Classification of 2D Torus Flows
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Abstract

In these notes, we prove a classification theorem which asserts that
the 1D foliation induced by a smooth, nonvanishing vector field on the
2D torus is either conjugate to a suspension of an orientation-preserving
circle diffeomorphism or contains a Reeb component. We also describe
the dynamical picture of such flows. Our discussion follows the main
argument of Hector-Hirsch [5], which formulates and proves the theorem
in the continuous category.
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1 Nondegenerate torus flows

The aim of these notes is to prove a fundamental classification theorem for two-
dimensional nondegenerate torus flows. This classification theorem was used
in the recent paper [1] for proving that a two-dimensional periodic, uniformly
elliptic system driven by a fractional Brownian motion with Hurst parameter
H > 1/2 always possesses a Gaussian lower tail.



We will be working on the 2-torus T? := R?/Z2. A (two-dimensional) nonde-
generate torus flow is the collection of integral curves of a smooth, nonvanishing
vector field W on T2. The main classification theorem asserts that a nondegen-
erate torus flow either is conjugate to a suspension of a circle diffeomorphism
or contains a Reeb component. In addition, these two possibilities are mutually
exclusive. The definitions of a suspension, Reeb component and conjugation
will be made precise later on.

The origin of the above classification theorem went back to H. Kneser [6] in
the 1920s. It was explicitly stated and proved in the monograph [5, Proposition
4.3.2] under the C%-category. The more recent paper [2] stated a C"-version
which cited the same book without commenting on the transition from the
topological to differential setting. In these notes, we provide a relatively self-
contained proof of the above classification theorem under the smooth category,
following the main argument of [5, Proposition 4.3.2]. The proof here can be
easily adapted to the C"-setting without any difficulty.

1.1 Foliations

We begin with the general definition of a foliation (see [7]).

Definition 1.1. Let M be an n-dimensional differentiable manifold. Let F be
a collection of immersed k-dimensional submanifolds. A chart (U, ) is said to
be flat for F if the following two properties hold true:

(i) p(U) is a open cube in R™;

(ii) for each submanifold N € F with nonempty intersection with U, the set
»(N NU) is a countable union of k-dimensional slices of the form

in o(U).

A (smooth) k-dimensional foliation on M is a collection F of disjoint, connected,
immersed k-dimensional submanifolds such that the union of members of F is
M and for every x € M, there exists a chart around x which is flat for F.
Members of a foliation F are called leaves of F.

Definition 1.2. Let F,F’ be k-dimensional foliations on n-dimensional mani-
folds M, M’ respectively. We say that F and F’ are conjugate (or isomorphic)
if there exists a diffeomorphism ¥ : M — M’ such that U(F) = F'.

1.2 Nondegenerate torus flow as 1D foliation

From now on, we assume that M = T?. We always fix a smooth, nonvanishing
vector field W on T2. Given z € T2, define the flow t — ¢;(x) by

d
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Since T? is compact, the flow ¢;(z) is well-defined for all ¢ € R. Let Fy denote
the collection of integral curves (flow lines) of W, namely,

Fw = {{oe(z)}rer : w € T?}.
The starting point of the whole discussion is the following basic fact.
Proposition 1.3. The family Fy defines a 1D foliation on T2.

Proof. 1t is clear that Fyy is a family of immersed 1D manifolds whose union
is T2. To prove the local flatness property, let 2 € T2. Since W (z) # 0, one
can pick a nonzero vector v € T, T? that is linearly independent of W (x). Let
o :(—6,8) — T? be a smooth arc such that ¢(0) = z, 6(0) = v. Define

F:Rx (=6,0) = T2%, F(t,r):= ¢(o(r)).

It is clear that F'(0,0) = x and (dF)( ) is nonsingular. Therefore, I is a local
diffeomorphism from V := (—¢,¢) x (=¢',¢") onto F(V) with some small € and
8 < 8. The map F|y provides a flat chart of T? around z; each horizontal
arc s — (s,7) corresponds to a flow line by definition and every flow line inside
F (V) must come from a horizontal arc since W = 9, in F (V). O

Proposition 1.3 asserts that around every point x € T?, one can choose a
flow box (U;s,r) (s € (—61,01), r € (=02, d2)) such that x = (0,0) and W = 0
on U. In particular, flow lines of W inside U are precisely the horizontal slices
r =c (c € (—062,92)). This is a basic but important (technical) fact that will be
used for several times.

Remark 1.4. The actual flow {¢:(x)} carries more information than the foliation
Fw itself; the foliation is determined by the 1D distribution {SpanW (z) : = €
T?} while the flow also records the orientation and the strength of the field.

Definition 1.5. The leaf O, := {¢:(z) : t € R} is called the orbit of W passing
through z. An orbit O, is said to be periodic if it is a compact leaf.

It is a simple exercise that for a periodic orbit O,, there exist a smallest
T > 0 such that ¢ry7(y) = ¢:(y) for all y € O, and t € R. This number T
is called the period of O, (with respect to W). Note that the period is not a
foliation concept; it depends on the actual flow ¢;(z) or equivalently, on the
vector field W (cf. Remark 1.4). Another important feature here is that the
vector field W orients every orbit O, in a natural way.

1.3 Periodic orbits

In this subsection, we study basic topological and dynamical properties of pe-
riodic orbits. This provides some essential tools for the later proof of the main
classification theorem.



1.3.1 Transversal intersection and the intersection number
We first recall some notions from intersection theory (see [3, 4]).

Definition 1.6. Let P,@Q be two oriented, embedded 1D submanifolds of TZ2.
We say that P is transversal to Q if T, P and T,Q (as 1D subspaces of T, T?)
are linearly independent at every x € PN Q. In this case, the local intersection
number of P and @ at x € PN Q is defined by

1, if det(vy,w,) > 0;
—1, if det(vg, wy) <0,

i (P,Q) = {

where v,, (respectively, w,,) is any positively oriented vector in T,, P (respectively,
T.Q). The intersection number of P and @ is defined by

I(PaQ) = Z ZI(P7Q))

zePNQ
provided further that P N @ is a finite set.

For our purpose, P, @ are always assumed to be smooth, simple and closed
curves. Due to compactness, if they intersect transversally their intersection
must be a finite set and I(P, @) is thus well-defined. In particular, I(P,Q) =0
if they do not intersect. It is also known that the intersection number is a
topological quantity, i.e. it depends only on the homology classes of P, Q. Let
{01,032} be the canonical basis of H;(T?;Z) =2 Z2. In other words,

g1 = [(t, O)Othl}, g9 = [(0, t)ogtgl] . (1.1)
One has the following formula for the intersection number.

Lemma 1.7. Let P,Q be smooth, simple and closed curves which intersect
transversally and whose homology classes are given by

[P] = pio1 +p202,  [Q] = qio1 + q202, (1.2)

with p;,q; € Z. Then I(P,Q) = p1g2 — p2q1-

Proof. Let
_ (! _( @ .
P_(P; ),Q_<Q;).Sl—>ﬂl’2

be parametrised by S := R/Z. Consider the map D : S* x S* — T? defined by
D(s,t) := P(s) — Q(t) (mod Z).

