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Abstract

On a compact Riemannian manifold M, we show that the Rieman-
nian distance function d(x,y) can be explicitly reconstructed from suitable
asymptotics of the expected signature of Brownian bridge from x to y. In
addition, by looking into the asymptotic expansion of the fourth level ex-
pected signature of the Brownian loop based at x € M, one can explicitly
reconstruct both intrinsic (Ricci curvature) and extrinsic (second fundamen-
tal form) curvature properties of M at x. As independent interest, we also
derive the intrinsic PDE for the expected Brownian signature dynamics on
M from the perspective of the Eells-Elworthy-Malliavin horizontal lifting.
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1 Introduction and outline of main results

In this section, we discuss the main motivation, introduce some background in-
formation and outline the main results of the present article.

1.1 The signature transform

The signature transform (or simply the signature) of a multidimensional path
v :[0,7] — RY, which is defined by the formal tensor series

S(y) = (1Lyr —’Yoa/

0<s<t<T

d'Ys®d'Yt7"‘,/ dﬁ}/t1®...®dfytm’...)
0<t1 <<t <T

of iterated path integrals, provides an effective summary of the essential informa-
tion encoded in the original path . Such a transformation, as well as its intrinsic
form defined in terms of iterated integrals against spatial one-forms, was origi-
nally introduced by the geometer K. T. Chen [Che54| in the 1950s for his purpose
of constructing a de Rham-type cohomology theory on loop spaces over mani-
folds. Similar type of iterated integrals (with v being operator-valued paths) was
also used by the physicist F. Dyson [Dys49| to obtain perturbative expansions of
Schrodinger equation (Dyson series).

The signature plays a fundamental role in the analysis of rough paths and
rough differential equations. Its mathematical properties have been largely devel-
oped and better understood over the past two decades by using modern techniques
from the rough path theory, which was founded by T. Lyons in his seminal work
[Lyo98] in 1998 and has led to far-reaching applications in stochastic analysis.
Among others, a basic result is the so-called signature uniqueness theorem. It as-
serts that every rough path is uniquely determined by its signature up to treelike
equivalence. This result was already obtained in Chen’s originial work [Che58| in
1958 for piecewise smooth paths. It was extended to the bounded variation case
by Hambly-Lyons [HL10] in 2010 and further to the general rough path case by



Boedihardjo et al. [BGLY16] in 2016. The importance of the signature uniqueness
theorem lies in the fact that it potentially opens a gateway of studying geometric
properties of a rough path from its signature. In fact, the reconstruction of a
rough path from its signature at variaous quantitative levels (the signature in-
version problem) is among the most significant and challenging open problems
in rough path theory. Partial progress and several different methods have been
developed in the literature over the past years to understand this problem, e.g.
Lyons-Xu [LX15] by hyperbolic developments, Lyons-Xu [LX18] by symmetri-
sation, Chang et al. [CDNX17| by probabilistic sampling, Chang-Lyons [CL19]
by tensor insertions, Le Jan-Qian [LQ12| and Geng [Genl7]| by iterated integrals
against suitable spatial one-forms etc. If one is only interested in some particular
quantitative properties of a path instead of recovering the full trajectory, there
could be neat inversion formulae such as the relation (1.3) below which recon-
structs the length of a smooth path from its signature asymptotics in a rather
simple and elegant way.

On the other hand, if the underlying rough path is random (sample paths of a
stochastic process such as the Brownian motion) the signature becomes a tensor-
valued random variable. In this case, one naturally considers the expectation of
the signature (the expected signature). There is a probabilistic counterpart of
the signature uniqueness theorem due to Chevyrev-Lyons [CL16] in 2016, which
asserts that under suitable conditions the law of a stochastic process is uniquely
characterised by its expected signature. To some extent, this can be viewed as
an infinite dimensional analogue of the classical moment problem for random
variables. There has been several works using a PDE approach to compute and
analyse the expected signature of Brownian motion [LV04], [LN15], diffusion pro-
cesses |[Nil2] and Lévy processes [FS17]. For a general stochastic process, how
one can explicitly and quantitatively reconstruct distributional properties of the
process from its expected signature is widely unknown at the moment.

On the applied side, more recently the applications of expected signature in
machine learning are gaining attention. Specifically, Sig-MMD or Sig-Wasserstein-
1 (Sig-W,) distance based on the expected signature can serve as the maximum
mean discrepancy (MMD) distance for general stochastic processes, which have
wide applications in hypothesis testing [CO22|, distributional regression [LSD21]
and generative models on sequential data [NSW23, NSS21|. Compared with the
vanilla MMD with vector-valued time series feature, Sig-MMD demonstrates su-
perior performance in the two-sample hypothesis test of stochastic processes, as
illustrated in [CO22|. This metric can be kernelized to facilitate efficient com-
putation [SCF21|. Moreover, the Sig-WGAN model, which utilises Sig-W; based



discriminator, has empirically shown to improve the accuracy and robustness of
traditional GAN models for synthetic time series generation. This approach re-
duces the min-max game to supervised learning, hence significantly reducing the
computational cost and yielding better performance, in particular, for the case of
limited data [NSW23, NSS21].

1.2 Extended signature and the basic geometric question

In this article, we take a different perspective of signature inversion. Instead
of trying to reconstruct a generic path from the knowledge of its signature, we
study signature dymanics in a geometric setting and investigate the following basic
question.

Question. Let M be a Riemannian manifold. By observing the expected signature
of certain geometric dynamics on M (e.g. Brownian bridges), can one explicitly
recover geometric properties (e.g. Riemannian distance, curvature properties) of
the underlying space?

Summarised in vague terms, the main finding of the present article is that the
expected signature of a Brownian bridge on M with lifetime ¢ encode rich geo-
metric information (more precisely, metric and curvature properties) about the
underlying manifold M in the asymptotics when ¢ — 07. How such informa-
tion can be extracted explicitly from the expected signature asymptotics is the
main focus of the present work. The precise statements of our main results are
stated in Theorem 4.1 (reconstruction of Riemannian distance) and Theorem 5.1
(reconstruction of curvature properties) respectively.

Before explaining the essential ideas, one needs to be careful about the notion
of signature for manifold-valued paths in the first place. Let 7 : [0,7] — M be
a smooth path taking values in a differentiable manifold M. In the differential-
geometric setting, one cannot give intrinsic meanings to integrals like f dy ®
-+ ® dy without any additional structure. In fact, the intrinsic notion of integra-
tion along v is the line integral against a one-form on M. More specifically, let
¢1,- -, 0n be a given family of smooth one-forms on M. One can consider the
iterated line integral

/ le (d’)/h) e ¢n<d7tn))
0<t1 < <tn<T

which is globally well-defined due to the natural pairing between cotangent and
tangent vectors (¢(dy;) is understood as the pairing between ¢(v;) € T M and
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A € T,,M). By varying n and the test one-forms ¢y, - - - , ¢,,, one obtains a family
of numbers associated with the given path . This collection of numbers, known
as the extended signature of v (cf. [LQ12]), uniquely determines v up to tree-like
pieces. This geometric viewpoint is classical and was already well understood
back in K.T. Chen’s original signature uniqueness theorem [Che58] in the 1950s.
The extended signature (iterated line integrals against one-forms) has been used
in various contexts, e.g. in reconstructing trajectories from the signature [LQ12,
Genl7] and in the study of rough paths on manifolds [CDL15]|. In the Euclidean
case, the signature is a special case of iterated line integrals (one simply takes ¢; =
dz') and the extended signature contains exactly the same amount of information
as the usual signature. Indeed, it is well known that smooth one-forms can be
approximated by polynomials and iterated line integrals against polynomial forms
can be expressed as a suitable linear combination of signature coefficients (the
shuffle product formula). As a consequence, the extended signature is uniquely
determined by the usual signature.

