The Heat Kernel on Hyperbolic Space

Xi Geng

Abstract

In these notes, we discuss the beautiful approach of A. Grigor’yan and M.
Noguchi [GN98| for the derivation of the explicit heat kernel formula on the
hyperbolic space. Their method is based on solving the wave equation by
using Asgeirsson’s mean value theorem, which is in turn a consequence of the
Darboux equation whose proof in the hyperbolic space relies on properties
of invariant differential operators at the group-theoretic level.
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1 The hyperbolic heat kernel formula

The main purpose of these notes is to give a relatively self-contained derivation of
the explicit formula for the heat kernel on the standard hyperbolic space, following
the rather beautiful approach of A. Grigor’yan and M. Noguchi [GN9S|.

Let M = H" (n > 2) be a simply-connected, complete Riemannian manifold
with constant curvature K = —1. Let A denote the Laplace-Beltrami operator
on M. The heat kernel on M is the fundamental solution p(z,y,t) to the heat
equation

dp

— = Ap.
ot~
Given any initial condition f: M — R, the solution to the Cauchy problem
ou
ot Au, ul=o = f

is then given by
u(e.t) = [ ple..0) )y,
M

where dy denotes the volume form on M. Due to the homogeneity of M, it is clear
that p(x,y,t) depends only on ¢ and the hyperbolic distance between x,y . As a
result, one can write p(z,y,t) = pn(p,t) where p = d(x,y) and the subscript n
keeps track of the dimension. The following theorem provides an explicit formula

for Pn (p> t) :



Theorem 1.1. (i) Letn=2m+1 (m > 1). Then

(—1)m 1 ( 1 8>m 22
(0, 1) = - B R 1.1
Pa(p,1) 2mam /4t \sinh p Op ¢ ' (1.1)

(i) Let n =2m +2 (m > 0). Then

(=™ —3/2 (2m+1)2t( 1 0 >m/oo se_%ds
(P t) = S5 mrarat i o (1.2
Po(p,?) 2m+5/2m+3/2 © sinh p 0p » /coshs —coshp (1.2)

Remark 1.1. According to Theorem 1.1, it is plain to check that p,(p,t) decays
like

_ _ (n—1)2
t 3/26 1 t

(n—1)°
4

as t — o0o. The exponential factor is the bottom spectrum of —A > 0 in

L*(M) (cf. [McK70]); one has

(n—17 . (AL f)
Td el T e

The polynomial factor 3/2 has an algebraic nature which accounts for the fact that
the isometry group of M is a semisimple Lie group with rank one. For general
noncompact symmetric spaces X = /K, one encounters a factor t*/? instead of
t3/2 where k is the rank of G plus twice the number of positive indivisible roots

(cf. [AJ99)).

2 The main idea of A. Grigor’yan and M. Noguchi

Theorem 1.1 is classical and it has several different proofs. We present the ap-
proach of Grigor’yan-Noguchi [GN98| as it contains deep geometric-analytic in-
sights that are of fundamental importance. We first explain their essential idea
and then develop the relevant details in later sections. Their approach is based
on two basic observations.

(i) There is a general (explicit) relation between the heat equation and the wave
equation from the perspective of Fourier transform.

(ii) The wave equation on hyperbolic space can be solved explicitly by using the
so-called Asgeirsson’s mean value theorem.



2.1 The heat-wave relation

To elaborate the first point, suppose that L is a nonpositive elliptic operator on a
Riemannian manifold X. Let f : X — R be a given initial condition. The solution
to the heat equation

v
ot
can formally be represented as

v(z,t) = (e f)(x).

Respectively, the solution to the wave equation

- LU) U|t:0 = f

0%u

92 Lu, uli—p = f, E‘t:O =0

can be written as
u(z,t) = (cos(tvV'—L)f) ().

The connection between the two equations is inspired by the following elemen-
tary Fourier identity:

2
e~ =% cos (s\)ds.

\/ Art /
By taking A = +/—L, one finds that

\/H e~ cos(sv/—L)ds. (2.1)

As a consequence,

v(x,t) =

e 4tu x,s)ds. (2.2)

\/R

2.2 Asgeirsson’s mean value theorem

In view of the relation (2.2), a reasonable route of proving Theorem 1.1 is to solve
the wave equation explicitly. In abstract contexts, there is no reason that this is
an easier task. However, on the hyperbolic space M = H" (as well as on Euclidean
spaces) this is indeed possible due to a mean value theorem of Asgeirsson.



Theorem 2.1 (Asgeirsson’s mean value theorem). Let u € C?(M x M) be such
that
Au(z,y) = Ayu(r,y) Y(z,y) € M x M. (2.3)

/Sr(mu(x’yo)dw(m):/suyo) u(wo, y)dw(y)

for all v > 0, where S,(z¢) = {x € M : d(z,x0) = r} and dw(x) denotes the
volume form on the hyperbolic sphere S,(xg).

Then one has

Let us now demonstrate how Theorem 2.1 easily leads to the explicit solution
to the wave equation in the Euclidean space R™ (Theorem 2.1 is also valid on R").
Let u : R” x R — R satisfy

3t2 = Au, (r,t) e R" x R;
u|t=0 = Uo, %’t:o = Uy,

where by abuse of notation A is the Euclidean Laplacian for now. The function

AL

v(x17"'7xn7y17"' 7yn) (xla"'axnayl)

satisfies the condition (2.3). By taking zo = x and yo = 0 in the theorem, one has

ug(2)dw(z) = w(x, y1)dw(y). 2.4
é@)()() Aw)<y><w (2.4)

Let us introduce the spherical mean operator
M Hw & gy [ sEE), g eom,

where A(r) = Q,r""! is the Euclidean area of S,(r) and

27Tn/2
I(n/2)
denotes the area of the unit sphere in R”. By disintegrating the right hand side

over the hyperspheres {y € S,(x) : y1 = s} (s € [—r,7]), the equation (2.4) can
be further expressed as

Q0 2

an%Mwmwzﬂnw/<ﬂ—§W“WMa$%-

-r
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Assume for the moment that u; = 0. Then u(z,t) is an even function in ¢ and
one has

Q" (M ug) (x) = QQn—lr\/ (r* = %) 2u(x, 5)ds.
0

This is an Abel-type equation which can be inverted explicitly. One then recovers
u(z,r) from ug. To treat the more general case, by the superposition principle
(i.e. additivity of initial conditions) it is enough to consider the situation where
up = 0 and u; # 0. Let w(z,t) 2 u,(z,t) in this case. Then w satisfies the wave
equation with initial conditions

w|t=0 = Uy, wt’t:o = utt‘t:o = AU|t=0 = Aug = 0.

This reduces to the previous situation and w can thus be found explicitly from
uy. One then obtains u by integration. We will not give the details since the
Euclidean case is not our primary interest here. The hyperbolic situation follows
essentially the same lines but with more involved local calculation based on the
hyperbolic metric (see Section 5.3).

2.3 The Darboux equation

According to the above discussion, the core ingredient of the program is the proof
of Asgeirsson’s mean value theorem. This turns out to be a consequence of the
so-called Darbouz equation for the operator M" which is stated as follows. Recall

that
1

A(r) Sy (x)

where A(r) denotes the hyperbolic volume of S, (z) and w(z) is the volume form.