At each intersection point (s,t) € D~1(0), by the transversal intersection as-
sumption one has

det ((dD)(s,4)) = —det (P(s),Q(t)) # 0.



Therefore, 0 is a regular value of D. It follows that D~1(0) is a zero-dimensional
submanifold of S* x S'. Hence, it is a finite set of points, say

D7H0) = {(s1,t1), -, (sp, tr)}.

There exists a neighbourhood Uy, of (s, t) for each k and a neighbourhood V
of 0, such that D|y, is a diffeomorphism from Uy, onto V. In addition, one has

sgn det ((dD)(smk)) = —sgndet (P(sk),Q(tk)) = —iz, (P, Q),

where zy := P(s) = Q(tx).
Let w be a smooth 2-form that is compactly supported inside V' and satisfies
Ji,w = 1. Since D|y, : Uy — V is a diffecomorphism, one has

D|’fjkw = sgn det ((dD)(sk,tk)) / w= —ig, (P, Q).
Us 1%

Therefore,
D*'w = Dl w=—-I(P,Q).
/sl xSt ; Uk o

Let v = dz A dy € Q*(T?). Since both w and v are closed and have the same
integral on T? (which is equal to one), they differ by an exact form. As a result,

/ D*'v = / D*w=-I(P,Q). (1.3)
S1xsSt S1x St

Now it remains to compute the integral of D*v.
By using the explicit expressions of D and v, it is plain to check that

D*v = (Py(s)Q(t) — P{(s)Q4(t))ds A dt.

Therefore,

LuyDWZXTA%%SWNﬂ_H@Wﬂmwﬁ

= ([ Bseows) ([ @tor) ([ pieonas) ([ @),

Let P,Q be some lifts of P,Q on the universal cover R2. According to the
assumption (1.2), one has

/ P'(s)ds = / P'(s)ds = P(1) — P(0) = (p1, p2),
0 0

1 1 B ~ _
| @wa= [ @wd=a0)- 00 = @.a).
0 0
As a consequence,

/sl . D*v = paq1 — p1g2. (1.4)
X

The conclusion of the lemma follows from the relations (1.3) and (1.4). O



Remark 1.8. Lemma 1.7 remains valid if P N Q = 0. In this case, I(P,Q) =
P1g2 — p2q1 = 0.

1.3.2 Topological properties of periodic orbits

Next, we study periodic orbits of a smooth, nonvanishing vector field W. We
first make the following definition.

Definition 1.9. A (continuous) closed curve 7 in T? is said to be essential if
its (singular) homology class [y] € H1(T?;Z) is nonzero. It is primitive if its
homology class cannot be expressed as [y] = mo for some o € H;(T?;Z) and
m > 2.

Let {01,032} be the canonical basis of H;(T?;Z) defined by (1.1). Write [y] =
po1 +qos for a closed curve v. Then + is primitive if and only if ged(|p|, |¢]) = 1.
This is also equivalent to saying that [y] can be extended to a basis of Hy (T?;Z).

The main topological properties of periodic orbits are summarised in the
following result.

Proposition 1.10. (i) Every periodic orbit is essential.

(i1) Every essential, simple closed curve is primitive. In particular, every peri-
odic orbit is primitive.

(i1i) For any pair of periodic orbits v1,72, one has [y1] = £[va].

Proof. (i) Let y be a periodic orbit of W. Suppose on the contrary that [y] =
0. Since + is simple closed, it must bound a topological disk D in this case.
According to the Poincaré-Hopf theorem for the disk D (see [8, Chapter 3,
Theorem 2]), one has

indw (D) = > indw(2).

2eZ(W)ND

Here indw (0D) denotes the index of W on the boundary 0D and indw (z)
denotes the local index of W at the zero z (Z(WW) denotes the set of zeros of
W). Tt is plain from the definition that indy (90D) = +1 (the sign depends on
the orientation convention of 7). As a result, W must have at least one zero in
the interior of D. This is a contradiction. Therefore, [y] # 0.

(ii) Let 7 be an essential, simple closed curve. We claim that T2\ is connected.
Suppose on the contrary that T2\~ is disconnected. Let N = S x (—¢,¢) be a
tubular neighbourhood of . Then

N_ := 8" x (=£,0), Ny :=8x(0,¢)

must be contained in different components of T?\~; otherwise, any other com-
ponent V would intersect this component (because vy C V) which contradicts
disconnectedness. Let U, be the component containing Ny . Since N_ is con-
tained in a different component, U, is a compact surface with boundary . As



a consequence, 7 = Jc for some singular 2-chain. It follows that [y] = 0 which
leads to a contradiction. Therefore, T2\ is connected.

Pick two points 4y € Ny and z_ € N_. Draw a smooth, simple curve 7
from z; to x_ inside T?\~ (which is possible due to connectedness). Let o be
a simple arc which joins x, to z_ inside N. By smoothing the corners and
removing loops from nU o if necessary, one obtains a simple closed curve g that
has precisely one (transversal) intersection with . Therefore,

I(y,B) = +1. (1.5)

Suppose that v is not primitive. Under the canonical basis {01, 02} of H;(T?;Z),
one can write [y] = m(p,q) for some m > 2 and p,q € Z. Let [B] = (r,s).
According to Lemma 1.7, one has

I(y, B) = m(ps — qr).
This contradicts the fact that (1.5). Therefore, ~ is primitive.

(iii) Let 1 = (p, ¢) and 2 = (r, s) be two periodic orbits. Since 7 is primitive
by Part (ii), the integers p, ¢ are coprime. Similarly, r, s is also coprime. Since
71 N7y2 = 0, one knows from Lemma 1.7 (cf. Remark 1.8) that

(h.0) = 5 (r.9)

for some coprime pair (a,b) € Z2. In particular,
ar =bp, as=10q.

It follows that a|p and a|g which implies that a = £1. Similarly, b = +1.
Therefore, [y1] = £[72]. O

1.3.3 The Poincaré map

In this part, we discuss an elementary but rather useful construction: the
Poincaré return map. This construction (or its variant) will be used for several
times in the proof of the main classification theorem.

Let v = {¢1(x)}+er be a periodic orbit of W with period T. Let ¥ be a
short smooth arc that intersects v transversally at x. Suppose that ¢;(z) ¢ &
for all ¢ € (0, 7). This is possible by shrinking ¥ if necessary; for instance, in a
suitable flow box (U;s,r) around x one can assume that ¥ = {s = 0}.

We construction a map

P:UCY—>X

on a sufficiently small neighbourhood U C ¥ of z in the following way. Pick
y € 3. Consider the flow line t — ¢:(y). Let 7(y) > 0 be the first time that
¢¢(y) returns to X. We then define

P(y) := ¢r(y) ()



Lemma 1.11. There exists a small neighbourhood U C X of x, such that
(t(y), P(y)) is well-defined for all y € U. In addition, both T(y), P(y) are
smooth on U and one has 7(z) =T, P(x) = x.