In our study, we will assume that a collection of one-forms (¢1, -+, ¢y) on M
(equivalently, an R¥-valued one form ¢) is given fixed and consider the Euclidean
signature of the R"-valued path Jo @(dve). We call this the ¢-signature of ~ (of
course, this is just part of the extended signature of « given by iterated line inte-
grals along combinations of one-forms taken from the family ¢ = (¢1,--+ , dn)).
A basic example that will be of our primary interest is the case when ¢ is given
by the exterior derivative of an embedding F' : M — RY. In this case, the ¢-
signature of «y is just the Euclidean signature of F'(v) computed in the ambient
space RV,

1.3 Intrinsic PDE for the expected signature dynamics

Let us now consider a Riemannian manifold M and let ¢ be an R¥-valued one-
form on M. For most of the time, ¢ = dF where F : M — RY is an isometric
embedding (this always exists by Nash’s isometric embedding theorems). We
consider the expected ¢-signature of Brownian dynamics on M. More specifically,
let W;* be a Brownian motion on M (i.e. a Markov process generated by A/2
where A is the Laplace-Beltrami operator) starting at z. Let W(¢,x) be the
expected value of the ¢-signature (in the Stratonovich sense) of W? up to time ¢.

Our first main result establishes the intrinsic PDE governing the dynamics of
U(t,z) (cf. Theorem 3.1 ).

Theorem. The function V(t, x) satisfies the following tensor-algebra-valued parabolic



PDE on M :

%_f:%Aqf+Tr(¢®d\y+%(v¢+¢®¢)®\D) (1.1)

Here d is the exterior derivative operator and V is the Riemannian connection.
The definition of Tr(-) is explained in the remarks following the statement of
Theorem 3.1 below. The PDE for the expected signature of Euclidean Brownian
motion (and also of diffusion processes) was first established by Lyons-Ni [LN15]
from the Markovian perspective. To derive the PDE (1.1), we take an intrinsic
approach from the perspective of the Eells-Elworthy-Malliavin lifting onto the
orthornormal frame bundle. It is well known that the lifted Brownian motion =
on the bundle satisfies a canonical SDE governed by the fundamental horizontal
vector fields. As a result, one can write down an SDE for the joint process (=, 5})
(cf. (3.10)), where S, is the d-signature of = up to time ¢ and ® is the pullback of
¢ onto the bundle. Once the SDE for (Z;, ;) is obtained, it is standard to extract
its generator and write down the associated PDE governing the expectation of
S, on the bundle (cf. Lemma 3.4). It then remains to see how the PDE on the
bundle gets projected to the intrinsic PDE (1.1) on the base manifold M.

The PDE (1.1) for the Brownian signature dynamics easily yields an associated
PDE for the expected signature of Brownian bridge. Let {X!*¥ : s € [0,t|} be a
Brownian bridge from x to y with lifetime ¢, i.e. the Brownian motion starting at
x conditioned on reaching y at time t. Let ¢(t, z,y) be its expected ¢-signature.

Theorem. The function (t,z,y) satisfies the following tensor-algebra-valued
parabolic PDE on M :

0_@D - %Aﬂ; + (Vi logp(t,z,y), Vb + ¢ @) + Tr(¢p @ d0)

ot
FyT((Vo+680) 0 ),

where p(t, z,y) is the heat kernel on M and the subscript x means differentiating
with respect to the x-variable.

As we will see, the function 9(t, x, y) encodes rich geometric information about
the manifold M in the asymptotics as ¢ — 0*. In what follows, we consider the
particular case when ¢ = dF, where F : M — E £ R" is an isometric embedding.
We will establish two types of reconstruction results:

(1) [Reconstruction of Riemannian distance] Through a suitable procedure of com-
bined asymptotics for (¢, z,y) as t — 07 and n — oo (n is the degree of the
signature), one can explicitly recover the Riemannian distance between x and y.
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(i) |Reconstruction of curvature properties| By considering the asymptotic ex-
pansion of the fourth level component of (¢, z,x) as t — 0%, one can explicitly
recover the Riemannian metric tensor as well as both intrinsic (Ricci curvature)
and extrinsic (the second fundamental form) curvature properties at x. Here we
consider the fourth level projection because this can be shown to be the first
nonzero component in (¢, x, x).

1.4 Reconstruction of Riemannian distance

Recall that (¢, z,y) is the expected dF-signature of the Brownian bridge X
from x to y with lifetime ¢, where F' : M — R is a given isometric embedding.
Our main idea of reconstructing the Riemannian distance d(z, y) is largely inspired
by a well-known open problem in rough path theory which we shall first describe.

Let v : [0,7] — R? be a continuous path with bounded total variation. By
using the triangle inequality, it is straight forward to see that

(]S ()N < L) Yn= 1. (1.2)

Here S,,(v) € (R?)®" is the n-th level signature of «, || - || is a suitable tensor norm
(e.g. the projective norm) and L(7y) is the length of 7. The remarkable (and rather
surprising) point is that the simple estimate (1.2) becomes asymptotically sharp
as n — 0o. More precisely, it was implicitly conjectured by Hambly-Lyons [HL10]
which was made explicit in Chang-Lyons-Ni [CLN18| that under the projective
tensor norm || - [|projs

lim (n!][S, ()] )" = L(y) (1.3)

n—o0

proj

for any tree-reduced (i.e. without treelike pieces) BV path 7. In other words, the
length of a tree-reduced path is recovered from its normalised signature asymp-
totics. The formula (1.3) was established for C* paths by Hambly-Lyons [HL10]
and C! paths by Lyons-Xu [LX15]. It was extended to the two-dimensional BV
case by Boedihardjo-Geng [BG22| without any regularity assumption but under a
stronger notion of tree-reducedness. A stronger version of (1.3) for C*-paths was
recently obtained by [CMT23| generalising a corresponding result in [HL10]. To
our best knowledge, proving (or disproving) the conjectural formula (1.3) for the
general BV case remains an open problem.

Returning to the geometric setting, our main idea of reconstructing the Rie-
mannian distance d(x,y) from suitable asymptotics of the expcted dF-signature
Y(t, z,y) of the Brownian bridge X**¥ can be summarised as follows.

8



1. When ¢ is small, one is essentially forcing the bridge X**¥ to travel from z to
y by a short amout of time and thus X**¥ behaves like a minimising geodesic
~*¥ joining = to y. This property is quantified through the large deviation
principle (LDP) of the Brownian bridge established by Hsu [Hsu90].

2. As a consequence of the first point, it is reasonable to expected that 7,1 (t, z,y)
(the n-th level projection) is close to the n-th level dF-signature of the
geodesic v*¥. Note that the latter is just the usual Euclidean signature of
F(y®¥) in the ambient space RY.

3. As a consequence of the length conjecture (1.3) (which is a proven fact due
to the smoothness of geodesics), the length of F/(7*¥) in RY can be recovered
from its normalised signature asymptotics. Note that this length is precisely
the Riemannian distance d(x,y) since F' is an isometric embedding.

4. In view of the second and third points, one naturally expects that

1/n
(nlllma(t, o, y))) " = d(a,y)
provided that t is small and n is large.
Our main reconstruction result can be roughly stated as follows.