(M"f)(z) & f(2)dw(z), feC(M),
Theorem 2.2. Let f € C*(M). Define
F(z,y) & (MY f) (), (2.y) € M x M,
where o 1s fixed base point in M. Then the following Darboux equation holds:
AL F(x,y) = AyF(z,y). (2.5)

In addition,
AM"f = M"Af (2.6)

for all r > 0.



To obtain Asgeirsson’s mean value theorem from the Darboux equation, we
use geodesic polar coordinates. With respect to a fixed base point o, the geodesic
polar coordinates are given by (r, () where r is the distance from o and ( records a
point on the sphere S,(0). According to Proposition 4.3, the hyperbolic Laplacian
can be written as

0? 1 0

A == w+mA (r)§+AST»

where Ag, is the Laplace-Beltrami operator on the sphere S,.(0).
Let u € C*(M x M) be such that (2.3) holds. Given r,s > 0 and z,y € M,
we define
U(r,s) £ (MyMyu)(z,y),

where the subscript denotes the variable with respect to which the spherical mean
is taken. By treating s,y as fixed and r, x as variables, one has

= 82_U + 1 ’(T)a_U

orz  A(r) or
= A (by (25))
MBI (by (26))
= M;M;Au.

Ay (M M)

Similarly, by switching the roles of (r,z) and (s, y),

2
_ov + ! A'(s)a—U = M, M;Au.

As(MyMu) = 052 A(s) Os

Note that

1

M Miu(x,y :—/ u(z, w)dw(z)dw(w) = MM u(z,y).
yu(T,y) A)A(S) &ww&w>( Jdw(z)dw(w) = MyMu(z,y)

Since u satisfies Ayu = Ayu by assumption, it follows that

2 1 2 1
oy A o _ou A’(s)g—g for all ;s > 0,

o T At M T e A

where x,y € M are given fixed. With some analytical effort, the above equation
shall imply that U(r,s) = U(s,r) which in particular yields Asgeirsson’s mean
value theorem (take s = 0). We will complete the argument in Section 5.2.



2.4 Invariance of Laplacian

To complete the program, it remains to establish Theorem 2.2. We first demon-
strate this in the Euclidean space R", where the argument is substantially simpler
and also motivates its hyperbolic counterpart. The key point is the translation

and rotation invariance of Laplacian.
Let f € C%*(R™). The orthogonal group

O(n) = {k € Mat(n,n) : kTk = kk' = 1d}

is the isotropy subgroup at the origin o, i.e. the group of isometries leaving o fixed.
Integration on the sphere S, (0) can be performed over the group O(n):

(MY f)(x) = f(x + ky)dk,
O(n)
where dk is the normalised Haar measure on O(n) (i.e. fo(n) dk = 1). Let T,

(respectively, Ry) denote the translation by x (respectively, rotation by k). Since
A is invariant under both translation and rotation, one has

A MY f(2) = o )Ax(f(:c + ky))dk

:/o( (AN + ky)dk = (MMAf)(z) = (2.6)
- / (AT o Re)(y)dE

O(n)
- / A(f o T o i) (y)dk

O(n)

:/ Ay (f(x + ky))dk = A,MY f(z) = (2.5).
O(n)

This proves Theorem 2.2 for the Euclidean case.

A difficulty of extending the above argument to the hyperbolic case is that one
does not have a simple translation operation x + ky on H". Translation needs to
be understood from the perspective of group action (by isometries of H"). As a
result, one needs to “lift” the above calculation to the group level and make use of
the counterpart of A on the isometry group. This requires deeper tools from the
theory of invariant differential operators on Lie groups, which will be developed
in Section 4.1 and Section 4.2. The proof of Theorem 2.2 in the hyperbolic case
will be given in Section 5.



In what follows, we develop the above program of Grigor’yan-Noguchi in a
mathematically precise way.

3 Basic models of H"

There are several equivalent models for H". We discuss two of them that are
related to our study: the hyperboloid and the upper half-space. We only state
the relevant properties and will not provide proofs in this part (the reader is
referred to [CFK97| for the details).

3.1 The hyperboloid model

The hyperboloid model is convenient for group-theoretic considerations. We equip
R™*! with the Lorentzian metric

TxY=2T1Y1 + -+ TpYn — Tnr1Yntl

and define
L& {xGR"+1:x*x:—1,xn+1 >O}.

Then the Lorentzian metric restricts to a Riemannian metric on L, under which L
becomes a model of H". Fix the base point 0 2 (0,---,0,1)” € L. The hyperbolic
distance can be computed explicitly through the formula

rxy = —coshd(z,y), x,y€ L.

In particular, under the R™™! coordinates S, (o) corresponds to an Euclidean
sphere with radius sinhr.

Definition 3.1. The isometry group G is the group of diffeomorphisms of L
leaving the hyperbolic metric invariant. The isotropy subgroup K at o is the
subgroup of G that fixes 0, i.e. K ={g€ G:g-0=o0}.

The isometry group and isotropy subgroup are described explicitly by the
following result.

Theorem 3.1. A map g : L — L is an isometry if and only if it is the restriction
of a linear transformation defined by a matrix

A= (ab T 7an7an+1>



such that
0, i#7;
axa; =<1, i=j<m Al > 0.
1, i=j=n+1,
In addition, g € K if and only if

with some S € O(n).

The isometry group of L given by Theorem 3.1 is denoted as G = O (n, 1).
The isotropy subgroup K is naturally identified with O(n). The K-action on
L is just rotation with respect to the z,,i-axis. Restricted to S,(0), it acts as
Euclidean isometries and acts transitively (i.e. for any z,y € S,(0) there exists
k € K such that y = k- x). The latter follows from the fact that O(n) acts
transitively on Euclidean spheres.

Sr10)

One can form the left coset space
G/K 2 {gK :ge K}.
The group G acts on G/K by left translation:

7(9)(hK) £ ghK, g€ G, hK € G/K.

10



The space G/K is canonically isomorphic to L via gK < g -o. The Lie algebra
of G and K are given by

g:{(ﬁr g)iAGEO(ane]R”}’ t={Xe€g:z=0}~s0(n).
The space
m2{Xecg:A=0} =R" (3.1)

is canonically isomorphic to the tangent space of L at the base point 0. Under
the identification (3.1), the hyperbolic metric on T, L coincides with the canonical
Euclidean metric on R™. For any

0 =z
X_(xT O>€m,

t—exp(tX)-o

the path
defines a geodesic L emitting from o along the direction X.

3.2 The upper half-space model

The upper half-space model is convenient for local computations and geodesic
properties. Define
Uz {yecR":y, >0}

The Lobachevsky metric on U is defined by
ds® = —(dy; + -+ + dy2).

Under the metric ds?, the upper half-space U becomes a model of H". Fix o =
(0,---,0,1) € U to be the base point.
Given y € U, we set § = (Y1, ,Yn_1, —¥n). The hyperbolic distance is ex-
plicitly given by | |
11T~y
d(x,y) = 2tanh P— (3.2)
In particular,

[y V2 + (y,, — 1)?
ly™=D12 + (y, + 1)’

(n—1)

d(o,y) = 2tanh™! y=""",un) (3.3)

11



depends only on the Euclidean norm of y®=1 and y,. Also note that

d(0,y) = [logys| Yy =(0,---,0,9).