Proof. First of all, there exists a neighbourhood Uy C ¥ of x, such that Uj is
represented by the level set {p = 0} of some smooth function p near z. Now
consider the function

F:Uyx (T —60,T+6) =R, F(y,t):=p(o(y))

where Jp is small. Note that F(x,T) = 0. In addition, since T,X = ker(dp),
and Y intersects v transversally at x, one has

OF(2,T) = {(dp)s. W (x)) # 0. (16)

According to the implicit function theorem, there exists Uy C Uy, §; < dg and
a smooth function 7 : Uy — (T' — 61, T + 61) such that 7(z) =T and

F(y,7(y)) =0

for all y € U;.

We claim that by shrinking U; to some smaller neighbourhood U of z if
necessary, one has

T(y) =inf{t > 0: ¢¢(y) € T}

for all y € U. First of all, according to (1.6) there exists Uy C Uy and d2 < 41,
such that ¢ — F(y,t) is strictly monotone on [T' — d2,T + d2] for all y € Us. As
a result, 7(y) is the unique ¢ € [T — d2, T + d2] such that F(y,t) = 0. We fix this
02 in what follows. Next, by using a flow box argument, there exists Us C U,
and € > 0, such that ¢.(y) ¢ ¥ for all y € Us and ¢ € (0,¢]. In addition, since

{pe(2):e <t<KT -6} NE =0,

one knows from continuity that ¢:(y) ¢ X for all y in some smaller U C Us and
all t € [e,T — d2]. Combining the above three scenarios, it follows that 7(y) is
the first return time of ¢;(y) to X for every y € U.

Consequently, the map

P:U =%, Py :=dr(y¥)

is well-defined. Its smoothness follows immediately from the smoothness of 7
and the joint smoothness of (¢,y) — ¢+(y). This completes the proof of the
lemma. U



Definition 1.12. The map P constructed above is known as the Poincaré map
at x € v with respect to the transversal 3.

Since ¥ is 1D and P(x) = x, the linear map (dP), : T,X — T,X is a
scalar multiple of the identity, i.e. (dP), = A,id for some A\, € R. Although
the Poincaré map P depends on the point = € v and the transversal ¥, it is a
remarkable fact that the number A, is intrinsic to the periodic orbit ~.

Proposition 1.13. The number A, does not depend on the point x € v or the
transversal X. In addition, one has Ay, > 0.

Proof. We give an alternative intrinsic construction of A,.

(i) Define the function J; € C*°(T?) by

by kg = Jipg,

where 11, denotes the Riemannian volume form on the (oriented) annulus T?.
It is not hard to see that Ji(z) = det(d¢:),, where the determinant is defined
with respect to any positively oriented orthonormal bases of T, T? and T¢t(m)']I‘2.
We claim that

Jy(z) = exp [ /0 (divyW)(¢s(x))ds|, (Liouville’s formula)  (1.7)

where div, denotes the Riemannian divergence. To this end, one first recalls
the following standard Riemannian geometry fact:

Ly pg = (divgW)pg.
In addition, by the definition of the Lie derivative, one has

d
%((ﬁ:/‘g) = d): (LW/'Lg)-

As a consequence, _
Ji(z) = (divgW) (¢ (2))Je (). (1.8)
Since Jo(z) = 1, the desired relation (1.7) follows by solving the ODE (1.8).

(ii) Suppose that v is a periodic orbit of W with period T. According to Part
(i), one has

det(dér)s = exp { /0 (divyW)(s(x))ds). (1.9)

In particular, det(d¢r), is independent of x.

(iii) Under the assumption of Part (ii), let ¥ be a transversal curve through
x € «y. Let v € T2 be a nonzero vector. By the definition of the Poincaré map,
one has

Ply) = ¢rp(y), ye€UCX.



It follows from the definition of A, that
Mv = (dP)gv = (dbr)v + (dr, v) W (2).

Also note that (d¢r), W (x) = W(x) since + is a periodic orbit. Therefore, the
matrix of (dér), : T,T? — T, T? with respect to the basis {W(z),v} is given

by
@or. = (o~ ).

This shows that det(d¢r), = A. In particular, A, is independent of z and X.
The positivity of A, follows directly from the relation (1.9). O

Definition 1.14. The number A, is called the transverse characteristic number
of 7. A periodic orbit v is said to be hyperbolic if A, # 1.

Remark 1.15. Hyperbolic periodic orbits have strong dynamical stability (ex-
ponential attraction of nearby orbits in the case A, € (0,1)). Such a stability
property is used in the paper [1] to establish a Gaussian lower tail estimate for
2D periodic, uniformly elliptic systems driven by a fractional Brownian motion.

1.3.4 The Poincaré-Bendixson theorem

In general, periodic orbits of W need not always exist. However, if one knows
that an end of a nonperiodic orbit is trapped in a compact region inside a
planar domain, its limit set must be a periodic orbit. This is the content of
the Poincaré-Bendizson theorem, which provides a general way of identifying
periodic orbits.

To state the theorem, we first need to introduce some definitions.

Definition 1.16. Let x € T?2. The forward orbit passing through z is defined
by
OF == {¢e(x) : t = 0}.

The forward limit set of x is defined by
w(z) = ﬂ {e(z) : t = T}.
T>0

One can define the backward orbit O, and the backward limit set a(x) in a
similar way. A set A C T? is W-invariant if ;A C A for all t € R.

By compactness, both w(x) and a(z) are nonempty, W-invariant compact
subsets of T2. In addition, a point y € w(x) (respectively, y € a(x)) if and only
if ¢;, (x) — y for some sequence t, — oo (respectively, t, — —00).

Theorem 1.17 (The Poincaré-Bendixson Theorem). Let X be a smooth, non-
vanishing vector field on a planar domain U C R2. Let x € U be given fized.
Suppose that the flow ¢(x) of X exists for allt > 0 and

{o(x):t 20} C K

10



for some compact set K € U. Then there exists a periodic orbit C C K such
that w(x) = C. A similar assertion holds for a(z).

Remark 1.18. The planar assumption is crucial here; it is certainly possible for
a vector field on U = T? to have no periodic orbits.

Before proving Theorem 1.17, we first state a key lemma which indicates the
essential role of the planar assumption.

Lemma 1.19. Let X be a smooth, nonvanishing vector field on a planar domain
U C R2. Let v be a nonperiodic orbit of X which exists in U for all t. Suppose
that

V = {(S,’I“) =01 <s< 52,—52 <r << 62}

is a local flow bozx, so that X = 05 in V and
Si={(s,r):5=0,—6 <7 <}
is the vertical transversal. Let 0 < t1 < to < -+ be a sequence of times such
that zj := vy, € ¥ and v € X for allt € (tj_1,t;). Then either
21 <z < zz < -+

or
21> 29 > 23 > 0

Here we identify ¥ with its parametrisation interval (—da,02).