Theorem. The Riemannian distance d(z,y) can be reconstructed from the fol-
lowing asymptotic formula:

Tim (nl |ty 2, 9)) " = d(,y) (1.4)

provided that t,, << n=5.

The precise and quantitative statement of such a result, which requires a few
technical assumptions, is given by Theorem 4.1. Although the underlying idea is
simple and natural, proving such a relation mathematically requires a substantial
amount of non-trivial analysis. For instance, the above second point is not a direct
consequence of the LDP since the latter was proved under the uniform (instead of
rough path) topology and it is well-known that the signature is not a continuous
functional of the driving path with respect to the uniform topology. As a result,
one has to establish the signature approximation separately and we do so by using
the semimartingale decomposition of Brownian bridge under normal coordinate
charts. In particular, one needs to separate out the geodesic component in the
decomposition and estimate the remainder effectively.



We should mention a particularly subtle point among several other technical
challenges which will all be clear along the development of the proof in Section
4.2. For each fixed level n, as long as the lifetime ¢,, is chosen to be small enough
one naturally has

T (tn, T,y) = n-th level signature of v*¥.

If one applies standard signature moment estimates for semimartingales without
much care, one is led to choosing ¢, = o(e~“") which is too small to be practically
useful (e.g. in the context of simulating a Brownian bridge with lifetime ¢,). A
main contribution of our analysis is that the lifetime needs not be exponentially
small in n to make the asymptotics (1.4) valid. Indeed, a polynomial dependence
t, = O(n~°) is sufficient (cf. (4.1) for the quantitative reconstruction estimate
with explicit error bound). Improving from exponential to polynomial dependence
requires much finer signature estimates for the aforementioned semimartingale de-
composition. To achieve this, we make use of a deep result of Kallenberg-Sztencel
|[KS91| on dimension-free BDG inequalities for Hilbert-space-valued martingales.

1.5 Reconstruction of metric and curvature properties

The asymptotic formula (1.4) provides a way of recovering the Riemannian dis-
tance d(z,y) from the expected signature asymptotics of Brownian bridge. This
can be viewed as an zeroth order result. It then becomes reasonable to expect
that curvature properties would start to appear in the higher order asymptotic
expansion of the expected signature function ¥ (¢, x,y).

To be specific, we consider the case when z = y (the Brownian loop based at
x) and look at the function

Ya(t,z) & mgp(t,z, ) € (RV)®

Due to symmetry considerations, it can be shown that iy (t,z,2) = 0 for
i = 1,2,3 (see the discussion at the start of Section 5.1). Therefore, ¥4(t,x)
is the first non-trivial component of (¢, z, x) which indeed carries rich geometric
information. In Propositions 5.9 and 5.16 below, we compute the expansion of
Y4(t, z) up to order t3:

Pa(t, ) = O,8% + 2,87 + O(tY)

with explicit expressions for the tensor coefficients ©,,2, € (RN)®* in terms of
metric and curvature coefficients as well as the embedding F'. The actual ex-
pressions of ©, and =, are too complicated to write down here. However, after
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applying suitable tensor contraction € : (RV)®1 — (RYV)®? (cf. (5.3) for its precise
definition) their expressions are simplified substantially and their intrinsic mean-
ings in terms of metric and curvature properties become clear. The main formulae
are given as follows.

Theorem. The contracted tensors O, = Q:(:)m and =, £ Qfém, being viewed as
symmetric bilinear forms on T, M (note that T,M is viewed as a subspace of RN
under the embedding F' ), are given by the following formulae:

d—1

636 = —= Yz
24 9
and
S, — 18|H,[2,  49d — 20 (5 — 4d)d
Sy = T Ri T — ion B$7H$ .
8640 R T R

Here d is the dimension of M, g is the Riemannian metric tensor, S is the scalar
curvature, Ric is the Ricci curvature tensor, B, is the second fundamental form
and H is the mean curvature field with respect to F.

The precise formulation of the theorem is given by Theorem 5.1 below, where
the relevant geometric concepts are recalled in Section 2.1.3. As a consequence, the
tensor O, recovers the metric tensor and =, encodes both intrinsic and extrinsic
curvature properties. It is also seen from the formula (5.4) and Remark 5.18
that the tangent space T, M can be reconstructed from the bilinear form ©, €
L(E x E;R). In addition, by modifying the tensor contraction map € it is actually
possible to recover the quantities

Ricx; Sxy <B:v> H:Jc)]RN7 ’HmhRN
separately. This is a simple linear algebra matter and is explained in Remark 5.23
below.
Comparision with heat kernel asymptotics and potential applications

The aforementioned results should be compared with the classical heat kernel
asymptotics in geometric analysis. It was a renowned theorem of Varadhan
[Var67| that the Riemannian distance function can be recovered from the small-
time asymptotics of the heat kernel:

1
lim tlog p(t,x,y) = —=d(z,y)*. (1.5)
t—o0 2
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In addition, it was shown by Minakshisundaram-Pleijel [MP49]| that the heat
kernel admits the following asymptotic expansion:

1 d(z,

_ dew)?
p(t,x,y) ~ W@ 2t Zuk(x, y)th ast — 0T,
k=0

where the coefficients uy(z,y) are certain C'*°-functions defined in a neighbour-
hood of the diagonal {(z,z) : x € M}. It is known that uo(z,z) = 1, ui(z,x) =
Sz/12 (S, is the scalar curvature at =) and ug(z, z) are certain universal polyno-
mial functions of curvature coefficients and their covariant derivatives at . These
asymptotic results indicate that some aspects of the geometry / shape of the un-
derlying space can be inferred from the small-time asymptotics of the heat kernel.
On the applied side, the Varadhan asymptotics formula (1.5) provides the theoret-
ical foundation for the so-called heat method in manifold learning that are widely
used in problems related to learning the shape / structure of high-dimensional
data sets (cf. [CWW17, ZCX20, LS23] and the references therein).

Our asymptotic results (Theorems 4.1 and 5.1) provide a different perspective
and mechanism for learning the shape of the underlying manifold. It is based
on the use of Brownian bridges and their associated signature features instead of
the heat kernel. From the practical viewpoint, both the simulation of Brownian
bridges on manifolds and the effective computation of path signatures have been
largely developed over the past years by various groups (cf. [Jen22|, [KL20| and
the references therein). We therefore expect that our results will potentially lead
to new applications in manifold learning. As a mathematical work on its own, we
do not address applications in data sciences in the current article and leave these
exciting questions to future work.

2 Some geometric background and a notion of sig-
nature on manifolds

We discuss the basic geometric set-up, introduce some necessary geometric tools
and define a natural notion of geometric signature that is used in the current
work.

2.1 Notions from Riemannian geometry

Throughout the rest of the article, let (M, g) be a d-dimensional, compact, oriented
Riemannian manifold without boundary. We choose to focus on the compact case
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to avoid non-essential technicalities; we do not use global geometric properties
(e.g. spectral decomposition) and thus the main results extend naturally to the
non-compact case under extra technical conditions. We begin by reviewing some
basics on Riemannian geometry. A standard reference for this part is [DoC92].

Convention. Unless otherwise stated, we always adopt Einstein’s convention that
repeated indices in an expression are summed automatically over their range.

2.1.1 The Laplace-Beltrami operator

A fundamental analytic object on M is the so-called Laplace-Beltrami operator.
This is a second order differential operator which admits the following local ex-
pression: .

