for all w € A*V* and n € AV*.
(iii) We define ¢(v), ¢(v) € End(AV*) by

c(v) = a(v) — 1(v), é(v) £ a(v) + o(v). (8.17)
These two operators are called Clifford multipliers.

By definition, a(v) increases degree by one while ((v) reduces degree by one.
Note that «(v) does not depend on the metric but a(v) does (because the latter
uses the metric dual v*). It is elementary to check that a(v)* = t(v) (a(v)* is
the adjoint of a(v) under the metric given by Definition 8.2 with W = V*). Let
{e1,-++ ,en} be an ONB basis of V and let {f',--- 6"} be its dual. It is also clear
from definition that

L) A NI = Py — e . .
(=) N NI N A QIR le:]qE{jl,"',jk}

for any j; < -+ < jg.
Notation. Under an ONB, we simply write

a; £ a(e;), i £ 1(g;), ¢ £ c(e;), ¢ £ é(gy). (8.18)

Given multi-index I = (iy,- -+ ,ix), we set a;j = a(e;,)---a(e;,) (as a convention,
ap £ id) and similarly for ¢7, ¢7, é;. We also write 7 £ g7t A - A O,

The following commutation relations are particularly useful. Given two opera-
tors A, B, we write {A, B} = AB + BA.
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Lemma 8.10. One has
{(IZ‘, CL]‘} = {Li, Lj} = 0, {LZ‘, CL]‘} = 51] (819)
In addition, one has
{C(U)7 C(w)} = —2<?), w>a {é(’l})7 A(w)} = 2<U7w>7 {C(U)a é(w)} =0 (820)
for any v,w e V.
Proof. Left as an exercise. ]

Lemma 8.11. Let A denote the set of multi-indices I = (i1 < -+ < ix) for all
k=0,---,n. Then both families {ajvy : I,J € A} and {c;é¢;:1,J € A} are bases
of End(AV™).

Proof. 1t suffices to prove the claim for {a;e; : I,J € A}, since ¢;, ¢; can be ex-
pressed linearly in terms of a;, ¢; and vice versa. To this end, let us define

n; £ Qiliy Pi £id — Q;li.
It is readily checked that
g — oK ?fZ:EK; 0% = 0, ?fZ:GK;
0, ifi¢K, oK, ifi¢ K
for any ¢ and multiindex K. Define
45 = H”j Hpj-
jed  jgJ

It follows that

oK — 07, if J = K;
YT 0 iI£K

for any pair of multiindices (J, K). As a consequence, the operator E;; = ajt;qy
sends 07 to +67 (the actual sign does not matter) and sends 6% to zero for any
K # J. This shows that {E;; : I,J € A} is a basis of End(AV*). On the other
hand, one knows from the relations (8.19) that

Span{E;; : I,J € A} C Span{asi;: I,J € A}.

By dimension comparison, one concludes that {a;c;} is also a basis of End(AV™).
[
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We conclude this part with a lemma that will be useful for studying the cur-
vature endomorphism. Given A € End(V), let A* € End(V*) denote its adjoint
and we further extend it to a linear operator on AV* (still denoted as A*) via the
Leibniz rule:

k
AT N NOR)EDN TGN NAGR A NG, iy < < (821)
p=1
Lemma 8.12. Let A € End(V') with matriz (A]), i.e. A(e;) = Ale;. Then one has
Ar = Zn Agaibj.

1,j=1

Proof. Note that

Cqur(éﬂ):{(), if r &I,

O N NOTN - NG ifr =i, € .

Therefore, one has

n n k
ZAZaqLT(QI) = ZZA?JP@“ Ao AOGIA -+ A Qi
q=1

q=1 p=1

k
=D 0N NATT A A0 = AT(0).
p=1

where the second identity follows from the relation that A*¢° = A%67. O

The curvature endomorphism

We now return to the geometric setting. Recall that the Riemann curvature tensor
R € Q*(M,End(TM)) is defined by (C.2). Under a local ONF {ey,--- ,e,}, the
curvature coefficients are defined by (C.7) and they satisfy the basic symmetry
relations (C.8).

We now introduce a few curvature-type operators acting on the exterior al-
gebra bundle, which are all canonically induced from R. Firstly, we define R €
O2(M,End(AT*M)) to be the curvature tensor of V, namely,

R(X,Y)a = VxVya—VyVxa—Vixya, X,Y eD(TM),ac QM)

Next, let R(X,Y)* € I'(End(AT*M)) be the fiberwise endomorphism defined by
(8.21) induced from R(X,Y) € I'(End(T'M)).

Lemma 8.13. R(X,Y)* = —R(X,Y) for all X,Y € [(TM).
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We now introduce the curvature endomorphism which will be the operator ap-
pearing in the Weitzenbock formula. Let {ey,--- ,e,} be a local ONF of TM. We
continue to use the notation (8.18), which is now understood fiberwisely.

Definition 8.12. The curvature endomorphism R € I'(End(AT*M)) is defined by
R = —Rijklaibj&ku.

We point out that the definition of R does not depend on the choice of the
local ONF and it is therefore an intrinsic tensor field on M. This fact is immediate
from the Weitzenbock formula which will be established in the next part. Here we
present an alternative representation of R in terms of the Clifford multipliers.

Lemma 8.14. One has

n

R = % Z c(ei)c(e;) Rie;, e;).

3,7=1

Proof. Note that R(e;,ej)er = Ryxije;. According to Lemma 8.12 and Lemma 8.13,
one has

R(ei, ej) = —R(ei, ej)* = Rijklakel. (822)
It follows that
> clenelej)Rieie;) = > (a; — 1i)(a; — 1) Rijat
i,j=1 t.j=1

n

= E (Rijklaiaj&kbl + Rijpititjagy
i,7=1
- RijleiCLjCLkLl — Rijklaiajakq). (823)

The first sum is zero; according to the relations (8.19, C.8) one has

3Rijmaa;ary = Rijuaa;apy + Rijpajagan + Rijpaga;a;y
= (Riju1 + Ryiji + Rjka)aa;axy, = 0.

The second sum in (8.23) is also zero by the same argument (first interchange ay
and ¢;). The last two sums are equal to

n
— E (RjiklajLiakLl + Rijklaiajaku) =2R.

1,j=1

The desired relation thus follows. O
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The Weitzenbock and Lichnerowicz formulae
Our main goal in this part is to prove the following result.

Proposition 8.1 (The Weitzenbock formula). Let R be the curvature endomor-
phism introduced by Definition 8.12. Then one has

A =AM LR,
In particular, the operator R € I'(End(AT*M)) is intrinsic on M.

The proof of Proposition 8.1 relies on the following two lemmas. The first lemma
gives a representation of d + 9 in terms of the connection and the Clifford action,
which is the key to connecting the Hodge Laplacian with the connection Laplacian.

Lemma 8.15. Under any local PONF {ey,--- ,e,}, one has

d= Za(ei) oV, §=— Z t(e;) o Ve,. (8.24)
i=1 i=1

In particular, d + & = c(e;) o Ve,.

Proof. The computation is lengthy and tedious. We divide the argument into sev-
eral steps. Let {n',---,n"} be the dual coframe field. Recall that the Christoffel
symbols with respect to {e;} are defined by V.,e; = I’fjek.

(i) We claim that
Z T=a(e;)e(es,)n’ (8.25)

for any I = (i, < --- <,). To prove this, first note that Vet = =i, By the
definition of V, one has

Ve =3 0 A AV A An”
:_Zféjnil/\.../\nj/\.../\nir

= g I”S (e )’

(ii) We claim that

T

dn' = =Tl A, dn' = = Tiale;)ale;)u(e;,)n’ (8.26)

s=1
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Indeed, by using the relation (B.9) and the torsion freeness of V, one finds that
dnl(ei’ ej) = _nl([ei’ ej]) = —Ul (Vez‘ej - Vejei) = Féz - Fi]

This gives the first relation of (8.26). In addition, one finds by using (8.26) that

T

an = Z(_l)s—lnil Ao Adn'= A AT

s=1

= = (1)t A A A A A
s=1

— Z Tiza(es)ale;)u(e;)n’.

This gives the second relation of (8.26).

(iii) Consider a form o = a;n’. By using the relation (8.25), one has
do = dog A + apdy’
= (Veam ) An' — o Z Fﬁ;a(ei)a(ej)L(eis)nI

is€1

= a(e;)(Ve,a — arVen') — ar Z Fﬁ;a(ei)a(ej)L(eis)nI

isel
= a(e;)Ve,o+ opTisale;)ale;)u(er, )" — ap Y Tisales)ale;)i(es, )
ivel

= a(e;)Ve,a.
The first relation of (8.24) thus follows.

(iv) To prove the second relation of (8.24), one first notes that the result is invariant
under the change of ONFs. Therefore, it is enough to prove the identity at a fixed
x € M under the normal frame field {e;} around z. The main simplification here
is that all Christoffel symbols vanish at x (see Appendix C.3).
Consider a k-form a = fn! where I = (i; < --- < i},) and let J = I° = (j; <
+ < Jn_k). By using Lemma 8.4 and the definition of the Hodge star, one can
write

5(]@77[) _ (_1)nk+n+1(_1)e(I,J) % d(fnJ) — (_1)nk+n+1+a(I,J) % (df A nJ) (at ZE)
_ (Veif)(—1>nk+n+l+E(I’J) % (ni A 77J)-

The second equality follows from (8.26) as well as the fact that the Christoffel
symbols vanish at x. On the other hand, one has

—u(e)Ve,(fn") = (Ve ) (=tlen)n’)-
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Therefore, it suffices to show that
(_1)nk+n+s(I,J) * (nz‘ A 77J) — L(ei>nl (827)

for every fixed 1.
The relation (8.27) is obvious if ¢ ¢ I; both sides are zero in this case. Now
suppose that ¢ =i, € I. By the definition of the Hodge star, one has

(s An?) = (=1)7 g A AR A A,

where o is the number of transpositions needed to turn (i, j1, -+, Jn_k, 11, " - gyt LK)
into (1, J). Simple counting shows that o = (n — k)(k — 1) + s — 1. Therefore,

(_1)nk+n+s(1,J) * (nzs A nJ) _ (_1)nk+n+(nfk)(k71)+sfl77i1 Ao A ﬁis A A nzk
= (=) A AR A A = (e )’

The relation (8.27) thus follows. O

The second lemma is concerned with the commutation between the connection
and Clifford multipliers. Given two operators A, B, we denote [A, B] & AB — BA.

Lemma 8.16. Let X,Y € I'(T'M). Then one has
[V, e(Y)] £ c(VxY), [Vx,e(Y)] £ e(VxY). (8.28)
Proof. (i) Firstly, we claim that
[Vx,a(Y)] = a(VxY).
Indeed, let ¢ € Q'(M) be the dual of Y. For any w € Q(M), one has
Vx((Aw)=(Vx{)Aw+ (A Vxw
which implies that
Vx,a(Y)](w) = (Vx{) Aw = a(VxY)(w).

The last identity follows from the simple observation that V x( is the dual of VxY.

(ii) Next, we claim that )
[VX, L(Y)] = L(VXy)

Indeed, one finds from explicit calculation that [V, (Y)](w) for any w € Q'(M)
and the operator [Vx,¢(Y)] satisfies the relation (8.16). The claim follows since
these two properties uniquely characterise the interior product.

(iii) The relation (8.28) follows trivially from (i) and (ii). O
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We are now in a position to prove the Weitzenbock formula.

Proof of Proposition 8.1. According to Lemma 8.15 and Lemma 8.16, the Hodge
Laplacian is expressed as

A = (d+6)* = c(e;) Ve c(e;)Ve, = c(ez-)(c(ej)vei + C(Veiej))ve..

i J

By writing V.,e; = (V,e;j, ex)ey,

RHS = c(e;)c(e;)Ve, Ve, + c(ei)c(ek)vweiej,ek)ej
= c(ei)c(ej)?ei?ej —c(ei)c(er)Vy, ey

By using the relation (8.20) and the expression (C.16) for the connection Laplacian,
one then finds that

RHS = AM™ Z clei)c(ej)Ve, Ve, — Z c(ei)c(ej)?vez,ej.

i#j i#j
We claim that
o 1 L
Z c(€i>c(ej)v€iv€j = 5 Z C(ei)c<€j> [veiﬂ vej]? (829>
1#£] ,J
_ 1 _
> clen)e(e;) Vv, e, = 5 > clei)e(e))Vieye,)- (8.30)
i#j Y]

Suppose these relations are true for now. By using the expression (C.16) for AM™M
one finds that

o 1 = o1«
A = AAT M + 5 ZC<€i>c(ej)([vem Vej] - V[ei,ej])

2'7j

. 1 _ .
= AAMTM 3 Zc(ei)c(ej)R(ei, e;) = AMTM LR
i

where the last identity follows from Lemma 8.14. This produces the Weitzenbock
formula.
Now it remains to prove (8.29) and (8.30). We only consider the latter and leave
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the former as an exercise. One has

Z C(ez‘)c(%‘)vveiej

i#]

= Z 6] Vve €5 + 0(6]) (Gi)?veje»
1<J

- Z 6] Vve e C(GZ) (€]>vVe ) (by (8-20))
1<J

= Z c(ei)c(€j)Vie, e,  (by torsion freeness of V)
i<j

1 _
=3 Z C<€i>C(ej)v[ei:ej]'
7:7‘7.

This proves the desired relation (8.30).
O

To conclude this part, we provide another representation of the curvature en-
domorphism R (the Lichnerowicz formula). This will be useful in the later heat
equation proof of the CGB theorem.

Proposition 8.2 (The Lichnerowicz formula). One has

i 1 . Scal
A = AT 2 Rige(es)e(eg)élen)élen) + ==

where Scal = R;;;; denotes the scalar curvature (see Appendiz C.1).

Proof. According to Lemma 8.14 as well as the relation (8.22), one has

R = %Rijklc(ei)c(ej)a(ek)b(el)
1 cler) + c(ex) ¢(e)) — clep)
= §Rz'jkl0(€z')0(€j) : 5 : ) : 5 :
1
= gBumcles)cle;)elen)é(er) — g Rigces)e(es)e(ex)cler)

The last identity follows since the c-¢ cross terms vanish by symmetry consideration.
To complete the proof, it suffices to show that

Rijric(e;)c(ej)c(er)c(e;) = —2Scal. (8.31)
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To ease notation, we use ¢;, ¢; to denote c(e;), ¢(e;). Then one has

Rijuicicicker = —Rijricicicrer = —Rijraci(—20i, — crci)e
= 2R;jucic + Rijricicrcic
= 2R;;ucjc — (Rjki + Riiji)cjcrcic
= 2Rjjucicr — Rjracjcrcicr — Ryiji(—20j6 — crej)eic
= 4R;ucic; — Rjkacjcrcicr + Ryjickejeic
= 4R ;ucjc — Rjkucicrcic + Ryicr(—26, — cicj)a
= 6R;jucjcr — Rjricjcpeicp — Rigjickcicic.
It follows that
3Rijklcicjckcl = 6Rz’jilcjcl = 3(Rijil + Rz’lij)cjcl
= 3Riju(cja + acj) = 3Ria x (—20;)
= —GRijij = —6Scal.

This gives the desired relation (8.31). [

8.5.2 Garding’s inequality
In this subsection, we prove Lemma 8.7 by induction on s.

(i) The s =0 case.

According to the Weitzenbock formula and Proposition C.2, one has
[1Dwllg = Vwllg + (Rw, w) 2
for all w € Hy. By the compactness of M, there exists C'; > 0 such that
(Rw,w)r2 = —C1|lwlz. (8.32)
On the other hand, by using a partition of unity one can express the integral
Vw2 = / (Veo, Vi) da
M
as a sum of local integrals, each having the form
Iy (w) = / 97 (Vow, Vo,w),dz
U

where U is a local chart and (g*) is the inverse metric tensor. Note that V,=0,-T;

where T'; € T'(End(AT*U)) is a zeroth order operator. Since (g*) is positive definite,
one has

/ g (0w, Ojw)eda > Crullwl} = Coullwllf
U
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for some constants C 7, Cy iy depending only on the local chart U. Together with
the boundedness of g and I, it follows that

Ip(w) = / G {(0: — Do), (05 — T )w)

>Ciu
>Cs

wllf = Csullwls — Capllwlllwlo

Wi} = Coullwlls-

By compactness again, there are finitely many such U’s and the above estimate
patches globally to yield

IVwll§ = Collwllf = Csllwllg (8.33)

with suitable constants Cy, C5 > 0 depending on M. Combining (8.32) and (8.33),
one concludes that
[Dwg = Collwll; — (C1 + Cs)[lwl[5,

which is Garding’s inequality in the s = 0 case.

(ii) The induction step.

This step is indeed quite straightforward. To ease notation, we write < for
inequalities up to multiplicative constants that are independent of w. Suppose that
Garding’s inequality is valid for s — 1 and let w € H,,;. By the same partition
of unity argument, one can assume that w is supported in a local chart. By the
definition of the || - ||s;1-norm and the induction hypothesis, one has

lwllsrr S 18iwlls + lwllo
7

S (10wlls1 + 1Ddwls1) + llwllo- (8.34)

Now the main observation is that [D,d;] = Dd; — 9;D is a first order differential
operator. In particular,

[1DOwlls-1 < N|0i Dwlls—1 + [[D, Biwlls—1 S [|1Dwlls + flwls- (8.35)
By substituting (8.35) back into (8.34), one obtains that
[wlls+1 S llwlls + [[ Dol

This completes the induction step.
The proof of Garding’s inequality is now complete.
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Remark 8.9. Garding’s inequality allows one to control all first order derivatives
(the operator V) in terms of a specific mixture of directional derivatives (the op-
erator D), which is a surprising fact at first glance. In the current argument, the
key connecting D and V to make this work is precisely the Weitzenbock formula.
However, the essence behind the inequality is ellipticity; it holds more generally
that ||w|1 < ||wl|lo + (Lw,w)2 for any second order elliptic operator L (and in

~Y

particular, A is such an operator).

8.5.3 Regularity of d + 9

In this subsection, we prove the regularity lemma (Lemma 8.8) for the operator
D = d+ 6 . As we mentioned before, this is almost a direct consequence of
Garding’s inequality (at least at a formal level). The argument below develops
the unpleasant technicalities and can be skipped if the reader is convinced by this
point.

We consider a slightly weaker claim:

weH, Dve HAL — we H, . (8.36)

The proof of this claim is divided into the following steps.
(i) Localisation.

We first claim that in order to prove (8.36), it is enough to consider the case
when w is supported in a local chart. The main observation is the following lemma.

Lemma 8.17. Suppose that w € Hs and Dw € Hg. Then for any f € C>®(M), one
has D(fw) € H.

Proof. For any smooth form w and f € C*°(M), one finds by using Lemma 8.15
that

D(fw) = (eif)(ale)w = t(es)w) + fD(w).
Note that the first term is independent of the PONF {e;} and is hence global. If
w € Hy; and Dw =n € Hg weakly, one has

D(fw) = (eif)(alei)w — v(es)w) + fn € Hy weakly,
]

Suppose that (8.36) has already been proven for forms supported in local coor-
dinate charts. Now let w € Hy and Dw € H,. Using a partition of unity {p;}7_,
on M, one can write

W= zr:goiw = Dw = iD((piw).
i=1 i=1
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Since w, Dw € Hy, Lemma 8.17 shows that D(y;w) € H,, and since y;w is supported
in a chart, one further knows that p;w € H, ;. It follows that w = 22:1 piw € Hgiq.

(ii) Reduction to the s =0 case.

Next, we claim that it is sufficient to prove the following assertion:
w € L*(AT*V), Dw € L*(AT*V) = w € H,(AT*V), (8.37)

where V' is any local chart on M with compact closure. Indeed, suppose that (8.37)
is true and let
w € Hg, suppw CV, Dw € H,.

Given any multi-index a = (ayq, - -+ , ap,) with a;+- - -+, < s, explicit computation
shows that 9*D — DO* is a differential operator of order at most s (here 9% £
8;111 -+ 0w is the usual partial differentiation in the chart V). Now observe that

w€H, = (0°D—Dd*)w € L? Dwe€ H, = 0*Dw € L*.

Therefore, DO% € L*(AT*V') and one concludes from (8.37) that 0%w € Hy(AT*M).
Since « is arbitrary, it follows that w € Hgyq (AT*M).

(iii) It remains to prove the claim (8.37).

For technical reason, we will prove the following small variant of the claim which
is clearly sufficient. Let V' be a local chart and let U € V.

Revised Claim (8.37). Suppose thatw € L*(AT*V), suppw C U and Dw € L*(AT*V).

Then w € Hy(AT*V).

Under the local chart V', one can perform analysis under the usual Euclidean
notation (e.g. convolution, partial differentiation etc.). For each ¢ > 0, let x. be
the standard mollifier and let w* x. denote the convolution between w and x.. Note
that w * x. — w in L? as € — 0%. To prove w € H{(AT*V), it is enough to show
that {w * x.} is Cauchy under Hj-norm. According to Garding’s inequality, one
only needs to show that {D(w * x.)} is Cauchy in L.

To this end, let w, s £ W% Y. — w * x5 and write

Dw. s =D(w * xc) — (Dw) * xc + (Dw) * x: — (Dw) * X
+ (Dw) * xs — D(w * xs)-

The middle term (Dw) * x. — (Dw) * xs vanishes as €, — 0% because Dw € L.
To complete the proof, it remains to show the following result.

Lemma 8.18. One has

lim ||D(w* x:) — (Dw) * xc||z2 = 0. (8.38)

e—0t
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Proof. This result is true for any first order differential operator D (ellipticity does
not play any role). Let us write D = a’d,: + b where a’,b € C°(V). The identity
(8.38) clearly holds for the b-component and we therefore only consider the case
when D = a'0,.

(a) For each w € Q*(U) (smooth forms supported on U), we define
T.(w) 2 Diw xe) — (D) * xe.
We claim that there exist positive constants C' and g, such that
[Tewll2arvy < Cllwll 20y (8.39)

for all w € Q%(U) and € € (0,&p). Indeed, simple integration by parts yields
(Tew)(2) =ai(x) / Oziw(z — ey)x(y)dy — / a;(x — ey)Oniw(z — ey)x(y)dy
v v

Z/Vw(l‘ —¢€y) - ai(z) Cz(x —<), Oyix(y)dy

+ /Vw(:v — ey)x(y)Opiai(z — y)dy,

from which the claim (8.39) easily follows. )
Since Q%(U) is dense in L*(AT*U), one obtains a bounded linear operator T :
L*(AT*U) — L*(AT*V) which is the unique extension of T¢.

(b) Suppose that w, Dw € L*(AT*V') and suppw C U. Then one has

T.w = D(w * x:) — (Dw) * xe. (8.40)

To see this, let wy, € Q*(U) be a sequence converging to w in L. Part (a) shows
that T.wy — T.w in L% For any test form ¢ € Q*(V), one has

(Tew, )2 = ]}Lrgo<Tswk, Oy 2 = ]}Lrgo<D(wk * Xe) — (Dwg) * Xe, ©) 12
= ]}LI{.IO (<Wk * Xe, D*SO>L2 - <Wk, D*(QO * X;)>L2)7

where D* denotes the formal adjoint of D and xZ(y) £ x.(—y). Since Dw €
L*(AT*V), the RHS is equal to

(w* xe, D*p) 2 — (w, D*(p * xZ)) 2 = (D(w * Xe), )12 — (Dw, @ * X2 )12
= (D(w * xe) — (Dw) * Xc, ) 2.
This gives the relation (8.40).