Proof. Let zyp < z1. Suppose on the contrary that zo < z1. There are two cases
to discuss.

Case I: z5 € (29,21)-

Let T'g; be the concatenation of v, ;) € X¢ and the arc connecting z; to
zo along ¥. Then I'y; is a simple closed curve. According to the Jordan curve
theorem, I'g ; divides the plane into a bounded domain D; and an unbounded
domain Dy. Since v, 4. € Dy for small €, one knows by connectedness that
Yt t2) € Do. However, since 23 € (z0,21), one must have v, . € Dy due to
the flow line pattern inside the flow box V. This is a contraction.

Case II: z5 < zp.

Let I'12 be the concatenation of V(t1,t2) © 2¢ and the arc connecting 23 to
z1 along . Then I'ys divides the plane into a bounded domain D; and an
unbounded one Dj. Note that 7y, . € Dy for small € and thus v, ) € D1-
This is a contradiction since v 4+. € Dy for small .

)

3%

11



Therefore, one concludes that zo > z;. The case when zy > z; is treated in a
similar way. O

Lemma 1.19 has the following two important corollaries, which will be used
in the proof of Theorem 1.17. A point z is said to be positively recurrent
(respectively, negatively recurrent) if x € w(x) (respectively, if x € a(x)).

Lemma 1.20. Let X be a smooth, nonvanishing vector field on a planar domain
U CR2 Letyc U be a positively recurrent point of X and assume that ¢¢(y)
exists in U for all time. Then O, is a periodic orbit.

Proof. Suppose on the contrary that O, is a nonperiodic orbit. Let V' be a flow
box centered at y. Since y € w(y), there exists a sequence t, — oo such that
¢+, (y) — y. Inside the flow box V, one may adjust the time ¢, to some s,, (for
all large n, say n > N) so that

Sp — 00, s, (y) € X are all distinct, s, (y) — y.

Note that it takes a uniformly positive amount of time for the flow line to leave
the flow box once it is on 3. As a result, there are at most finitely many return
times to X between 0 and sy 1. It follows from Lemma 1.19 that the sequence

Y= 00Y) Psnss (Y), Osna(¥)s -

is monotone on X¥. This contradicts the fact that ¢ (y) — y as n — oo.
Therefore, O, is a periodic orbit. O

Lemma 1.21. Let X be a smooth nonvanishing vector field on a planar domain
U CR2. Let x € U be given fived. Suppose that the flow ¢¢(x) of X ewists for
allt > 0. Let C be a periodic orbit such that C Nw(z) # 0. Then w(z) = C.

Proof. Tt O, is periodic, one trivially has w(x) = O, = C. We therefore assume
that O, is nonperiodic. By assumption, let p € C Nw(z). Then ¢, () — p
for some t, — oo. We first claim that C C w(z). Let ¢ € C. One can write
q = ¢¢(p) for some ¢t > 0. It follows that ¢y, ++(z) — ¢, which implies that
q € w(z). Therefore, C C w(zx).
Conversely, let ¢ ¢ C. Our aim is to show that ¢ ¢ w(z). Since C is compact,
it suffices to show that
tliglo d(¢:(x),C) = 0. (1.10)

To this end, let V be a flow box centered at p with transversal ¥. Since ¢y, (z) —
p and O, is nonperiodic, similar to the proof of Lemma 1.20, one can find a
sequence s, — oo such that the following properties hold true:

(i) zn := ¢, (x) € ¥ and @5, () — p;
(i) ¢¢(x) ¢ X for t € (Sp—1,Sn);

(iii) the sequence z1, 29, 23, - - - is monotone on 3.

12



Consequently, one has
zndp or z,Tp onX. (1.11)

Note that z,11 = P(z,) for all sufficiently large n, where P is the Poincaré map
defined in Section 1.3.3. By the continuity of the Poincaré map, one has

lim sup d(¢:(2),C) =0, (1.12)

Z=p 0<t<7(2)

where 7(z) is the first return time of ¢;(z) to 3. The claim (1.10) is now a simple
consequence of the monotone convergence property (1.11) and the one-iteration
asymptotics (1.12). O

Remark 1.22. Lemma 1.21 remains valid on the torus T2. In fact, by cutting T?
along the periodic orbit C, one obtains an annulus A = S! x [0, 1] whose two
boundary curves are copies of C' and O, C intA (assuming O, is nonperiodic).
By thickening A across its boundary to an open annulus U (U is diffeomorphic
to a planar domain), one is now reduced to the situation of Lemma 1.21.

We are now in a position to prove the Poincaré-Bendixson theorem.

Proof of Theorem 1.17. Suppose that
OfCKel.

Then w(z) C K. Since w(z) is nonempty, compact and W-invariant, it contains a
minimal compact, W-invariant subset (a nonempty, compact W-invariant subset
which contains no proper, nontrivial invariant subsets), say C. Let y € C. Then

wy) CC = w(y)=C

since C' is minimal. In particular, y € w(y). According to Lemma 1.20, O, is
a periodic orbit. Hence w(x) contains a periodic orbit. It follows from Lemma
1.21 that w(z) = C.

O
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Remark 1.23. Here is a simple variant of the Poincaré-Bendixson theorem. Let
W be a smooth, nonvanishing vector field on a compact surface M without
boundary. Suppose that there exists

K compact, U open, KeUCM

and ¢y > 0, such that U is diffeomorphic to a planar domain and ¢;(z) € K for
all ¢ > to. Then w(x) is a periodic orbit of W. A similar assertion holds for
ax).

We discuss a few important applications of the Poincaré-Bendixson theorem.
Let W be a smooth, nonvanishing vector field on T2.

Lemma 1.24. Let A = S! x [0,1] be an embedded annulus in T? whose two
boundary curves are compact leaves of Fy. Let x € intA and assume that O,
is nonperiodic. Then a(x) and w(x) are distinct periodic orbits.

Proof. Let U 2 A be a slightly larger open annulus which is diffeomorphic to a
planar domain. According to the Poincaré-Bendixson theorem, both «(x) and
w(x) are periodic orbits and they are contained in A. Suppose on the contrary
that a(r) = w(z) = C. Let p € C. Then both tails of O, are arbitrarily close
to C. In particular, there exists Ty > 0 such that ¢.(z) € U for all [¢t| > Tp.

Now choose a small flow box centered at p with transversal . Similar to
the proof of Lemma 1.20, one can find a two-sided sequence

—00 s < <S5 9<81<81 <8< < s, T

with the following properties:
(i) 2zp 1= ¢s, (x) € ¥ and ¢y ¢ X for all t € (s,,—1,5y) and for all n € Z;
(ii) zp, — p as n — *oo.

(iii) The sequence {z, }5° _ . is monotone on X.