Geodesics in U are given by Euclidean semicircles in U that are perpendicular to
the plane y, = 0 at both ends as well as vertical straight lines.

Another advantage of the upper half-space is that disintegration on S,.(0) (with
respect to the y,-variable) is more explicit. This is useful in our later proof of
Asgeirsson’s mean value theorem. To derive the disintegration formula, let us
introduce a change of variables y,, = €¢® (s € R). The induced Riemannian metric
on the plane P; : y, = €° is given by

e‘ZS(dyf 4+ dyi_l). (3.4)

In particular, the geometry on P is Euclidean. We want to write a general
spherical integral in the following form:

flodst) = [ st [ ac

S:(0) NS: (o)

where dl(s) denotes the arc element along the s direction (the circle S,.(0) N{ys =
<+ =1y,—1 = 0}) and dy¢ denotes the volume form on the level set P; NS,.(0).

We first compute the volume form ds¢ on P;NS,(0). Let » > 0 and s € (—r, 7).
From the relation (3.3), the intersection Ps; N S,.(0) is the sphere

Ci 2 {y=(y" e’ |ly" V| = p}

where p satisfies

r= 2tanh_1 M
PP+ (es+1)%

By solving the above relation, one finds that

p = /2e5(coshr — cosh s). (3.5)
In view of the metric (3.4), the volume form on Cj is given by
d¢ = ()" d"¢ (3.6)

where d"¢ denotes the volume form when Cj is viewed as a standard Euclidean
sphere of radius p in R"~1.

12
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Figure 1: Disintegration on S, (o).

Next, we compute the arc element di(s). In Figure 1, the arc from A to B is
given by

v(s) = (v/2e*(coshr — cosh s),0,---,0,¢%), s € [—r7].
Under the hyperbolic metric, one finds
AI(s) = ()l = 1/ 322() (32(s) + -+ +32(5))

B sinh r
\v/2e(coshr — cosh s)

ds. (3.7)

Combining (3.6) and (3.7), one obtains the following disintegration formula:

r fs(n 3/2
dw(y) = sinhr / Q)d¢. 3.8
/ST(O) flu)doy) —r \/2(coshr — cosh s) S (3:8)

The formula further simplifies when f depends only on s. We will come back to
this point when it becomes relevant (see (5.6) below).

4 Invariant differential operators

In this section, we develop the invariance properties of the hyperbolic Laplacian at
the group-theoretic level that are essential for the proof of the Darboux equation.

13



4.1 Invariant differential operators on Lie groups

As a starting point, one needs to know how to characterise left invariant differential
operators on a Lie group from the Lie algebra perspective. In what follows, let G
be a finite dimensional Lie group with Lie algebra g. The identity of G is denoted
as e. Left and right translations by g € G are denoted as L, and R, respectively.
The exponential map is denoted as exp : g — G.

4.1.1 Adjoint representations

For each given g € G, there is an associated automorphism A, : G — G defined
by
A, (h) £ ghg™', hed.

The differential of A, at the identity e is a linear isomorphism over the Lie algebra
g. The group homomorphism

Ad: G — Aut(g), Ad(g) 2 (dA,).

is known as the adjoint representation of G. Its differential at the identity, denoted
as
ad : g — End(g),

is a Lie algebra homomorphism which is known as the adjoint representation of
g. It is explicitly given by
adx (V) = [X,Y]

for all XY € g.
The exponential map is natural in the sense that the following two diagrams
are both commutative.

SO g —%— End(g)

g g
lexp lexp lexp lexp
G-, q

— G, G —24 5 Aut(g).

In addition, the following relation holds
adAd(g)(X) = Ad(g) oady o Ad(gil>

for all g € G and X € g.

14



4.1.2 The universal enveloping algebra

Any algebra has a natural Lie algebra structure given by the commutator [a, 0] =

ab — ba. Conversely, given a Lie algebra g, there is a unique smallest associative
algebra with unit (up to isomorphism) which contains g as a Lie subalgebra.
Explicitly, this algebra is constructed by U(g) = T'(g)/I, where

T(g) £ Po*"
n=0

is the tensor algebra over g and [ is the ideal generated by the elements
XY -YeX-[X,Y] (X,Ye€g).

Modulo the abstract nonsense, U(g) consists of finite linear combinations of formal
noncommutative products

XX (m=1, X; €g)
subject to the relation XY — Y X = [X Y] whenever X,Y € g.

Definition 4.1. The algebra U(g) is called the universal enveloping algebra of g.

4.1.3 Characterisations of left invariant differential operators

The construction of U(g) is purely algebraic. However, a remarkable fact is that
it is precisely the algebra of left invariant differential operators on G.

To understand such a relation, we begin with the following consideration. Any
given X € g induces a differential operator X : C®(G) — C(G) defined by

(XN(0) 2 5| flgesp(iX)).

Let Dy(G) be the algebra generated by {X : X € g}. In other words, elements in
Dy(G) has the form

Co —f- Z Ci1~~-imXi1 e Xim

where multiplication is understood as composition. From the definition of X, it
is clear that elements in Dy(G) are left invariant, in the sense that

D(folL,) = (Df)oL, ¥geG,feC=QG).

15



We now fix a basis {X;,---,X,} of g (n = dimg). Given an n-tuple m =
(mq,---,my,) of nonnegative integers, we define X(m) € U(g) to be the m-th
coefficient in the formal expansion of

(tb . ’tn) — et1X1+-~+tan.

More explicitly,
X =) "™ X (m),

where t = (t1,-+- ,t,), X(t) = ;X1 + - +t,X,, and t™ 2 /" ...¢™n Corre-

spondingly, we also define X (m) € Dy(G) to be the m-th coefficient in the formal

thlJl’""‘Ftan

expansion of e . As a differential operator, one has

1 olml
tXy+ -+ X, .41
m1!~~mn!8t71m~'8t’gbnf(gexp< 181+ ) o (4.1)

(X(m)f)(g) =

The following result shows that U(g) and Dy(G) are naturally isomorphic.

Theorem 4.1. The algebra homomorphism T : U(g) — Do(G) induced by X
X is an algebra isomorphism. The family { X (m)}, where m runs over all n-tuples
of nonnegative integers, defines a basis of Do(G). The family

{Xlel"')zsn D1, 6n 2 O}
is also a basis of Dyo(G).

Proof. We first show that {X(m)} linearly spans U(g). For this purpose, it is
enough to show that any given product X; ---X; (X; € g) can be written as a
linear combination of X (m) (Jm| < p). This is seen from the following two formal
algebraic observations.

(i) Simple combinatorics shows that

Z Kigy = Xiggy = X (m)

0ES)

for some constant ¢, where S, denotes the set of permutations of order p and m
is the n-tuple determined by the relation

ti -

17 3

. _ml".mn
iy = U

16



As a result, in order to prove the claim it suffices to show that

Xi o Xi) = X X, (4.2)

o) "

o(p)
is a linear combination of X (m) (|m| < p) for any given o € S,.

(ii) By using the relation XY — Y X = [X,Y] (X,Y € g), it is easily seen that
(4.2) is a linear combination of X --- X | with suitable X; € g.
By the above two observations, the claim follows easily by induction.