¢) For smooth forms w € Q*(U), it is obvious that T.w — 0 in L? as ¢ — 0%.
(c)
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(d) We now finish the proof of the lemma. Suppose that w, Dw € L*(AT*V') and

suppw C U. Given n > 0, let g € Q*(U) be such that ||w — S|z < n. According to
(8.39), one has

ID(w # xe) = (Dw)  Xellz2 < [ Tew = B2 + 1 TeBll 22 < O+ || T2 22
for all € € (0,g¢). It follows from Step (c) that

o [ D(w# x.) — (Dw) * Xcllz2 < Co.

e—0t
The result follows since 7 is arbitrary. ]

Now the proof of the revised Claim (8.37) (and thus of (8.36)) is complete.

To prove the regularity Lemma 8.8, we assume that w € L? and Dw = n € H,
(weakly). The claim (8.36) shows that w € Hj, and using the claim again one
finds w € Hy. By iterating this argument, one obtains that w € Hs, ;. Note that if
Dw € Q(M), one has w € Hy for all s, and it follows from the Sobolev embedding
theorem (see Theorem C.2) that w is smooth in the classical sense, i.e. w € Q(M).
The proof of Lemma 8.8 is therefore complete.

The following result is an immediate consequence of Lemma 8.8. It asserts that

the Hodge Laplacian increases regularity by two.

Corollary 8.1 (Weyl’s lemma). Suppose that w € Hy and Aw = n € H, weakly.
Then w € Hyyo. In particular, eigenforms of A are smooth.

Proof. Let = Dw which makes sense since w € H;. For any test form ¢ € Q(M),
one has by duality that

(B, D)2 = (Dw, Dp) 2 = (w, Ap) 12 = (1, ) L2-

As aresult, DS = n weakly. It follows from Lemma 8.8 that § € H,, 1 and therefore
w € HS+2' ]

Remark 8.10. The result of Weyl’s lemma holds without assuming w € H;; the
proof in this more general case requires additional tools from distribution theory.

Remark 8.11. The current proof of Weyl’s lemma relies on the regularity lemma
for D which is in turn based on the geometric Weitzenbock formula. There are
analytic proofs which rely only on ellipticity and work for general elliptic operators

(see e.g. [GT77]).
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8.6 An application: Bochner’s theorem on first Betti number

We conclude this chapter with a nice topological application of the Hodge theorem.
Let M be a connected, closed, oriented Riemannian manifold of dimension n. Recall
that the first Betti number by(M) of M is the dimension of the first de Rham
cohomology group, which is a topological invariant. Also recall that the Ricci
tensor Ric is defined by (C.6).

Theorem 8.4 (Bochner’s Theorem). Suppose that Ric > 0. Then by(M) < n. If
one assumes additionally that Ric(z) > 0 at some x € M, then by(M) = 0.

Proof. The Ricci tensor induces an endomorphism Ric : QY (M) — QY (M) through
the identification 7'M = T*M, which further induces an endomorphism (still de-
noted as) Ric € I'(End(AT*M)) on forms via the Leibniz rule (see (8.21)).

Firstly, we claim that Ric = Ric;ja(e;)t(e;) with respect to a local PONF {e;}.
In fact, one easily checks that

Ric(#") = Ricj#? = Ricyaley)i(e)(0")

and additionally, the operator Ric;;a(e;)i(e;) satisfies the Leibniz rule (8.21) on
forms.
Next, we claim that

A(w) = V*V(w) + Ric(w) (8.41)
for all w € Q'(M). Indeed, according to the Weitzenbock formula, one has

Rw = —Rjjmale;)(ej)aler)(e)w
= —Rijmale:) (05, — aler)e(e;))eler)w
= Ric(w) + Rijrale;)aler)i(e;)e(e)w.

The second term vanishes if w is a 1-form, hence yielding the relation (8.41).
Suppose that Ric > 0 on M. In this case, we claim that harmonic 1-forms must
be parallel. To see this, let w € H N QY(M). According to the formula (8.41), one
has
0= (Aw,w)r2 = (Vw, Vw) 2 + (Ric(w),w) 2 = 0.

As aresult, Vw = 0. Now assume on the contrary that b (M) > n. By Theorem 8.3
and the previous claim, one would find more than n linearly independent parallel
1-forms. By using parallel transport, this would lead to more than n linearly
independent elements in 7M (for any fixed x € M) which is absurd. Therefore,
bi(M) < n.

Finally, suppose further that Ric(z) > 0 at some = € M. Let w be a harmonic
I-form. In the relation (8.41), by taking inner product with w(x) on T*M one finds
that w(x) = 0. Since Vw = 0 and M is connected, the value of w at any location
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y € M can be obtained through parallel transport of w(z) along any smooth curve
from z to y. As aresult, w(y) = 0 for all y € M. In particular, there are no nonzero
harmonic 1-forms on M and hence by (M) = 0. O
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9 Heat kernels on vector bundles

In this chapter, we prove the existence of a unique smooth heat kernel for any
generalised Laplace operator on a vector bundle over a closed, oriented Riemannian
manifold. This fact was used in the earlier proof of the L?-Hodge theorem and will
also be needed (in a more essential way) in the later heat equation proof of the CGB
theorem. The existence theorem here is not abstract functional-analytic nonsense.
In fact, the technique we shall develop yields rather precise quantitative information
and asymptotic properties of the heat kernel, which are crucial for CGB.

Throughout the rest of this chapter, we always assume that (F, M, ) is a K-
vector bundle over a closed, oriented Riemannian manifold of dimension n (K =R
or C). We begin by introducing the definition of a generalised Laplacian and the
associated heat kernel. Recall Definition C.6 for the Laplacian associated with a
connection on FE.

Definition 9.1. A generalised Laplacian on E is a differential operator of the
form H = A+ F : T'(E) — I'(E) where A is the Laplacian associated with some
connection on E and F' € I'(End(E)) is a zeroth order operator.

Let £ X E* be the bundle over M x M whose fiber at (z,y) is £, X Ey, where
the notation X means the usual tensor product.

Definition 9.2. Let H be a generalised Laplacian on E. A heat kernel for H is a
map p: (0,00) = I'(M x M, EX E*) which satisfies the following properties.

(i) (C! in t) The map
(tv L, y) = pt(x’ y)> (Zf, Z, y) = 8tpt(x, y)
are continuous in (¢, x,y).

(ii) (C? in x) For each fixed (t,y), the map x ~ p;(x,y) has continuous deriva-
tive up to second order with respect to any coordinate chart of M and any local
trivialisation of F.

(iii) (Heat equation) (0; + H,)pi(z,y) = 0 for all ¢ > 0 and x,y € M. Here H,
means applying H to the x-variable of p.

(iv) (Initial condition) For any s € T'(F), one has
lim sup [[(P;s)(z) — s(z)||g, =0 (9.1)
t—=0% e M
under any metric on F. Here the operator P, : I'(E) — I'(E) is defined by
(Ps)(a) 2 [ pla)sto)dy
M
for any s € I'(E).
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Remark 9.1. Due to the compactness of M, the property (iv) does not depend on
the particular choice of metric on F.

The main goal of this chapter is to prove the following fundamental result. In
fact, much more quantitative properties will be established along the way.

Theorem 9.1. Let H be a generalised Laplacian on E. There exists a unique heat
kernel p,(x,y) for H. In addition, p,(x,y) is smooth in all variables.

Example 9.1. The main example of our interest is £ = AT*M (the exterior algebra
bundle) and H = A (the Hodge Laplacian). From the Weitzenbock formula, one
knows that H is a generalised Laplacian and therefore admits a unique smooth heat
kernel.

9.1 Existence of heat kernel

In this section, we prove the existence of a heat kernel by using the so-called
parametriz method. The main idea is to first write down an approximating so-
lution and then use it to iterate the heat equation to obtain a true solution. It will
be clear from the method that the heat kernel obtained in this way is smooth. An
important by-product of this method is a precise small-time asymptotic expansion
of the heat kernel, whose coefficients are described quite explicitly and encode use-
ful geometric information (such as curvature properties). Such an expansion plays
an essential role in the heat equation proof of the CGB theorem.

9.1.1 The parametrix method: a toy example

We use a toy model to explain the parametrix method in an elementary way. Let V'
be a finite dimensional vector space and let H € L(V') be a bounded linear operator
on V. Suppose that one wants to solve the ODE

dP;

with initial condition Py = id.
The parametrix method begins with an approximating solution (the parametriz)
K, € L(V), in the sense that

dK,
d—tt + HKt = Rt, KO - 1d7 (93)

where the “remainder” R, is assumed to satisfy |R;| < C1t® for all t € [0,T] with
some « > 0. Given any continuous ¢ : [0,7] — L(V'), we define the convolution

Q= K=xpby t
Q2 (K +p), 2 / Ky spuds.
0
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It is easily seen by using (9.3) that

d
(%—FH)QZQO—FR*()O. (9.4)
The relation (9.4) motivates the construction of
P=K+R, (9.5)
with R being defined by
REK«R, R2) (-1)"R™ (9.6)
k=1

Here R** means the k-fold convolution of R, i.e.
RZ‘I £ Ry R:k = / Ry Ry, Ryydty -+ -dty_q, k= 2.
0<t1<--<tp_1<t
At a formal level, one obtains from (9.4) that

(%+H)P: (%+H)(K+R):R+R+R*R

=R+ (-1)FR* 4> (-1 R =0, (9.7)
k=1 k=1

Therefore, P solves the heat equation (9.2).
The above argument is rigorous. Indeed, one can write

o0

P=Y " (-1)fQ", (9.8)

k=0

where

t
Q0 2 K, Q) 2 / Ko JRe*ds, k> 1,
0

Assuming that |K;| < Cp for all t € [0, 7], one concludes by induction that

|Q§’f)| < w

k!
In particular, the series in (9.8) is uniformly convergent. Therefore, the computation
performed in (9.7) is justified. In addition, K is a small-time approximation of P,
in the sense that

> o0 C«Qcktk(1+a)
P—K:‘E —1)k “‘“))gi L Oyt
| t t| k:1( ) Qt p k! 2

Vk > 1,t €[0,T].

for all t € [0,T].
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9.1.2 Local formulae under normal chart

Before moving to the construction of the heat kernel, we first discuss a few local
computations under a normal coordinate chart. The formulae we derive here are
not only useful for the current purpose but also of independent interest in various
geometric contexts.

The construction and basic properties of a normal chart are recalled in Appendix
C.3. Here we just provide a brief summary. Let y € M be a fixed based point and
let U = B(y, n) be a geodesic ball centered at y. We assume that 7 is small enough
so that

exp:VE{veT,M:|v|<n}—U
is a diffeomorphism. Let {¢; : 1 < i < n} be a given fixed PONB of T, M and we
identify V' with the n-ball in R™ through

x = (2%, 2") & 2'e;

The normal coordinates on U are defined by

Vox=(z' 2" — exp(a's;) € U.
We use x or x interchangeably to denote a point in U. Note that x = 0 corresponds
to the base point y.

We consider two local frame fields of the tangent bundle over U: the natural
coordinate field {0;} with respect to the above normal coordinates and the PONF
{e;} which are parallel along geodesic rays from y. These two frame fields agree at
y and they are related by ' '

€ = Jfﬁj, Gj = T;ei (99)
with some matrix-valued functions o, 7 € C°°(U) where T = 0~!. Since ¢; = 0; = ¢;
at y, one has
ol (x) = 6! + o(1), 7/ (x) =) +0(1) as |x| = 0. (9.10)

An important property of {e;} is that V.,e; = 0 at y (vanishing Christoffel symbols
at ).
The radial vector field

The radial vector field R = 2'0; on U plays a central role in the local computation
we shall perform. We summarise its basic properties in the following two lemmas.

Lemma 9.1. (i) Let f € C(U) be such that f(0) =0 and Rf = f in U. Then
f(x) = 0:£(0)a".
(ii) Let f € C>(U) be such that f(0) =0 and Rf = x" in U. Then f(x) = 2"
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Proof. (i) Fix 0 € (0,n). It is enough to prove the claim on the ball B(y,J). By
assumption, one can write f = 9;f(0)z’+ g, where g is a smooth function satisfying
lg(x)| < C|x]|? for all |x| < § with some constant C' depending on 4. Let |x| < § be
given fixed and define p(t) £ g(tx) (0 <t < 1). Since Rf = f, one has Rg = g. It
follows that

¢'(t) = %(Rg)(tx) = %g(tX) = g(x) = /0 %g(tx)dt.

1
a5
Note that this is true for all [x| < §. By iteration, one finds that |g(x)| < 27™C|x|?

for all m. As a result, g(x) = 0.
(ii) As before, given fixed x we define ¢(t) = f(tx). Then

Therefore,

1
Ct?|x|*dt = —C|x|2.

:~4~|>—l

f(x):/0 %(Rf)(tx)dt:/o %-twidt:xi.

The result thus follows. O
Lemma 9.2. The following relations hold true:
(i) VRR = R; (i) R=2"e;; (iii) (R, ;) =
In particular, |R|* = |x|*.
Proof. (i) By definition,
ViR = xiVai(:Uj(?j) = 2'0; + xi:ijfj@k =R+ :Uixjffjak.
where I, £ (dz*,V,0;) are the Christoffel symbols of V with respect to {;}.

Since the ray ¢ — ix is a geodesic (for each fixed x), the geodesic equation (C.14)
yields that 2'2/T'};0), = 0. Therefore, ViR = R.

(ii) Note that
R(R, 67;> = <VRR, 6i> + <R, VR6i> = <R, €i>7

where the second identity follows from Part (i) and the fact that Vgze; = 0. It
follows from Lemma 9.1 (i) that (R, e;) is a homogeneous linear function of x. On
the other hand, according to (9.10) one has

(R,e;) = (270;, ;) = 27 (6" + 0(1)) = 2" + o(]x]).

As a result, it must hold that (R,e;) = 2% and thus R = z'e;. In particular,
|R[* = [x|*.
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(iii) First of all, one has

R(R,0;) = (R, 0;) + (R, VR0;)
=(R,0;) + (R,Vs,R) + (R, R, 0;])
= <R7 az) + <R7 v81R> + <R> _az> - <R7 V31R>

In addition, one knows from Part (ii) that

1 1 .
<R’ VaiR> = §8¢<R, R> = §az‘|X|2 =z

Therefore, R(R, d;) = z*. It follows from Lemma 9.1 (i) that (R, 9;) = z'. O

Remark 9.2. A more explicit way of expressing Lemma 9.2 (iii) is that z'g;; = 27,
or equivalently, 2% = 27¢7%. Here (g;; £ (;,0;)) is the metric tensor and (g%) is its
inverse.

Local expansion of connection matrix

Let (E, M, ) be a real vector bundle over M of rank r and let V be a connection
on F. Recall from (B.20) that the curvature tensor of V is defined by

F(X, Y)S é VvaS — VYVXS — V[X,Y]S

for X, Y € I'(TM) and s € I'(E). We choose a normal chart U as before and let
{s1,--+,s.} be a local frame field of E defined by parallel transporting a given
basis {s1(y), - ,s,(y)} of E, along geodesic rays. This gives a local trivialisation
of FonU.

Let w be the local connection matrix of V with respect to {s,}, namely, Vs, =
w? ® sz for each a. It follows that

V(A*sq) = (dX* + VW) ® s

for any smooth section A\®s, on U. Under matrix notation, one can simply write
V = d + w. In addition, by viewing F' € Q?*(M,End(E)), one can locally express
the curvature matrix as

F=dw+wAw

with respect to {s,}.
In this part, we establish the following local expansion of the connection matrix

w in terms of F.. We write w = w;dz?, where w; is an 7 x r matrix-valued C*°-function
on U.
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Proposition 9.1. One has
(%) = 5 F (0, 0)lya? + of[x) (9.11)
as |x| — 0.
Proof. The key observation is that
Lrw = t(R)F, (9.12)

where Ly is the Lie derivative and ¢(R) is the interior product by R. Let us presume
for now the correctness of (9.12). On the one hand, one has

Lrw = Lp(widx’) = (xjﬁjwi + w;)da’.

On the other hand, using F' = Y,_. F'(9;, 9;)dx" A\ da’ one sees that

i<j
L(R)F = 2/ F(0;,0;)dx".

Therefore, . '
:L'j(?jwi +w; = LCJF(aj, 81) (913)

for every i. By writing w; = ;a7 + o(|x]), it follows from (9.13) that u; =
—3F(8;,0;)|,. This gives the desired expansion (9.11).
We now prove (9.12). Since s, is parallel along R, one has

0= Varse = t(R)(Vsa) = ((R)w)sg =0 = ((R)w = 0. (9.14)
It follows from Cartan’s formula (see Proposition B.1) that
Lrw = (((R)d+ du(R))w = 1(R)(dw) = ¢(R) (dw + w Aw) = ¢(R)F.
This yields the relation (9.12) and completes the proof of the proposition. [

Remark 9.3. In a similar way, partial derivatives of w at y up to order k are deter-
mined by partial derivatives of F' at y up to order k£ — 1.

Local expansion of the metric tensor

We now restrict to the tangent bundle and consider the Levi-Civita connection V.
In this part, we establish the following local expansion of the metric tensor in terms
of curvature coefficients. It shows that any Riemannian metric can be approximated
by the Euclidean one up to second order. We again work on the normal chart U
and consider the PONF {e¢;} as before.

232



Proposition 9.2. One has

gz] = Z Rzkjl .CE xl + OUX‘Q) as ‘X’ - O’

A . .
where Ry = (R(ej, e1)ex, €;) are the curvature coefficients of the Riemann curva-
ture tensor.

The proof of Proposition 9.2 uses the canonical form @, which is the T'M-valued
I-form on M defined by 0(X), = X, for all X € I'(TM) (cf. Definition 6.20
and Proposition 6.14 for the definition). Under any coordinate chart, one has
0 = dr' ® 0;. Recall from Section 6.9.4 that dVf = T where dV is the exterior
covariant derivative induced by V (see Definition 6.15) and 7" is the torsion form.

Let w be its local connection matrix with respect to {e;}. Using normal coordi-
nates, one can write

0=dr'®0;,=0 e (9.15)
with ' £ 7/da?, where 7! is defined by the relation (9.9). Define the column vector
0 = (0)1<i<n.

Corollary 9.1. Under matriz notation, one has d@ 4+ w A 0 = 0.

Proof. Using 6 = 0'®e;, it is plain to see that dV0 = (df'+wiNGT)®e;. On the other
hand, since V is torsion free, one knows that dVé = 0. Therefore dot + w ABGI =
0. O

We are now in a position to prove Proposition 9.2.
Proof of Proposition 9.2. By using the relation (9.9), one can write
= (8;,0;) = (tfex, Tie) = 117} (9.16)

The main idea is to work out the expansion of 7% and then apply the above relation.
The computation is lengthy and we divide the argument into several steps. Recall
that R = 2'0; is the radial vector field on U.

(i) First of all, note that Lg(dz?) = da’. Therefore, one has
Lyl = Lr(rida’) = R(7})da’ + 7/Lg(da’) = (a"Op7! + 7)) da’.
One computes £%0° in a similar way and finds that
(L3 — Lp)0" = (2:1:’“8@ + xkxla,flrf)dxj. (9.17)

(ii) By using Cartan’s formula (Proposition B.1) and Corollary 9.1, one can also
compute Lz0O as

L0 = 1(R)dO + du(R)8 = 1(R)(—w A 0) +du(R)8 = w A L(R)O + du(R)0,
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where the last identity follows from the fact that ¢(R)w = 0 (cf. (9.14)). According
to Lemma 9.2 (ii) and the definition of 6,

vle; = R=1(R)0 = (((R)0)e; = 1(R)I" = 2"

As a result, ~
LRO =w- -x+dx (9.18)
where x = (7%)1<;<, is viewed as a column vector. It follows that
L30 = Lp(w-x+dx) = (Lrw) - X +w- X+ dx. (9.19)
One computes
Lrw = t(R)dw + di(R)w = t(R)dw = «(R)F, (9.20)

where F' = dw + w A w is the local curvature matrix with respect to {e;}. By
substituting (9.20) into (9.19) and using (9.18), one obtains that

L£30 — L0 = (L(R)F) - x. (9.21)
By comparing (9.17) and (9.21), one thus arrives at the following relation:
(22507} + 2*a' Y7 ) da? = (W(R)F)ja”. (9.22)

(iii) Now we evaluate the RHS of (9.22) in terms of curvature coefficients. Firstly,
using R = 2'9; it is easily seen that «(R)F = 2'F(9,,0;)dx?. In particular, one has

(U(R)F)ia® = 2'F(0;,0;)iada?. (9.23)
Next, recall that F(0;,0;) is defined by the relation
R(0y,0;)ex, = F(0,,0;)%ep.
As a result, one has

xkF((“)l, aj);e = <ka(al7 d;)ex, e;)
= (ka(é?l,Gj)Ok,ei> (z¥e, = 270, = R)
= 2"0!Ru;  (by (9.9)). (9.24)

By substituting (9.24) into (9.23) and using (9.22), one obtains that
kaﬁkﬂ'f + xkxl@fﬁ; = "2 oI Ry
Since (65) = o', it follows that
karqi@m'; + 2 2l7] T = "2 R ;. (9.25)
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(iv) Consider the expansion
7-]? — 5; + a;i’kxk + b;}klxkxl + -, Ryj = Rowj(y) + -+ . (9.26)

By substituting (9.26) into (9.25), one finds that

7 7 1
Qg =0, Uy = _éRikﬂ(y)-
Therefore,
T =05 — éRikﬂ(?J)ﬂ? x + o(|x]?).

After substituting the above expansion back into the relation (9.16), one concludes

that .
Gij = 0ij — gRikjl(y)xkxl + o([x[?),

which gives the desired metric expansion.

Corollary 9.2. One has

2

(AMgij)(y) 331%‘(3/),

where AM is the Laplace-Beltrami operator.

Proof. This is a direct consequence of Proposition 9.2, noting that AM =392 at
y under the normal chart. ]

9.1.3 The formal solution

We now address the problem of constructing a heat kernel p;(x,y) for a generalised
Laplacian H = A + F on the vector bundle E, where A is the Laplacian associ-
ated with a connection V. In what follows, we always view p;(z,y) € E, X E =
End(E,, E,).

The starting point is to understand the shape of p;(x,y) when x is near y.
Proposition 9.2 tells one that the metric tensor is locally approximated by the
Euclidean one. It is therefore reasonable to “model” the heat kernel on the Euclidean
formula and look for an equation for the “corrector”. To make this idea precise, let
y € M be given fixed. Let U = B(y,n) be a normal chart around y and let {e;} be
a PONF on U as before (7 is a fixed small number). Consider the Euclidean heat
kernel

1 e
@(z,y) = (47rt)"/26 X/ > 0,2 € U, (9.27)
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where x = (2')1<;<n, are the normal coordinates of x € U. With y fixed, as a
function of (¢, x) we postulate that p,(z,vy) = si(z,y)q(x,y) with some s,(z,y) €
End(E,, E;). The following lemma gives the correct equation of s;(z,y) in order
for p;(x,y) to satisfy the heat equation.

Proposition 9.3. For any smooth section (t,x) — si(z,y), one has

\Y Rlogj
((% + Hm)(stqt) = [(3,5 + H + TR + %) Sti| qs, (928)

where R is the radial vector field and j(x) = /det g(x) on U. As a consequence, the
section (t,x) — si(x,y)q(x,y) satisfies the heat equation (i.e. (0; + H,)(siq:) = 0
forallt >0 and x € U) if and only if

=2, =0 (9.29)

To prove Proposition 9.3, we need the following lemma.

Lemma 9.3. One has ,
_ Rlogj

AM
(at + )(Jt o

qt, (930)

where AM is the Laplace-Beltrami operator.