—00
But the second and third properties force the sequence to be constant, which

would imply that O, is periodic. This leads to a contradiction. Therefore, a(x)
and w(z) are distinct periodic orbits. O

Remark 1.25. Lemma 1.24 may fail on the whole torus T?; it is certainly pos-
sible for a nonperiodic orbit to approach the same periodic orbit C' in both
tails. However, if one cuts T? along C' to obtain a compact annulus whose two
boundary curves are copies of C' (and they are considered as distinct periodic
orbits), Lemma 1.24 is indeed applicable to this situation.

Proposition 1.26. (i) Let A = S' x [0,1] be an embedded annulus in T?
whose two boundary curves are compact leaves of Fyy. Let Py = {x € A :
O, 1is periodic}. Then Pa is a closed subset of A.

(ii) Let P := {x € T? : O, is periodic}. Then P is closed.

14



Proof. (i) Let 2, € P4 and x,, — z. Suppose on the contrary that O, is
nonperiodic. According to Lemma 1.24,

C_:=ax), Ci:=w(x) (1.13)

are distinct periodic orbits on A. Recall from Proposition 1.10 that both C.
are essential, simple closed curves. As a result, they bound a subannulus A’ and
x € intA’. Since z, — x, there is a large n such that the periodic orbit O,
is contained inside intA’, hence dividing intA’ into two connected components.
The point x lies inside one of these two components. In order for the orbit O,
to approach Cy in both tails (see (1.13)), it must cross the periodic orbit O, .
Hence O, N O, # (, which is a contradiction. Therefore, O, is periodic.

(ii) Let 2, € P and z, — x. Suppose that x ¢ O,,; otherwise, O, is periodic
and there is nothing to prove. Cutting T? along O,, yields a compact annulus
A with z,, € P4 and z,, — x € intA. The result of Part (i) then implies that
O, is periodic. O

2 Suspension and Reeb component

In this section, we define the concepts of a suspension and a Reeb component,
which are the two basic regimes appearing in the main classification theorem.

2.1 Suspension

We first define the notion of a suspension. Let S! := R/Z and let f: S — St
be an orientation-preserving diffeomorphism. We define an equivalence relation
on S' x R by identifying

for any (z,t) € S* x R and k € Z. Let Xf := (S' x R)/¢Z be the quotient
space under the above identification, whose quotient map is denoted as my :
ST xR — Y. It is clear that 3y is diffeomorphic to the torus T2. The image
of the vertical leaves {z} x R under 7y, i.e.

Fpi={r;({z} xR) :z € 5},
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defines a 1D foliation on ¥y. This foliation is induced by the vector field

[zt +2)], [(2,)] € Xy

d
at’[(m)] T de leeo

Definition 2.1. The foliation (X, F¢) is called the suspension of the diffeo-
morphism f. The vector field 0; is called the suspension field.

Example 2.2. (i) Let f = idg:. The orbits of 9, are the vertical circles and
they are all periodic with period one.

(ii) (Rational rotation) Let f(x) := x + p/q (mod Z) where p,q are coprime
integers (¢ > 0). Then f? =idg:. All orbits are periodic with period q.

(iii) (Irrational rotation) Let f(x) :=  + « (mod Z) where o ¢ Q. Every orbit
is diffeomorphic to R and is dense in T2.

(iv) Suppose that f has precisely one fixed point [a] € S*. Then f can be viewed
as a diffeomorphism on (a,a + 1) with no fixed points. Suppose further that
f(z) > x for all « € (a,a+ 1). Then there is precisely one periodic orbit

C:t—[(a,t)]

which has period one. Every orbit other than C' is nonperiodic (hence diffeo-
morphic to R) and approaches C' in both ends.

A at | o b o+l

Figure 1: Suspension examples.

16



(v) Suppose that f has precisely two fixed points [a], [b] € S'. With suitable
choice of representatives, let us assume that b € (a,a+1). Suppose that f(z) > x
on (a,b) and f(z) < z on (b,a+1). Then there are precisely two periodic orbits

Coits (@), Cp:tes[(b1):

All other orbits are nonperiodic. Figure 2.2 sketches the flow lines on the uni-
versal cover R? for Cases (iv) and (v).

Remark 2.3. Periodic orbits of (X7, Fy) correspond to periodic points of f.
A point & € S' is a periodic point of f if there exists a positive integer g
such that f9(z) = z. The smallest such ¢ is called the period of x. For an
orientation-preserving diffeomorphism f € Diff(S!), the period of a periodic
point is intrinsic to f and does not depend on the actual point x.

Let W be a smooth, nonvanishing vector field W on T?. We give a simple cri-
terion under which the foliation Fy is conjugate to a suspension (see Definition
1.2).

Definition 2.4. A smooth, simple closed curve X is a complete transversal if
it intersects every orbit of W transversally.

Proposition 2.5. The foliation Fy is conjugate to a suspension if and only if
there exists a complete transversal.

Proof. (i) Necessity is obvious. In fact, the horizontal circle
S>>t [(t,0)] €y

is a complete transversal of the suspension foliation. It remains to prove suffi-
ciency.

(ii) Let X be a given complete transversal. For each x € X, we define the first
return time

T(x) :=1inf{t > 0: ¢¢(x) € X}.

We first show that 7(z) < co. Suppose on the contrary that ¢;(x) never meets
> again at any positive time. We claim that there exists Tj > 0 and a small
neighbourhood N of ¥, such that ¢;(x) ¢ N for all ¢t > Ty. Indeed, if this were
not the case, there would exist a sequence of times ¢, — oo such that ¢; (x)
converges to some y € X. Draw a flow box (V;s,r) centered at y = (0,0) so
that XNV = {s = 0}. One can write ¢, () = (sn,r,) under the flow box
coordinates and note that (s,,r,) — (0,0). Since the flow lines are precisely
s+ (s,r) inside V, one has

O, (91, (%)) = b1, —s,(x) = (0,75) € B

for all large n. As a result, the time t,, — s, is a positive return time for large
n (because t, — oo and s, — 0) which leads to a contradiction. Therefore,
{¢+(x) : t > 0} is contained outside a tubular neighbourhood N of ¥ after some
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short period of time. Similar to the proof of Proposition 1.10 (i), it can be shown
that any complete transversal must be essential. As a result, N¢ (as a compact
annulus) is contained in a planar domain. By applying the Poincaré-Bendixson
theorem, one obtains a periodic orbit that is disjoint from X. This contradicts
the completeness of .. Consequently, 7(z) < oo.

We define the first return map

Q:X =%, Q):=¢ (n(x). (2.2)

By realising a neighbourhood of @Q(z) on ¥ as a level set {p = 0} for some
smooth function p, one can apply the same argument as in the proof of Lemma
1.11 (construction of the Poincaré map) to conclude that 7(z) is a smooth in x.
Therefore, Q € C*°(¥). It is indeed a diffeomorphism since Q! is defined in

the same way by the return-to-X map of the inverse flow —W. Let o : S! =8>
be an S'-parametrisation of ¥. Then f := o' o0 Q oo € Diff(S?!).