Next, we claim that {X(m)} are linearly independent. To this end, let m
be given fixed. Let f € C*°(G) be a function such that f(t) = t™ under the

exponential coordinates near e (with respect to the basis Xy, -+, X,). According
to (4.1), one finds that

1 oml
my! - -myl otm =0

(X(m)f)(e) = # 0

while .
(X (m')f)(e) =0
for all m’ # m. This implies the linear independence of {X(m)}. The first two

assertions of the proposition are now a simple matter of linear algebra.
To prove the last assertion, one first notes that

X(m) € Span{X{'--- X" :e; + -+ e, < |m|}

for any m. This is again a consequence of the relation XY —YX = [X|Y]. In
addition, one also has

Xt Xom e Span{X(m) : lm| < ep + - +e,}

for any (e, -+ ,e,). This was already showed at the beginning. The proof is now
complete by observing that the following two families have the same cardinality

(X7 Xirrer+ -+ e <pp, {X(m): |m| < p}
for every given p. m

Next, we proceed to show that Dy(G) consists of all left invariant differential
operators on . We will also give a more useful characterisation of Dy(G).

17



Definition 4.2. Let M be a differentiable manifold. A differential operator on
M is a linear map D : C*°(M) — C*°(M) such that D|cs(ar) decreases supports,
namely,

supp(Df) € supp f
for all f € C°(M). Given a diffeomorphism ¢ : M — M, we define

D?(f) £ D(fog)og™
We say that D is ¢-invariant if D? = D.

It is a well-known fact from real analysis (cf. [Hel84, Chap. II, Theorem 1.4])
that a differential operator D admits a representation

D= ey, fa'f (43)

Oxan

under a local coordinate chart (U, {x;}), where the summation is finite and ¢,, € R.

Define D(G) to be the algebra of left invariant differential operators on G, i.e.
differential operators D in the sense of Definition 4.2 that are L ,-invariant for all
g € G. In the mean while, let S(g) be the unital commutative algebra generated
by g. Given a fixed basis {Xi,---,X,} of g, S(g) consists of polynomials in
the commutative symbols Xy, -+, X,. Let A : S(g) — D(G) be the linear map
induced by X™ — X™ (X € g).

Theorem 4.2. The map X is a linear isomorphism. In addition, Dy(G) = D(G).

Proof. Let {X1,---,X,} be a basis of g. Note that

(M(P)f)(g) = P01, ,0n) f(gexp(ti X1+ + taXn))| .

for all P € S(g) and f € C>(G).
Injectz'm’ty of \. Let P € S(g) be a nonzero element. With respect to a
basis { X1, , X, }, P contams a nonzero top-degree monomial, say aX;"* - - - X"
where a # 0. Define f(t) = 7" ---#™ (t small). Then ()\(P)f)( ) ;é 0 which
shows that A(P) # 0.
Surjectivity of X\. Let D € D(G). As a differential operator, there exists a
polynomial P in n variables, such that (see (4.3))
(Df)(e) = P(0r,- -+, 0n) flexp(tr Xy + -+ + 1, X))

o

18



Since D is left invariant, one has

(Df)(g) = P(01,---,0n) f(gexp(ti X1 + -+ + tan))|t:()

for all g € G. As a result, D = \(P).
By the definition of A, it is not hard to see that

1 3 3
)\(ley'p) :H ZYU(l)“'Yo(Z’)

CoESy

for all Y7,---,Y, € g. Since T(U(g)) = Do(G) (see Theorem 4.1), the surjectivity
of A and the above relation further imply that Dy(G) = D(G). O

4.1.4 The adjoint representation over D(G) and bi-invariant differen-
tial operators

We now consider the subspace of bi-invariant differential operators on G, i.e.
elements D € D(G) that are also right invariant. As we will see, D € D(G) is
bi-invariant if and only if D commutes with all elements in D(G).

Recall that Ad : G — Aut(g) is the adjoint representation of G over g. By
viewing elements in g as differential operators, one can compute (Ad(g)(X))~ €
D(G) as follows. Given f € C*(G) and a diffeomorphism ¢, we denote f? =

foo™

Lemma 4.1. One has .
(Ad(g)(X))™ = X"

forany g € G and X € g.

Proof. This is seen from the following calculation:
(Ad(9)(X))" f ()
d d
= %’t:of@ exp(tAd(g)X)) = E(tzof(xg exp(tX)g™')
‘ S (zgexp(tX)) = (Xf)(zg) = (X fha)

for all f € C*(G). O

T dt

t=

Lemma 4.1 motivates the following definition. Given g € G and D € D(G),
we set

Ad(g)(D) £ D"
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Note that )
(Ad(g)(X))™ = Ad(g)(X) (4.4)

under this definition. It is a simple unwinding of definitions that Ad(g) : D(G) —
D(@) is an algebra homomorphism and

Ad(gh)(D) = Ad(g)Ad(h)(D) Vg,h € G,D € D(G).

Therefore, Ad : G — Auta,(D(G)) is a group homomorphism. This is also
known as the adjoint representation of G over D(G). By definition, D € D(G) is
bi-invariant if and only if D is Ad-invariant, i.e. Ad(g)(D) = D for all g € G.

At the Lie algebra level, let us set

ady(D)2 XD — DX € D(G), X €g,D e D(G).
One easily checks that ady : D(G) — D(G) is a derivation, i.e.

adX(DlDQ) = adx<D1)D2 =+ DladX(Dg) (45)
for all Dy, Dy € D(G). Define
— (adx)™(D
e*x (D) & (5”‘21—'” X eg,D e D(G). (4.6)
m=0 :

Note that (ady)™D is a differential operator whose order is not greater than that
of D. As a result, the general terms of the series (4.6) lie in a finite dimensional
vector space and there is no issue of convergence.

Proposition 4.1. The following identity

e™x (D) = Ad(e™)(D) (4.7)
holds for all X € g and D € D(G).
Proof. One first observes that

m

adR(DyDy) =) - (ad’y Dy)(ady ™ Dy),

m!
il(m —)!

=0
which follows from (4.5) and induction. This relation implies that
GadX (D1D2> = (eadx Dl)(eadx Dg)

As a result, both €*™* and Ad(e™) are algebra homomorphisms over D(G). Since
they agree on {X : X € g} by the naturality of the exponential map, they must
coincide on the entire D(G). O
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The following result gives a characterisation of bi-invariant differential opera-
tors on G.

Theorem 4.3. Let G be a connected Lie group and let D € D(G). Then the
following three statements are equivalent:

(i) D a bi-invariant differential operator;

(i1) D = \(P) where P € S(g) is Ad-invariant in the sense that Ad(g)(P) = P
for all g € G;

(111) D commutes with all elements in D(Q).