Proof. By the definition of ¢;(z,y), one easily finds that
no |xP
— (=2, 31
O ( STRTE )qt (9:31)

Next, we use the formula AM = —tr[VMd] (see (C.10)) to compute AMg, (VM
denotes the Levi-Civita connection). Explicit calculation shows that

1 1

_x2 _x[2 _x[2
VM (e XAty = To7¢ P/t q1x)? @ d|x|* — e /47 M x| 2,
Therefore, one has
1 1
AM /4t — —@e_|xl2/4ttr(d\x|2 ® d|x|?) — Ee—l’<\2/4taM(|x|2). (9.32)
To proceed further, we first claim that
tr [d]X\Q ® d]xﬂ = 4|x|*. (9.33)

Indeed, one has . ' '
tr[dx|* @ d[x|?] = 42’2’ tr [da’ @ da’]
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and
tr[da’ @ dz’] = Z(dﬂ,ek)(dxj, er) = (dz', dz’) = g".
k
It follows from Lemma 9.2 (cf. Remark 9.2) that
tr[dx|* ® dx|*] = 42’27¢" = 4a'z" = 4|x|*.
Next, we claim that

AM(|x[*) = —2(n + Rlog j). (9.34)

Indeed, let ¢ € C°(U) be any test function. By Green’s formula (C.12), one has
[ on¥(x)e = [ (V40,9 () do.
U U

In addition,

(VMo, VM(x[*) = (do, dx|*) = (Bipda’, 207 da)
= 227 Y0, = 22°0;0.

Therefore,
/ PAM (|x|*)dz = 2/ ' 0;pdx = 2/ 0 - j(x)dx
U U U

where we used the fact that dz = j(x)dx (dz is the volume form and dx = dz' A
-+- A dz™). Using Euclidean integration by parts, one finds that

RHS = —Z/UQS&-(xij(x))dx = —2/U¢- (nj(x) + (Rj)(x))dx

:—Q/Ugb- (n+ Uj,j&(;())dx:—Q/Uqb- (n + Rlogj)dz.

As a result,
/ dAM (|x)?)dz = —2/ ¢ (n+ Rlogj)dz
U U

for all ¢ € C°(U). The relation (9.34) thus follows.
By substituting (9.33, 9.34) into (9.32), one obtains that

1 e 1 xP 1 R
AMg — & AM(—xPPjary — _ (_ _ 1 ) Ix[2/4t
o (47t)n/2 (e ) (4mt)/2 \ 4t 2t<n+R o8]))e
The desired equation (9.30) follows by combining this with (9.31). O

237



Proof of Proposition 9.3. By using Lemma 9.3, one first computes that
(O + H)(s1q) = ((at + H)St)Qt + St((at + AM)Qt) — 2(Vsy, VMQt)

= [(& + H+ Rlzotgj)st] @ — 2(Vs,, VM), (9.35)

Next, noting that VMg, = —%qt one has

(s, VM) = _%VRSt- (9.36)

The equation (9.28) follows by substituting (9.36) into (9.35).
[

The next idea is to look for a formal solution to the equation (9.29) in terms of
t-series. To be more specific, one formally writes

si(w,y) =D U (z,y),
=0

where the endomorphisms U9 (z,y) € End(E,, E,) are to be determined. In order
for (t,x) — si(x,y) to satisfy the equation (9.29), it is routine to show that the
U®’s must satisfy the following system of equations:

(Vr+ 32U 9) =0

U | (9.37)
(VR it —‘7>U(’)(-,y) = —HU(y),

WV

1.

In addition, by the initial condition (9.1) of the heat kernel, it is natural to require
UO(y,y) = idg,.

Proposition 9.4. The system (9.37) with initial condition U0 (y,y) = idp, admits
a unique solution which is given by

1

\/j—(_xT(X’ Y)

UO(z,y) = (9.38)

~—

and
U(i)(x,y) = —; /1 Ui_lx/j(UX)T(X, vx)(HxU(i_l))(vx, y)dv (9.39)
Vi(x) Jo

for every i > 1. Here we identify x € U with its normal coordinates x. The map
7(x,y) : B, — E, (respectively, T(x,vx) : E,x — Ex) denotes the parallel transport
along the ray from y to x (respectively, the ray from vx to x).
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Proof. Let p(x) = |x| be the radial part of x € U. Then R = p0, as a first order
differential operator on functions. One checks explicitly that

r(p \/EU( ) =p \/3<VR +o+ 2_j>U( ().
As a consequence, the system (9.37) is equivalent to that

Vr(VTUO(,y)) =0,

VR(p \/_U(Z ( )) = _pl\/ijU(lil)(Wy% 1> 1.
Under the initial condition U©® (y,y) = id, the first equation is uniquely solved as
(9.38).

To solve the second equation, let {s,} be a local frame field of E|y that is
parallel along rays emitting from y. Fix ¢ > 1 and £ € E,. We define

x)\/j(x)UD (x, )¢, W(z )\ (x)H UV (x,9)E. (9.41)

(9.40)

By writing
V(z) = V(x)sa(x), W(x) = W (x)sa(x)

and noting that Vs, = 0, the second equation of (9.40) becomes
PO,V = We.
Since V(0) = 0, it follows that

Vo(x) = /OP%W“(%X)dt.

Therefore,

- _pi/o Ui_l j( ) (X UX)(H UZ Y )(UX,y)gdU,

where the last equality is obtained by a change of variables ¢t = pv. Recalling the
definition (9.41) of V'(z), this is exactly the formula (9.39). O

239



9.1.4 Construction of parametrix and existence of heat kernel

We now mimic the strategy developed in the toy example of Section 9.1.1 to con-
struct the heat kernel of H. The essential point is to write down a parametrix (the
counterpart of the operator K;).

Let n = 2¢ be smaller than the global injectivity radius of M (which is strictly
positive since M is compact; see Appendix C.3). The geodesic ball U, = B(y,n)
can be used as a normal chart for all y € M. Let ¢ : [0,00) — [0,00) be a smooth
function such that ¢ (r) = 1 for r < (¢/2)? and ¢ (r) = 0 for r > 2. Given a fixed
number N € N to be specified later on, we define

kY () & 0(d(z,y)°) - qila,y) - Y U (2,y), (9.42)

=0

where ¢;(z,%) is the Euclidean heat kernel defined by (9.27) and {U®}%, is the
solution to the system (9.37) whose expression is explicitly given by Proposition
9.4. Note that kN (x,y) is globally C* in all variables due to the cut-off function
v. This k¥ (z,y) will serve as our parametrix for the actual heat kernel, provided
N is chosen suitably large.

Lemma 9.4. Let KY : T(E) — T'(E) be the integral operator defined by

(K¥9)@) 2 [ K@ )sto)dy, s € T(E)

M

Given any metric on E, the operator K is a bounded linear operator and one has

lim sup |(K,"s)(x) — s(x)
t—0t zeM

= 0. (9.43)

Eq

Proof. Boundedness of KN follows from the uniform boundedness of U®(z, ) over
{z,y € M : d(z,y) < €} and the fact that

1 d(z

)2
Sup’/ P(d(x,y)?) - e dy‘ < 00.
zeM b J {y:d(z,y)<e} (4mt)n/?

For the initial condition, given x € M, by considering the normal chart
U 2{yeM:dxy) <ec}={zeR":|z| <},

one can write

Ko@) = [ ) e Y EU st Vet g



where g, is the local metric tensor on U,. By applying a change of variables
w = z/+/t and using Proposition 9.4, it is easily seen that

:/{ T 1n/2 WP (2 Vew)s(Viw)dw + O(t)
w:w 2\[

where the O(t) term is uniform in z. On the other hand, one can also write

1
= / T e WP As(z)dw 4 O(e=C7h).
{w wi< 2f

As a consequence,

(K.s)(x /{ Lo MR (o VEw)s(Viw) — s(2)) + O(1)

e

which converges to zero as t — 07 uniformly in z. [
From now on, we will fix N and omit the superscript N for simplicity. Define
ri(w,y) £ (0 + Hy)ki(2,y).
We set 7} (z,y) = ri(x,y) and for k > 2

Tf ('1.7 y) = / Tt—tp_4 (l’, Zkfl) Tty ('227 Zl>rt1 (Zh y)dtdz
O<t1< - <tp_1<t

In other words, r* is the k-fold space-time convolution of r. Mimicking (9.6), we

define .
£ (DY)
k=1

t
f‘t(x,y)é/ / ki—s(x, 2)Fs(z, y)dzds.
0 Jm

The following two lemmas justify the constructions of 7,7 and establish their reg-
ularity properties.

and

Lemma 9.5. Suppose that N > n/2. Then the following statements hold true.

(i) The function r € C*1:2([0,00) x M x M) provided that 2q +1; +1, < N —n/2.
In addition, one has

| Dy (2, y)| < CptN /A2 hh (9.44)
for allt € [0,T) and x,y € M, where Cr > 0 is a constant depending on T .

(i) The function 7 is well-defined and 7 € C%'2(]0,00) x M x M) provided that
2q—|—ll+l2 SN—n/Q
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Remark 9.4. Including the ¢t = 0 endpoint here means that the derivatives exist
continuously up to ¢t = 0 (no singularity at t = 0).

Proof. (i) Explicit calculation based on equation (9.28) and the system (9.37) sat-
isfied by the U®’s shows that

ri(w,y) = v(d(z,y))a(e,y) - " H U™ (2, y)

N

)
=2V p(d(,y)?) - Vo®y(w,y) + AMp(d(x,y)?) - Po(,y).
#)

where we set

N
Oi(z,y) £ gz, y) - > U (2, y).
=0
Ifd(z,y) < €/2, one has (#) = 0. In addition, the regularity of (x) is determined
by the factor

d(z,y)>
o~ LG N—n/2

contained in it. Clearly, every differentiation in time picks up a singularity =2 while
every differentiation in space picks up a singularity ¢~! (as the worst scenario). As
a result, the worst terms (in terms of t-regularity) in the derivative D%y (x, y)
are those containing the factor

(N=n/2-2q—l~ly.

If 24+ 13 + I3 < N — n/2, this does not produce a t-singularity and therefore, one
has r € C%1:22 In this regime, one apparently has the estimate (9.44).

If d(x,y) > /2, the factor e~¥@¥)*/4 smoothens all possible ¢-singularities (of
any algebraic order) appearing in the space-time differentiation. One therefore has
r € C* in this regime. In addition, |ry(z,y)| < e~¢/! for the same reason.

Combining the above discussions, the conclusion of Part (i) thus follows.

(ii) One knows from Part (i) that |ri(z,y)| < CptN="/2 for all t € [0,7] and
x,y € M. It follows from the definition of r* that

Clvol(M)* k(N=n/2)

eyl < 2 .
As aresult, the series defining 7 is uniformly convergent on [0, 7] x M x M. Similarly,
7 has the same regularity as r and also satisfies (9.44). ]

Lemma 9.6. Suppose that N > n/2. The function 7 € C%12((0,00) x M x M)
provided that 2q+1, +1y < N —n/2. In addition, for each T > 0 there exists Cp > 0
such that

|74z, y)| < CptN—/2H (9.45)

for allt € [0,T) and z,y € M.
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Proof. Since
t
i) 2 [ [ i dads,
0o JMm

the regularity in ¢ and y follows directly from Lemma 9.5. We now consider the
regularity in x. Here one cannot directly apply the smoothness of ks in x be-
cause differentiating &y will introduce additional s-singularities to invalidate the
ds-integral.

By using the definition (9.42) of k4(z, z), one has

t
ft(x,y):/ / qs(x, z2)h(x, z; 1, s,y)dzds, (9.46)
0 Jm

where
N

Wz, zit,5,y) £ (e, 2)°) Y s'UO (2, 2)7 (2, y).
i=0

Observe that h is smooth in x and no s-singularities will be introduced after differ-
entiation in x. If one differentiates gs(x, z) in z, since it is a function of d(x, z) the
x-derivative can be transferred to a z-derivative (possibly with the introduction of
lower order terms). As a result, one can use integration by parts to transfer the
z-derivative to the function h. The z-regularity of h is controlled by the regularity
of 7 (the - and U®-terms are smooth), which is contained in Lemma 9.5. This
shows that the x-regularity of 7 is at most N —n/2.

The estimate (9.45) follows from (9.44) as well as Lemma 9.4. O

Now one can use the formula (9.5) to construct a heat kernel for H, hence
establishing its existence.

Theorem 9.2. Suppose that N > n/2+ 2. Then

pi(,y) £ k(. y) + 7i(2,y)
s a heat kernel for H.

Proof. According to Lemma 9.6 and the smoothness of ki(x,y), one knows that
pi(x,y) is C'in t and C? in 2. Due to Lemma 9.5 and Lemma 9.6, one can perform
exactly the same calculation as in (9.7) to conclude that p;(z,y) satisfies the heat
equation. The initial condition (9.1) follows from the one for ki(x,y) (see (9.43))
and the fact that 7,(z,y) — 0 as t — 07 uniformly in z,y (see (9.45)). O

Remark 9.5. At this stage, the construction of p;(z,y) depends on N. After we
prove uniqueness, it will be clear that p;(x,y) is independent of N and is hence also
smooth.
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9.2 Uniqueness of heat kernel

We now address the question of uniqueness. As before, let H = A¥ + F be a given
generalised Laplacian on E, where A is the Laplacian associated with a connection
VE on F and F € T'(End(E)).

Theorem 9.3. There is at most one heat kernel for H.

Proof. The main insight is that ezistence of heat kernel for H* (the formal adjoint
of H) implies the uniqueness of heat kernel for H.
To see this, one first recalls that H* is characterised by the relation

/M (Hs, €)yda = /M (s, '€)odz Vs € T(E), € € T(EY),

where (-,-), denotes the pairing between FE, and EZX. It is standard that H* =
AP 4+ F* where AF" is the Laplacian associated with the induced connection V#*
from V¥ on E* and F* is the fiberwise dual of F. One already knows from Theorem
9.2 that a heat kernel for H* exists. Call it p;(z,y) and define

f?T@ﬂ%F@W(WW@éAfwwK@@ (9.47)

for every t > 0.

Next, let ¢;(z,y) be any heat kernel for H and we define @, : I'(E) — I'(F) in
the same way as in (9.47). Given t > 0, s € I'(F) and { € I'(E*), consider the
function

f@éﬂwmmmwxmmm 0<r<t.

By using the heat equations for @ and P*, it is readily checked that f'(r) = 0 for
every r. As a result, f(r) is constant, and in particular,

(Qis,8) 12 = f(t) = f(0) = (s, P}&) 2. (9.48)

Now if ¢, ¢ are both heat kernels of H, the relation (9.48) would imply that

| [ aemstiane@) ao= [ ([ aansmans@) i

for all s € I'(E) and € € T'(E*). A density argument then shows that ¢ = ¢. This
proves the uniqueness of heat kernel for H. [

One has essentially obtained Theorem 9.1 on the existence, uniqueness and
smoothness of the heat kernel.
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Proof of Theorem 9.1. Existence and uniqueness has been proved as before. For
smoothness, one just picks an arbitrarily large N and apply Theorem 9.2 to see
that the heat kernel constructed from that theorem has C'%"-2-regularity provided
that 2g +1; + 1o < N —n/2. But all these heat kernels coincide due to uniqueness.
Since N is arbitrary, one obtains its differentiability for all orders.

O

By using the heat kernel, one can construct the associated heat semigroup which
describes solutions to the Cauchy problem for H with smooth initial conditions.

Corollary 9.3. (i) Define P, : I'(E) — I'(E) by

(P)a) 2 [ play)sto)dy, s T(E)

M

Then for every s € T'(E), the section u,(x) £ (P,s)(x) is the unique solution to the
Cauchy problem
(O + Hyuy(z) =0, t >0,z € M

with initial condition ug = s in the space of CY2-sections. In addition, {P; : t > 0}

15 a semigroup, i.e. Py = P, o Ps.

Proof. The fact that P,s solves the Cauchy problem directly follows from properties
of the heat kernel. Suppose that u,v are both solutions with the same initial
condition. To prove w £ v — v = 0, it suffices to show that

for all £ € I'(E*). Let us consider

f(r) = /M(wr(x), (P &) (x))pdx, 0L r <L,

Similar to the proof of Theorem 9.3, one finds that f’(r) = 0. Since f(0) = 0
(because wy = 0), one concludes that f(t) = 0 which is exactly (9.49). Therefore,
the solution to the Cauchy problem is unique. The semigroup property is a direct
consequence of uniqueness; for fixed s > 0 and v € T'(F), both ¢t — P, ,u and
t — P, o P;u solve the Cauchy problem with the same initial condition P,u and
hence they are equal. O]

Definition 9.3. {P; : t > 0} is called the heat semigroup associated with H. It is
denoted as P, = e,
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Remark 9.6. The semigroups for H and H* are dual to each other. For their heat
kernels, one has

pil,y) = pi(y, x)",
where we identify £, with E7* in the canonical way.

Along the path of proving Theorem 9.1, one has also obtained the following
small-time asymptotic expansion of the heat kernel. This expansion will be partic-
ularly useful in the later heat equation proof of the CGB theorem.

Corollary 9.4. For any fized N > n/2, one has
pt(JJ y> B ;67% N tiU(i)(x y> —_ O<tN7n/2+1)
’ n/2 )
(4mt)n/ Zz‘:o

as t — 0%, where the U ’s are given by (9.38, 9.39) and the above O(tN—"/2+1)
term is uniform over all x,y such that d(z,y) < n/4 (n is the global injectivity
radius of M ).

9.3 Trace of heat semigroup

We now further assume that the bundle £ is equipped with a metric (i.e. a fiber-
wise inner product that depends smoothly on the base point). Let L?(E) be the
Hilbert space consisting of those sections s that are square integrable over M, i.e.
Joy 1s(2)|5, do < o0o. We first make the following observation.

Lemma 9.7. For each t > 0, the operator P, : L*(E) — L*(E) is a trace-class
operator.

Proof. Since py(x,y) is smooth in (z,y), it is in particular uniformly bounded on
M x M and hence square integrable. Let {s,} be an ONB of L?*(F). Then one has

o o0 2
P34 = / P,s,)(x)|3 do = /‘/p x,y)sp(y)dy| dx
1P I nz:; Ml( tsn) (7)] g, nz::l s (2, y)sn(y)dy)|

_ / e, M2y de = 1Pl 2wy < 00
M

This shows that P is a Hilbert-Schmidt operator. Note that P, = P50 P,j5. As a
composition of Hilbert-Schmidt operators, it is therefore of trace-class. O

In what follows, we further assume that H is self-adjoint. Since P, is of trace-
class and self adjoint, one can apply the spectral theorem in exactly the same
way as in the proof of the L?-Hodge theorem (Theorem 8.1) to obtain a spectral
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decomposition {)\;,¢; : j > 1} for H. Here each \; is an eigenvalue of H with
finite multiplicity and ¢; is a smooth \;-eigensection of H (smoothness of ¢; is a
consequence of smoothness of the heat kernel). The eigenvalues are arranged in
nondecreasing order:

AL S Ay <o <A T oo

The eigensections {¢;} form an ONB of L?(F).

The following result computes the trace of P, in terms of either the spectrum
of H or the fiberwise trace of the heat kernel. This result will be useful in the heat
equation proof of CGB.

Proposition 9.5. One has

o0

Tr[P] = Z e Nt = / tr[p(z, x)]d.

j=1 M

Proof. The first identity follows directly from the fact that P, is of trace-class with
eigenvalues {e~%! : j > 1}. To prove the second identity, one first notes from the
semigroup property and self-adjointness that

tr[p(z, 7)] = /M tr[pe2(, y)pey2(y, )| dy
:/MU"[Pt/z(%y)ptm(%Z/)*]dy

_ / puya(s o) sy (9.50)
M

The next key observation is that

/M (el 9)0, 65(2)) .02 = € (0,655, Vs >0, (9.51)

for any given v € E, and j > 1. Presuming the correctness of (9.51), for any v € E,
one has

[ nteaiitde =3 | [ st oty o]

- Ze—%tlw, i()e,|*

By summing over all v’s from an ONB of £, one obtains that
o0
| st s = 3= 0,0,
j=1
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Since ||¢;]|z2 = 1, after integrating over y € M it follows that

S et = / e/, ) s dvdy = / trlpe(2, 2)ldz,
o MxM M

which is exactly what we want to prove.
Now it remains to prove the relation (9.51). To this end, we define

fj(s;%v)é/M<ps(fl7,y)U,¢j($)>Ezd:B.

Note that

fi(s,0) = /M (0, o, 9)"65(2)) 5, o = /M (0,125, 2)65(2)) 5,

By using the initial condition for the heat kernel, one finds that

fi(05y,0) = (v, 6;(y)) &,

In addition, one has

0.1 (5500) = = [ (Hop.(a,)0,05(0) .
=~ [ ey, oty () do
= [ )o@ s = =Xy (si0)

By solving the ODE (9.53) with initial condition (9.52), one obtains that

fi(siy,v) = e (v, 6;(y)) g, -

This gives the desired equation (9.51).
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10 A heat equation approach

In this chapter, we present a heat equation proof of the CGB theorem which was
essentially due to McKean-Singer [MS67| and Patodi [Pat71]. Let M be a closed,
oriented, n-dimensional Riemannian manifold.

10.1 The McKean-Singer theorem

Recall from the Weitzenbock formula that the Hodge Laplacian A is a generalised
Laplacian on F = AT*M and therefore admits a smooth heat kernel p;(x,y). In
particular, the trace formula given by Proposition 9.5 applies.

The starting point of the argument is the following beautiful observation of
McKean-Singer [MS67|. If one considers the “supertrace” of the heat semigroup
instead (a notion of trace that respects the even / odd grading on forms), the
terms coming from nonzero eigenvalues of A cancel out nicely, leaving only those
terms corresponding to the zero eigenvalue. As a consequence, what one actually
sees from the supertrace is the kernel of A (space of harmonic forms in each degree).
The Euler characteristic appears naturally according to the Hodge theorem and the
de Rham theorem.

To make this precise, we first introduce the definition of supertrace (cf. Defi-
nition 11.3 in the general setting of super vector spaces). Let Aeyen (respectively,
Aoqq) denote the restriction of A to the space Q" (M) of even forms (respectively,
the space Q°44(M) of odd forms). Since A respects degree, it is apparent that
the heat kernel p;(x,y) also respects degree. The restriction of p,(z,y) to even
(respectively, odd) elements is the heat kernel of Agyen (respectively, Aggq).

Definition 10.1. The supertrace of the heat semigroup e ** is defined by
Str[e 2] £ Tre o] — Tr[e " Se].
For each t > 0 and y € M, the supertrace of p;(y,y) is defined by

str[pe(y, y)] = tr[pe(y, y)|aevenrs ar] — tr[pe(y, y) | osars ar] - (10.1)

The following lemma is a key observation. Let E$'°™ (respectively, F344) be the
A-eigenspace of Aqyen (respectively, Agqq)-

Lemma 10.1. For any A # 0, the operator D = d + § : E{*™ — ES is a linear
1somorphism.

Proof. Suppose w € ESY". Then

ADw = DAw = A\Dw = Dw € E%.
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This shows that D is well-defined. Suppose that w € E{"" and Dw = 0. Then
=Aw=Dw=0 = w=0

because A # 0. This shows that D is injective. Finally, let n € E4 and define

w = Dn/A. Then w € E{™" and one has

Dw=—=n.
w 3 n

This shows that D is surjective. O]

Theorem 10.1 (McKean-Singer). One has
x(M) = Stre "] (10.2)
for allt > 0.

Proof. By the definition of supertrace, Proposition 9.5 and Lemma 10.1, one has

Str [eftA] B [eftAeven} — Tr [e—tAodd] — Z e*At — Z e”‘t
A€Spec(Acven) A€Spec(Apda)
n

= dim(kerAeyen) — dim(ker Aggq) = Y _(—1)" dim(H*) = x(M).

k=0

Here H* £ kerAF denotes the space of harmonic k-form. The last identity follows
from the Hodge theorem and the de Rham theorem. ]

10.2 Patodi’s local index formula

In view of Theorem 10.1, our next task is to compute Str [e‘m} in terms of the

heat kernel. First of all, according to Proposition 9.5 and Definition 10.1, one has

X(M) = Str[e’m} = /Mstr[pt(y,y)]dy.