Af = m@( detgg”ﬁjf). (2.1)
Here g = (gi;) is the metric tensor and (¢%) is the inverse of g under a local
chart. The Laplacian A can be alternatively defined as follows. Suppose that
M is isometrically embedding inside some Euclidean space RY with canonical
basis {e1, -+ ,en}. Let V; (1 < i < N) be the vector field on M defined by
orthogonally projecting e; onto the tangent space at every point of M. Then one
has A = Zf\il V2, where V; is equivalently viewed as a differential operator on M
(defined by taking directional derivative along V;).

The Laplace-Beltrami operator A is a non-positive definite, unbounded, essen-
tially self-adjoint operator on L?(M,dx) (dz is the volume measure) which admits
a kernel p(t,x,y) known as the heat kernel. This is the fundamental solution to
the heat equation, i.e. the smallest positive solution to the equation

{&p(t,x,y) = s Aup(t,x,y), t> 0,2,y € M; (2.2)

1imt¢0p<t7 z, ) = 6:57
where 0, denotes the Dirac delta function on M. The factor 1/2 is introduced
for its connection with Brownian motion; the Brownian motion B; is generated
by A/2 and the heat kernel p(t,x,y) is also the transition density of Brownian

motion:
P(B; € dy|By = x) = p(t, z,y)dy.

2.1.2 The Malliavin-Stroock heat kernel expansion

Small-time expansions of the heat kernel are well studied in the geometric analysis
literature (cf. [BGV04] and the references therein). We are going to use the
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following expansion for the logarithmic derivative of the heat kernel, which was
due to Malliavin and Stroock [MS96]. Recall that the injective radius at © € M
is the largest p, > 0 such that the exponential map exp, : T, M — M is a
diffeomorphism on the metric ball B,(p) = {y : d(x,y) < p}. Here d(z,y) denotes
the Riemannian distance function. The global injective radius pys is the minimum
of p, over all x € M. This is a finite positive number due to the compactness of
M. For example, py; = 7 if M = S? (the unit sphere in R?). Define

Su = {(z,y) : d(z,y) < pu}-
It is clear that any pair (z,y) € Sy can be joined by a unique minimising geodesic.

Theorem 2.1. The following expansion holds uniformly on each compact subset

of Sy :
uVlogp(u, z,y) ~ Y ViGr(z,y)u  asu\0, (2.3)
k=0
where V, denotes the Riemannian gradient with respect to the x-variable and
Gi(z,y) are intrinsic C*®-functions on Syy.

The following explicit expressions will be used in the sequel:

d(z,y)?
2

1
Go(z,y) = — , Gi(z,y) = —§logdet(dexpy)x, (z,y) € Su. (2.4)

Here exp,, : TyM — M denotes the exponential map, x = exp, '(z) and (dexp,)x
is the differential of exp, at x, which is a linear isomorphism between Euclidean
spaces TxT,M = T,M and T, M. The functions Gi(z,y) (k > 2) can also be
determined explicitly in a recursive manner, but this is not needed for us.

2.1.3 Ricci curvature and the second fundamental form

Many fundamental geometric properties are related to curvature. Recall that the
Riemannian curvature tensor is defined by

R(X,Y)Z £VxVyZ —VyVxZ — Vx| Z,

where V is the Levi-Civita connection and X, Y, Z are smooth vector fields. Note
that R is a type-(1,3) tensor field on M and for each x € M, it gives rise to a
multilinear map R, : T,M x T,M x T,M — T, M. The Ricci curvature tensor at
x is the symmetric bilinear form Ric, : T,M x T,,M — R defined by

Ric, (v, w) & Tr [u — Ry (u, v)w], v,w e T, M.
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The scalar curvature at x is the trace of Ric, and is denoted as S,. Note that Ric
is a type-(0,2) tensor field and S is a smooth function on M. All these curvature
quantities are intrinsic in the sense that their definitions only depend on the
metric tensor.

On the other hand, one can also consider extrinsic curvature properties. Let
F : M — RY be a given isometric embedding. For each x € M, let (T,M)* denote
the orthogonal complement of T, M inside RY (T,,M is viewed as a subspace of
TpRY = RY through the embedding). The second fundamental form at x is
the vector valued bilinear form defined by

B,(v,w) 2 VY —VxY, v,weT,M. (2.5)

Here X,Y are any vector fields on M such that X, = v,Y, = w and X,Y are
any extensions of X,Y to RY. The operator V is the Levi-Civita connection in
R (which is just usual Euclidean differentiation). It can be shown that the ex-
pression (2.5) is well-defined (independent of choices of X, Y and their extensions)
and B, is an (T, M)*-valued, symmetric bilinear form on T, M x T, M. In other
words, B is a type-(0,2) tensor field on M taking values in the normal bundle
(TM)*. Tt is also known that VxY is the tangential component of VY (i.e.
its projection onto TM). As a result, B(X,Y) can also be defined as the normal
component of VY (i.e. its projection onto (T'M)*). The mean curvature vector
at © € M is the normal vector defined by

H, 2 d'TrB, € (T,M)™*, (2.6)

where d is the dimension of M. By varying x, this gives rise to a smooth section
H of the normal bundle (T'M)*. It can be shown that

AF =d-H, (2.7)

where A is the Laplace-Beltrami operator on M. Note that the second funda-
mental form is an extrinsic curvature quantity as it depends on the embedding F'
(it describes how M is embedded / curved inside the ambient space).

2.2 Brownian motion and bridge

In this section, we recall the construction of Brownian motion and Brownian
bridge on M. The reader is referred to [Hsu02| for more details.

15



2.2.1 The Eells-Elworthy-Malliavin construction of Brownian motion

The Brownian motion on M could just be defined as the Markov process with
generator A/2 from the Markovian perspective. However, the following intrinsic
(SDE / pathwise) construction by Eells-Elworthy-Malliavin will be useful for our
derivation of the intrinsic PDE for the expected signature dynamics in Section 3.

A main difficulty in the intrinsic SDE construction of Brownian motion is that
the Laplacian may not always admit a decomposition A = Y. V;? with intrinsic
vector fields V;. This issue is overcome by lifting the construction to the so-called
orthonormal frame bundle (OFB) O(M) over M defined by

o) & | .

zeM

Here F, denotes the set of ONBs of T,M. A generic element in O(M) is given
by a pair (z,u), where x € M and u = (eq,--- ,eq) is an ONB of T, M. The OFB
O(M) is a principal bundle over M with structure group O(d) (the orthogonal
group) acting from the right:

(:U,u)Qé(x,uQ), IEM7’U/:(€17"'7€d>€~Fx-
In particular, it is a differentiable manifold of dimension

&+ d
D = dim M + dim O(d) = ;.

Let 7 : O(M) — M denote the canonical projection.
An essential point of considering O(M) is that one can construct intrinsic
(horizontal) vector fields on it. Let 1 < i < d be fixed. Given a point

E=(r,u=(e1, -+ ,eq)) € O(M),

note that e; is a tangent vector of M at x. Let v : (—&,&) — M be a curve such
that vp = x and 7 = e;. By parallel-translating the ONB w along ~, one obtains
a frame of ONBs along 7, more precisely a curve & = (v, u,) € O(M) where u,

is an ONB of T, M. Define
H;(€) = & € TO(M).

Since £ is arbitrary, one then obtains a global vector field H; on O(M). The vector
fields {Hy,--- , Hy} are called fundamental horizontal vector fields on O(M).
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It is well known that the second order differential operator £ = Z?Zl H?
naturally projects to the Laplacian on M. This motivates the Eells-Elworthy-
Malliavin construction of Brownian motion given by the theorem below. The
essential idea is to first construct a horizontal Brownian motion on O(M) by
solving an intrinsic SDE associated with the horizontal vector fields {H;} and
then to obtain an M-valued Brownian motion through projection.