Proof. The equivalence between (i) and (ii) follows from the relations (4.4) and
A(X™) = X™. To prove the equivalence between (i) and (iii), we first claim that

XD = DX <= DFextx) =D forall t € R,
where X (X € g) is given fixed. Indeed, the “ = 7 direction follows from

DFer0) = Ad(e™'¥) (D) = e X (D) (4.8)
()"

O (ad)"(D) = D,
m=0
while the “<=" direction follows from differentiating (4.8).
Note that (ii) holds iff XD = DX for all X € g, which is equivalent to saying
that
DFexvx) = D (4.9)

for all X € g,t € R. Since G is connected, any open neighbourhood of e generates
the entire group G. As a result, the relation (4.9) is also equivalent to

Dfs =D

for all g € GG, namely, the bi-invariance of D. O]

4.2 Invariant differential operators on factor spaces

Let K be a closed subgroup of G whose Lie algebra is €. We now consider the
factor space G/K, whose projection map is denoted as 7 : G — G/K. A basic
example that is relevant to us is G = O (n, 1), K = O(n) so that G/K = H" (see
Theorem 3.1).
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One can equip G/K with a manifold structure in the following way. Let m be
a complementary subspace such that g = m @ €. Let {X;,---, X, } be a basis of
m. For each g € G, the map

(t1, - ,t,) = m(gexp(t; X1 + -+ t,.X,))

defines a local coordinate chart around the point gK € G/K. We set 0o = K as
the base point.

Let k € K be fixed. The adjoint representation Adg(k) descends to a linear
isomorphism over g/¢ (still denoted as Adg(k)). On the other hand, the left
translation

7(k):G/K - G/K

induces a linear isomorphism d7(k), over the tangent space T,(G/K). It is routine
to check that the following diagram commutes.

‘g/E L TO(G/K)

lAdg(k) ldr(k)o

g/E L TO(G/K)

In other words, through the identification dr : g/t = T,(G/K) the adjoint action
of k is simply the differential of the left translation by k.

Definition 4.3. The factor space G/K is said to be reductive if the complemen-
tary subspace m can be chosen such that Adg(K)m C m.

If K is compact, then G/K is reductive. To see this, pick an arbitrary inner
product (-,-) on g and define

(g, ) 2 /K (Adg(k)g, Adg(k)h)dk

where dk is denotes the normalised Haar measure on K. Then m = £+ (with
respect to (-, -)*) satisfies Definition 4.3. Note that this condition is satisfied for
the hyperbolic space since K = O(n) is compact. Indeed, the decomposition
g = m & ¢ for the hyperboloid model is canonical and one has Adg(K)m C m so
that G/ K is a reductive factor space.

Let D(G/K) be the algebra of left invariant differential operators over G/ K.
Define

D(G)t 2 Span{DX : D € D(G), X € ¢}
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and

I(m) = {P € S(m): Adg(k)P = P forall k € K}.

The following result provides a characterisation of D(G/K) in terms of invariant
polynomials on m.

Theorem 4.4. Let G/K be a reductive factor space. Let
Di(G) £ {u € D(G) : Adg(k)u = u for all k € K}
be the subalgebra of K -(right-)invariant differential operators over G. Define
i:Dg(G)— D(G/K), u+— D,

by the relation )
(Duf)” =uf, fe€CT(G/K),

where fé fome C®(G). Then p is a surjective algebra homomorphism and
keru = Di(G) N D(G)e.
As a consequence, one has

D (G)
Dr(G) N D(G)E

~ D(G/K)
In addition, the map po A : I(m) — D(G/K) is a linear isomorphism.

Proof of Theorem 4.4

Let u € Dg(G) be given. The right K-invariance of w implies that D, is well-
defined (i.e. wf is the lifting of a function on G/K). The left invariance of u
implies the left invariance of D,,. The fact that u is an algebra homomorphism is
trivial.

To proceed further, we fix a basis {Xj,---, X, } of m and extend it to a basis

{X1,-, Xy, Xoq1,- -+, Xy} to a basis of g.

Claim. p is surjective.

Proof. Let E € D(G/K). Then there exists P € S(m) such that

(Ef)(0) = P(0,---,0:) f (m(exp(z1 Xy + - + 2, X)) |a=0
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for all f € C*°(G/K). By the left invariance of E,

(Ef)(g-0) = E(f" )0
= P(D4y, -, 00 )f™ ) (w(exp(a1 Xy + -+ + 2. X,)))a=o

= P (O, ’6xr)f(7r(g exp(z1 Xy + -+ 2,X,))) =0

~—

Taking g = k € K (so that k-0 = 0), one has

(Bf)(0) = P(Duy, -+ 0s,) f(exp(Ade (k) (21 X1 + -+ + 2,X,)))|o=0

= P(Dy - A Fexp(ya Xs + -+ + 5.X,)) o, (4.10)

where A(k) is the matrix of Adg(k), i.e.

Ade(k)(X;) = iA(k)szv i=1,r

J=1

and 9, = (9, -+ ,0,.). Since k and f are arbitrary, the relation (4.10) implies
that P is Adg(K)-invariant, i.e. P € I(m). It follows that u £ \(P) € Dg(G)
and

(uf)(9) = MP)f(9) = (Ef)(g-0).
In particular, £ = p(u). This shows that u is surjective. O

The next decomposition is crucial for the characterisation of ker .
Claim. D(G) = A\(S(m)) & D(G)t.

Proof. We first prove by induction that D(G) = A(S(m)) + D(G)E (without linear
independence). Let D = X (X € g) and one has

X=Y+Z YemZect

according to the Lie algebra decomposition. Suppose that the decomposition is
true when the degree of the differential operator is less than d > 1. Let

D=XP), P=X{"--X--- X" e S(g)
where e; + - -- + ¢, = d. One can write

P=X0. . Xo . XY, 4 X X X g (4.11)
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where Y,, € m, Z,, € £. As a result, the A\-image of the second term belongs to
D(G)¢. In addition, by induction hypothesis

AXE - X XE 1) € A(S(m)) @ D(G)E.

Therefore, the M\-image of the first term in (4.11) belongs to A(S(m)) & D(G)¢.
This completes the induction step.

Next we show that the decomposition is direct. Suppose that 0 # P € S(m).
Then there exists f € C>°(G/K) such that

A(P)f(e) =

In particular, A(P

P(ala 787”)f~(exp($le +oeee A+ xTXT‘))|CC=0 7& 0.
¢ D(G)t (because f is right K-invariant). O
Claim. D (G) = AI(m)) ® (Dk(G) N D(G)¥).

Proof. Let D € Di(G) and write D = D1+ Dy where Dy € A(S(m)), Dy € D(G)t.
Then
Dy + Dy = D = Adg(k)(D) = Ade(k)(D1) + Ada(k)(Ds)

for all k£ € K. Note that both A(S(m)) and D(G)¢ are Adg(K)-invariant. As a
result,
Adg(k)(D;) = D; (i =1,2),

which yields the desired decomposition. O

We are now in a position to complete the proof of Theorem 4.4.

Claim. ker p = Dg(G) N D(G)t and po A : I(m) - D(G/K) is a linear isomor-
phism.