(iii) We claim that f is orientation preserving, or more precisely, f/(r) > 0
for all 7 (here we identify S' := R/Z so that one has the canonical isomor-
phisms 7,5 = TS 1~ R). The argument is in spirit similar to the proof of
Proposition 1.13 (positivity of the transversal characteristic number).

To this end, let £ be a volume form on T? such that

g(r) == Q(W(o(r)),(r)) >0

for all r € S'. This is possible since T? is orientable and ¥ is transversal to W.
Let

F(S, 7“) = ¢ST(U(T))(O'(7“)) (2.3)

and define
J(s,r) = Q(W(F(s,r)),0-F(s,1)).

It is plain to see that

OsF(s,m) =1(a(r)W(F(s,1)),
OrF(s5,1) = (dpsr(o(r)))0(r) + 57 (r)W(F(s,7)). (2.4)

Since ¢(r) and W (o(r)) are linearly independent, so are

(d¢ST(a(T)))d(r) and (dd)sr(o'(’r)))w(a(’r)) = W(F(S,T‘))
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As a result,
J(s,m) = QW (F(s,7)), (ddsr(o(r)))5(T))
has constant sign. Note that J(0,7) = g(r) > 0. It follows that

J(1,r) = Q(W(o o f(r), f'(r)(f(r))) = f'(r)g(f(r)) > 0.

Therefore, f'(r) > 0 and f is orientation preserving.
Now let ¥ be the suspension of f. Define ¥ : £y — T? by

\I/([T, tD = ¢t7(o(7’))(0(r))7 (S Slat € [Oa 1]

The definition of ¥ is consistent at the junction ¢ = 0 = 1 (mod Z). In addition,
¥ is a homeomorphism and maps the suspension foliation to Fy . The issue is
that ¥ may fail to be a diffeomorphism. This is because

0 0

ot t:1_¢t7(v(r))(0(7")) and B t:O+¢tT(aof(r))(0'o f(r)

need not coincide. They coincide precisely when 7(o(r)) = 7(o o f(r)), which
needs not be true in general.
The above issue can be fixed by a simple leaf reparametrisation. Let

O(r,t) == ct + (1(co(r)) —c)B(t), re S te](o,1].
Here

0<c< inf 7(o(r))
res?t

and 3 :[0,1] — [0,1] is smooth, nondecreasing and satisfies
B =0near 0, S =1 near 1.

Then one has
0(r,0) =0, 0(r,1)=r71(c(r)),

0(r,t) = ct near t =0,
O(r,t) =1(c(r)) + c(t — 1) near t = 1.

This ensures that all ¢-derivatives match at the junction ¢ = 0 = 1 (mod Z).
Now we adjust the definition of ¥ to be

U:%; = T2 U([rt]) = Go(r,t)(a(r))-

This new map U is now easily seen to be a diffeomorphism, which provides a
smooth conjugation between X and T2, O
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2.2 Reeb component

Next, we define the notion of a Reeb component.

Definition 2.6. We say that Fy contains a Reeb component if there exists
an embedded annulus A = St x [0,1] inside T? such that the following two
properties are satisfied:

(i) QA is the union of two compact leaves that are in opposite homology classes
(under the W-orientation);

(ii) there are no compact leaves of Fy in the interior of A.

The following proposition provides a simple criterion for the existence of a
Reeb component.

Proposition 2.7. The foliation Fy has a Reeb component if and only if there
exist two periodic orbits with opposite homology classes.

Proof. Necessity follows immediate from the definition and Proposition 1.10.
We now prove sufficiency. Let C,,C_ be two periodic orbits with opposite
homology classes. Let A be a compact annulus bounded by C4. Define Pf
to be the set of points in A whose orbit is homologous to C+. According to
Proposition 1.26, it is easily seen that both Pf are closed subsets of A (a
sequence of periodic orbits with the same homology class cannot converge to a
periodic orbit with an opposite direction). Therefore,

inf  d(z,y) >0.

z€PL yEP,

Let . € P} and y. € P, be two points achieving the above infimum. It
follows that there are no periodic orbits between O, and O,, inside A. As a
consequence, they bound a Reeb component. O
2.3 Mutual exclusiveness of the two regimes

We now show that suspension and Reeb component are mutually exclusive.

Proposition 2.8. Suppose Fy is conjugate to a suspension. Then it cannot
contain a Reeb component.
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Proof. Let ¥ : Fiy — Xy be a conjugation to a suspension
Sp={z,t] :x €S teR, (x,t) ~ (ff(x),t—k)}.
Let 7 := ¥*dt, where dt is the vertical form on X, defined by
(dt,0,) =0, (dt,0) =1.

The image of a periodic orbit v of W under W is a reparametrisation of a
periodic orbit S of the suspension field d;. The period of 3 is a positive integer
q, whose value is uniquely determined by f and is dependent of the choice of
(cf. Remark 2.3). It follows that

/nz/dt:q.
vy B

As a consequence, having two periodic orbits with opposite homology classes is
not possible in this case. O

3 The main classification theorem

In this section, we state and prove the main classification theorem for nonde-
generate torus flows.

Theorem 3.1. Let Fy be the 1D foliation associated with a smooth, nonvan-
ishing vector field W on T2. Then precisely one of the following two mutually
exclusive possibilities holds:

(i) Fw is conjugate to a suspension;
(i) Fw contains a Reeb component.

In what follows, we develop the proof of Theorem 3.1. We will consider two
cases separately according to whether W has periodic orbits.

3.1 Case I: No periodic orbits

We first assume that W does not have periodic orbits (in particular, there are
no Reeb components). Our aim is to prove that Fyy is conjugate to a suspension
in this case. According to Proposition 2.5, it is equivalent to showing that there
exists a complete transversal.

Lemma 3.2. Suppose that there exists a nonperiodic orbit. Then there exists a
smooth, simple closed curve X that is everywhere transversal to W.

Proof. Let v be a nonperiodic orbit. There exists ¢, — oo such that v, con-
verges to some y. By drawing a flow box V around y and adjusting t,, if nec-
essary (cf. Proof of Lemma 1.20), one can find sg < s1 such that z; = v, € &
(i=0,1) and v ¢ X for all ¢ € (sg, s1). Here ¥ denotes the vertical transversal
in V passing through y. Note that zy # 2;.
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Let us fix a parametrisation o : (—¢,¢) — X so that zg = 0(0) and z; = o(d)
for some d € (0,c¢). Define the first return map f : (—4,d) — (—c¢,c) by the
relation

¢T(T) (O’(T’)) = O’(f(T’)), re (757 6)3
where ¢ is a sufficiently small number and 7(r) is the first return time of ¢;(o(r))
to X (cf. (2.2)). Note that f(0) = d. Consider the function

F(s,1) = ¢sr(r) (a(r))
where s € [0,1] and r € (—4,) (cf. (2.3)). It is clear that
FO,r)=0(r), FQ,r)=o0o(f(r)).
By shrinking ¢ if necessary, the map
F:[0,1] x (—0,0) — T2
is injective and
F((0,1) x (=6,6)) nZ = 0.