Theorem 2.2. Let x € M and u = (e1,--- ,¢eq) be a given fired ONB of T, M.
Let Z; be the solution to the following Stratonovich SDE on O(M):

A=, = S0 Hi(Z,) 0 dBi, 28)
E0 = (ZE,U) S O(M)7
where (B, --- , BY) denotes a d-dimensional Euclidean Brownian motion. Define

W, 2 n(2,) € M. Then the law of W depends only on x but not on the initial
frame u. By varying x over M, one obtains a Markovian family whose generator
is A/2 (thus a Brownian family on M ).

2.2.2 The Brownian bridge

Let x,y € M and ¢t € (0,1] be given fixed. The Brownian bridge (X5*¥)ocs<s
from x to y with lifetime ¢ is the Brownian motion starting at x conditional on
reaching y at time ¢:

X;fvxuy — W§|Wtz:y’ O < S < ty

where W*¥ is a Brownian motion starting at x. Simple calculation shows that this

is a (time-inhomogeneous) Markov process with transition density

p(t — 82, %, y)p<82 — 51, W, Z)
p(t - 51, W, y)

P(XG € dz| X = w) = dz, 0<s1<sy<t

(2.9)

and generator

(L)) = 50 f(w) + Vs logp(t — 5,1,9) - V().

Here p(t, x,y) is the heat kernel for A/2. One can also use the above Markovian
perspective to construct the Brownian bridge mathematically.

If the Brownian motion W* admits an SDE representation (e.g. under some
coordinate chart)

AW? = b(W?)ds + o(W?)dB,, W& =z
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in R?, then the Brownian bridge X**¥ has a corresponding SDE representation

dXEmY = (b(XE™¥) + Vg p(t — s, XV, y))ds + o(XE™V)dB,, 0<s <t;
Xy =a.
(2.10)
By abuse of notation the above V is its local expression under the given chart
(i.e. the vector (§90;)1<i<a) -

Example 2.3. In the Euclidean case M = RY, by using the explicit formula for
the heat kernel, one finds that

y—x

t—s

\Y logp(t -5, y) =
The SDE (2.10) becomes

dXbrv = — L XI"vds 4 dB,,
Xy =1 —y=¢

Its solution is explicitly given by

t— * dB,
X;,l'7y: t8§+(t_s)/ t_u’ O<S<t
0

2.3 The ¢-signature on manifolds

In this section, we introduce a natural notion of signature for paths on differen-
tiable manifolds (iterated integrals against one-forms). This was first used by K.T.
Chen in a geometric setting and also by Le Jan-Qian in the study of the signature
uniqueness theorem for Brownian motion (they called it extended signature).

We first recall the definition of path signature in the Euclidean space. Let
E = RY be equipped with the Euclidean metric. The (infinite) tensor algebra
over E is the unital algebra

oo

T((E)) = HE®” = {a = (ap,a1,as,--+) : a; € E¥" Vi € N},

n=0
where addition + is just the vector addition, multiplication ® is defined by
(@@ b)m 2D ar @by € (RV)®", a=(a:),b=(b) € T((E))
k=0
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and the unit is 1 £ (1,0,0,---). The signature of a smooth path v : [0,T] — E is
the element in 7'((£)) defined by

S(v)é(l,%—%,/ d%@)d%,m,/ iy @ @y, ).
O<s<t<T 0<t1< <t <T

More generally, one could also define the signature path t — S;() by integrating
up to time ¢ instead (S(7) = Sp(7)). The definition extends to the rough path
setting according to Lyons’ extension theorem (cf. [Lyo98, Theorem 2.2.1]). If
is the Brownian motion, the above iterated integrals are equivalently understood
in the Stratonovich sense. It is standard that the signature path S(7) satisfies
the following differential equation on T'((E)):

dSy(7) = Se(v) @ dy. (2.11)

If v is a smooth path on a differentiable manifold M, one cannot integrate
along 7 intrinsically without any additional structure; one needs to integrate
against a one-form. Recall that a (smooth) one-form is a smooth section ¢ of the
cotangent bundle. In other words, it is a map that assigns to each location z € M
a linear functional ¢(x) € T M in a smooth manner. The integral

/ b(dy) 2 / e A1), V), e
0 0

clearly has an intrinsic meaning and is called the line integral of v against ¢.

Example 2.4. Let M be the torus S* x S* and let ¢ = ( , 8) be the two canonical
generators of the first homology group of M. Then fo (dy) € R? describes the
winding angles of v up to time ¢ with respect to the vertical and horizontal circles.

Now let £ = R and suppose that ¢ is a smooth E-valued one-form on M.
In other words, ¢(x) is an E-valued linear functional on T, M. Equivalently, one
can write ¢ = (¢!, -+, ¢") where each ¢ is a real-valued one-form.

Definition 2.5. Let 7 : [0,7] — M be a smooth path. The ¢-signature of v up
to time t is defined to be

SP(7) 2 Sy / o(dv)) € T((E)).

This is the signature up to time ¢ of the E-valued path fo . We also write
S9(7) £ S7()-
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Remark 2.6. This notion of signature depends on the choice of ¢. Indeed, the usual
Euclidean signature is a special case of this: the signature of an R¥-valued path
is the ¢-signature with respect to the RN-valued one-form ¢ = (dzt,--- ,dz").

Remark 2.7. The definition extends naturally to the rough path case. We choose
not to introduce any technicalities from general rough path theory since they are
not essential for most of our analysis. In our study, v will either be a smooth path
(a geodesic) or an M-valued semimartingale where the Stratonovich calculus for ~
is classical (e.g. via embedding M into an ambient Euclidean space and perform
the usual stochastic calculus over there). The reader is referred to [Hsu02| for an
excellent introduction to stochastic analysis on manifolds.

Example 2.8. An important example which is of our primary interest is the case
when M is embedded inside some Euclidean space RY and the one-form ¢ = dF
(F is the embedding map). In this case, one has f(f o(dys) = F(v) — F(v) and
the ¢-signature of 7 is just the Euclidean signature of F(v;) in RV,

3 The expected Brownian signature dynamics

In this section, we consider the expected ¢-signature of Brownian motion and
Brownian bridge on M. We derive intrinsic PDEs describing their dynamics
from the perspective of the Eells-Elworthy-Malliavin lifting. Throughout the rest,
E =RY and ¢ is a given fixed E-valued one-form on M.

3.1 Intrinsic PDE for the expected ¢-signature

Let W* = {W}? : t > 0} be a Brownian motion in M starting at z € M. Consider
the expected ¢-signature of W* up to time ¢ defined by

U(t,z) 2 E[SP(W™)] € T(E)), (t,z) € [0,00) x M. (3.1)

Note that W is well-defined due to the compactness of M; by embedding M into
an Euclidean space V' one can view W? as the solution to an SDE on V' with Cp°-
coefficients and ¢ also extends to a Cy°-form on V. We first derive the intrinsic
PDE governing the dynamics of W(¢, z).

Theorem 3.1. The function V(t,x) satisfies the following parabolic PDE on M :

%—\f:%A\D+Tr(¢®d\1!+%(v¢+qb®¢)®\11) (3.2)

with initial condition ¥(0,-) = 1.
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Before getting into the proof, some explanation about the notation in (3.2) is
needed.