It follows from the small-time expansion of the heat kernel (see Corollary 9.4) that

o |
X(M) = W ; i/ /M str[U(’)(y, y)}dy + o(1), (10.3)

where the U"’s are given by (9.38, 9.39) and the o(1) term vanishes as ¢t — 0F.
Since the relation (10.3) is valid for all ¢, one immediate obtains the following
formula for the Euler characteristic.
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Proposition 10.1. One has

/M str [U(i) (v, y)]dy =0

for alli <n/2. In addition, x(M) =0 if n is odd and

X(M) = ﬁ/Mstr[U(m)(y,y)}dy (10.4)

if n=2m s even.

To prove the CGB theorem, it remains to compute str[U™ (y, y)] and see how
it is related to the Pfaffian of the curvature. This was achieved by Patodi [Pat71]
and the main result stated as follows is known as Patodi’s local index formula for
the operator D = d + 9.

Theorem 10.2. Suppose that dim M = 2m. Then one has

(=D
(2m)™

str [U(m) (y,y)]dy = Pf(R), (10.5)

(4m)™

where P{(R) is the Pfaffian of the Riemannian curvature R (cf. Definition 5.1 and
Ezxample 7.4). As a consequence of (10.4) and (7.12), the CGB formula (5.3) holds.

In the following subsections, we develop the proof of Patodi’s local index formula
(10.5) following the approach of Yu [Yu87| (cf. [ZF22] for an excellent exposition).

10.2.1 An algebraic supertrace formula

We need a few algebraic preliminaries. Let V' be a real, n-dimensional Euclidean
space. Let V* be its dual and let AV* be the exterior algebra over V*. We define
the automorphism 7 : AV* — AV* by

A |id, on ASVeny*:
T =

—id, on A°dy*,
Definition 10.2. Let A € End(AV*). The supertrace of A is defined by str[A] =
tr[r A].

Remark 10.1. Tt is easily checked that the definition here is consistent with (10.1)
(cf. (11.1) below). A more general discussion is given in Section 11.1 below in
the context of super vector spaces. Here we only introduce the definitions that are
relevant to the current proof of CGB.
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The following elementary fact plays an important role in the proof of Theorem
10.2 (and also in the superconnection approach to be developed in the next chapter).
Recall that c(v),é(v) (v € V) are the Clifford multipliers defined by (8.17). Let
{€1,-++ ,en} be a PONB of V.

Lemma 10.2. For any words I = (i; < --- <) and J = (j1 < --- < ji), one has

on o if I =J=0;

0, otherwise,

trlc(er)é(es)] = {

where c(er) £ c(ey,) -+~ c(ei,) and we define (e ;) similarly.

Proof. (i) Case I: |I| + |J| is even and > 0. In this case, at least one of I,.J is
nonempty, say ¢ € I for some I. By the relations (8.20), one has

tre(er)é(es)] = trle(ei)e(er)é(er)e(e:) ]
= —tr[C(é) (er)é(er)e(es)]
—(=DYer[e(es)e(er)e(eéle)]
)
(

—(=DM(=D)"tr[e(e)e(es)eler)é(es)]
= —tr[c er)e(es)].

Therefore, tr[c(e;)é(es)] = 0. If j € J, one considers ¢(g;)c(er)é(e)é(g;) ! instead.

(ii) Case II: |I| +|J| is odd. In this case, at least one of ¢, J¢ is nonempty. As-
suming some i ¢ I, a similar calculation also yields the relation that

tr [C(ﬁ[)é(ﬁj)] = —tr [C(&[)é(&])} = ftr [C(€[)é(€J)] = 0.

The proof of the lemma is thus complete. O

The following corollary is the main relation that will be used in the current
argument.

Corollary 10.1. For any words I = (iy < -+ < i) and J = (j1 < --- < j;), one

has
(=)t D/29n - Gif [ = J = (1,--- ,n);

0, otherwise.

strlc(er)é(es)] = {
Proof. We first claim that

7 =¢é(e1)cler) - é(en)clen). (10.6)
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To see this, consider a basis element 67 = % A --- A % of AV* where {0} is the
dual basis of {¢;} and I = (i; < --- < ;). For any 1 < j < n, one computes by
definition that

We)ale))0! =0, ¢ T

Headeq)' = {—L(aj)a(ej)HI =0, ifjel

Therefore,
é(er)c(er) -+ - éen)c(en)’ = (—1)lgT,
which is exactly the definition of 7.

By using the expression (10.6) as well as the Clifford relations (8.20), one obtains
that

strlc(er)é(es)] = tr[e(er)c(er) - - - é(en)c(en)c(er)é(e )]
= (=)D P [e(ey) - clen)é(er) - - Elen)cler)éles)]

According to Lemma 10.2, the RHS is nonzero only when I = J = (1,--- ,n),
in which case a further application of (8.20) yields that the RHS is equal to
(_1)n(n+1)/22n OJ

10.2.2 Structure of U (z,y)

Throughout the rest, we assume that dim M = 2m. The main idea of proving Theo-
rem 10.2 is to express the endomorphisms U® (z,y) in terms of Clifford multipliers,
so that one can apply Corollary 10.1 to compute their supertraces.

In what follows, let y € M be given fixed. Consider a normal chart U around y
and a parallel PONF {e;} on U as usual. We will continue to use the notation

Ci 2 C(ei)> éj = é<€j>7 Cr = C(eil) e C<€ik>7 ¢y é(ej1> e é(ejl)
as in (8.18). We first introduce two basic definitions.

Definition 10.3. We define the endomorphism
1
R 2 —g Riguciciénts € ['(End(AT*M)),

where Riju = (R(ex, e/)e;,e;) are the curvature coefficients with respect to {e;}.

Remark 10.2. R is exactly the endomorphism appearing in the Lichnerowicz for-
mula (see Proposition 8.2) and is therefore intrinsically defined on M.

Definition 10.4. We define S to be the subalgebra of I'(End(AT*U)) generated
by elements of the form ® = @c¢;é;, where p € C®°(U), I = (i1 < --- < ix) and
J=(j1<---<j) with0 <k, [l <2m.
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Remark 10.3. The operator ® is understood fiberwisely as z — &, = ¢(z) -
cler(z))c(es(x)) € End(ATM).

The main structural result of U @ (z,y) is stated as follows. As in Section 8.5.1,
let V be the connection on AT*M induced from the Levi-Civita connection and let
AM™M he the associated Laplacian.

Proposition 10.2. For each i > 1, there exists a finite subset L; C S such that
the following properties hold true.

(i) Each ® = pci¢y € L; satisfies either
[+ [J]=4i & ¢(y)=0

or |I| +|J| < 4i.
(i) The endomorphism UD(z,vy) : ATy M — NT; M can be expressed as

UD(x,y) = ;9‘{; oT(x,y)+ Z o, o7(x,y), zel. (10.7)
) deLl;

Here the operator T(x,y) is the parallel transport along the ray from y to x and
the subscript x means that the fiberwise endomorphisms are evaluated at the base
location x.

Proof. We prove the claim by induction on 7. The main tool is the Lichnerowicz
formula (see Proposition 8.2), which asserts that

: 1
A= (AAT My S%id). (10.8)

(i) Base case.

For i = 1, one has from (9.39) and (10.8) that

U(l)(x,y):\/t%/o Vi (x)1(x, vx) (=AU ) (vx, y)dv
1

\/m/o VJj(ux)T(x, vx)(%U(O))(vx, y)dv
1 ! Mo Scal

— m i J(vx)T(x, vX) [(AAT*
—A(x) + B(x),

where U (z2,9) = j7Y2(2)7(z,y).
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To analyse the A(x)-term, since the {e;}’s are parallel along rays, one has

T(x, vX) (%ZU(O))(UX, Y)

1 . A A

= _gRijkl<Ux)] 2 (vx)7(x, vx)(cicjéréy) (vx)T(vx, y)
1 . oA

_gRijkl(vX)] Y2 (0x) (cicientn) (X)7(x, ).

It follows that

A(x) = \/j_X Rijk vx))dv X (cicicrt)(x)T(x, )
=Ry o7(x, Z/) + %’jkl( )(cicjérer)(x)7 (X, y). (10.9)

Here

Pijr(x) = \/—/ Rijii UX)>dU - <— éRiij(X)>a

which vanishes at x = 0 (x = y) at least to the first order. In other words, one can
express

A(x) =Ry oT(x,y) + Z o, o 7(x,9) (10.10)

el

for some finite subset £} of S. Elements ® € £, are of the form ® = @c;é; with
o(y) =0and |I| = |J| = 2.
To analyse the B(x)-term, one first recalls that

AMM — (V. V., ~ Vy..)

By using the formula (8.25) (as well as the notation (8.18)), one computes explicitly
that

(Ve Ve, U0 z,y) = e} (7*(2))7(2, y) — 2e:(j/*(2)) T a7 (2, y)
— i (2)e (T awnt (2, y) + (@) T agrpaiu T (2, y)

and
(Vv Uz, y) = The; (57 (2)7(z,y) — i (@)D ai (2, y).

Note that the Christoffel symbols vanish at y. By writing the a;, ¢;’s in terms of
the Clifford multipliers, one sees in a similar way leading to (10.10) that



where £/ is a finite subset of S and every element of & € L is of the form ® = @c;é;
satisfying either

[+ [/ =4 ¢y) =0
or [I|+|J| <4 (in fact, < 2).

(ii) The induction step.

Suppose that
UD(z,y) = R, o7(w,9) + > D 07(z,y).
i!
deLl;
By using the formula (8.25) as before, one finds that
(—AUD)(z,y) = sRM o 7(z,y) + > D 07(z,),
il
oL

where £} is a finite subset of S (determined from £;) whose elements ® = @c;é;
satisfy
either |I| + [J| =4i +4, o(y) =0or [I|+|J] < 4i + 4.

It follows from the formula (9.39) that

U (2, y) \/_/ " 7(x,vx) o Rt o 7(vx, )
+ 7(x, vX) ZCI)UX vxy)dv
ol
=: C(x) + D(x). (10.11)
In a similar way as before, one observes that
; 1\ +1
T(X, UX) o mv—;l © T(UX, y) :< - é) RPIPQQIQQ (UX) e Rp2i+1p2i+2Q2i+1Q2z‘+2 (UX)
(CP1P2 équp * Cpaigapaite él}zi+1£]2i+2)(x) © T(Xa y)
(10.12)
and for ® = pc;éy € L,
T(x,0X) 0 Dy 0 T(vX,y) = p(vx)(crés)(Xx) o T(X,Y). (10.13)

By substituting (10.12, 10.13) into (10.11) and freezing the curvature term at x in
the same way as in (10.9), one concludes that

| 1 b
U (2, y) = 59%;“ o7(x,y) X /0 v'dv + Z ®y 0 7(x,Y)
! deli

1 )

delit1
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where £, is some finite subset of & whose elements ® = pc;¢; satisfy either
[+ [Tl =46 +1), v(y) =0

or [I| +|J| < 4(i + 1). This completes the induction step. O

10.2.3 Proof of Patodi’s local index formula

We now proceed to prove Theorem 10.2. The main philosophy is that only the
M-part in the decomposition (10.7) of U™ (y,y) will produce a nonzero supertrace,
which in fact yields the Pfaffian of the curvature.

First of all, according to Proposition 10.2, one can write

m 1 m
U( )(y7y) = %my + Z (I)ya
’ deL’

where £ is a finite subset of S; elements of S are of the form & = ¢c¢;¢; where
either |I| + |J| < 4m or |I]| + |J| = 4m and p(y) = 0. . It follows from Corollary
10.1 that str[®,] = 0 for all such ®’s. As a result, one has

(=D"

1 m
Stl"(U( )(y, y))dy :WRhizjljz T Rizm—1i2mj2m—1j2m

(4m)m

X str [CiliQlejZ T Ci2m71i2mcj2mflj2mi| dy

_ (="

X str [Cil"'i2méj1“'j2m}dy’ (1014)

12m—112mJ2m—1J2m

where the curvature coefficients and Clifford multipliers are all evaluated at y.
According to Corollary 10.1 again, for the summands on the RHS of (10.14)
to be nonzero, the words (i, - ,42,) and (j1,- -, jom) must be permutations of
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(1,---,2m). More explicitly, letting {6’} be the dual of {e;} one has

1
94m | Ri1i2j1j2 e Rizm—lizmjzm—lemStr [cil'“izmcjl“'jzm] dy

B (_ 1)m(2m+1)

22mm‘ Sgn(a)sgn< ) X R 1)0’ (1)7’(2)

o,7ESom

o Ra(2m71)0(2m)7(2m71)7'(2m)91 A A 92m

_1)ym
:% Z Sgn ( Z R o(2)T(1)7T(2) *

0€Som TES2m

Ra(2m—1)0(2m)7(2m_1)T(2m)Qr(l) A A 0T(2m)>

(=D
- 22mm)| Z Sgn ( Z R1112J1]2 e RiQm—1i2mj2m—1j2m

O'Gszm .]Zm—l

6 A -~-/\eﬂ'2m>. (10.15)

On the other hand, recall that the local curvature matrix F' with respect to {e;} is
defined by '
Fj(X,Y) = (R(X.Y)ej, e).
It is easily checked that
|
F = 5Rijk,e’c N (10.16)

By substituting (10.16) into (10.15), one obtains that

1
94m )| Rilizjljz e RiQm—lizmjzm—ljzmStr [Cil'“izmcjl“'jzm] dy

_ (=" o(1) 5 o(2m-1).
= S 23: sgn(o)FaQ) /\F( m)
0ES2m

In view of the formula (7.12), the RHS is exactly Pf(R™“). By further substituting
it back into (10.14), one obtains the desired formula (10.5) of Patodi.
Now the proof of Theorem 10.2 and hence of the CGB theorem is complete.
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11 A superconnection approach

In this final chapter, we discuss a beautiful approach of [ZF22] to the CGB theorem
which is based on Quillen’s superconnection technique (cf. [Qui85, MQS86|). This
approach has a similar spirit to the Chern-Weil perspective and it relies on a Chern-
WEeil type theorem for superconnections. Unlike Chern’s original argument where
localisation of the Pfaffian integral is based on the exactness of the lifted Euler
form on the sphere bundle, the localisation here will be a consequence of a simple
deformation of a superconnection on the exterior algebra bundle. This deformation
leaves the Chern character invariant (as a consequence of the Chern-Weil theorem)
but annihilates the contribution of the integral outside the zeros of the vector field.
In the limit of the deformation, one picks up the indices of the vector field at its
zeros, hence yielding the Euler characteristic of the manifold. At a conceptual
level, the main strategy is summarised as follows. Let M be a closed, oriented,
2m-dimensional Riemannian manifold.

1. The Pfaffian Pf(Fyn) of the Levi-Civita connection VM is equal to the so-
called Chern character form ch(AcT* M, VA<T™M) associated with the induced
superconnection VA<T™M on the complexified exterior algebra bundle AcT* M.
More precisely, one has (see Proposition 11.2)

. 1
ch(AcT* M, VAT My = —Pf(Fgu).
7Tm

2. As a consequence of a Chern-Weil type theorem for superconnections (see
Theorem 11.1), the cohomology class of the Chern character form is indepen-
dent of the superconnection.

3. Consider the following deformation of the superconnection (see (11.16)):

* 2
Ap 2 VAT M 2T pey) T s 0,
]

Here V' is a vector field on M with isolated zeros and ¢(V') is the fiberwise
Clifford action by V on AcT*M. It follows from Facts 1 and 2 that

i;;)):/MPf(FvM): ((;;SZ/MCh(ACT*MaAT)

for all T > 0.

4. The key observation is that when T becomes large, the contribution from
the part outside the zeros of V' becomes negligible, due to a factor e~ TV
coming from the expression of ch(AcT*M, Ar) (see (11.20)). On the other
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hand, the integral near each zero p of V' is just a simple Gaussian integral
(see (11.23)); on a small neighbourhood U, of p one can modify the metric
to be Euclidean (due to the Chern-Weil theorem) and modify the vector field
to be linear (which does not change the local indices of V') . After evaluating
the localised integral in the large T' limit, one obtains precisely the index of
V at p (see (11.24)). To summarise, one has

(—1/2)" / (AT M, Ag) = lim 3 (~1/2)" / ch(AcT" M, Ar)
M oo pEzeros of V' Up

= Y indy(V) =x(M),

pEzeros of V

where the last equality follows from the Poincaré-Hopf index theorem. This
is exactly the CGB formula.

11.1 Super vector spaces

We begin with some basic definitions. Let K =R or C.

Definition 11.1. A super (K-)vector space is a K-vector space V equipped with a
linear endomorphism 7 : V — V (a superstructure) such that 72 = id.

A super vector space is just a usual vector space V' equipped with a Zy-grading,
i.e. a decomposition V =V, & V_. Indeed, given a superstructure 7 one defines
Vi to be the (£1)-eigenspaces of 7. Conversely, given such a decomposition the
associated superstructure 7 : V. — V is defined by 7|y, £ Zid. Therefore, a
superstructure and a Zs-grading are essentially the same thing. Given v € V., we
define deg(v) £ 0 if v € V, and deg(v) £ 1 if v € V_. Note that any vector space
V' is a super vector space with trivial grading V, =V, V_ = {0}.

Definition 11.2. A super (K-)algebra is a K-algebra A such that:
(i) A is a super vector space with Zy-grading A = A, © A_;
(11) Ai : Ai g A+ and Ai : A:F g A_.

Example 11.1. A basic example of a superalgebra is the algebra End (V) of endo-
morphisms over a super vector space (V, 7). One defines its Z,-grading by

End, (V)£ {A€End(V):7A= At} = {A € End(V) : AVy C V,},

End (V)2 {A€End(V):7A= A7} ={A€End(V): AVy C V.}.

It is readily checked that the above grading gives rise to a superalgebra structure
over End(V'). We always work with this induced superalgebra structure.
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Definition 11.3. Let (V, 7) be a super vector space. The supertrace of A € End(V)
is defined as str[A] £ tr[rA].

It is immediate from the definition that str[A] = 0 if A € End_(V') while
str[A] = tr[A]y, ] — tr[A|y_] (11.1)

if A € End; (V). Just like the commutativity of the usual trace, the supertrace is
also “super commutative”. To explain this, we first introduce the notion of super
Lie bracket.

Definition 11.4. The super Lie bracket [A, B]s of A, B € End(V) is defined in the
following way. For A, B € Endy(V), one defines

[A,B), 2 AB — (—1)dsdeeB g 4, (11.2)
For general A, B, one extends the definition (11.2) through bilinearity.
Lemma 11.1. str[[A, B];] =0 for all A, B € End(V).

Proof. Left as an exercise. ]

Let (V, o) and (W, 7) be super vector spaces. Their tensor product V®W admits
a natural superstructure defined by o ® 7, or equivalently, by the Z,-grading

VeW),2VieoW)e(VoeW.), (VeW)_ 2 (V.,eW.)a (V.o W,).

The corresponding super vector space, which is denoted as VW, is called the
super tensor product between V and W. For superalgebras A, B, their super tensor
product A®B admits a superalgebra structure whose product * is induced by

(a1®b1) * (a2®52) £ (—1)deg(b1)deg(a2)a1(12®b1b2

for a; € Ay and b; € By. Here ® is merely a notation (algebraically it is the same
as ®) where the “hat” records the underlying superstructure.

Example 11.2. Suppose that V,W are super vector spaces. We view ARB €
End(V)&End(W) as an element of End(V&®W) through the action defined by

(ARB)(vew) = (— 1)deg(3) deg(v) (Av)®(Bw).

Under this identification, one can show that End(V)®@End(W) and End(V&@W) are
isomorphic as superalgebras.

261



Example 11.3. Another basic example of a superalgebra is the exterior algebra
AV* where V is a given vector space. A commonly used superstructure is the
parity grading defined by AV* = A®venV* @ A°ddV* (exterior covectors of even
/ odd degree). If VW are two vector spaces, there is a canonical superalgebra
isomorphism between AV*®@AW* and A(V@W)* with respect to the parity grading.
This isomorphism is induced by

a®B—aApB, a€AV* Bec AW

In Section 11.2 below, we will introduce another superstructure on AV* that is
needed for the superconnection proof of CGB.

Let V be a super vector space. Consider the superalgebra AV*®EndV and the
super vector space AV*®V. In a similar way as before, we define the action of the
superalgebra AV*®@End(V) on the super vector space AV*®V by setting

(a®T)(B&v) £ (~1)* DB (0 A f)(Tv) (11.3)

for homogeneous elements and extending the relation through linearity.

11.2 The chirality grading

Let V be a real, oriented, Euclidean space with dimension 2m. Consider the com-
plexified exterior algebra AcV*. This is by definition the algebra of C-valued alter-
nating multilinear functionals on V. We are going to construct a new superstructure
on AcV* that is different from the parity grading. This superstructure will play an
essential role in the superconnection proof of CGB later on. Recall that for each
v € V, the Clifford multiplier ¢(v) € End(AcV*) is defined by c(v) £ a(v) — ¢(v),
where v* is the metric dual of v, a(v) is the exterior product by v* and ¢(v) is the
interior product by v (see (8.16)). Let {e1,-- , 9, } be a PONB of V. We will also
continue to use the notation

cler) = clew) -+ clew)

for I = (i1, -+ ,ig).
Definition 11.5. The chirality operator is defined by
72 i"c(e1) -+ c(eam) € End(AcV™).

Lemma 11.2. 7 does not depend on the choice of the positive ONB. In addition,
one has 7% = id.
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Proof. Let C be the C-subalgebra of End(AcV™*) generated by the family
{e(e) - cley) 11 <y < -+ <ij, < 2m}.

This family is linearly independent and thus dimC = 2*™ = dim AcV*. Define a
linear map ¢ : C — AcV™ by

d(c(er)) = c(ef)l = g N Ner, T=(0 <0 <iy).
Here 1 is the unit of AcV* and v* € V* means the metric dual of v € V. It is clear

that ¢ is surjective and thus an isomorphism by dimension comparison.
We claim that

¢(c(vr) -~ c(vr)) = evr) - - e(vp)1 (11.4)
for all vy, - -+ , v, € V. By linearity, it suffices to consider the case when (vq, -+ ,v,) =
(€4, -+ ,€i,) but without the index monotonicity condition. In this case, by using

the Clifford relation (8.20) one can write
c(e) - - clei,) = oc(es),

where 0 = £1, s <rand J = (j; < --- < js). It follows that

dlclen) -~ cles)) = o¢(cles)) = oc(es)l = e(ei) - - e(ei,)1.

This gives the relation (11.4). 4
Now suppose that {ni,---,7m} is another PONB. Then n; = aje; for some

a = (al) € SO(2m). According to the relation (11.4), one has

¢(e(m) -+ c(nam)) = c(m) - - c(Nam) 1 =11 A= Ny,
= (deta)e} N+~ Nesy = o(c(er) - cleam))-
This implies
0(771) T C(n2m> = 0(51) e 6(52m)
since ¢ is an isomorphism. Therefore, 7 is independent of the choice of PONB. The

fact that 72 = id follows easily from (8.20). H

Definition 11.6. The Zs-grading AcV* = E, @ E_ induced by 7 is called the
chirality grading.

The following key property of 7 will be used in the sequel. We view End(AcV*)
as a superalgebra whose superstructure is induced by the chirality grading (cf.
Example 11.1). We also recall that ¢(v) = a(v*) 4+ ¢(v) (cf. Definition 8.11).
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Lemma 11.3. Forall [ = (iy < --- <ig) and J = (j1 < --- < ji), one has

Str[c(sl)é(gJ)} _ {(—i)m2 mogf L= (1,---,2m),J =

0, otherwise.