Proof. Suppose that pu(u) = D, = 0. Write u = uj + ug where u; € A\(I(m)) and
uy € Di(G) N D(G)t. It is clear that D,, = 0 and thus Du; = 0. This implies
that u; = 0, for otherwise the surjectivity argument yields an f € C*°(G/K) such
that (u;f)(e) # 0 which is a contradiction. Therefore, u = uy € Dy (G) N D(G)E.
For the second claim, the surjectivity of o A is clear. To show its injectivity, let
u(A(P)) = 0 for some P € I(m). Then A\(P) € D(G)¢t as just shown. But we also
have A(P) € A(S(m)). As a result, A\(P) = 0 and thus P = 0. O

4.3 The Laplace-Beltrami operator on H"

We now return to the hyperbolic space M = H" = G/K, where G = O"(n, 1)
and K = O(n) (the hyperboloid model). Let A denote the hyperbolic Laplacian.
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4.3.1 Characterisation of D(M)

We prove a remarkable fact that left invariant differential operators are precisely
polynomials of A. Recall that m is identified with the tangent space

ToM:{(l’l,"' 7$n>1):(l‘17"' 7xn)€Rn}

of the hyperboloid at the base point 0o and € = so(n). The hyperbolic metric on m
is the canonical Euclidean metric on the tangent space. As a result, the canonical
basis { X1, -+, X, } of T,(M) is orthonormal.

Theorem 4.5. The algebra D(M) of left invariant differential operators over M
is the algebra of polynomials in A, namely,

D(M) = {p(A) : p is a polynomial in one variable}.

Proof. We claim that

I(m) = {p(X; + -+ X?2) : p is a polynomial in one variable}. (4.12)
Indeed, let P(Xy,---,X,) € I(m). One has
P(Adg(k) Xy, ,Adg(k)X,) = P(Xq, -+, X,) VkeK. (4.13)

The key observation is that Adg(k) acts on m by the Euclidean isometry k (viewed
as an element in O(n)). Since O(n) acts transitively on Euclidean spheres, the
invariance property (4.13) indicates that, as a function in n variables P depends
only on X? + ---+ X2. The claim (4.12) thus follows.

In view of Theorem 4.4, it suffices to show that u(A(X? +---+ X?)) = A. By
left invariance, this boils down to checking that

2

Af(o) =" %f(exp(wl)(l o2, X,) 0)|amo V€ CP(M).  (4.14)
s

The relation (4.14) is a consequence of the following basic fact.

(i) The map (z1,--- ,z,) — exp(x1 Xy + -+ + 2, X,,) - 0 defines a normal chart
around o; the ray
t—=exp(t(x1 Xi+--+2,X,)) -0

is a geodesic for every small z € m.

(ii) As aresult of (i), the Christoffel symbols at o with respect to the normal chart
are all zero.

(iii) The equation (4.14) follows from the explicit local expression of A. O
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4.3.2 The Casimir operator

Although A(X? + - -+ + X?2) provides a natural lifting of A onto D(G), it is only
right K-invariant but not bi-invariant. The bi-invariance will be needed in the
proof of the Darboux equation when one lifts the problem to the group level.
There is a canonical bi-invariant differential operator over G which is constructed
by means of the Killing form on its Lie algebra.

Definition 4.4. Let GG be a Lie group with Lie algebra g. The Killing form on g
is the symmetric bilinear form B : g x g — R defined by

B(X,Y) 2 Tr(adx oady), X,Y €g.

The Killing form has the following basic properties.
Proposition 4.2. (i) B(adzX,Y)+ B(X,adzY) =0 for all X,Y,Z € g.
(i) B(Ad(g)(X),Ad(¢)(Y)) = B(X,Y) forallg € G and X,Y € g.
Proof. (i) This follows from

[adz, adxady] = [ady, adx]|ady + adx[adz, ady]

= ad|z xjady + adxadzy
and taking trace on both sides.
(ii) We first establish the following identity:

adaa(g)(x) = Ad(g) o ady o Ad(g™").
Indeed, for any Y € g one has
R.H.S.(Y) = g[X,g 'Yglg~*
=9(Xg'Yg—g 'YgX)g~

=gXg 'Y —YgXg!
— [Ad(¢)(X),Y] = LHS.(Y).

By using this identity, one finds that

B(Ad(g)(X), Ad(g)(Y))
Tr(Ad(g) oadyx oady o Ad(g_l))
r(ady oady) = B(X,Y).

The desired relation thus follows. OJ
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We now further assume that B is nondegenerate (this is true for the hyperbolic
case). Let {X1,---, X, } be a basis of g. Define

Q£) ¢UXX; € D(G)

ij=1
where (¢g%) is the inverse matrix of
9="(9i5): 9 = B(Xi, X;).

Routine algebra shows that {2 does not depend on the choice of a basis. In
addition, Proposition 4.2 (ii) shows that (2 is a bi-invariant differential operator.

Definition 4.5. The differential operator €2 is known as the Casimir operator
over G.

Remark 4.1. The Casimir operator coincides with the Laplace-Beltrami operator

associated with the pseudo-Riemannian structure on G induced by the Killing
form B.

In the hyperbolic case, the following result is a direct consequence of Theorem
4.5 and the fact that € is quadratic.

Corollary 4.1. Let Q be the Casimir operator over G = O%(n,1). Then u(2) €
D(M) is a scalar multiple of A.

4.3.3 The hyperbolic Laplacian under geodesic polar coordinates

As part of the analysis, we also need the expression of the hyperbolic Laplacian
A under geodesic polar coordinates. Recall that the geodesic polar coordinates
are given by (r,(), where r is the hyperbolic distance from o and { € S, (o).
We use A(r) to denote the area of the hyperbolic sphere S,(0). It is known that
A(r) = Q, sinh" ' r, where Q, is the area of the Euclidean sphere in R™ with unit
radius.

Proposition 4.3. Under geodesic polar coordinates, the hyperbolic Laplacian A
admits the following expression:

2 1 ., .0
A= gt A g + A (4.15)

.

where A, denotes the Laplace-Beltrami operator on the sphere S,(o) with respect
to the induced metric.
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Proof. The proof relies on several basic Riemannian geometric facts that will be
quoted without comments. Let us write the geodesic polar coordinates (locally)
as (01, ,0,-1,0,) where 6, = r. The Riemannian metric is given by

d82 = Z g”dgld(gj, gij é <801,80]>

1,j=1

Note that (Or,0r) = 1 and the geodesic rays emitting from o are perpendicular
to the sphere S,(0). As a result, the metric ds* becomes

n—1
ds® = dr* + )~ g;;d0;do;.

1,7=1

Correspondingly, the Laplace-Beltrami operator simplifies to

0? 1 0y/detg 0 A o
A=g2 ot == (g7 det 4.1
2 i Vdetg Or Or * Vdet g ”21 06, (9 € gaei)’ (4.16)

where g £ (Gij)1<i j<n- By setting g, £ (9i)1<ij<n—1, one has

_ G« 0 -1 _ g*_l 0 _
g_(o 1) — g _< 0 1)anddetg—detg*.

In particular, the last term in (4.16) is precisely the Laplace-Beltrami operator
on S, (o) (for fixed ).

Now we consider the radial function r. Since A is K-invariant and K acts
transitively on S,.(0), the function Ar depends only on r. As a result, the function

1 V
a'(r) :—log\/det = 0 detg:Ar
detg Or

depends only on r. By integration, one can write

log\/detg_a +6017"'79n—1)

with some suitable functions «, 5. It follows that

\/det g = e ) B0+ n—1)
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On the other hand, one knows that

Alr) = / dw = / V/det gdb; -+ b,y = Ce*.
Sr(0) {(01, 0n-1)}

As a consequence,

Ay, 1 9y/detyg
A(r)_a(r_\/th or

The equation (4.15) thus follows. O

Remark 4.2. Proposition 4.3 is also valid on R" in which case A(r) = Q,r" 1.
More generally, it is valid on any symmetric space of rank one. This assumption
ensures that the isotropy subgroup at o acts transitively on S,(0), which is a
crucial fact used in the above proof.