(i) The PDE (3.2) is T((E))-valued. Its projection onto the first m degrees be-
comes a finite dimensional coupled PDE system.
(ii) Since V¥ is an T'((E))-valued function on M (for fixed time t), dV is a T'((E))-
valued one-form. The product ¢ ® dV is the T'((E))-valued bilinear form defined
by

¢®dV(U,V) = (¢,U) ® (d¥,V)

where U,V are vector fields on M and the tensor product ® is the multiplication
in T((E)). The trace Tr(¢ @ d¥) becomes a T'((£))-valued function on M. At
each point x € M, one has

d
Tl”(¢ ® d‘I’)(l‘) = Z<¢’ €1>(x) ® <d\I/(t, ZL'), €i>7
i=1
where {ej, -+ ,e4} is any ONB of T, M. The above expression is clearly indepen-

dent of the choice of the ONB.
(iii) V¢ is the covariant derivative of ¢ with respect to the Levi-Civita connection.
The zeroth order term in (3.2) is the T'((EF))-valued function defined by

d

Tr(Vo+90¢) @ W) (x) =D ((Vead,e)(2) + (¢ e)(x) @ (§,e:)(x)) @ U(t,2).

i=1
This expression is also independent of the choice of the ONB {ey,--- ,e4} of T, M.

Example 3.2. In the Euclidean case M = R?¢ with ¢ = (da!,--- ,dx?), the term
V¢ + ¢ ® ¢ appearing in the PDE (3.1) is constant in space. As a result, the PDE
must also be spatially homogeneous and thus reduces to the ODE

dW1§ys®E®w w(0,) = 1 (3.3)
dt 2 — ‘ ! ’ R ‘
where {E), -+, E4} is the canonical basis of R%. Its explicit solution is the ex-

pected signature of Euclidean Brownian motion:

m@m:wmgm®a+m+@®m» (3.4)
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Proof of Theorem 3.1

We now proceed to prove Theorem 3.1. The main observation is that the hori-
zontal Brownian motion on the OFB O(M) (cf. Theorem 2.2) coupled with its
signature process satisfies an intrinsic SDE on the O(M) x T'((E)). A benefit from
this is that one can easily identify the generator from the SDE and write down
the associated Kolmorogov’s forward equation on the bundle O(M) (Feynman-
Kac representation). The PDE on O(M) then naturally projects to the desired
intrinsic PDE (3.2) on the base manifold M. Some technical care is needed to
implement this idea precisely and we develop the steps carefully in what follows.
First of all, one has the following standard fact.

Lemma 3.3. The PDE (3.2) with initial condition W(0,-) = 1 has a unique
smooth solution denoted as V(t,z) (i.e. every component of ¥ is smooth in (t,x)).

Proof. Let fo € C(M) and g € C([0,00) x M) be given functions. Consider the
following inhomogeneous (scalar) Cauchy problem on M:

u = 1Au+yg,
U(O,) = fO'

Since M is compact, it is standard that the above PDE has a unique solution
u(t, ) which is smooth for all positive times. In fact, the solution is explicitly
given by

u(w):Ap(t,w,y)fo(y)dw/ot/]wp(t—8>x7y)g(8>y)dyds-

The integrals are well-defined due to the compactness of M and the continuity of
fo, g- The smoothness of u follows from the smoothness of the heat kernel p(t, x, y).

To prove the lemma, it is enough to observe that the PDE (3.2) is completely
decoupled into the (scalar) form of (3.5) when one rewrites it in terms of coordinate
components of ¥. In fact, one can solve the PDE (3.5) inductively on the degree
of signature where ¢ is given by lower degree components which is presumed to
be known by induction. O

(3.5)

Next, we lift the solution \il(ta:) given by Lemma 3.3 to the bundle O(M).
Let us define R
f(£,) = W(t,7(€), t>0,6€0OM), (3.6)
where 7 : O(M) — M denotes the bundle projection. We also denote ® = 7*¢
as the pullback of ¢ on the bundle. Then one can establish the PDE for f(¢,¢)
on O(M).
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Lemma 3.4. The function f(t,§) satisfies the following parabolic PDE:

d

d d
% - %;Hff + ;@’Hi) ® H;f + % ZZI (Hi(®, H;) + (@, H)®*) ® f (3.7)

with initial condition f(0,£) = 1.

Proof. Since U(t, ) satisfies the PDE (3.2) on M and f is the pullback of ¥ on
the bundle O(M), it is sufficient to prove that the pullback of the right hand side
of (3.2) is precisely the right hand side of (3.7). We look at each individual term
separately.

(i) The horizontal Laplacian 3.7 H? on O(M) is the pullback of the Laplacian
A on M (cf. [Hsu02, Proposition 3.1.2]):

d d
Z HYf = Z H2m* U = m* A,
i=1 i=1

(ii) We claim that
d

> (@ H) @ Hif =7 Te(¢p @ dD).

i=1

Indeed, let £ = (z,u) € O(M) with u = {ey,--- ,eq4}. Then one has

(D, H;)(§) = (770, Hi) (&) = (¢, (m)eHy) (2) = (¢, €:) ().
Similarly, R
(Hif)(&) = (df, H;)(§) = (d¥, e5) ().
It follows that

d d

(D (@, H) @ Hif)(€) = (D_(¢,e:) @ (d¥,e,)) (w) = Tr((¢ ® d¥))(2).

i=1 =1

Note that the trace, as a bilinear form on the inner product space T, M, is inde-
pendent of the choice of the ONB u. In a similar way, one also has

d

D (@, H) =7 Te(¢ @ ¢).

=1
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(iii) It remains to show that

d

> Hi(®, Hy) = 7°Tr (Vo). (3.8)

=1

As before, let &€ = (x,u) be given fixed with u = {eq, -+ ,eq}. Let v: (—¢,6) = M
be a curve in M such that 79 = = and 7, = e;. Let & = (4, u¢) be the horizontal
lifting of v with &, = &. Then one has

HL(®, H)(E) = (@, H)(E) = | o(0, (m)e H ()

- %‘t=o<¢(%)’ ei(t)) = <D§Z;(t%) ‘t:o’ e;) + (o(z), D(;it(t) ‘t:()),

where ¢;(t) denotes the i-th component of u; and £ is the covariant derivative

dt
along . Since &, is horizontal, one has

= t.
7 0V

As a result, one obtains that
Hi(®, H;)(§) = (Ve 9, €:) ()
and the claim (3.8) thus follows. O

Now we derive the Feynman-Kac representation for the PDE (3.7) (with no
surprise, it is given in terms of the joint process defined by the horizontal Brownian
motion and its ®-signature process). Recall that =¢ is the horizontal Brownian
motion defined by the horizontal SDE (2.8) on the bundle and let S®(Z¢) € T((E))
denote the signature path of the E-valued path

t
t / P(od=8).
0
Lemma 3.5. One has the following representation:
f(t,6) =E[SFEY)], (1,6 €0,00) x O(M). (3.9)
Proof. Consider the Markov family
(2,9) 2 {(Z,92 5F(E")) :t>0,(¢9) € O(M) x T((E))}.
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This family is governed by the Stratonovich SDE (cf. (2.11))

= = i Hi(B:) 0 dBj,
{dst S48 @ (@, H;)(Z,) o dB: (3.10)

on the state space O(M)x T((E)). Let £ be the generator of (Z, S). It is standard
that £ =1 S V2 where {V,,-- -, V;} are the vector fields for the SDE (3.10) and
they are viewed as differential operators on C*(O(M) x T((E))). Respectively,
we also denote

1 & - Ly
2 §ZHEF+ Z@’H” ® HF + 52 (Hi(®, H;) + (®, H))*?) @ F

for F € C>*(O(M) x T((E))). Note that the situation here is essentially finite
dimensional since one can consistently look at the truncations of the SDE (3.10)
and PDE (3.7) up to any fixed level.