(11.5)

Proof. By the definition of the supertrace, one has

strlc(er)é(es)] = tr[fe(er)ées)] = i™tr[c(er) - - - cleam)c(er)é(es)].
According to the Clifford relation (8.20), the RHS is nonzero iff I = (1,---,2m)
and J = (). Tts exact value is given by (11.5). O

To conclude this subsection, we give an explicit description of 7 as well as the
chirality grading Ac¢V* = E, @& E_ in terms of the Hodge star operator.

Proposition 11.1. Let x : AcV* — AcV™ be the Hodge star operator with respect to
the dual Euclidean structure over V* (cf. Definition 8.1 with its obvious extension

over C). For each k, we define A\ £ qm=kE=D Then ﬂA{g = Apak 0 ARV =
A(%m*kv*. In addition, the chirality grading over AcV™* is given by

m—1

B =B hmsra e V) Do A2V o= Nhal),
k=0
m—1

E_ = @ {04 —Anrp*aio € Aclév*} GB {O‘ €ALV™ i xa = _)‘r_z;ma}'
k=0

Proof. Given 1; < --- < 1}, one has

Tei, Ao Nej ) =1i"cler) -+ - cleam)e, “Nej
= 1"sgn(J, I)c(es)c (81)6 AN Nepo (JEI)
= i"i*E Dsgn(J, I)e(e )1

m—+k(k k(2m—k *
= jmtk(k+1) ( ) 2 )sgn(I J) e NEg,

:)‘m,k*(fh /\Ezk)

This shows that 7| AE = Am,i*. In particular, for each & < m the subspace Ej, 9,—1 =
ALV @ A(Qcm_k V* is invariant under 7. For any

m m
a = Z o € @ Ek,2m—k € ACV*,
k=0 k=0

one can now write

ma+7a ma—Ta
o=y et ot e p o
0 k=0

k=
This gives the desired Z,-grading. ]
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11.3 Super vector bundles and superconnections

We now carry the previous constructions to a vector bundle. Let K = R or C (in
the latter case, differential forms are understood as complex-valued).

Definition 11.7. A super (K-)vector bundle E over a manifold M is a vector
bundle (E, M, m) which admits a fiberwise superstructure (equivalently, Z,-grading)
E = E, @ E_ that varies smoothly over M. The notion of a super (K-)algebra
bundle is defined in a similar way.

Let (E, M,7) be a super vector bundle. The bundle End(E) is the usual en-
domorphism bundle whose fiberwise superstructure is given by Example 11.1. The
space of E-sections (respectively, End(FE)-sections) is denoted as I'(E) (respectively,
['(End(E))). Note that a vector bundle is a super vector bundle under the trivial
grading £ = E & {0}.

One defines the tensor product between super vector or algebra bundles as usual
where the superstructure is induced in a fiberwise manner. As usual, AT*M denotes
the exterior bundle over M but viewed as a super algebra bundle under the parity
grading. We shall also consider the bundles AT*M®E (as a super vector bundle)
and AT*M®End(FE) (as a super algebra bundle); the Z,-grading is given by

(AT*M@E), = A“"T"M ® E, (P ANT*M @ E_,

(AT*MOE)_ = A“"T"M @ E_ P A°“T"M ® E,

and similarly for AT* M&End(E). Sections of AT*M, AT* M®FE and AT* M®End(E)
are denoted by Q(M), Q(M, E) and Q(M, End(FE)) respectively. Note that Q(M, E)
is an Q(M)-module under exterior multiplication by differential forms on M.
There is a canonical fiberwise Q(M,End(FE))-action on Q(M, E) which is in-
duced by
(a8S)(8 ® ) & (—1)teedee) (o A B (e)

for a, 6 € Q(M), S € I'(End(E)) and e € I'(E). It can be shown that
Z(a A €) = (—1)keTdag A Z(g)
for all = € Q(M,End(E)), a € QM) and £ € Q(M, E).

Definition 11.8. The supertrace operator str : Q(M,End(E)) — Q(M) is defined
by taking supertrace along each fiber, i.e. the unique linear operator such that

str[a®S] = astr[S]

for all @ € Q(M) and S € I'(End(F)).
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The commutativity of supertrace extends naturally to the bundle context. To
see this, we first define the notion of super Lie bracket.

Definition 11.9. Let =,0 € Q(M, End(FE)). Their super Lie bracket is defined by
2,0 £

[1]

O — (—1)te=de®9= ¢ O(M, End(E))
for homogeneous elements and extended bilinearly.
Lemma 11.4. One has str[[Z,0],] =0 for all 2,0 € Q(M,End(E)).
Proof. Working locally, one can assume that = = a®S and © = S®T. By defini-
tion,
2, 0] = (a®8)(BOT) — (—1)deatdeeidesitdeD (30T (adS)
= (—1)deeSdeel (o A BYRST
- (_1>(dega+deg5)(degﬂ+degT)(_1>degTdega6 A Oz®TS

— (_1)dengeg,B(a A B)@(ST o (_1)dengegTTS)

= (=" (a A B)B[S, T
It follows from Lemma 11.1 that

str[[E,0)] = (—1)deeSdesB (o A B) - str[[S, T]s] = 0.
[

We now introduce the notion of a superconnection on a super vector bundle (cf.
Definition 6.15).

Definition 11.10. Let (E, M, ) be a super vector bundle. A superconnection on
E is a linear operator A : Q(M, E) — Q(M, E) which satisfies the following two
properties.

(i) A has odd parity, i.e. A((QM,E)+) CQ(M, E)=.
(ii) For any o € Q(M) and & € Q(M, E), one has
AlaNE) =daNé+ (—1)%8% A A(E). (11.6)

Remark 11.1. It is clear from the relation (11.6) that A is uniquely determined by
its evaluation on I'(E).

Example 11.4. Let VZ* : T(Ey) — QY(M, E1) be a connection on Ey. We use
the same notation to denote its induced action on Q(M, E1). Let S € I'(End_(E))
whose action on Q(M, E) is induced by

S(ang) = (=1)*anS(E)
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for all « € Q(M) and & € Q(M, E). Define
A2V VP 48
Then A is a superconnection.
A key concept associated with a superconnection is its curvature.

Definition 11.11. The curvature of a superconnection A is the operator A? :
QM E) — Q(M, E).

Lemma 11.5. A%2(aAN€) =aAA%(€) for alla € QM) and £ € Q(M, E).

Proof. 1t is enough to consider the case when ¢ € I'(E). By the definition of A,
one has

A*(aNE) =A(daNE+ (1) a N A(E))
=(—1)""98da A A(€) + (—1)%E*da A A(€)
+ (=) (=1)%Ea A A%
=a A A%(E).

The result thus follows. O

Lemma 11.5 shows that the curvature operator A? is tensorial (i.e. it acts
fiberwisely). In particular, it can be identified as an element of Q(M,End(E));
which is denoted as Fa. If A = VP = VE+ @ V- one has Fys € Q*(M,End (F))
and it coincides with the curvature tensor defined by (B.20), namely,

Falre)(X,Y)E = VRVEE = VEVEE = Vi€

forall X, Y € I'(T'M) and £ € T'(E). A simple way to see this is to write A = d+ A
locally where A is the local connection matrix.

The curvature satisfies an obvious Bianchi’s identity (cf. Theorem 6.4 and
(6.38)). To state this, we first generalise the super Lie bracket to allow the input of
a superconnection. Given a superconnection A and = € Q(M, End(E))4, we define

(A, 2], £ AZ — (—1)%E=2A (11.7)

and extend it by linearity to all = € Q(M, End(F)). By working locally, it is routine
to check that
S(a AE) = (—1)teeden=q A Z(e)

and
(A, Zly(a A €) = (—1)(rdEDdmag o [A ] ().

In particular, [A, Z]s is tensorial and [A, Z]s € Q(M, End(E)).
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Lemma 11.6 (Bianchi Identity). One has [A, (Fa)¥|s =0 for all k > 1.

Proof. Since deg(F’ A)k = 0 (Fa = A? has even parity), it follows from the definition
(11.7) that
[A7 (FA)k]s = [Aa AQk] = AA% - A%A = 0.

This gives the desired relation. ]

11.4 The Chern-Weil theorem for superconnections

In this section, we are going to establish a Chern-Weil type theorem for supercon-
nections. Basically, the theorem says that the supertrace of any polynomial (more
generally, any entire function) of the curvature is a closed form over M and its
cohomology class is independent of the underlying superconnection.

Let (E, M, ) be a super vector bundle and let A be a superconnection on F
with curvature Fa. Let

f(z) =ag+ a1z + - - + aza”

be a polynomial. We define
f(FA) 2 ag+a1Fp + -+ ap(Fa)* € Q¥(M,End, (E)) @ Q°(M,End_(E)).
Note that str[f(Fa)] € Q" (M) because str[S] = 0 for any S € I'(End_(V)).

Theorem 11.1 (The Chern-Weil Theorem for Superconnections). (i) The form
str[f(Fa)] is closed.

(ii) Let A be another superconnection with curvature Fx. Then one has

str[f(Fa)] — str[f(Fa)] = dw

for some w € Q°Y(M). In particular, the cohomology class [str[f(Fa)]] is indepen-
dent of the superconnection A.

The proof of Theorem 11.1 relies on the following crucial observation.

Lemma 11.7. Let A be a superconnection and = € Q(M,End(FE)). Then
str[[A, E]y] = dstr[=]. (11.8)

Proof. If A is another superconnection, one knows that A — A € Q(M, End(F)).
According to Lemma 11.1 (applied fiberwisely), str[[A — A,Z]] = 0. In other
words, the relation (11.8) is independent of the superconnection and we may choose
any one for convenience.
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Since the relation (11.8) is local, one can just work locally with respect to some
frame field {sZ} over some U C M (here {s}} trivialises £ |y and {s;} trivialises
E_|y respectively). Take A = d on U. This means that the local connection matrix
is zero and thus A(fs®) = df®@st for any f € C®(U) (in particular, Ast = 0).
We also assume that = = w®T where w € Q(U) and T € T'(End(E|y)). In this
case, one has

dstr[Z] = d(wstr[T]) = str[T]dw + (—1)%8“w A dstr[T]. (11.9)

On the other hand, according to the definition (11.7) of the super Lie bracket,

A Elsy = A((wT)(sy)) — (—L)* =T (wRT) (Asy)

= A(weT(sy)) = dw@T(sy) + (—1)"E“w A A(T(s3)). (11.10)
To compute the supertrace of [A, E]s, we consider two cases separately.
(i) Case I: T has odd parity.

In this case, one can write

T(sy) = Agss. T(sy) = Bish

for some A%, B € C*°(U) and therefore,
A(T(s})) = dAS®s;, A(T(s,)) = dBi®s].

It follows from the formula (11.10) that [A, Z]s has odd parity as a fiberwise en-
domorphism over E, (z € U). In particular, str[[A,Z]] = 0. But one also has
str[Z] = wstr[T] = 0 in this case. As a result, the relation (11.8) holds.

(ii) Case II: T has even parity.

In this case, one can write

T(s)) = Chsh, T(sy) = Disy.

By using the formula (11.1), one has
strT] =) Co = Dj. (11.11)
a 5
It follows from (11.10), (11.11) and (11.9) that
str[[A, Els] = str[T]dw + (—1)%“w A (Z acy — ZdDg)
a 5

= str[T]dw + (—1)%8“w A dstr[T] = dstr[Z].
This gives the desired relation (11.8). O
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Proof of Theorem 11.1. (i) According to Lemma 11.7 and Bianchi’s identity (see
Lemma 11.6), one has

dstr[f(Fa)] = str[[A, f(Fa)ls] = 0.

(ii) Similar to the proof of Theorem 7.1, for each ¢ € [0,1] we define the super-

connection A; £ (1-t)A + tA and denote F, £ A? as its curvature. Then one

has

d i d 4 d t d t 1
%str [f(F)] = ;als‘cr[aﬂl] = lzl astr [d—i : lFtl_l] = str [d—};f (Ft)]
dA, dA, .,
= str [Atﬁf (F}) + WAtf (Ft)]
dA dA
—y str [Atd—tt F(FR)+ = f’(Ft)At}
— str“At, % f’(Ft)]s] - dstr[% f'(Ft)] (11.12)

To reach =1, we used the the supercommutativity of str together with the fact that
F, has even parity. To reach =5, we used the commutativity between A; and f'(F}).
To reach =3, we used the fact that 48 f'(F;) € (M, End(E))_. The last equality
=, comes from Lemma 11.7. By integrating (11.12) over ¢ € [0, 1], one concludes
that

str[F(F)] = ste[f(Fa)] = /0 sul (Rt = d /0 a2 ) ar).

dt

The result thus follows by setting

w2 /01 str [%f’(ﬂ)]dt € Qo4 (M).

O
Remark 11.2. The theorem remains valid if M is compact and f is an entire function
(e.g. f(z) = e with A € C).

Remark 11.3. The theorem of course applies to case when FE is not graded (i.e.
E_={0}) and A = V%, In this case, Fa € Q*(M,End(E)) and thus (Fa)* = 0
for all £ > dim M /2. As a result, the theorem remains valid for all formal power
series f (without any convergence assumption).
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11.5 The Chern character of a superconnection

In this section, we define the Chern character of a complex vector bundle and show
how it is related to the Euler class we defined in Section 7.3.3. In this section,

K =_C.

Definition 11.12. Let (€, M, ) be a super C-vector bundle over a manifold M.
Let A be a superconnection on £. The Chern character form associated with A is
defined by

ch(€,A) = str[exp (%FA)] € QM (M).

The cohomology class of ch(€, A) is known as the Chern character of £ and is
denoted by ch(€).

Remark 11.4. The Chern character ch(€) is independent of the superconnection A
as a consequence of Theorem 11.1.

We now restrict to a situation that will be relevant to the CGB theorem. Let F
be a real, oriented, Euclidean vector bundle of rank 2m over a manifold M. Define
£ = AcE* (the complexified exterior bundle) and view it as a super C-vector bundle
with respect to the chirality grading induced from the fiberwise Euclidean structure

on F (see Definition 11.6). Let V¥ be a connection on E which is compatible with
the metric. Let V€ : Q*(M,E) — Q*T1(M, &) be the induced connection on &.

Lemma 11.8. The connection V¢ respects the chirality grading, i.e. V&(T'(Ex)) C
['(Ex) for all X € T(TM). In particular, it admits a splitting V¢ = V& @ V&~
on £, @& E_ and is therefore a superconnection on &.

Proof. By definition, it suffices to show that
V&%, 7] 2 V5 07 — 70V =0, (11.13)

where 7 € I'(End(€)) is the chirality grading on €. Let x € M be given fixed
and we prove (11.13) at z. To this end, consider a local PONF {e;} of E which is
parallel along geodesic rays emitting from x. For any £ € T'(£), one sees from the
relation (8.28) that

Vo efer)(ele) - clenn)E) — eler) o T (elea) - elean)€)

= c(Vier)(cle2) - cleam)s),
which equals zero at z since (VEe;)(z) = 0 by the construction of {e;} (vanishing
Christoffel symbols at ). Therefore, V4 commutes with c(e;) at z. Arguing

inductively, it follows that V& commutes with c(e1) - - c(ean), hence commuting
with 7. ]
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The following result relates the Chern character form of V¢ to the Pfaffian
of the curvature of V¥#. In particular, the Chern character form provides a new
representative of the Euler class. Recall that Fe and Fp are the curvatures of V¢
and V¥ respectively.

Proposition 11.2. One has

ch(&€,V¥) = imPf(FvE).
s

The proof of Proposition 11.2 relies on the following representation of R¢ in
terms of the Clifford multipliers. Let F = (F}) denote the curvature matrix of V¥
with respect to {e,}, namely,

For(X,Y)e; = F/(X,Y)e;, X,Y € T(TM).
Note that F is a local so(2m)-valued 2-form.
Lemma 11.9. Fye = iﬂj(c(ei)c(ej) — ¢(e;)c(ey)).

Proof. For X, Y € I'(TM), let R(X,Y)* be the induced (fiberwise) endomorphism
on & (see (8.21)). According to Lemma 8.13,

Foe(X,Y) = —R(X,Y)* = —Fla(e;)u(e;)

= )l - o) (e ele), 6 2 de)

= %11«‘;? (cicj — é:¢5) — ;11«‘;?(@2-@]- — &icj). (11.14)
By using the relation (8.20), one has

Fleie; = —Fl¢je; = Ficje; = Flée,,

Therefore, the second term on the RHS of (11.14) vanishes and the result thus
follows. O

Proof of Proposition 11.2. According to the definition of the Chern character form,
the supertrace formula (11.5) and Lemma 11.9, one has

ch(&, V) = str[exp (%Fvg)]

- ml(Qﬂ-)m4m Ef ARRRNA EQZZ—lstr [C<ei1) U C(elém)}

= W X (—1)mFiZ; Ao A F?;;nﬂ
X (—i)mQQmsgn(@'h .. 7i2m)
(=™ , - o
= S gmsan(in, i) Fy A AFRT = —PE(Foe),
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where the last equality follows from (7.12).

11.6 Superconnection proof of CGB

We are now in a position to give the superconnection proof of CGB. In what
follows, let M be a closed, oriented, 2m-dimensional Riemannian manifold. We
take E £ TM and € & AcT*M in the previous discussion. Let V denote the Levi-
Civita connection and let V¢ be the induced superconnection on £ with respect to
the chirality grading.

Let V' be a smooth vector field on M with isolated and nondegenerate zeros.
The set of zeros of V is denoted as Z(V). On a normal chart (U,; ") around
each p € Z(V), we will assume that the Riemannian metric is flat (ie. ¢ =
(dz')? + -+ - + (dz*™)?) and the vector field V is given by

0

Viw) = Ai(p)i

(11.15)
where (A7(p))1<ij<zm is some nondegenerate matrix. Indeed, one can use a bump
function to modify the original metric into Euclidean on each U,; this will not affect
the form of the CGB because the cohomology class of Pf(Fya) is independent of
the metric. For the vector field V, since p is an isolated zero, one has

0

V(z) = Aj(p)2’ 5

+O0([x[*)

on Up. In a similar way, one can use a bump function to modify V' on U, by only
keeping its linear part.
To prove CGB, the essential idea is to consider the following deformation of
superconnections:
Ap 2V 4 \Te(V), T >0, (11.16)

where A is chosen by ;=A% = 1 (so that ;=\?¢(V)? = —|V[?). The point is that
when T becomes large, the geometry of Ar outside Z(V') in the integral of the
Chern character class gets forgotten and the whole-space integral is being localised
around the zeros of V. As a result, one picks up the corresponding indices in the
limit.

First of all, note that ¢(V) € TI'(End_(€)); this is seen by the relation that
(V)7 = —7¢(V). Extending its action to Q(M, E) by setting

c(V)(ané) & (=1)anc(V)E (a € QM) €€ QME))

one easily checks that A defined by (11.16) is indeed a superconnection on &.
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Next, we compute the curvature of A;. To this end, we define a linear operator

o(VV): Q* (M, E) — QM. E) by
(VV)() 2 da A (Vo V)(€), (€€ Q(M,E)) (11.17)
where {2’} is any local coordinates of M. It follows that
(VV)(aAE) =aAcVV)E (11.18)

for all & € Q(M), € € Q(M,E). In particular, ¢(VV) is tensorial and ¢(VV) €
OY(M,End_E).

Lemma 11.10. Fa, = Fge — NX*T?|V|> + \T'¢(VV).
Proof. By the definition of Ay and the relation (8.20), one has
Fap =A} = RE = NT? |V + AT (VE o (V) + (V) 0 V).
Now it suffices to show that
VEoc(V)+c¢(V)oVE =¢VV). (11.19)

The action of both sides on I'(€) coincide and they both satisfy the relation (11.18).
The relation (11.19) thus follows. O

Proof of CGB. According to Proposition 11.2, Lemma 11.10 and the Chern-Weil
theorem, one has

((;:)):/MPf(FvM): ((;;;Z/Mstr[exp (%FAT)}

— (~1/2)" /M e*TQ\VPStr[exp (%Fvg + %c(VV))]

for all T > 0. We write the [ s Integral into two parts:
Lo o 20
M IM\Upezo) Up - pez(vy/Up
For the first part, since |V is bounded away from zero on (U,U,)° and
T
—c

str[exp (iFvg + 3

(VV))] = 0,
one finds that

' T
lim e_T2|Vlgstr[exp (iFvg + —C(VV))] = 0. (11.20)
T—o00 M\ UpeZ(V) Up 271— )\
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For the second part, since Fye = 0 on each U, one has

str[exp (%Fvs + %c(VV))]
= str[exp (%c(VV))] = %s‘cr [e(VV)*™] (11.21)

on U,. Here the terms with degree # 2m in the expansion of the exponential
vanish due to the relation (11.5). To compute the above supertrace, one first finds
by (11.17) and (11.15) that

((VV)™ = da?* Ne(V, V)o---ode” Ac(Vgn,V)
= Al (p) - A2 (p)da? A c(D;,) 0 -+ 0 da*™ A (D)
= (=1)"A%(p)--- AL (p)da A - Adx”™ N e(0y,) -+ - (i)
= (=1)"sgnis, s iam)sgn(in, -+ Jom) 4G (p) -+ AT (D)
X drt Ao Adx*™ A c(0) - c(Oom)
= (=1)™(2m)!det A(p) - dz' A --- Adz®™ A c(Dr) -+ c(Dam).
It follows again from (11.5) that
str[c(VV)?™] = (=1)"™(2m)! det A(p) - (—i)™2*""dz" A -+ A da®™
= i"2%"(2m)! det A(p) - dz* A - -+ A dx®™. (11.22)
Let us assume that U, = {|x| < e¢}. By substituting (11.22) into (11.21), one
obtains that

v—1 T
(—1/2)’”/ e’T2|V|QStr[eXp (m—Fye + —C(VV))]
U, 2m A
= (=1/2)™(T/\)*™i™2*™ det A(p) / e THADXE gl A A da?™
{x:|x|<e}
1
= —det A(p) - / e ADYP gyl A dyPm (11.23)
d {y:ly|<T<}
1 m
— Alp) ———— = A) =i 11.24
— — det A(p) Aot AD)| sgn(det A) = ind, (V) ( )
as 1" — oo.
As a consequence, one concludes that
(=™ / :
_ | PE(Fga) = lim (—1/2)m( / + / )
(27T) M T—c0 M\Upezv) Up pEZZ(V) Up
_ 22 \/—1 T
eIV str[exp (WFW + XC(VV))]
= 37 indy (V) = x(M),
peZ(V)
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This completes the proof of the CGB theorem.
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Appendix A Algebraic topology

In this appendix, we review some basic concepts and tools from algebraic topology
that are used in the present notes. The main references for this part are [Hat22,
Spa66]. Unless otherwise stated A is always assumed to be a principal ideal domain
(PID). The most important examples are Z, Q, R, C,Z/27Z.

A.1 Basic tools from homological algebra

We discuss two basic tools from homological algebra that are frequently used in
these notes: the Snake Lemma and the Five Lemma.

A.1.1 Chain complex and exact sequence

We first recall some definitions.

Definition A.1. A chain complez (of A-modules) is a sequence

0] Ok Ok— Is) 0
S O N oI SR Ny RN (A1)

where Cj, is a A-module and 9y : C, — Cy_1 is a (A-module) homomorphism such
that Oy o Ory1 = 0 for every k. The chain complex (A.1) is denoted as (Cj, ;) in
short. Elements of the submodule

Zi(CL) 2 ker Oy = {0 € C), : Opo =0}
are called k-cycles. Elements of the submodule
Bk(C’*) e ImakJrl = {8k+10' 10 € CkJrl}

are called k-boundaries. The k-th homology group of (C.,d.) with coefficients in A
is the quotient module defined by

Remark A.1. One can also consider a chain complex indexed by Z. In the present
notes, the index set is always taken to be N.