5 Derivation of the hyperbolic heat kernel formula

In this section, we give the complete derivation of the hyperbolic heat kernel
formula (Theorem 1.1).

5.1 The hyperbolic Darboux equation

Most of the previous discussions are preparation for the proof the Darboux equa-
tion (Theorem 2.2). We now have all the required ingredients and we have also
seen the simpler Euclidean argument in Section 2. In what follows, we consider
the hyperbolic counterpart, whose proof of course covers the Euclidean case as
well.

Proof of Theorem 2.2. Recall that
Flo,y) = MA9 f(2)

Let f(g) 2 f(g-0) and F(g,h) 2 F(g-0,h-0) be their liftings onto the group G.
As in the Euclidean case, one can write

Flo.n) = [ Fgknyar
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Let ©2 be the Casimir operator over G. It follows from the bi-invariance of €2 that

0, F(g.h) = /K 0, F(ghh)dk

—/K(Qf)(gkh)dk (5.1)
_ / W f(gkh)dk = Q2 E (g, h).

By projecting down to M (cf. Corollary 4.1), one arrives at
A F(z,y) = AyF(z,y).

The relation

A M"f(x) = M"A,f(x)
follows from (5.1) and the fact that

/K () (gkh)dk = (M7A, 1) (g)

with 7 = d(o, h - 0) being fixed.

5.2 Proof of Asgeirsson’s mean value theorem

We now proceed to complete the proof of Theorem 2.1. We have already developed
some part of the argument in Section 2. The notation is recalled as follows:

Ur,s) £ MyMyu(@,y),

where u satisfies Ayu = Ayu. For any fixed z,y € M, we have obtained previously

that 0*U 1 ou 09U 1 ou
A = A

!/ /
or? * A(r) (r) or  0s? * A(s) (5) Js
for all r;s > 0. Note that there are no singularities for U or its derivatives with
respect to r, s when r, s — 0. This is seen by writing

M f@) = [ Flom
where r = d(o,h-0) and x = g - 0.
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To prove Asgeirsson’s mean value theorem, we shall establish the following
stronger relation:

U(r,s) =Ul(s,r). (5.2)

The theorem is just the special situation when s = 0. For this purpose, let us
define
F(r,s) 2 U(r,s) —U(s,7).
Then one has
O*F n A(ryOF  9*F A'(s)OF

or2  A(r) or  0s>  A(s) 0Os
By multiplying both sides by 2A(r ) , one finds that

0 ((0F\2 0F'\2 0 OF OF 2A(r) |, OFN2
_A(T)a <<E> * (E) ) * QE(A( " ar or Os ) A(s) A (S)< Os ) =0
By applying the 2D Green’s formula to the vector field

X (2400550 -a0((5) + ()

on the triangle OMN (see the figure below with N = (0, s)),

=0.

S

N

one obtains that

//OMN A(s )(%Z) drds = X . dd, (5.3)

0OMN

where T denotes the unit outer normal on the boundary of the triangle and dl
denotes the arc element. By using the explicit formula for A(r), one can check
that this is legal and there are no singularity issues as r or s tends to zero (all the
relevant integrals are finite).
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On the segment ON, one has A(r) = 0. On the segment OM, one has o=
(1/v/2,—1/y/2). It follows that

OF  OF .,
I? Tdl = v” A (G o)l

Since F(r,r) = O, one knows that %—f + %—I; = 0 on OM. Therefore,

X TWdl=o0.
OM

On the segment M N, one has T = (1/\/5, 1/4/2) and

? Wdl =

5 Jn A0 (G -5

By substituting these relations into (5.3), one obtains that

2A(r) 8F 8F OF\?2
A drds + — —— ] dl=0.
([AMN.A@) (Q(as st fn (3 —35) @=0
As a consequence,
oF OF OF
as OOHOMN and E gOHMN.

Since the point N is arbitrary, one concludes that

OF OF
or  0s
for all s > r. Note that F(r,r) = 0. As a result, F/(r,s) = 0, which yields the

desired relation (5.2).
The proof of Asgeirsson’s mean value theorem is now complete.

5.3 The heat kernel formula

In Section 2, we have seen in the Euclidean case how Asgeirsson’s mean value
theorem can be used to solve the wave equation. In this section, we develop the
hyperbolic counterpart of the argument and complete the proof of Theorem 1.1.
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5.3.1 Solving the wave equation

There is one subtle point in the hyperbolic situation. The natural wave equation
on hyperbolic space is indeed

0*u n—1\2

0 (ah (M) y

o (a+ 2 ) )" (5:4)
As pointed out by S. Helgason [Hel84], if one considers the Lorentzian manifold

M 2 H" x R, the kernel of the operator A + (”7_1)2 — 6%22 (but not of A — g—;!) is

conformally invariant. This explains why one should consider (5.4) instead. Note
that (“51)? is the bottom spectrum of —A (cf. Remark 1.1), so that

0.

N

peas ("

We now use Asgeirsson’s mean value theorem to solve the following wave equation:

Pu— Lu, (z,t) e H" x R;

ot?
ul—o = uo, (5.5)
Ut‘t:O =0

Although the case u;(+,0) # 0 can also be included, we do not need this in the
derivation of the heat kernel formula.

To perform explicit local calculations, we work with the upper half-space model
(see Section 3.2)

U={(y1, -+ yn) 1y > 0}.
Recall that the hyperbolic metric is given by
1
ds* = ?(dzﬁ + o dyy).
The hyperbolic Laplacian A is found to be
2 92

0
p— 2 — TR — — — —
A= y"(ay% + -4 E‘)yf) (n—2)y,

By setting 3, = €°, one finds that

n—1



where the functions e ¢ are regarded as operators (multiplication by these

functions).
Suppose that u is the solution to (5.5). Define

A n=lg
U(xla"' y Ly Y1, 00 >?Jn) =e 2 U(Jfl,"' 71:%78)
where y, = e¢®. Then one has
n—1
—S
Ao =e2 *Apu(zy, -, xp,S)

and

noig 0? n—1\2
s (2 (5 o

=e 2 *Agu(ry, T, 8).

Therefore, Ayv = Ayv.
According to Asgeirsson’s mean value theorem with xo = x and yg = 0 =
(0,---0,1), one has

Q, sinh" 1ty - (M ug)(z) = /S ( )v(m,y)dw(y).