Similar to the proof of Proposition 2.5, one can show that f/(r) > 0 for all
r € (—=4,0). As a result, there exists n € (—4,0) such that f(n) > 0.

Fix a function p : [0,1] — [n,0] such that p(0) = 0, p(1) = n and p'(s) < 0
for all s € [0,1]. Define the curve

as:=F(s,p(s)), 0<s<1.

Note that « is a simple curve that joins zg to o(f(n)) outside X. By definition,
one has

cs = 0sF(s,p(s)) + p'(5)0,F (s, p(s)).
The vector 9;F (s, p(s)) € Span{W (a;)}. In addition, since p(s) < 0, the vector
O0rF (s, p(s)) is linearly independent of 95 F (s, p(s)) (cf. (2.4)). As a consequence,
« is everywhere transversal to W. Let § : [1,2] — X be the arc joining o(f(n))
back to zp along ». Apparently, 5 is also everywhere transversal to W. The

concatenated curve
e 40 0<s<L;
B 1<s<2

is now a simple closed curve, which is smooth and everywhere transversal to W
except at the two corners zy and o (f(7)).

%
VAR b
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It remains to see that the two corners can be smoothed locally without
losing the transversal property. Let ©Q be a volume form on T? such that
Q(W(z9),5(0)) > 0. The function

U(s) = Q(W(C). C)
has constant sign on (0, 1) and (1,2). We claim that

sgny(1—) = sgny(1+) = sgnip(2—) = sgnyy(0+). (3.1)

Indeed, since p’(0) < 0 one has

sgnip(1—) = sgny(0+) = sgnQ (W (20), p'(0)5(0))
= —sguQ(W (), (0)).

In addition, by the definition of 8 one also has
sgny(14) = sgn(2—) = fsgnQ(W(zo),c}(O))

As a consequence, the relation (3.1) holds. This relation shows that at any of
the two corners s, = 0,1, both vectors (s, - and (s, 4+ (0— is the same as 2—)
lie in the cone

Cs, = {v: Q(W((,),v) <0}

It is clearly possible to smooth the corner (s, locally in a way such that the
resulting new smooth arc (; still satisfies Q(W({s),v) < 0 when s is near s,.
One thus obtains a smooth, simple closed curve which is everywhere transversal
to W. O

Proof of Theorem 3.1: No periodic orbits case. Suppose that W has no periodic
orbits. According to Lemma 3.2, there exists a smooth, simple closed transversal
curve X. If ¥ does not intersect some orbit ~y, the tails of « will be trapped
outside a tubular neighbourhood of ¥. The Poincaré-Bendixson theorem then
produces a periodic orbit, which leads to a contradiction (cf. Part (ii) in the
proof of Proposition 2.5). Therefore, ¥ is complete. It follows from Proposition
2.5 that Fy is conjugate to a suspension.

O

3.2 Case II: At least one periodic orbit

Now we assume that W has at least one periodic orbit. In this case, we aim at
showing that

Fw has no Reeb component = Fy is conjugate to a suspension.

The key lemma for this part is stated as follows.

Lemma 3.3. Let A = S! x [0,1] be an embedded annulus whose boundary
consists of two compact leaves Cy and Cy. Suppose that A does not contain any
Reeb component. Then there exists a smooth, simple curve ¢ : [0,1] — A such
that cg € Cop, ¢y € C1 and c is everywhere transversal to W on A.
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Proof. First of all, the periodic orbits Cy, C'y must have the same homology class;
otherwise, there would be a Reeb component inside A according to Proposition
2.7, which contradicts the assumption. Let 2 be a volume form on A such that
Q(W(z),v) > 0 when z € Cy and v € T,T? is a transversal vector pointing
into A. A vector v € T, T? is said to be positively transversal to W at y € A
if Q(W(y),v) > 0. A smooth curve ¢; in A is positively transversal to W if
Q(W (et), é) > 0 for all ¢. Let us define

R ::{y € A : 3 a smooth, simple, positively transversal
C: [0, 1] — As.t. ¢g € Cp,c1 = y}

Our aim is to show that RN Cy # . We divide the argument into several steps.

(i) Let N; be an open half-tubular neighbourhood of Cy in A (a lower collar).
We claim that R N N; # (. Suppose this is true and let y € R N N;. By
definition, there is a simple, positively transversal curve ¢ from Cy to y. By
travelling along the fiber in N7, one can easily continue ¢ to the boundary Cj.
The resulting curve is smooth and positively transversal to W except at the
junction. Similar to the proof of Lemma 3.2, one can smooth the corner to
obtain a smooth, simple, positively transversal curve from Cy to C;. Now it
remains to show that R N Ny # (). In what follows, we assume on the contrary
that R C A\N;.

(i) We first show that RNint A is an open and nonempty subset of A. Indeed, any
point inside a half-tubular neighbourhood of Cj in A (an upper collar) is clearly
reachable from Cj. As a result, R NintA # (. Next, let y € R NintA. Draw a
flow box (V;s,r) C intA centered at y = (0,0). We assume that the transversal
coordinate 7 is chosen such that a curve r; being positively transversal means
7+ > 0. Let ¢ be a smooth, simple and positively transversal arc from Cj to y.
Let z € V Nc. By positive transversality, one must have r(z) < 0. It follows
that all points in
Vii={z eV r(x)>r(z)}

is reachable from z by a simple positive transversal. By smoothing the corner
if necessary, one concludes that V/ C R. Therefore, R NintA is an open subset
of A.

(iii) Define 94R := R\R. Note that 94R # () under the current assumption
that R C A\ Ny, since RNintA is open. We claim that 4R is a single compact
leaf of Fyy.

To this end, let y € 94R. Draw a flow box (V;s,r) centered at y = (0,0),
whose transversal coordinate r is oriented in the same way as in Part (ii). The

key observation is that
VNR=Vn{r>o0} (3.2)

Let z € V.Nn{r > 0}. Since y € 94R and R is open in intA, there exists
y' € VN R such that 0 < r(y') < r(z). It follows that z is reachable by a
positive transversal from y’. Upon smoothing the corner at y’, one concludes
that z € R. To prove the other direction, one observes that V' N {r < 0} is not
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Figure 2: The left, middle and right figures correspond to Part (i), (ii) and (iv)
respectively.

reachable; otherwise, y would be reachable which is a contradiction. This also
implies that VN{r = 0} is not reachable, since the only way to reach VN{r = 0}
is through VN {r < 0}. As a consequence, VN{r < 0} C R°. The relation (3.2)
thus follows. An immediate corollary of (3.2) is that VNI R =V n{r = 0}.
In particular, 4R is a 1D submanifold of A.

The next observation is that d4R is a disjoint union of leaves. Indeed, let
T € 04R and define

I, ={t e R: ¢i(x) € 0aR}.

Since J4R is closed in A, it is obvious that I, is closed. To prove that I, is
open, let y = ¢:(z) € 94R. By applying the local relation (3.2) to y, one sees
that ¢s(x) € 94R for s near t (because V N {r = 0} is a flow line). Therefore,
I, is both open and closed, hence being equal to R.