Definition A.2. A chain map between two chain complexes (C,,9%) and (D,, d7)
is a sequence of homomorphisms f; : Cy — Dy, (k € N) such that fi 1090 = 0P o f;,
for every k. We write

(C., ) L5 (D.,0P)

as a shorthand notation.
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Note that a chain map f, induces a homomorphism (still denoted as f;, by abuse
of notation)

fio t H(Cw; A) = Hy(Dis A), fi([o]) = [fi(0)] (A.2)

on homology for every k.

Definition A.3. An exact sequence of A-modules is a sequence (either finite or
infinite)
fk_*%(jkﬂ o S

Y

where C}, is a A-module and f; is a homomorphism, such that Imf,.; = ker f; for
every k. A short exact sequence of A-modules is an exact sequence of the form

01D Eo.

In other words, C, D, E are A-modules and f, g are homomorphisms such that f is
injective, ¢ is surjective and Imf = ker g.

Definition A.4. A short exact sequence of chain complexes refers to the following
sequence

0— (C.,0°) L5 (D,,0P) 25 (B,,0%) — 0, (A.3)

*9 Yk *9 Yk *9 Yk

where C,, D,, F, are chain complexes, f,, g, are chain maps and at every fixed
degree n the sequence (A.3) is a short exact sequence of A-modules.

Throughout the rest, we will omit the PID A to ease notation and all homology
groups are understood over A.

A.1.2 The Snake Lemma

The Snake Lemma asserts that a short exact sequence of chain complexes induces
a long exact sequence on homology. This is an important technique for computing
(co)homology groups of a space in general.

Lemma A.1. Let
0= (C.,8%) L5 (D,,0P) 2 (E., 0F) — 0
be a short exact sequence of chain complexes. There exists a long exact sequence
o HY(CL) 5 H(DY) 2 BB 2 H (O
" He (D)) = - — Ho(D,) 2% Hy(E,) — 0

on homology. Here fy, g are the induced homomorphisms on the homology groups
defined by (A.2). The map Oy is the so-called connecting homomorphism which is
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constructed as follows. Let [0] € Hy(E.) and pick any representative o € Ej,. Let
T € Dy, be such that gp(7) = 0. Pick 6 € Z;,_1(C.) such that fr_1(0) = 0P (7). Then
one defines O([o]) = [0]. The map Oy does not depend on the choices of o, 7,0 and
is a well-defined homomorphism on homology.

0 > Cl::’—i-l St > D;c’—i—l it > El;’-l—l >0
8[?+1 8kD+1 8E+1

0 e k. p, Ik /;Ek 50
of o o

0 >C]:_1 AI/TI;:I ka—l It >E]:_1 >0
8/?*1 8I]vjfl akE—l

0 N Jh s Dy y—"2 s B, 50

A.1.3 The Five Lemma

The Five Lemma is a useful tool for establishing isomorphisms between homology
groups.

Lemma A.2. Consider the following commutative diagram

A s Ay > As s Ay > As
lfl lfz lfg lﬁl F
B, > By > DBs > By > DBs.
Here both rows are exact sequences of A-modules and f; (i = 1,---,5) are homo-

morphisms. Suppose that fi, fa, fa, f5 are all isomorphisms. Then fs5 is also an
1somorphism.

Remark A.2. In the above discussion, there is nothing special about the downward
indexing convention. One can also index the sequence by
k—1 k k41 k42
ok I okt I o2 L
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Such a sequence is called a cochain complez. Elements of the kernel (respectively,
image) of the homomorphism are called cocycles (respectively, coboundaries). The
k-th cohomology group of (C*, f*) is defined to be the quotient space of k-cocycles
by k-coboundaries in the same way as in Definition A.1.

A.2 Singular (co)homology
Let k € N. The standard k-simplez is the subset of R¥*! defined by

k

Ak £ {(vo,--- L Uk) v =0, Zvizl}.

1=0

A.2.1 Singular chain complex and homology

Definition A.5. Let X be a topological space. A singular k-simpler in X is a
continuous map o : AF — X. For 0 < i < k, the i-th face of o is the singular
(k — 1)-simplex defined by o o; : AF=1 — X where ¢; : A*=t — A* is the inclusion
map defined by

Li(U07"' 7Ukz—1) = (Uo,"' Vi1, 0,04, - ,Uk;—1)-

We will simply denote o o t; as 0|[y,... 5, v]- 1D & similar way, one can also define
the front i-face o|jy,,... v, (respectively, the back i-face 0|, , ... v,]) of o as a singular
1-simplex.

Definition A.6. The k-th singular chain group of X is the free A-module Cy(X; A)
generated by the singular k-simplices in X. In other words, every element of
Cr(X; A) is uniquely expressed as

&= Z AoO

o: singular k-simplex

where ), is nonzero for at most finitely many o’s. Elements of Cy(X; A) are called
singular k-chains. The chain complex (C.(X;A),0.) is called the singular chain
complex of X with coefficients in A.

Definition A.7. The boundary of a singular k-simplex o is the singular (£ — 1)-

chain defined by
k

O = 3 Vel

i=0
By linearity, this extends to a A-module homomorphism J, : Cy(X;A) — Cr_1(X; A)
which is called the boundary map. Sometimes we will omit the subscript k& when
no confusion is caused.
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The singular homology groups of X is defined as follows.

Definition A.8. A singular k-cycle is an element o € Cy(X; A) with zero bound-
ary, i.e. do = 0. A singular k-boundary is an element o € Ci(X;A) of the form
o = Ot for some 7 € C11(X; A). The submodule of singular k-cycles (respectively,
k-boundaries) is denoted as Zp(X;A) (respectively, Bx(X;A)). The k-th singu-
lar homology group of X with coefficients in A is the k-th homology group of the
singular chain complex (C,(X;A),d,) defined by

Z (X5 A)

HXGA) 2 5 5y

A.2.2 Singular cohomology

By dualising the singular chain complex, one can define the singular cohomology
in an analogous way.

Definition A.9. The singular cochain complex of X is the sequence

§k+1

COX;A) D ot A) 2 o A) s ok A) 2
Here C*(X; A) £ Hom(Cy(X; A); A) is the dual A-module of Cy,(X; A). The cobound-
ary map O is defined to be the dual of 9,1, i.c.
(0*¢)(0) = ¢(Or+10)
for all p € C*(X;A) and o € Cp1(X;A).

It is easily seen that 6**! o §* = 0. In particular, (C*(X;A),d*) is indeed a
cochain complex. We sometimes omit the superscript of the coboundary map when
no confusion is caused.

Definition A.10. The submodule of singular k-cocycles and k-coboundaries, de-
noted as Z*(X; A) and B*(X; A) respectively, are defined in the same way as Defini-
tion A.8 by using the coboundary map instead. The k-th singular cohomology group
of X with coefficients in A is the k-th cohomology group of the cochain complex
(C*(X;A),6%) defined by

A Zk(X;A)

H*(X;A) B X A)

There is an obvious homomorphism
fr o HY(X; A) — Hom(Hy,(X; A); A)

which is induced by the natural pairing between C*(X; A) and Ci,(X; A). In general,
fx needs not be an isomorphism. However, one has the following result.
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Proposition A.1. Suppose that either Hy_1(X;A) is a free A-module or A is a
field. Then fi is an isomorphism.

Remark A.3. The general relation between cohomology and homology is described
by the so-called universal coefficient theorem which involves the torsion functor.
We will not elaborate this result here.

A.2.3 Cup product

There is a ring structure (multiplication) on cohomology which is defined by the
so-called cohomology cup product.

Definition A.11. The cup product between ¢ € C*(X;A) and ¥ € C'(X;A) is
the singular (k + [)-cochain ¢ U € C*(X; A) such that

(pU)(o) = o o N L Cof ,Uk+l})
for any singular (k + [)-simplex o.

The coboundary map ¢ satisfies the following Leibniz rule with respect to the
cup product:

Sp Ut) =dp Uy + (1) U oy, (A4)
According to the relation (A.4), ¢ U is a cocycle if both ¢ and ¢ are. As a
consequence, the cup product descends to a bilinear operation

U: H*X;A) x H(X;A) — H*(X;A)

on cohomology. This is known as the cohomology cup product. It can be shown
that U is associative and satisfies the following sign-commutativity relation:

aUb=(-1D"pua (A.5)
for any a € H*(X;A) and b € H'(X; A).

A.3 Relative (co)homology

From now on, we will omit the PID A to ease notation. All modules and (co)homology
groups are understood over A unless otherwise stated. Let X be a topological space
and let A C X. Define the quotient module

A Ck (X )

Cr(A)
The boundary map descends to (still denoted as) Jy : Ci(X, A) = Cr_1(X, A). This
gives rise to the so-called relative singular chain complex (Cy(X, A),d,) of the pair
(X, A). The submodule of relative k-cycles (respectively, relative k-boundaries) is

denoted as Z;(X, A) (respectively, Bi(X, A)). Geometrically, a relative cycle is a
singular chain whose boundary takes values in A.

Cr(X,A)
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Definition A.12. The k-th relative singular homology group of the pair (X, A) is
the k-th homology group of (C,.(X, A), 0,) defined by

Z(X, A)

Hy(X,A) = BX A

There is an obvious short exact sequence of chain complexes:
0— Cu(A) = Cu(X) = Cu(X,A) = 0, (A.6)

where the second arrow is the inclusion and the third arrow is the quotient map.
According to the Snake Lemma (Lemma A.1), there is an induced long exact se-
quence

— Hi 1(A) = -+ — Ho(X) — Ho(X,A) — 0. (A.7)

on homology.
Now consider A C B C X. There is also an obvious short exact sequence of
chain complexes

0— Cy(B,A) = Cr(X,A) - Cyx(X,B) = 0, (A.8)

where the second arrow is the inclusion homomorphism and the third one is the
quotient map. For the same reason, there is also an induced long exact sequence

— Hp1(B,A) = - — Hy(X,A) = Hyo(X,B) = 0 (A.9)

on relative homology. One can easily write down the connecting homomorphisms
of the above two exact sequences from the Snake Lemma.

By dualising the above consideration, one can easily obtain a relative version
of cohomology. Let A C X. The k-th relative singular cochain group of the pair
(X, A) is defined by

CH(X, A) 2 Hom(Cy(X, A); A).
The coboundary map 6% is defined by the dual of the boundary map in the same
way as in the absolute case. It is useful to note that C*(X, A) can be identified with
the submodule of C*¥(X) consisting of singular k-cochains that annihilate singular
k-chains in A. The relative singular cohomology of the pair (X, A), which is denoted

as H*(X, A), is the cohomology of the cochain complex (C*(X, A),d*). There is a
canonical homomorphism

H*(X,A) — Hom(H,.(X, A); A),
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which is an isomorphism in the case when A is a field.

Similar to the homology case, there is a short exact sequence of cochain com-
plexes (the dual of (A.6)) which gives rise to a long exact sequence on cohomology
(the one with all members in (A.7) replaced by cohomology and all arrows reversed).
There is also a long exact sequence

0— H°X,B) = H(X,A) — -+ — H* (B, A)
— H*(X,B) - H*(X,A) = H*(B,A) — H*"(X,B) — - -- (A.10)

of relative cohomology that is dual to (A.9).

Cup product on relative cohomology

The cup product on relative cohomology requires some extra care. Let X be a
topological space and let A, B C X. Define

C*(X;A,B) 2 C*(X, A) N C*(X, B)

for each k& € N. This is the submodule of C*(X) consisting of those singular
cochains that annihilate simplices in A or in B. Note that é*(X A, B) is also a
cochain complex whose coboundary map is the dual of the boundary map. The
cohomology of C*(X; A, B) is denoted as H*(X; A, B).

The cup product on absolute cochains induces a bilinear operator

U: C*(X,A) x CY(X,B) — C*(X; A, B)
on relative cochains, which descends to a product
U: H*(X,A) x H(X,B) — H*(X; A, B) (A.11)

on cohomology. The following result allows one to obtain an actual cup product
which takes values in the relative cohomology group H**(X, AU B).

Proposition A.2. Suppose that both A and B are relatively open in AU B. Then
the canonical inclusion

C*(X,AUB) — C*(X; A, B)
induces an isomorphism
H*(X,AUB) = H*(X; A, B) (A.12)

on cohomology.
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Under the assumption of Proposition A.2, by composing the product U defined
by (A.11) with the inverse of the isomorphism (A.12), one obtains an actual cup
product

U: H*(X,A) x H(X,B) — H*"(X, AU B) (A.13)

on relative cohomology.

Remark A.4. The consideration of C*(X; A, B) is needed because for ¢ € C*(X, A)
and 1 € CY(X, B), their cup product ¢ U1 needs not annihilate simplices in AU B
(but it clearly annihilates simplices that lie entirely in A or in B). This is not
needed if A = B or if one of them is the empty set.

A.4 Functorial properties and homotopy invariance

Let f: (X,A) — (Y, B) be a morphism between pairs of topological spaces, i.e.
f: X — Y is a continuous map and f(A) C B. Then f induces homomorphisms

fo: Hy(X,A) = Hy(Y,B), f*:H*Y,B)— H¥X, A)

on both homology and cohomology.

Two morphisms f, g : (X, A) — (Y, B) between pairs are said to be homotopic,
which is denoted as f ~ g, if there exists a continuous map F': X x [0, 1] — Y such
that F'(-,0) = f, F(-,1) = g and F(A,t) C B for all t € [0,1]. In this case, one has
f« = g« and f* = g* on homology and cohomology respectively.

Two pairs (X, A) and (Y, B) are said to be homotopy equivalent if there exist
morphisms f: (X, A) - (Y, B) and g : (Y, B) — (X, A) such that

gofﬁid(X’A), fog:id(xB).

In this case, the map f, (respectively, f*) is an isomorphism on homology (respec-
tively, cohomology).

Remark A.5. The above discussion contains the absolute case by taking A = B = ()
as a special situation.

A subset A C X is said to be a deformation retract of X if there exists a

continuous map
F:Xx[0,1] - X
such that
F(-,0) =idx; F(z,1)€ A; F(y,t)=y

forallz € X,y € Aandt € [0, 1]. In this case, the inclusion induces an isomorphism
between H*(A) and H*(X) whose inverse is 7, where r(-) = F(-,1) : X — A.

Let X be a topological space and let A C B C X. Suppose that A is a
deformation retract of B (or more generally that the inclusion i : A — B is a
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homotopy equivalence). Then i, : Hp(X,A) = Hy(X, B) is an isomorphism for
every k. This is easily seen by applying the Five Lemma to the long exact sequences
(A.7) of the pairs (X, A) and (X, B), noting that H.(A) = H.(B). In a similar
way, one also has i* : H*(X, B) & H*(X, A) for every k.

A.5 Excision and the Mayer-Vietoris sequence

We present two useful tools for computing (co)homology groups: excision and the
Mayer-Vietoris sequence. Let X be a topological space.

A.5.1 Excision for relative (co)homology

Intuitively, excision means that cutting away a part that lies entirely inside the
subspace A of X does not affect the relative (co)homology of the pair (X, A).

Theorem A.1 (Excision). Let Z C A C X. Suppose that Z C A (the interior of
A). Then the inclusion of pairs

(X\Z,A\Z) — (X, A)
induces an tsomorphism on relative homology:
Hy(X\Z, A\Z;\) = H,(X, A; A)
as well as an isomorphism on relative cohomology:
H*(X, A;A) = H¥(X\Z,A\Z; \)

for every k € N.

A.5.2 The Mayer-Vietoris sequence

A standard methodology in algebraic topology is “divide and conquer”. To sum-
marise this philosophy, one divides a complicated space into simple pieces whose
topological invariants are known or easy to compute. Then one reconstructs in-
variants of the original space from the pieces and their overlaps. An important
technique to implement this philosophy is the so-called Mayer-Vietoris sequence.

We first discuss the result for absolute (co)homology. Let X = U UV where
U,V are open subsets of X. Let Cy(U + V) denote the free submodule of Cj(X)
generated by those singular k-simplices that lie entirely in U or in V. There is a
short exact sequence

0= C(UNV) 5 C.(U) @ Cu(V) 25 CL U+ V) = 0 (A.14)
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of chain complexes, where
Z*(O') =S (_070)7 j*(UaT) ég—'—T’

By the Snake Lemma, there is an induced long exact sequence

oo 5 Hyy (CLU+ V) » H(UNV) = Hy(U) & Hy(V) = Hy(C (U +V))

~

on homology. On the other hand, a key fact is that the inclusion

N

Cp(U+V) = Cr(X)

induces an isomorphism

~

Hy(C.(U+V)) = Hy(X)

on homology for every k. By using this isomorphism, one thus obtains the following
long exact sequence

— H, ,(UNV)—=---—= Hy(U)® Ho(V) - Ho(X) - 0. (A.15)
This is known as the Mayer-Vietoris sequence for homology. The cohomology se-
quence is obtain in a similar way through duality. The resulting long exact sequence
is

0— H(X) = HU)@ H' (V)= - = HH(UNV)
= BHYX) 5 HYU) @ HE (V) -5 BYUNV) = HFY(X) = -
where
7*(a) £ (alv,aly), *(a,b) & blyav — aluav.

This is known as the Mayer-Vietoris sequence for cohomology.
Next, we state a version for the relative (co)homology that was used in the main
text. Let U,V be given open subsets of X. Define the quotient module

Cr(X)

Ch(X; U V)& 52
Cp(U+V)

where Cy(U + V) is the free submodule defined previously. The following short
exact sequence

back—front A

0— CUX,UNV) " 0 (X, U) & Cu(X, V) PEDB XU, V) =0
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induces a long exact sequence on relative homology. Through the isomorphism

~

Hy(Cu(X;U, V) =2 H (X, UUYV),
this long exact sequence reads

o He (X, UUV) = Hy (X, UNV) = Hy(X,U) & Hy(X,V)
— H (X, UUV) = -+ = Ho(X,U) @ Ho(X,V) = Hy(X,UUV) — 0.
(A.16)

The relative cohomology sequence is obtained in a similar way, which reads

0— H(X,UUV)— HYX,U)® HY(X,V) = --- = HYX,UUV)
— HY X, U)e H*(X,V) = H* X, UNV) - H" (X, UUV) = --- . (A.17)

Example A.1. Let D" (n > 2) be the closed unit ball in R™ with boundary
S™=1 = dD™ (the unit sphere). Then

A, ifk=n;

) (A.18)
0, otherwise.

H (R B"\{0}) = H,(D", ") = {

Indeed, one has
H,(R",R"\{0}) = H.(D", D"\{0}) = H.(D",S"™),

where the first isomorphism follows from excision and the second one comes from
the fact that S"~! is a deformation retract of D"\{0} (along radii). The second
isomorphism of (A.18) can be easily obtained by using the long exact sequence
(A.7), noting the standard facts that

A, if k=0;

0, otherwise,

A, ifk=0orn—1;

0, otherwise.

Hi(D") = { Hy(S") = { (A.19)

The first part of (A.19) is trivial because D™ deformation retracts to a single point.
The second part follows from applying the Mayer-Vietoris sequence to an open cover
{U,V} of S"! by two spherical caps whose intersection is a tubular neighbourhood
of the equator. The cohomology version of (A.18) holds for the same reason.

A.6 The Kiinneth theorem

Let (X, A) and (Y, B) be pairs of topological spaces where A is an open subset of
X and B is an open subset of Y.
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Definition A.13. The cohomology cross product is the bilinear map
x : H"(X,A) x H(Y,B) - H*"'(X xY,Ax Y UX x B)
defined by
axb2 (ria)U(myb), a€ H¥X,A),bec H(Y,B),

where

x: (X XY, AxYUX x B) = (X, A)

Ty (X XY, AxYUX x B)— (Y,B)
are the projections as pairs and U is the relative cup product defined in (A.13).

According to the definition and the relation (A.5), one has
(ax b)U (¢ x d) = (—=1)deb>deec(q ) x (bU d) (A.20)
for any homogeneous classes a,c € H*(X, A) and b,d € H*(Y, B).

Theorem A.2 (The Kiinneth Theorem). Let A be a field. Then the cross product
defines an isomorphism

k
x P H(X, AN @ H (Y, B;A) » H*(X xY,Ax Y UX x B;A)
=0

for every k € N.

Remark A.6. If B = (), there is no need to assume that A is open (and vice versa).

A.7 Equivalence between simplicial and singular homologies

Let K be a simplicial complex whose topological point set is denoted as |K|. The
aim of this subsection is to prove that the simplicial homology of |K|, which is
defined in Section 4.7.1 and denoted as HS™(K), is isomorphic to the singular
homology H,(|K|). The argument is a nice application of the topological tools we
reviewed so far. Although the de Rham theorem in Section 4.7 was discussed over
R, the identification between simplicial and singular (co)homologies holds over any
coefficient PID A. We therefore work over A but will omit this symbol to ease
notation.

Let (C5™(K),9™) denote the simplicial chain complex of K. By definition,
Csm(K) is the free A-module generated by the k-simplices of K. There is a ho-
momorphism ¢, : C§™(K) — Cy(|K]) for every k which is obtained by linearly
extending the definition

k
wel[vo, -+ - o)) 2 [03 AR S (fo, b)Yty € |K|}
j=0
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on any k-simplex [vg,---,vg]. It is plain to check that ¢, commutes with the
boundary maps, i.e.

L © a;ilfl = O © Ut 1,
where 9*™ is the boundary map on simplicial chains (see Definition 4.9). As a
result, ¢4 descends to a homomorphism (t3), : Hi™(K) — Hi(]K|) on homology.

Theorem A.3. The map (i)« is an isomorphism for every k.

The proof of Theorem A.3 relies on the following lemma. A topological pair
(X,A) (X is a topological space and A C X) is said to be a good pair if A is a
deformation retract of an open neighbourhood V.

Lemma A.3. Let (X, A) be a good pair. Then the quotient map q : (X, A) —
(X/A, A/A) induces an isomorphism

¢. : Ho(X, A) — Hy(X/A, AJA) (A.21)

for every k € N. Here X/A is the quotient topological space (and thus AJA is a
point in X/A).

Proof. Let V be an open neighbourhood of A which deformation retracts to A.
Consider the following commutative diagram

Ho(X,A) —— Hy(X,V) < Hy(X\ A,V \ A)

J/Q* J/Q* J/(I*
Hy,(X/A, AJA) —— H(X/A,V/A) +—— Hi((X/A) \ (A/A), (V/A)\ (A/4)).
The left two horizontal maps are isomorphisms because A is a deformation retract
of V. The right two horizontal maps are isomorphisms due to excision. The right

vertical map is an isomorphism because the quotient map ¢ restricts to a homeomor-
phism on X'\ A. Therefore, the left vertical map (A.21) is also an isomorphism. [

Remark A.7. By using the long exact sequence for the pair (X/A, A/A) and noting
that A/A is just a single point, it is easily seen that

Hy(X/A) = Hy(X/A, AJA)
for all £ > 0 and Hy(X/A) = Ho(X/A, AJ/A) @ A.

Proof of Theorem A.3. We divide the argument into the following major steps.
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(i) Let K™ denote the n-skeleton of K and let |K™| be its topological point set. For
every k € N, we define Hi™ (K™, K" 1) to be the homology of the relative simplicial
chain complex '

Cim(K™)
Czim(anl) ’

Similar to the singular case, there is a long exact sequence

Ozim(Kn’Kn—l) é

oo HER(K" KN = HR™(K") = HY™(K™) — Hy™ (K" K"

(ii) The homomorphism (¢x). induces a homomorphism (still denoted as)
()e : HE (K™, K1) = Hy(|K"), [K"1) (A.23)
on relative homology. One has the following commutative diagram

Hle(Kn’Kn—l) Hzitl\(Kn—l) Hzlm(Kn) Hzim(K'n7K'n—1)

v He (|K7| K Y) —— Hy(|K™Y) —— Hk(IJK"I) — Hg(|K™|,[K"7H) ——
(A.24)
where the top row is the long exact sequence (A.22) and the bottom row is the long
exact sequence (A.7) for singular homology.