By using the disintegration formula (3.8),

/ o(z, y)du(y)
Sr(0)

' T not, e—s(n—3/2)
=sinhr [ e 2 *u(z,s)- | Csleuds
—r \/2(coshr — cosh s)

—2"7°Q,_;sinhr - / u(zx, s)(coshr — cosh s)nT_Sds

—-r

—2"7°Q,_;sinhr - / u(z, s)(coshr — cosh s)nT_Sds, (5.6)
0

where |Csq, denotes the Euclidean area of Cs and we used the observation that
u is an even function in ¢. It follows that

" n=3 Qn
/o u(zx, s)(coshr — cosh s) 2 ds = 02w
One can easily invert this equation to recover u(z,r). To this end, following the
notation of [GN98| let us denote

sinh™ 27 - (M ug)(z).  (5.7)

0 m
T Y : k... T
(Npef)@) 2 (5] (sinkr - A7 f ()
where 8c<?shr = sinlhr%'
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Case I: n > 3 s odd.

n—3
Let n = 2m + 1 (m > 1). By applying (5-2—) * to the equation (5.7), one
obtains that

r Q,
(m — 1)!/0 u(zx, s)ds = 0o (NL n— JUo) ().
Therefore,
QTL a T
u(w,r) = Q127 (m — 1) <3TNT n— 2“°> (z)
1 J ..
N (n—2)! <§ an37”‘2“0> ().

Case II: n = 2 is even.

Let n = 2m + 2 (m > 0). By applying (8cosh'r) "2 to the equation (5.7) and
simplification, one finds that

" u(x,s)ds P
- Niz ,_yti0)(2). 5.8
o Vcoshr —coshs  v/2(n —2)!! ( n=2 n-2 0)(x) (5.8)

In order to recover u(z, ), one multiplies both sides of (5.8) by K (¢, r) sinh r where

1
K(t,r) = , r<t, 5.9
(t:7) /cosht — coshr (5.9)

and integrate over r from 0 to ¢ (¢ > 0). The left hand side of (5.8) becomes

/dr/Ktr (r, s)u(z, 5)ds
:/0 gssds/KtrK(rs)dr

- /0 (e, $)ds. (5.10)

where we used the observation that

¢ cosht d€
[ enmes = [ e
1 dn
= | —— =B(1/2,1/2) = .
/0 T~ B2 =
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On the other hand, the right hand side of (5.8) becomes
d /tK(t ) sinh 7 (N7 )(x)d (5.11)
—_ ,r)sinhr(Nu—a ug)(z)dr. :
V2(n = 2)! Jo 7on=20
It follows from (5.10) and (5.11) that

u(z,t) =

1 2( ! sinh 7 (
V2(n — 210t \ Jo y/cosht — coshr

Let us summarise the main conclusion in the proposition below.

Nﬁm,zuo) (:c)) dr.

2

Proposition 5.1. Define
Ulx,r) = / uo(y)dw(y) = Q, sinh™ ' r - M ug(z).
Sr(z)

The solution u(x,t) to the hyperbolic wave equation (5.5) is given by the following
formula.

(i) If n > 3 is odd, then one has

u(z, ) = Qn(nl— 2)ll % <<sinlht%> - (foh?)) (5.12)

(i1) If n = 2 is even, then one has

1 o [t sinh 7 1 oON\*3/U(x,7)
“@’t)_an\/i(n—Q)!@/o Mcosht—coshr<sinh7@) ()

(5.13)
In both cases, the formulas are stated for t > 0. For t < 0, one has u(x,t) =
u(x, —t).

Remark 5.1. Tt can be shown that U(z,) € C"(R) and g—;U(a:,O) = 0 for
k=0,1,--- ,n—1. This fact is used to see that the formulae (5.12) and (5.13)
extend continuously to ¢ = 0. We omit the discussion of this technical point (see

[GN98, Lemma 2.4]| for the details).

5.3.2 Proof of Theorem 1.1

Recall that

(i _1)2
D = (=12t
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where L = A + ( ) Let pa(z,y,t) and pp(z,y,t) denote the heat kernels of
A and L respectlvely It is plain to see that

~ DAY (1 y,t). (5.14)

As a consequence, it is sufficient to compute pr(x,y,t).
Recall from (2.1) that

palz,y,t) =e

e~ cos(sv/—L)ds

\/H

Let u be the solution to the wave equation (5.5). Let v be the solution to the heat
equation associated with the operator L and v(x,0) = ug(x). Then one has

v(x,t) \/E/ ey u(z, s)ds.

We again divide the discussion into two cases.
Case :n=2m+1 (m >1).
According to (5.12),

< 20 0 \m ,
o) =g | o (i) ()

By using integration by parts, one can write

[ i)™ (B
[ e ) ) ()

T /_Z <Sin1hs%€i> %((sinlhs%>m_2<%};z)))ds
- [ ) () (A5,

= (=1 /—Z (Sinlhs%>2(e_i> ' %(<sinlhs%>m_3 (%))ds

= (=)™ /_Z <Sinlhs%>m_l<efj> ' %((sinlhs%>o(ii(f}7li)>)ds
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o [ () () v
= (—1)m/Hn( = 2>m(e’£) -uo(y)dy,

sinh p Op

where p = d(z,y) denotes the hyperbolic distance between z and y. It follows
that

v(w,t) = / pr(@, y, tuo(y)dy
(—1)™ ( 1 0 >m< _p(m,y>2>
= — e” it ) -ug(y)dy.
Qn(n — 2)!"W/4xt Jgn \sinh pdp o(y)dy
Since uq is arbitrary, one obtains that
(=™ 1 ( 1 0 >M< _p(z,y)2>
t) = . . —_ 4t .
pele.y,t) Qu(n—2)!' \/4xt \sinhpdp c
In view of (5.14), this gives the desired heat kernel formula (1.1).
Case II: n=2m+2 (m > 0).

The calculation in this case is similar. Recall that K (¢,r) is defined by (5.9).
According to (5.13), one has

vt = Q\/_(n—Q”\/E/ ‘ 4t_/K8p)smhp

9 :
% <sin1hp8_p> <Usvi(nLhﬁ)>dpd8

o0

_5 —e T / K(s,p smhp( - L 2>m<U.<gU7p)>dp>dS

Vi) o sinh p dp sinh p

=i [ (] s Famas) s ()" (G
:1%/0 E(P)aﬁp((sinlhpgpyn_l(Zi(rflr;p;))dp’

2

A 1 A /OO -
Cn = , E(p) = se” 4 K (s, p)ds.
Q,V2(n — 2)!Wax (v) o (5.)

By using integration by parts as in the odd case, one arrives at

_<—1>mcn/ L 9 m/°° %
v(x,t)— +3/2 o ((Sinhpap> ) S€ K(S,p)dS)U()(y)dy.
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Therefore,

(1) s 1 9\m [® 2
pe(,y.t) = g5 (ginhp8_p> L K (s, p)ds.

This again leads to the desired heat kernel formula (1.2) in view of (5.14).

Remark 5.2. There is a discrete analogue of the heat kernel asymptotics (cf. Re-

k1.1
e ) o= (n=1)2t/4

p(z,y,t) ~ as t — 00.

The discrete counterpart of H" is the free group F” with n generators, i.e. the
group of all reduced words over n noncommutative letters. The counterpart of
the Brownian motion is the simple random walk and the counterpart of the heat
kernel is the transition probability function p,(z,y) = P(X, = y|X, = ) of the
walk. Assuming an aperiodicity condition (to avoid p,(z,y) = 0 for some n, z, y),
the decay rate of p,(x,y) is given by

—n

(T, y) ~ 52 as n — 0o.

Here R > 1 is the spectral radius of the generator of the random walk, equivalently,
the radius of convergence for the Green function

2 Gzlr,y) £ palz, )"
n=0

This result can be found in [Woe20)].
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