Consider the function

F(t,(¢,9) £ g9 f(t,£), (3.11)

where we recall that f(t,£) is defined by (3.6). We claim that £LF = LF. Indeed,
note that the vector fields for the SDE (3.10) are given by

ViEVieW;, 1<i<d,

where
We first compute V;F. By the definition (3.11) of F, it is clear that
(ViF)(t, (8, 9)) = g @ (H f)(,€). (3.13)

In addition, by the definition (3.12) of W; one has (recall E = RY)

(WiF)(t => Z g U@ HY ()0 i (99 F(1,6)),

m>=114y1, ,im=1

where ¢t “m-1 are the coordinate components of the tensor g, ® is the j-th
component of ® = (®1 ... &) as an R¥-valued one-form and 9;, ... ;,, is the

stm
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partial derivative in ¢ with respect to the coordinate ¢g***m. For any given word
J = (1, -+ ,J), the J-th component of W;F is thus given by

(WF)’(t, 59))
_ Z Z gZ yim— 1 (I)Zm’ng)a Vim(Zgjlf‘szf(t’g)js+17“'7jl)

_ Zgjl Js— <I>  H; >(€)f(t’€)js+17'“vjl

- <g ® (D, Hy) ® f(L,€))".

In its equivalent tensor form,

(WiF)(t, (£, 9)) = g © (@, H;)(§) ® f(£, ). (3.14)
Combining (3.13) and (3.14), one finds that

By applying V; again, one arrives at

VIF =g@ H;(Hif + (2, H)) ® f) + g® (@, H;) @ (H;f + (®, H;) ® f)
=g® (H [+ Hi(®, Hi) © [ +2(®, H;) @ Hif + (@, H)** © ). (3.15)

This gives the relation LF = LF.

It follows from the above relation and Lemma 3.4 that F' satisfies the PDE
98 — LF with initial condition F(0,-) = p(:), where p : O(M) x T((E)) —
T((E)) denotes the projection onto the second component. It is now a standard
application of the Feynman-Kac representation that

g® f(t,€) = F(t,(£,9)) =E[p(S}, 9 © 57 ()] = g @ E[SP(Z°)].
By cancelling out the g on both sides, one arrives at the desired relation (3.9). O

Finally, the lemma below completes the proof of Theorem 3.1. Recall that
U(t, z) is the expected ¢-signature of the Brownian motion (cf. (3.1)).

Lemma 3.6. ¥(t,2) = \il(t,a:) forallt >0 and x € M.
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Proof. Fix z € M and let ¢ € 77'(z). According to Theorem 2.2, W; £ 7(Z%) is
a Brownian motion starting at x. In addition, by the definition of ® one has

(®,0dZ}) = (19, 0dZ}) = (§, omud=;) = (¢, 0dWy).
It follows from Lemma 3.5 that
U(t,x) = f(t,€) = E[SF(E%)] = E[S{(W)] = W(t, ).

Note that the above relation is independent of the choice of £ € 7~ !(z) since the
law of W is. O

Remark 3.7. The proof of Lemma 3.5 does not use the fact that ® is the lifting
of the one-form ¢. Indeed, let ® be any given E-valued one-form on O(M). For
each £ € O(M), let =5 be the horizontal Brownian motion starting at £&. Then
one can show that the function

(t,€) = E[SP(Z°)]

satisfies the PDE (3.7).

3.2 The Brownian bridge case
Now let us consider the expected ¢-signature of the Brownian bridge defined by

Y(t,z,y) EE[SY(XP™)], t>0, z,y € M,

where X*%¥ is the Brownian bridge from z to y with lifetime ¢. By using the PDE
(3.2), it is not hard to derive the associated PDE for ¢ (t, z,y).

Theorem 3.8. For each fized y € M, the function
(0,00) x M > (t,x) = (t, z,y)
satisfies the following PDE:

8_¢ — %Aﬂ) +(V,logp(t,z,y), Vo + ¢ @) + Tr(¢p @ d1)

ot
1
+ 5T ((Vo+ 0@ ) © ), (3.16)
where p(t,z,y) is the heat kernel.
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Remark 3.9. The term (Vlogp, ¢ ® ¢) is understood as 7y (V1og p, @)y @ 1 €
T(E)).

Proof. By the definition of Brownian bridge, one has
E[S; (W")o, (W) _ E[S7(W")3,(W¢)]
E[o, (W¢)] p(t,z,y) 7

where W? is the Brownian motion starting at x. Given any smooth function
f: M — R, exactly the same argument as in the proof of Theorem 3.1 shows that
the function

U(t,z,y) =

(0,00) x M > (t,x) = E[f (W) S7 (W)
satisfies the same PDE (3.2). In particular, the function (y being fixed)
b(t,x) = [S¢<Wz>5y<wtz)]

also satisfies (3.2). B )
Now let us write ¢ = ¢/p. By using the PDE for ¢ and the heat equation
(2.2) for p, one finds that

oY 181/1 1 0p

ot pat_’_l/}(__?E)
p( A¢+Tr(¢>®dw+ (V¢+¢®¢)®w)_£Ap)
zla<1 (00) + Te(6 ® dps) + 5Tr(Vo+ 6 © 0) @) - %Ap.

Since
A(py) = Ap - +p- Ay +2(Vp, Vi),
it follows that
oy 1

a7 =300+ - <vp,w> + 1Tr(¢®¢dp) +Tr(¢®d¢+ (V¢+¢®¢>) ® ).

The result follows by further noting that
d

Te(¢ ® p) = Y (Vp,e)oles) @ ¢ = ¢(Vp) @1,

=1
where {ey,--- ,e4} is any ONB of T, M and p~'Vp = Vlogp. O

A basic point to make is that rich geometric information about the underlying
space M is encoded in the asymptotic behaviour of the function (¢, z,y) as
t — 07. This motivates our study in the next two sections.
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4 Signature asymptotics and reconstruction of Rie-
mannian distance

In this section, we develop a method of reconstructing the Riemannian distance
d(z,y) from the expected signature of the Brownian bridge X“*¥ through an
explicit asymptotics procedure, at least when d(zx,y) is not too far from each
other.

4.1 The main theorem

Suppose that ' : M — E = RY is a given fixed isometric embedding (which
always exists by Nash’s embedding theorem). For each n > 1, we equip E®" with
the Hilbert-Schmidt tensor norm ||-||gs. In other words, viewing E as an Euclidean
space, the space E®" is equipped with an inner product structure induced by

(v1 R RQUp, W K-+ @ wn>HS £ <U17w1>E T <Un7wn>E7 Vi, W5 € E.

Recall that X%*¥ is the Brownian bridge from z to y with lifetime ¢ and S (XtY)
is its ¢-signature with ¢ = dF. Our main result in this section is stated as follows.