Note that the theorem is trivial for K°. If one can show that the map (A.23) is
an isomorphism for every k£ > 0, the theorem would follow immediately by applying
the Five Lemma to the diagram (A.24) and induction on n. In view of Lemma A.3
and Remark A.7, it therefore remains to prove that

(Tx)s : Hi™(K™, K™Y) — Hp(K"/K™)

is an isomorphism for every k > 0. Here (ix). is the composition of (i), and the
canonical isomorphisms in Lemma A.3 and Remark A.7.

(iii) It is easily seen from definition that H5™ (K™ K" !) is the free A-module gen-
erated by the n-simplices of K and

Hliim<Kn7 anl) =0
for k # n. On the other hand, K"/K™ ! is homeomorphic to the topological wedge

Vo Isl/0ls).

s:m-simplex
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It follows from (A.18) that

Hi™(K" K= @ Hi([s]/0ls])

s:n-simplex

@ Hy([s],0[s]) = {®S:n-simp1ex A, it k=mn;

0, otherwise.

12

s:m-simplex

Therefore,

H (K, K1) 2 Hy (K" /K7 = 0
if k£ # n. Under the aforementioned isomorphisms, the map (z,). sends a generator
of HS™(K™ K" 1) (an n-simplex [s]) to a generator of H,(K" /K" ') (represented
by the same n-simplex as the generator of H,([s],d[s])). This proves that (z,). is
an isomorphism.

]

Remark A.8. The isomorphism between the two cohomologies are obtained in a
similar way. This follows immediately from duality in the case when A is a field.
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Appendix B Differential geometry

In this appendix, we review basic concepts and tools from differential geometry that
are used in the present notes. The main references for this part are [CCL00, KN63,
War83|. We always assume that M is an n-dimensional differentiable manifold.

B.1 The Lie bracket and Lie derivative

The tangent (respectively, cotangent) bundle over M is denoted as T'M (respec-
tively, 7*M). Smooth sections of T'M are called (smooth vector fields) on M and
the space of vector fields is denoted as I'(T'M). A vector field X induces a first
order differential operator (directional derivative along X) X : C*°(M) — C*>(M)
in the following way. Let f € C*°(M). Given x € M, let v : (—e,e) — M be a
smooth curve such that vy = x and 49 = X,. Then one defines

(XP) & 2] ).

This above expression does not depend on the choice of the curve ~; representing
the vector X,. The operator X satisfies

X(fg)=fXg+gXf (B.1)

for all f,g € C*°(M). It can be shown that every linear operator on C*°(M)
satisfying (B.1) arises from a vector field.

Definition B.1. The Lie bracket between two vector fields X, Y is the vector field
[X, Y] corresponding to the first order differential operator XY — Y X.

The Lie bracket is consistent with smooth maps between manifolds. More pre-
cisely, let F': M — N be a smooth map between manifolds M and N. Let X,V
(respectively, X,Y") be vector fields on M (respectively, on N). Suppose that

for all x € M. Then one has
(X, Y@ = (dF).[X,Y]. (B.2)
for all z € M.

There is a notion of differentiation for tensor fields which relies only on the
differential structure: the Lie derivative. Recall that an (r,s)-tensor field ¢ is a
(smooth) section of the tensor bundle

TTMETM® - QTMQT*M@---@T*M. (B.3)

~\~ N~
T S
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In other words, &, is an element of (T, M)®" & (T M)®* for each x € M and x — &,
is smooth.
Let X be a vector field on M. The ODE

dpy()
dt

= X(#u(2)), polx) = (B4)
induces a flow of (local) diffeomorphisms
U x (_675) > (y7t) = Sot(y) eM

where U is a neighbourhood of any z € M and ¢ is small. If M a closed manifold,
the ODE (B.4) admits a unique solution for all time. In this case, {¢; : t € R} is a
flow of (global) diffeomorphisms.

Now let & be an (7, s)-tensor field and let X be a vector field on M. Givenz € M,
we define (®;¢), to be the pullback of ¢ along the flow of X. More precisely, for
monomials

E=X10---0X,00'® --®a (B.5)

with X; € T(TU),a? € T(T*U) on some neighbourhood U of x, we define

((I):f)x :(dSO—t)w(m) ((Xl)sot(x)) Q- (dSD—t)wt(z) ((XT)SOt(CU)) (B-G)
D@7 (@) @ ® 9] (O 0))
where {¢; : t € (—¢,¢)} is the flow of (local) diffeomorphisms induced by X near z.

The definition (B.6) extends linearly to a general £ which can always be expressed
as a linear combination of monomials (B.5).

Definition B.2. The Lie derivative of £ with respect to X is the (r, s)-tensor field
defined by

For f € C*>(M), one has Lxf = X f. For a vector field Y, one has LxY =
[X,Y]. In general, the Lie derivative is characterised by the Leibniz rules

, x &€ M.

(Lxa)(Y) = X(aY)) — a(LxY),

Lx(E®n) = (Lxf) @n+E@ (Lxn)

fora e T(T*M), X, Y € T'(TM) and tensor fields &, 7. In contrast to the covariant
derivative which will be introduced later on, the Lie derivative is not tensorial in
X; the tensor (L£x€), depends on the values of X near z.
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B.2 Exterior algebra

Let V be a finite dimensional vector space over F = R or C. The k-th exterior
power of V is the vector subspace of the tensor product space V®* defined by
APV & AL (VEF). Here Ay, : VEF — V®F is the antisymmetrisation induced by

1
A1 ® -+ Q@) = Il Z SgN(0) V(1) @+ @ Vo (k),
’ €Sk

where S, denotes the permutation group of order k. By identifying V®* with the
space LF(V*) of k-linear functionals on V* (V* is the dual of V), elements of A¥V
are precisely the alternating ones, i.e. those & € £L¥(V*) satisfying

f(U*l,"' ,U*k):O’ U*l,"' ,v*kGV*
whenever v* = v* for some i # j. As a convention, we set A°V £ F.
Definition B.3. Let £ € AV and n € A'V. Their exterior product is defined by

a (K41)!

f/\ n= WAkJrl(ﬁ &® 7]) S Ak+l‘/.

The exterior product is associative and satisfies the following relation:

Enn= (=1 n¢ (B.7)
for ¢ € A*V and n € A'V. The exterior algebra over V is the F-algebra defined by
AV & AV

k=0

where the product structure is the exterior product extended bilinearly to AV
Suppose that dimV = n and let {1, -+ ,&,} be a basis of V. Then A*V = {0}
for all £ > n. For 1 < k < n, the family

{eg NoooNeg 1 1<y <--- <ip<n}

provides a basis of A¥V. In particular, AV is a 2"-dimensional F-vector space.

Now let F': V — W be an F-linear map. By identifying A*V* with the space
of alternating k-linear functionals on V', the map F' induces a linear map F™ :
AFW* — AFV* which is defined by

(F*nglv"' 7vk> ég(F(Ul)v"' 7F(v/€)) (BS)

for ¢ € A*W* and vy,--- , v, € V.
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B.3 Exterior derivative and differential forms

From now on, we take = R. The exterior algebra bundle over M is defined by

AT*M & | AT;M = {(x,€) : 2 € M,§ € AT; M},

xeM

The space AT*M admits a canonical differential structure which makes it into a
(2" + n)-dimensional manifold. It is also a vector bundle over M with rank 2" (see
Definition B.14 for the concept of a vector bundle). Similarly, one can also define
the k-th exterior bundle A*T*M which is the subbundle of AT*M consisting of
exterior covectors of order k.

Definition B.4. A (differential) k-form on M is a smooth section of A*T*M. In
other words, it is an assignment

a: Mz a, € AMT'M

which depends on z smoothly. The space of k-forms is denoted as QF(M). As a
convention, a 0-form is a smooth function on M. A differential form on M is a
smooth section of AT*M. The space of differential forms is denoted as Q(M).

Through the duality perspective, a k-form is an alternating k-linear map

o : D(TM) x -+ x D(T'M) — C(M)

k

which is C*°(M)-linear on each component. For a general differential form «, by
definition one can write

a:a0+a1+---+an

where «y, is a k-form. One can define the exterior product between two differential
forms a, B by taking exterior product fiberwise, i.e. (a A B)z £ o A B, for € M.
It is clear that A : Q¥(M) x QY(M) — QFY(M). In addition, it is associative and
satisfies the relation (B.7) on forms.

Theorem B.1. There exists a unique linear operator d : Q(M) — Q(M) which
satisfies the following properties.

(i) d(QF(M)) C QFFH(M).
(ii) For f € C>(M), df is the differential of f.
(iii) For any o € Q¥(M) and B € Q(M), one has

d(aAB) =dan B+ (—1)ands.
(iv) d*f =0 for all f € C(M).
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Definition B.5. The operator d given by Theorem B.1 is called the exterior deriva-
tive operator on M.

The exterior derivative operator satisfies d* = 0. From the duality perspective,
it is characterised by the relation that

k

(da)(Xo,--- Xp) = Y (~1)'Xi(al( X, -+, Koo+, X))

i=0
+ Z (_1)2+J05([XZ7X]]7X0 7‘3(\7;7'” 727”' 7Xk)
0<i<j<k
for any a € QF(M) and Xy, -+, Xy € [(TM). In particular,
(da)(X,Y) = X(a(Y)) = YV(a(X)) = a([X, Y]) (B.9)

for any 1-form « and smooth vector fields X, Y.

Suppose that F': M — N is a smooth map between two manifolds. For each
k € N, it induces a map (pullback of differential forms) F* : QF(N) — QF(M)
which is defined through (B.8) in a fiberwise manner, namely,

(F*a)p(vy, - ,v) 2 ap)(dF)zv1, -+, (dF)v), € M,v; e T,M. (B.10)
The map F™ is consistent with the exterior product and the exterior derivative:
Franp) = (Fa) A (F ), F*(da) = d(Fa)

for all o, 8 € Q(N).

B.4 Interior product and Cartan’s formula

The Lie derivative Ly restricts to a differential operator Lx : QF(M) — Q¥(M) on
forms, which can be computed explicitly through Cartan’s magic formula. To state
this formula, we first recall the definition of the interior product.

Definition B.6. Let X € I'(T'M). The interior product by X is the unique linear
operator +(X) : Q*(M) — Q*~}(M) which satisfies the following properties.

(i) «(X)a = a(X) for a € Q' (M).
(i) For any o € Q¥(M) and 3 € Q(M), one has

(X) (@A B) = (U(X)a) A B+ (~D)ra A (1(X)B).

As a convention, we set «(X)f =0 for f € C>®(M).
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From a duality perspective, the interior product is given by
(L(X)O{)(Yi, 7Yk—1) :O{(X7}/17"’ ’Y;C—l) (Bl]-)

for € QF(M) and Yy, -+, Y,y € T(T'M). Tt is easily seen from (B.11) that ¢(X)
acts fiberwise. Cartan’s formula for the Lie derivative is stated as follows.

Proposition B.1. Ly =do «(X) + «(X)od for all X € T(TM).

B.5 Partition of unity and good cover

A basic tool in differential geometry is partition of unity. It often allows one to
patch local constructions to the global.

Definition B.7. A partition of unity on M is a family {y; : ¢ € Z} of smooth
functions which satisfy the following properties.

)0<¢; <1lforallieZ.

(ii) The family {suppy; : i € Z} is locally finite in the sense that for any x € M,
there exists some neighborhood U of = which intersects at most finitely many

Suppe;’s.
(iii) > c; wi(z) =1 for all z € M.

The following theorem contains two versions of the existence of a partition of
unity. Both versions are useful depending on the context.

Theorem B.2. Let {U, : a € A} be an open cover of M.

(i) There exists a countable partition of unity {y; : i € N} such that each suppp; is
compact and contained in Uy for some a(i) € A. We say that {p;} is subordinated
to the cover {U,}.

(ii) There exists a partition of unity {ps : @ € A} such that suppp, C U, for every
a and there are at most countably many nonzero p,’s among them. We say that
{@a} is subordinated to the cover {U,} with the same index.

Another useful fact for localisation is the existence of a good (open) cover for
any smooth manifold M. Recall that a good cover of M is a (countable) family
{U, : @ € A} of open sets such that M = U,c4U, and any nonempty finite
intersection U,, N --- N U,, among them is diffeomorphic to R". The following
result can be found in [BT82].

Theorem B.3. Any smooth manifold M admits a good cover. If M is compact,
one can choose a good cover consisting of finitely many open sets.
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B.6 Integration and Stokes’ theorem

Top forms can be integrated on an oriented manifold. We first recall the definition
of orientability.

Definition B.8. An n-manifold is said to be orientable if there exists an everywhere
nonvanishing n-form w € Q" (M). Once such an w is given, we say that M is oriented
by w (or w defines an orientation on M).

An orientation w induces an orientation on each tangent space T,M; indeed,
a basis {e1,---,e,} of T, M is claimed to be positive if w(ey, -+ ,e,)s > 0. An
equivalent definition of orientability is the existence of an atlas (i.e. an open cover
consisting of local charts) on M such that the Jacobian of coordinate transformation
between different charts always has positive determinant. Such an atlas is called
an oriented atlas and charts in it are called oriented charts.

Remark B.1. The notion of orientability extends naturally to the case with bound-
ary. In this case, an oriented atlas is defined in the same way but with charts now
being homeomorphic to open subsets of the upper half space

RY 2 {(z', - ,2") : 2" > 0}.
Next, we also need to recall the definition of a regular domain.

Definition B.9. An open subset D C M is called a regular domain if for any
x € D = D\D, there exists a local chart (U, ) around x such that ¢(x) = 0 and

(U N D) = p(U) NRL.

Let M be an oriented n-manifold and let D be a regular domain. The definition
of the integral |’ p « for any compactly supported n-form a is summarised as follows.

(i) Suppose for now suppa is contained in some oriented chart (U, ¢;x?). One

defines
/aé/ adz!' - dz",
D ©(UND)

where a = adz! A -+ A dz™ with some a € C°(U).

(i) In general, let U = {U; : i € Z} be an oriented atlas of M and let {p; : i € T}
be a partition of unity subordinated to /. One then defines

/DaéieZI/D%a, (B.12)

where f p i is defined by (i) since y;a is now compactly supported in the oriented
chart U;.
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Definition B.10. The real number defined by (B.12) is called the integral of «
over D.

An basic result about the integration of forms is Stokes’ theorem. Before stating
this theorem, we first need to recall the notion of induced boundary orientation.
Let D be a regular domain. By Definition B.9, a local chart of M around each
x € 0D restricts to a chart of 9D around z by setting ™ = 0. By varying € 9D,
this gives rise to an atlas (hence a differential structure) on 0D which makes it
into an (n — 1)-dimensional manifold. In addition, the inclusion ¢ : 9D — M
is an embedded submanifold. Now suppose that M is oriented. By requiring the
aforementioned charts around each x € 0D to be consistent with the M-orientation,
one obtains an oriented atlas (hence an orientation) on dD. This is known as the
induced orientation on 0D from D.

Stokes’ theorem is stated as follows. Note that if w is a compactly supported
(n — 1)-form on M, the pullback i*w by the inclusion is a compactly supported
(n — 1)-form on 0D.

Theorem B.4 (Stokes’ theorem). Let a be a compactly supported (n — 1)-form on
M. Then one has
oL
oD

A typical situation is when M is a compact manifold without boundary. In this
case, by taking D = M (so 9D = ()) one concludes that

/ doo =0
M
for any a € Q" 1(M).

Remark B.2. If the regular domain D is compact, there is no need to assume that

« is compactly supported for the definition of [ pa as well as Stokes’ theorem to
be valid.

for any reqular domain D.

B.7 The de Rham cohomology
A k-form o € QF(M) is said to be

(i) closed if daw = 0;

(ii) ezact if a = dp for some B € Q*~1(M).

Let Z%(M) (respectively, B¥(M)) denote the space of closed (respectively, exact)
k-forms. As a convention, we set B(M) £ {0}. Since d*> = 0, it is obvious that
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exact forms are closed (i.e. B¥(M) C Z¥(M)). However, the converse needs not
be true in general; in fact, the discrepancy between closed and exact forms encode
topological information about the manifold M which motivates the definition of
the de Rham cohomology.

Definition B.11. For each k € N, the k-th de Rham cohomology group with real
coefficients is the real vector space Hiy (M) defined by

A ZMM)  ker[d: QF(M) — QFF (M)

- BMM)  Im[d: Q1 — QF(M)]

Hy (M)

Elements of H¥; (M) are called de Rham cohomology classes of degree k.

Remark B.3. One can define the de Rham cohomology group Hf (M; C) with com-
plex coefficients in the same way by replacing the real-valued forms with complex-
valued ones. It is apparent that Hi, (M;C) = H¥ (M) @g C.

The following result has been used implicitly for several times in the main text.

Proposition B.2. Suppose that M is a compact manifold without boundary. Then
dim HE, (M) s finite dimensional for every k.

One often considers the de Rham cohomology ring

Hip(M) £ @5 Hin(M),
k=0
where the sum indeed truncates at dim M since Hiz (M) = {0} for all & > dim M.
As suggested by its name, Hjy admits a ring structure induced by the exterior
product on forms:
a-b=lanp]

for a = [a] and b = [f] in Hjz(M). According to (B.7), one has
a-b=(-1b-a

for a € HY (M) and b € H\z(M).

A smooth map F : M — N induces a degree-preserving ring homomorphism
F* . Hiz(N) = Hiz(M) by setting F*[a] = [F*a], where F*a is the pullback of
forms defined by (B.10).

A basic property of the de Rham cohomology is that it is a (smooth) homotopy
invariant. We first recall the following definition.

Definition B.12. Two smooth maps f,g : M — N between manifolds M, N are
smoothly homotopic, which is denoted as f =~ ¢, if there exists a smooth map
F: M x(—e,14¢) - N with some ¢ > 0 such that F(-,0) = f and F(-,1) = g.
Two manifolds M, N are smoothly homotopic if there exist smooth maps f : M — N
and g : N — M such that go f ~idy; and fog ~idy.
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Theorem B.5. Let f,g : M — N be two smooth maps between manifolds M, N.
Suppose that f,g are smoothly homotopic (i.e. there exists a smooth map F :
M x (—=e,1+¢€) — N such that F(-,0) = f and F(-,1) = g). Then f* = g* :
HY (N) — HX. (M) for all k > 0. As a consequence, the de Rham cohomology
rings of two manifolds that are smoothly homotopic are isomorphic.

Most of the results for the singular cohomology have their counterparts for the
de Rham cohomology. This is not surprising from the perspective of the de Rham
theorem (see Theorem 4.5). One has seen a few such examples in the main text
(e.g. Poincaré duality, Thom isomorphism etc.). We conclude this section with a
useful tool for computing the de Rham cohomology: the Mayer-Vietoris sequence.
This is the differential counterpart for the same result in singular cohomology.

Let U,V be open subsets of M such that U UV = M. There is a short exact
sequence of cochain complexes (of differential forms):

0= (M) -5 U) e (V) L QUnV) = 0. (B.13)
Here the maps i*, j* are defined by
(W) £ (Wlo,wlv), 75w 7) & (Tloay — wloav).

According to the Snake Lemma (Lemma A.1), the sequence (B.13) induces a long
exact sequence

0— HJR(M) — Hyg(U) ® HR(V) = -+ = HiZH(UNV)

— Hip (M) = Hin(U) & i (V) > Hl(U 0 V) 5 HE (M) = -
(B.14)
on cohomology. The connecting homomorphism §* can be constructed in the fol-

lowing explicit way. Let {¢p, ¢y} be a partition of unity subordinated to the cover
{U,V} (Theorem B.2 (ii)). Let [w] € HY%; (U NV). The pair of forms

(—d(pvw), d(ppw)) € QHU) & QH(V)

agree on U NV and hence they patch to a global form 7 € Q*¥(U U V). Then
§k[w] = []. Note that 7 is supported in U N'V.

B.8 Sard’s theorem

We recall a classical result in differential topology which is used in the proof of
Lemma 2.4. Recall that a subset A of a manifold N is a null set if o(ANU) has
zero Lebesgue measure in ¢(U) for any coordinate chart (U, ¢).

302



Definition B.13. Let F' : M — N be a smooth map between two manifolds M, N.
A point z € M is a critical point of F if rank((dF'),) < dim N. A point y € N is a
critical value of F if y = F(x) for some critical point x € M. A point y € N is a
reqular value of F'if it is not a critical value.

Theorem B.6 (Sard’s Theorem). Let F' : M — N be a smooth map between two
manifolds M, N. Then the set of critical values of F is a null set in N.

B.9 Connections on vector bundles

We begin with the definition of a vector bundle. Let V' be a finite dimensional
vector space over K =R or C.

Definition B.14. A K-vector bundle with fiber V consists of a triple (E, M, m; V)
which satisfies the following properties.

(i) E, M are both manifolds and 7 : F — M is a smooth surjective submersion.
(ii) The fiber E, £ 7~!(x) is a K-vector space for every x € M.

(iii) There exists an open cover U = {U, : a € A} of M (a local trivialisation) such
that the following properties hold true.

(a) On each U,, there is a diffeomorphism

(UM 7 Uy — Uy x V, ta(u) = (m(u), palu))

such that the map ¢, |g, : £, — V is a K-linear isomorphism for every z € U,,.

(b) On each overlap U,s = U, N Ug (provided this is nonempty), the map
Ygotht i Usg XV — Upp x V

is of the form
wﬁ © w;l(% U) = ((L’,pga(l’)U),
where pgo 1 Usp — GL(V;K) is a smooth map.

The bundle F is called the total space, the manifold M is called the base manifold
and the map 7 is called the bundle projection. The dimension of V is called the
rank of E. The family of maps {pg, } in Definition B.14 (iii) are called the transition
functions with respect to the local trivialisation /. They satisfy the following
consistency conditions:

pral) = prs(@)psa(®), @€ UanUsNU, (B.15)

provided that the above intersection is nonempty.
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Given an open cover U = {U,} of M and a family of transition functions
psa - Usp = GL(V;K) satisfying (B.15), one can construct a vector bundle in the
following way. Define the total space

E2 <|_|({a} x Uy % V))N

«

where LI means disjoint union and the equivalence relation ~ is defined by
(a,z,0) ~ (B,y,w) <= y=2x,w = pga(T)v.

The space F admits a natural differential structure. In addition, with the projection
7 defined in the obvious way, (F, M, 7; V') is a vector bundle over M with fiber V.
The family {Us, Ya, ppa} With ¥a([(a, z,v)]) £ (z,v) is a local trivialisation of this
bundle.

Definition B.15. A (smooth) section of a vector bundle F is a smooth map s :
M — FE such that s(x) € E, for every « € M. The space of sections of F is denoted
as ['(E).

Example B.1. Both the tangent bundle T'"M and the exterior algebra bundle
AT*M are vector bundles over M with rank n and 2™ respectively (n = dim M).
Sections of T'M are vector fields and sections of AT*M are differential forms.

Definition B.16. A Fuclidean (respectively, Hermitian) metric on a real (respec-
tively, complex) vector bundle E is a fiberwise Euclidean (respectively, Hermitian)
inner product (-,-), on each fiber E, that varies smoothly in z. A real vector bun-
dle E is orientable if there exists a local trivialisation whose transition functions
all have positive determinants. An orientation on E is a choice of such a local
trivialisation. This also gives rise to a consistent way of assigning to each vector
space E, (x € M) an orientation in the vector space sense.

Suppose V, W are both finite dimensional K-vector spaces. One can define the
spaces

V* . dual space, End(V') : endomorphisms over V, V & W : direct sum,

V ® W : tensor product, End(V, W) : endomorphisms from V' to W.