Since J4R is a closed, embedded 1D submanifold of the compact annulus
A, every connected component of d4R has to be compact. As a consequence,
0aR is a disjoint union of compact leaves. Suppose that there are at least two
such leaves, say C’,C" (we assume that C’ is closer to Cp). Since a small lower
collar of C"” is reachable, any such positive transversal would intersect C’. But
C’' C 94R C Re. This leads to a contradiction. Therefore, 4R has only one
connected component, i.e. a compact leaf.

(iv) Let 94R = C for some compact leaf C' according to Part (iii). We claim
that C' and Cj are in opposite homology classes. Suppose this is not true.
Due to our orientation convention, positively transversal vectors at y € C are
pointing towards the Cp-side. Let N be a tubular neighboorhood of C. Note
that C' divides N into two halves: N (the component on the Cj-side) and
N_ (the component on the Cy-side). Let z € Np and y € C = 94R. Then
a sufficiently close-to-y element 3’ € N_ is reachable by a positive transveral
from Cy. By continuing this transversal towards z inside N in the obvious way
(along fiber directions towards C1),one obtains a positive transversal that will
intersect C'. This contradicts the fact that C C R°. Therefore, C' and Cj
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must have opposite directions. It follows from Proposition 2.7 that there is a
Reeb component inside the annulus bounded by Cy and C'. This contradicts the
assumption of the lemma. To summarise, one arrives at the conclusion that the
assumption R C A\N; cannot hold. In other words, one must have RN Ny # ().
The proof of the lemma is now complete. O

Proof of Theorem 3.1: At least one periodic orbit case. Suppose that Fy has
no Reeb component and there is a periodic orbit C' of W. Cutting the torus T?
along C produces a compact annulus A whose boundary consists of two compact
leaves Cy and C; (they are copies of C). Since A does not contain any Reeb
component, according to Lemma 3.3, there exists a smooth, simple transversal
¢:[0,1] = A from ¢g € Cp to ¢; € C;. By gluing back the torus along C, the
curve ¢ becomes a smooth, simple transversal such that ¢g,c; € C and ¢; ¢ C
for all ¢ € (0,1). Let 8 be the arc joining ¢; to ¢y along C.

Similar to the proof of Lemma 3.2, by suitably deforming 8 along transversal
directions (e.g. using the fiber coordinate in a tubular neighbourhood of C)
and corner smoothing, one obtains a smooth, simple closed transversal ¥ that
intersects C precisely once. In particular, I(X,C) = £1.

_—
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Suppose that ¥ is not complete. The Poincaré-Bendixson theorem then pro-
duces a periodic orbit C’ which does not intersect X. In particular, I(%,C’) = 0.
But one knows from Proposition 1.10 that [C’] = £[C]. This leads to a contra-
diction. Therefore, ¥ is a complete transversal. It follows from Proposition 2.5

that Fyy is conjugate to a suspension.
O

4 The dynamical picture of nondegenerate torus
flows

Let us summarise the dynamical picture of a nondegenerate torus flow. Let W
be a smooth, nonvanishing vector field on T2. Recall from Proposition 1.26 that

the set
P = {x: O, is periodic}
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is closed. As a result, one can decompose T?\P into an at most countable union
of disjoint, connected, open subsets U,:

T\P =| | Ua.

Lemma 4.1. Suppose that P # (), T?. Then each U, is an open annulus whose
boundary consists of two periodic orbits (which may coincide if P is a single
periodic orbit). All orbits inside U, are nonperiodic.

Proof. Fix a periodic orbit C, and cut the torus along C,. This produces a
compact annulus A = St x [0, 1] whose boundary consists of two copies Cp, Cy
of C, and whose interior is diffeomorphic to T?\C' (we view Cp, C; as distinct
periodic orbits). Let C be the collection of periodic orbits on A. A given periodic
orbit C' € C\{Cy, C1} divides A into two connected components: A_(C) (the one
containing Cy) and A (C') (the one containing C1). As a convention, A_(Cy) =
0 and A, (Co) = A\Cy (respectively, A_(Cy) = A\C; and A, (Cy) = 0).
Now let U, be a connected component of A\P. Given z € U,, we define

P_(z):={CeC:zeAL(C)},
Pi(z):={CeC:zecA_(O)}

respectively. Let

S_ = U C
CceP_(x)
and define
d_:= inf d .
Juf d(z,y)
Note that d_ € (0,00) because S_ is nonempty (Co € S_) and U, C P°
is open. Let y, € S_ be a sequence such that d(z,y,) — d_. Since A is
compact, by passing to a subsequence one can find some z with y, — z and
thus d(z,z) = d_. It follows from Proposition 1.26 that C_(z) := O, is a
periodic orbit and one has C_(z) € P_(x). One can identify another extremal
periodic orbit Cy (z) € Py () in a similar way. The two orbits C_(x) and C (z)
bound an annulus whose interior is precisely U,. By construction, there are no
periodic orbits inside U, . O

Suppose that P is not a single periodic orbit nor the whole torus. Let
oU, = C1 UCy and let x € U,. According to Lemma 1.24, one has either
a(z) = C1, w(z) = Cy or a(z) = Cy, w(z) = C1. In other words, every orbit
inside U, approaches the two distinct boundary leaves in both ends. If C7,Cy
have opposite homology classes, U, is a Reeb component. In this case, it is clear
from the proof of Proposition 2.7 that there is at least another Reeb component
inside 7&0.

On the other hand, if C;,Cs have the same orientation, U, is conjugate
to a suspension annulus. The notion of a suspension annulus is similar to a

suspension, except that one does not close the circle. More precisely, let f :
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[0,1] — [0,1] be a diffeomorphism such that f(0) =0 and f(1) = 1. Define the
quotient space
Er:=([0,1] xR)/~

where the equivalence relation ~ is defined by (2.1). The foliation of vertical
leafs t — [(z,t)] is the suspension annulus with respect to f. Topologically, =
is a compact annulus whose boundary curves are the two periodic leaves

t=[(0,8)], ¢~ [(1,1)).

Suppose that 0U,, consists of two periodic orbits with the same homology class.
By using the same argument as in Section 3.1, one can show that U, is conjugate
to a suspension annulus.

If P = C is a single periodic orbit, the torus T? is conjugate to a suspension
of some f € Diff 7 (S') with exactly one periodic point. Every nonperiodic orbit
approaches C' in both tails. If P = (), every orbit is nonperiodic and none of
their tails will be trapped in a compact subset of a planar region. In this case,
Fw is also conjugate to a suspension whose suspension map f € Diff (S1) does
not have periodic points.

A typical dynamical picture of the foliation Fyy is sketched as follows.

Reeb £ uspen con Reek Smrén(-’am

Remark 4.2. Tt is possible to have a continuum family of periodic orbits, e.g. P
can be a Cantor-like set.
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