Carrying these fiberwise to a vector bundle, one can construct the following new
bundles from the old:

E*2 | | B, End(E) 2 | | End(E,),E0F2 | | B, 0 F, (B.16)
zeM xeEM xeM
EoF2 || E ®F, EndE,F) 2 | | End(E,, F,). (B.17)
zeM zeM
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It is routine to justify that they are vector bundles and to write down the corre-
sponding transition functions from the ones on E, F. An example we saw before is
the (r, s)-tensor bundle 77 M (see (B.3)).

Another useful construction is the pullback of a vector bundle. Let (E, M, m; V)
be a vector bundle and let f : N — M be a smooth map. One can define a new
vector bundle by

f*E2{(nu) € NxE: f(n)=m(u)}. (B.18)

This is a vector bundle with base manifold N whose fiber at each n € N is Ey,).
The bundle f*E is called the pullback of E by f.

Let (E, M,m;V) be a vector bundle. An FE-valued k-form on M is a smooth
assignment M > x — «, where a, is an E,-valued alternating k-linear map on
T,M. The space of E-valued k-forms on M is denoted as QF(M, E). The space of
E-valued forms (with mixed degrees) is denoted as Q(M, F).

Next, we give the definition of a connection on a vector bundle from the covariant
derivative viewpoint (an intrinsic way of differentiating sections). A deeper and
more fundamental approach to connection theory is through the perspective of
principal bundles, which is developed in Section 6.5 in the main text.

Definition B.17. A connection (or a covariant derivative) on a vector bundle
(E, M,m;V) is a linear operator

V : D(TM) x T(E) — T(E), (X,s) > Vys

which satisfies the following three properties:

(1) Vigxirys = fVxs+ Vys;

(ii) Vx(s+t) = Vxs + Vxt;

(iii) Vx(fs) = (Xf)s+ fVxs

for any X,Y € I'(T'M), s,t € I'(E) and f € C*(M). One can equivalently view

V:[(E)=T(I"M ® E) = Q' (M, E) (B.19)
by setting (Vs, X) £ Vys.

The value of Vxs at © € M depends only on the value of X, and the values
of s near z (in fact, along the direction of X,). One can therefore define a notion
of covariant derivative along a smooth curve in M. More precisely, let v : I — M
be a smooth curve and let s be a smooth section on v (i.e. s; € E,, which varies
smoothly in t). The covariant derivative of s along ~ is defined by

Ds A
=22 (Vas)(0).
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A section s on 7 is said to be parallel if % = 0 for all £. This equation is essentially
a first order linear ODE. Fix t; € I and v € E},. As a result, there exists a unique
parallel section s on 7 such that s;, = v.

Definition B.18. The parallel section s defined as above is called the parallel
transport of v along ~.

Now we define the curvature of a connection.

Definition B.19. The curvature tensor of a connection V is the map
F:T(TM)xT(TM) xT'(E) — I'(E)

F(X,Y)s £ VxVys—VyVxs — Vixys (B.20)
for XY €e '(TM) and s € I'(E).

It can be shown that F' is tensorial in all components (i.e. F(fX,gY)(hs) =
fghF(X,Y)s for any smooth functions f, g, ). In addition, it is antisymmetric in
(X,Y). As a result, one can regard F € Q*(M, End(F)).

In practice, one often works with local representations of connection and curva-
ture. A local frame field of E is a family {e1,--- ,e,} of smooth sections on some
open subset U C M such that {e;(z),--- ,e.(z)} is a basis of E, for each z € U.
A local trivialisation ¢ : 771U — U x V gives rise to a local frame field on U by
setting e;(x) £ 1~ !(x, ;) where {e1,--- ,¢,} is a fixed basis of V.

Definition B.20. The local connection matriz of V with respect to {e1, - ,e.}
is the gl(r; K)-valued 1-form A = (AJ)1<; <, on U defined by the relation Ve; =
Al @e;. The local curvature matriz is the gl(r; K)-valued 2-form F = (F/),<; j<, on
U such that (F/(X,Y),) is the matrix of the linear transform F(X,Y), € End(E,)
with respect to {e1, - ,e.} at every x € U, namely,

F(X,Y)e; = F/(X,Y)e;
for all X, Y € I'(T'M).
The local curvature and connection matrices are related by
F) & dA] + AF N AL

or more concisely,

F=dA+ANA

under matrix notation.
Suppose that E is a real vector bundle which is equipped with a Euclidean
metric (-,-). A connection V is compatible with the metric (or simply metric) if

X<81,82> = <VX81,82> + <81,VX82> (BQI)
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for all X € I'(TM) and sy,s, € T'(E). Under a local ONF {ey,--- ,e.}, the
connection matrix A and curvature matrix F’ both take values in so(r). Similar
discussion applies to the Hermitian case, in which case A and F' take values in u(r).

Finally, let V and V¥ be given connections on the vector bundles E and F'

over M respectively. One can define the following induced connections on the new
vector bundles (B.16, B.17).

(i) On E*:
(VX 5%)(s) & X(s%(s)) — s*(V5s). (B.22)
(ii) On End(E):
(VRP8) (s) 2 VE(S(s)) — S(VEs).

(iii) On E @ F:
VEE(spt) 2 Vs @ Vit

(iv) On E® F:
Vi (s@t) 2 VEis®t+s® Vit (B.23)

(v) On End(E, F):
(V])E(nd(E,F)(I)) (8) A Vf{(q)(s)) - CI)(V?{(S))

In the above relations, X € I'(T'M), s* € T'(E*), S € I'(End(FE)), s € I'(E),
teI'(F) and ® € I'(End(E, F)).
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Appendix C Riemannian geometry

In this appendix, we review some basics of Riemannian geometry that are used in
the present notes. Standard references for this part are [DOCT79, Pet06]. In what
follows, M is an n-manifold.

C.1 Riemannian metric, the Levi-Civita connection and the
Riemann curvature tensor

We begin with the definition of a Riemannian structure.

Definition C.1. A Riemannian metric g on M is an assignment of a positive-
definite inner product g, on each tangent space such that x — ¢, (as a symmetric
(0,2)-tensor field) is smooth. A manifold equipped with a Riemannian metric is
called a Riemannian manifold.

A Riemannian metric induces a natural notion of distance which gives rise to a
metric structure on M. Let 7y : [a,b] — M be a piecewise C'-curve. The length of
v is defined by

b
L) 2 [ filar
Given x,y € M, their Riemannian distance is defined by
d(x,y) = inf{L(v) : v is a piecewise C'-curve joining z, y}.

Under the Riemannian distance d, the manifold M becomes a metric space.
To discuss various essential geometric concepts, we shall first recall the following
result.

Theorem C.1 (Fundamental Theorem of Riemannian Geometry). Let (M, g) be a
Riemannian manifold. There exists a unique connection ¥V on the tangent bundle
T M which satisfies the following two properties.

(i) (Metric-compatibility) V is compatible with the Riemannian metric g in the
sense of (B.21) with E = TM.

(ii) (Torsion-freeness) VxY — Vy X = [X,Y] for all X, Y € T'(T'M).

This connection is known as the Levi-Civita connection of (M, g).

By using the formulae (B.22) and (B.23), one can use the Levi-Civita connection
to induce a connection on T*M and T7 M respectively (still denoted as V). Using
the convention (B.19), there is a well-defined covariant derivative operator

VFLTIM — T M (C.1)
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for every k > 1.

Similarly, the Levi-Civita connection also induces a connection on AT*M (still
denoted as V). This connection is uniquely characterised by the following three
properties.

(i) Vxf=Xffor fe C®(M)and X € I'(TM)

(i) (Vxa)(Y) = X(a(Y)) — a(VxY) for a € Q' (M) and X,Y € T'(TM).

(iii) Vx(a A B) = (Vxa) AB+a A (Vxp) for a, € QM) and X € I'(T'M).
For a k-form «, one has

(Vxa)(Yi, -+, Yi) = X (a(Ye, -+ Y0) = Y a(Yi, -+, Vx¥,, - ;)

i=1
for all X,Y; € T(TM).

Definition C.2. The Riemann curvature tensor is the curvature tensor of the
Levi-Civita connection. In other words, it is the (1, 3)-tensor field defined by

R(X,Y)Z £ VxVyZ — VyVxZ - VixyZ (C.2)

for X,Y,Z € T'(TM), where V is the Levi-Civita connection. One often uses the
equivalent (0,4)-tensor version defined by

R(X,Y,Z,W) = (R(X,Y)Z,W)
for X,Y,Z, W € I'(T'M), where (-, -) denotes the Riemannian metric.

The Riemann curvature tensor satisfies the following basic symmetries:

R(X,Y,Z,W) = R(Z,W, X,Y), (C.4)
R(X,Y,Z,W) + R(Y, Z,X,W) + R(Z,X,Y,W) = 0. (C.5)

Definition C.3. (i) Fix z € M. Let ¢ be a two-dimensional subspace of T, M.
The sectional curvature of o is defined by
R(u,v,v,u)

Sl R S v

where {u,v} is any basis of o.

(ii) The Ricci tensor is the symmetric (0, 2)-tensor field defined by
Ric(X,Y) 2 t1[Z — R(Z, X)Y] (C.6)
for X,Y € T(TM).

(iii) The scalar curvature is the smooth function on M defined by Scal £ tr[Ric].
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Let {e1,--- ,e,} be alocal frame field of T M on some open subset U C M and
let {m,---,mn} be its dual. The metric tensor g admits a matrix representation
gi; = (e, ej). We use (g*) to denote its inverse. There are uniquely defined smooth
functions Ffj on U which satisfy V.,e; = Ffjek. These functions Ffj are called the
Christoffel symbols of the Levi-Civita connection V with respect to {eq, - ,e,}.
The local connection matrix is then given by Ag = sznk. The curvature coefficients
are the smooth functions Réjk and R on U determined by the following relations:

_ pl _ P
R(Gz‘, Bj)ek = Rz‘jkela Rijk:l = gipRjk['

Equivalently, one has

Rijm = (R(ex, e1)ej, €;). (C.7)
The symmetry relations (C.3, C.4, C.5) imply that
Rk = —Rijr = Rijik, Rijr = Riij, Rijr + Rjka + Riijp = 0. (C.8)

The Ricci tensor is given by
RiC(@i, Gj) = gkleilj.
If {e;} is an ONF, one has Ric(e;, e;) = Rgi; and Scal = R;ji;.
A particular situation is when U = (U;z") is a local coordinate chart. In this

case, one takes e; = 0; £ 0, and 1/ = da’. The Christoffel symbols and curvature
coefficients with respect to {0;} are explicitly given by

1
Ffj - §9kl (@gﬂ + 0jgu — algij) = P?i?

1
Riju = 5 (agjgil + 8l2i9jk - al%igjl - alzjgik) + 9pg (ngrgl - F?zrgk)
in terms of the metric tensor g and its derivatives.

We conclude this section with an important result concerning the consistency of
the Levi-Civita connection with respect to isometric embeddings. A smooth map
F:(M,g) — (N,h) between two Riemannian manifolds is an isometric embedding
if F'is an embedding in the manifold sense and F' preserves the metric structure,
namely F*h = g or equivalently,

<U7 w>$ = <(dF)JJUa (dF)Iw>F(x)
for all x € M and v,w € T, M.

Proposition C.1. Let F': (M,g) — (N, h) be an isometric embedding. We view
M as a submanifold of N by identifying M with its image F(M) in N. Let X,Y
be vector fields defined on a neighbourhood of x € M. Let X,Y be any of their
extensions to a neighbourhood of x in N. Then (VxY)(x) is the orthogonal pro-
jection of (VY )(z) onto T,M, where ¥ (respectively, V) denotes the Levi-Civita

connection on M (respectively, on N ).
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C.2 The Laplace-Beltrami operator, volume form and Green’s
formula

There is a geometric counterpart of the Euclidean Laplacian on a Riemannian
manifold M. We first recall that the divergence of a vector field X is defined by

divX £ tr[YV — VyX] (C.9)
where V is the Levi-Civita connection.
Definition C.4. The Laplace-Beltrami operator A : C*°(M) — C*(M) is defined
by
Af £ —div(Vf) = —tr[V*df], (C.10)
where V* is the induced connection on T*M so that V*df is viewed as a symmetric

(0, 2)-tensor field (the Hessian of f) .

Remark C.1. Some authors use a different sign convention in the definition of A.
Here we adopt the minus sign so that A becomes a nonnegative definite operator.
In fact, all notions of Laplacian appearing in the present notes are positive definite.

Under a local chart (U;z"), one has
——=0,(V/| det glg"0; f) = —g" (05, f — Ti;00f),
/| det g|
where Gij = (81,8]) and (g”) = (gij)_l.

Now assume that M is an oriented, n-dimensional Riemannian manifold. The
volume form on M is the n-form dz € Q2"(M) whose local expression is

dr = +/det gdz* A --- Adz™ on U,

where (U;xz") is any positively oriented chart. Using the volume form, one can
integrate a compactly supported function f € C°(M) on M which is defined as
[5 fdz. The divergence of a vector field X is the unique element divX € C*(M)
such that

Af = —

/Mfdidex:—/M(Vf,X>da: (C.11)

for all f € C°(M). The formula (C.11) is known as Green’s formula. By taking
X = Vg in (C.11), one obtains that

/Mngd:v:/MWf,vg)dx. (C.12)

This is also a useful form of Green’s formula. If M is closed, one also has
/ divXdr =0 (C.13)
M

for all vector fields X.
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C.3 Geodesics and normal coordinates

Let M be an n-dimensional Riemannian manifold with Levi-Civita connection V.

Definition C.5. A smooth curve v : I — M is a geodesic if V4, = 0 for all t € I.
Under a local chart (U;z"), the geodesic equation is expressed as

d*z!
dt?

+ T dlaf =0, i=1,---,n. (C.14)

This is a second order nonlinear ODE which is uniquely solvable for small time
but needs not admit global solution for all time. Given (z,v) € T'M, there exists
a unique geodesic 7y defined on some maximal interval I = (—a,b) (a,b > 0) such
that (79,%) = (x,v). The manifold M is said to be complete if the geodesic is
well-defined on (—oo,00) for every initial condition (z,v) € TM. Every closed
Riemannian manifold is complete.

We now introduce a particularly useful type of coordinate systems: normal
coordinate charts. To this end, we shall first recall the definition of the exponential
map. Fix z € M. For each v € T, M, let ~, : I, — M be the geodesic with initial
condition (x,v) which is defined on a maximal interval I,. We set

D, 2{veT,M:1€l}
There is a well-defined map
exp, : D, — M, exp,(v) £ 7,(1).

This is known as the exponential map at x. For each v € D,, the line segment
(tv)o<t<1 is mapped by exp, to a geodesic joining x to exp,(v). If |v| < inj(z) (see
(C.15) below), this is the unique minimising geodesic and one has d(z,exp,(v)) =
[v].

The injectivity radius at x is the strictly positive number defined by

inj(z) £ sup{r > 0 : exp, is a diffeomorphism from B(r) onto its image}. (C.15)

For each r € (0,inj(x)), exp, maps the Euclidean ball B(r) diffeomorphically onto
the geodesic ball B(z,7) = {y € M : d(z,y) < r}. The global injectivity radius of
M is

inj(M) = inf inj(z) € [0, co].

zeM

For a closed Riemannian manifold M, it is always true that inj(M) € (0, 00).
The normal chart around y € M is constructed as follows. Fix r < inj(y) so
that
exp, : VE{veT,M:|v|<r}—U=B(y,r)
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is a diffeomorphism. Let {g; : 1 < ¢ < n} be a given fixed ONB of T, M and we
identify V' with the e-ball in R™ through

x = (2!, 2") & 2l

The normal coordinates on U are then defined by

1

Vox= (" a") — exp,(a'e;) € U.

Note that x = 0 corresponds to the point y. On the normal chart U, one often
considers the following two local frame fields.

(i) The natural coordinate field {0y, - ,0,} with respect to the above normal
coordinates.

(ii) The parallel ONF {ej,--- ,e,} which is defined as follows. For each z € U,
we define e;(x) to be the parallel transport of ¢; with respect to the Levi-Civita
connection V along the geodesic ray from y to x.

An important property of normal coordinates is that the Christoffel symbols with
respect to {0;} all vanish at y. This is essentially due to the fact that geodesics
emitting from x correspond to straight lines emitting from 0 on V. This property
often simplifies local computation (e.g. the vanishing of first order terms in the
Taylor expansion of the metric tensor; see Proposition 9.2).

Example C.1. The unit sphere
StEL(, ") eRY (@) 4+ (2T =1

admits a canonical Riemannian metric by restricting the Euclidean metric on R™*!
to each tangent space of S™. Under this metric, S™ is a complete, Riemannian
manifold with constant sectional curvature K = 1. With the induced orientation
from R"™ (i.e. a basis {vy, -+ ,v,} of T, M is positive if and only if {v, -+, v,, w}
is positive in R"™! where w is the outer normal at z), the volume form on S™ is
given by

n+1
dr = Z(—l)iflazidxl Ao Ndzt A A da™ T
i=1

The total volume of S™ is 27" *1/2/I'((n + 1)/2). Geodesics are the great circles
and the global injectivity radius is 7.

C.4 Laplacian of a connection on a vector bundle

Let E be a real vector bundle over an n-dimensional Riemannian manifold M.
Let V¥ be a connection on E. Given s € T'(E), one can define the second order
covariant derivative

VITMEEGEs c T(T*M @ T*M @ E).
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Here VEs € T'(T*M ® E) is understood through (B.19) and VT M®F ig defined by
(B.23) where the differentiation on the 7% M-component is the connection on 7* M
induced by the Levi-Civita connection VM on M. The order convention for the
two T™M-components is chosen such that

(VITMEETES)(X,Y) = VEVYs — vgws
forall X, Y € I'(T'M). Note that the above bilinear form is in general not symmetric
in (X,Y); in fact, one has
(VITMEEGES) (X, Y) — (VIMOEVEs) (Y, X) = F(X,Y)s
where F(-,-)- is the curvature tensor of V¥ (see (B.20)).
Definition C.6. The connection Laplacian associated with V¥ is defined by
AL & —tr(VITMEEYE),

More explicitly, one has

Afs ==Y (VEVEs =V, s), sel(B), (C.16)

i=1
where {e1,--- ,e,} is any local ONF of T M.

Remark C.2. The connection Laplacian is just the Laplace-Beltrami operator if
E=M xR.

Now suppose that F is equipped with a Euclidean metric and M is oriented. One
can consider the space L*(E) of square integrable E-sections whose inner product
is defined by

(s,t>L2é/M(s(x),t(x))EId:p.

The space L*(T*M @ E) is defined similarly, where the fiberwise inner product is
the Hilbert-Schmidt inner product on 7 M ® E,, namely,

<O{ & 57 ﬁ X 7]>T;M®Eac - <Oé7 5>T;‘M<§; 77>ET

for a, B € TyM and &, € E, (the inner product (-, -}z« is the induced Riemannian
metric).

Definition C.7. The Bochner Laplacian of a connection VE on E is the operator
AE.T(E) > T(E), AL2(VE)yVE,

where one regards V¥ : L?(E) — L*(T*M ® E) and (V¥)* denotes its formal
L?-adjoint.
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By definition, given s € T'(E) the element ALs is the unique smooth section
such that

<A§S, t>L2 = / <VES, VEt)T;M@)EIdx
M
for all t € T'(F) with compact support.

Proposition C.2. Suppose that V¥ is compatible with the metric on E. Then
AE = AE.

Proof. To ease notation, we will omit the subscripts of the various inner products
(which one is used should be clear from the context). Our aim is to show that

/M<Ags,t>dx:/ (VFs, VEt)da (C.17)

M

for all compactly supported s,t € T'(E).
To this end, we first claim that

tr(VM(V¥s,t)) = —(Af&s, t) +tr(VPs, V) (C.18)

at every x € M. Let {e;} be a PONF of TM and let {s,} be a local ONF of E on
some open subset U C M. Locally, by writing s = \*s,, with A*> € C*°(U) one has

VPs = (dA* + N A3) ® s,

where AF is the local connection matrix of VE with respect to {s,}. Given vector
fields X, Y, one has

(VM(VEs, 1)) (X,Y) = (V(VZs,8))(Y).
By direct computation,

VI(VEs, 1) =X (50, )d\* + (54,1)V xd\*
+ X(N (50, 1)) AG + A (54, 1)V x AS.
It follows that

(VM(VZs,1))(X,Y) = (VX (VZs, 1)) (Y)
= X{(Sa, )Y X" + (50, 1) (XY A" — (VY Y)A"

+ X (V7 (50, 1)) AG(Y) + X (50, 1) (X (AF(Y)) — AF(VYY))
= X (S0, )Y A + (50, ) XY X" + X (N (s0,1))AF(Y)

+ M (50, ) X (AF(Y)) = (Vuys.t).
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On the other hand,
(VEVs, t) + (Vis, Vi)
= X(Vys,t) (by metric-compatibility)
= X ((YA" + N AG(Y)) (54, 1))
= (XYA" + XMNA(Y) + N X (A5(Y))) (Sas t)
+ (YA + N AG(Y)) X (5, t).

As a consequence,
(VM(VZs, ) (X,Y) = (VY Vs, ) + (VY s, VY1) = (VEyys,t).  (C.19)

The claim (C.18) follows by taking X =Y =¢; in (C.19) and summing over 7.
To prove the relation (C.17), we recall that

tr[Va] = divX (C.20)

for any o € Q'(M) where X is the vector field dual to o under the Riemannian
metric. Since (V¥s,t) is a 1-form on M, it follows from (C.19), (C.20) and (C.13)
that

O:/ tr[VM<VEs,t>}dx:—/ (Ags,t>dx+/ tr(V¥Fs, VFt)dx.
M M M

Therefore, one obtains the desired relation (C.17). [

C.5 Sobolev spaces on forms

We recall some basic notions about Sobolev spaces on forms that are used in the
proof of the Hodge theorems. There are various equivalent ways of defining Sobolev
spaces. We follow [CW93] to choose one which requires the least technical effort.
In what follows, let M be a closed and oriented Riemannian manifold.

Definition C.8. Let s € N. We define an inner product (-, -)s on Q(M) by setting

(o, B)s & S (VFa, VF3),d.
>/,

Here V* is the covariant derivative operator (C.1) induced from the Levi-Civita
connection (viewing «, 3 as tensor fields) and the fiberwise inner product (-,-), is
the Hilbert-Schmidt one on tensor products of 7} M (different degrees are claimed
to be orthogonal). We also set ||| = \/{a, a),. The Sobolev space of order s over
M is the Hilbert space Hy(AT*M) defined by the completion of (M) with respect
to the inner product (-, -)s.
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Remark C.3. One has Ho(AT*M) = L*(AT*M). The inner product (-, -)o differs
from Definition 8.2 by a multiplicative constant.

Remark C.4. By using a partition of unity, one can define Sobolev spaces (and
with any LP-integrability) on a general manifold M without using any Riemannian
structure. All definitions are equivalent (they induce equivalent Sobolev norms) if
M is compact. See [War83] for a general discussion.

We conclude this section with two basic theorems about Sobolev spaces. They
are natural extensions of the Euclidean results to the manifold setting.

Theorem C.2 (The Sobolev Embedding Theorem). For each s € N, one has
H, i s(AT*"M) — C*(AT*M).

Here C*(AT*M) denotes the space of sections of AT*M which are continuously
differentiable up to order s.

Remark C.5. Elements of H,s(AT*M) are equivalence classes (they are only de-
fined modulo dz-null sets). The precise interpretation of the above theorem is that
every equivalence class in H,,(AT*M) contains a C*-representative.

Theorem C.3 (Rellich’s Compactness Theorem). Every bounded sequence {a,} C
H{(AT*M) with respect to || - ||1 contains a convergent subsequence with respect to

- llo-
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