Theorem 4.1. Let xz,y € M be given fized such that d(x,y) < pr/2 where py
s the global injective radius of M. Then there exist geometric constants C, Kk
depending on x,y, M, such that

| dF kn =6 xy 1/n o g
|(n!||E[mn S (X )}HHS) d(z,y)| < N > 1 (4.1)
In particular, with t, = o(n=%) one has
lim (n!|[E[mS% (X 59)] )" = d(z,y). (4.2)

n—o0

Remark 4.2. The assumption that ¢ = dF’ with some isometric embedding F' plays
no essential role; the only relevant fact is that d(z,y) is precisely the Euclidean
length of the path [; ¢(dy™¥) (y*¥ is the unique minimising geodesic from z to
y). For a general ¢, the theorem remains valid as long as one replaces d(z, y) with
the length of the path [ ¢(dy™Y) in E.

Remark 4.3. We expect that the same type of result holds (possibly with a dif-
ferent condition on t,) even if y is on the cut-locus of z. This may cause extra
technical difficulties in the current argument due to the non-uniqueness of min-
imising geodesics connecting x, y.
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4.2 Proof of Theorem 4.1

As we explained in the introduction, the asymptotics formula (4.2) is largely in-
spired by the length conjecture (which is an actual theorem for smooth paths such
as the geodesic %) as well as the fact that X**¥ ~ 4™¥ when ¢ is small. How-
ever, there are several technical challenges to implement such an idea precisely.
Essentially, given a degree n one wants to identify a lifetime scale t,, such that the
(normalised) n-th level expected signature of the Brownian bridge with lifetime
t, yields the desired limit d(z,y) as n — oo. If one applies standard signature
and semimartingale estimates without much care, one is led to requiring that
t, = o(e~“"), which is way too small to be useful in practice. Improving it from
exponential to polynomial scale n=% is the most delicate point in the argument
(cf. Section 4.2.2 below).

In what follows, we develop the main ingredients for proving Theorem 4.1 in a
precise mathematical way. Basically, we localise the problem on a nice coordinate
chart (a normal chart) in which Euclidean stochastic calculus can be applied. The
part that the Brownian bridge exits the chart before its lifetime is negligible (due
to Hsu’s large deviation principle), while the part within the chart yields the main
contribution.

Throughout the rest, ¢ = dF and x,y € M with d(z,y) < py/2 are all given
fixed.

4.2.1 Computations under normal chart

We will perform local calculations under normal coordinates. For this purpose,
we first collect some useful geometric properties of normal charts.

We fix an orthonormal basis (ONB) {e;(0) : i = 1,--- ,d} of T,M. Let U C
T, M be a fixed open ball centered at the origin with radius r < p, (the injective
radius at y) so that the exponential map exp, : U — M is a diffeomorphism. This
gives rise to a local parametrisation

x= (2!, 2% — exp, (2'e;(0))

of the ball B(y,r) = exp, U =: V, which is known as the normal coordinate chart
based at y. As a convention, a bold letter always refers to an Fuclidean vector
(e.g. x = (z',---,2%)) that is also identified with an element in U, while a
regular letter (e.g. x) refers to a point on M. For instance, one can legally write
T = exp,(x).

The natural coordinate vector fields on V' are denoted as {0; : i = 1,--- ,d} as
usual. It is useful to introduce another local frame of vector fields {e; : 1,--- ,d} as
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follows. Given x € U, we define ¢;(x) to be the parallel translation of ¢;(0) along
the geodesic t — exp, (tx) to the endpoint x (at t = 1). By varying x, one obtains
a vector field e; on V.. It is clear that {e1(x), -+, eq(x)} is an ONB of Tiy, xM for
every x € U. Note that €;(0) = 0;|x=0. In general, one can write e¢; = Jfﬁj where
(Jf )1<ij<d is @ smooth matrix-valued function on U that is everywhere invertible.

Recall that the metric tensor under the normal chart V' is defined by g;; =
(0;,0;). The following fact will be useful to us later on (cf. [BGV04, Proposition

1.27 (iii)]).
Lemma 4.4. On the normal chart V', one has
2'gy; =, x'g¥ =2t

It is well known that under the normal chart near the origin, the Riemannian
metric g;; agrees with Euclidean metric ¢;; up to the second order with error given
in terms of curvature coefficients (cf. [BGV04, Proposition 1.28]).

Proposition 4.5. On the normal chart V', one has

1
gij(x) = 6;; — gRikﬂ(O)xkxl + O(]X\S) as X = (xl, e ,xd) — 0,

where Rij 2 (R (0, 0,)0;,0;) are the curvature coefficients in V.

We now express A/2 on V' as
1 Loiing | i

From the local expression (2.1), it is plain to check that

ij ij i gij L, 4
a’ =g", b = 4detg8jdetg—|—§8jg]. (4.4)

We also recall that Go(z,y),G1(z,y) are the first two terms appearing in the
Malliavin-Stroock expansion (2.3). The following explicit formulae for the local
expressions of these quantities will be needed for us.

Lemma 4.6. On the normal chart V', one has
a’(0) = 6, b'(0) = 0; (4.5)

y . 1 2
8;;@” (0) == O, azbj(()) == gijpi, 8§pa j(O) = gRipjp; (46)
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V.Go(x,0) = —270;; (4.7)
1

9;G1(0,0) =0, 0;,G1(0,0) = & Boins- (4.8)

Here R;ji 1s the curvature coefficient as in Proposition 4.5 and the derivatives in
the last line are taken with respect to the first variable in Gy.

Proof. The curvature coefficients satisfy the following symmetries:

Rijii = —Rjir = — Rijik = Rhaij- (4.9)
The relations (4.5) and (4.6) follow directly from Proposition 4.5 and (4.4). In
addition, by the local expression of V and Lemma 4.4 one has

V.Go(x,0) = —1'g"0; = —279;.

This gives the relation (4.7). Finally, recall that Gy is defined by (2.4). Standard
geometric consideration shows that

det(dexp,)x = /det g(x) (4.10)

for any x = exp,'(z) € U (z € V). The relation (4.8) then easily follows from
Proposition 4.5 and (4.10). O

Remark 4.7. For the proof of Theorem 4.1, only (4.5) and (4.7) are relevant. The
relations (4.6) and (4.8) will only be needed for the proof of Theorem 5.1 in the
next section.

4.2.2 Localisation I: the main contribution

Our analysis is essentially localised on a normal chart around y. Throughout the
rest, we take V = B(y, pa/2 — €) where ¢ € (0, pas/2 — d(z,y)) is fixed (note that
x € V). Define

T =inf{s € [0,1] : X!V ¢ V'}

and we set 7 =t if such s does not exist. We shall consider the decomposition
E[m,S(X""Y)] = E[m,S*(X"™Y); 7 = t] + E[m, SO (X"™Y); 7 < t].

One naturally expects that the first term provides the main contribution and the
second term is negligible. In this section, we establish the main estimate for the
first term. The second term will be handled in the next section.

Note that the term E[Wn5¢(X LYY, T = t] corresponds to the situation where
X4%¥ does not leave the normal chart B around y during its lifetime. For this part,
one can apply Euclidean stochastic calculus to the SDE (2.10) of the Brownian
bridge. We break down the analysis into several steps.
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A representation of X%

In the Malliavin-Stroock expansion (2.3), recall that Go(z,y) = —d(z,y)*/2. By
applying Lemma 4.6 on the normal chart V defined previously, one can write

(using Buclidean variables on U £ exp,' V')

V. log p(u.2,0) = —= + Q(u, ) (4.11)

where V, denotes the Euclidean vector (¢”0;)1<i<q and

Q(ua Z) = Z VszJrl(Zv O>uk
k=0

satisfies

ap Q)] < co.
u€(0,1],2€U

The SDE (2.10) of X**¥ on V is thus expressed as

{dXS =(— & +b(X,)+Q(t —s,X,))ds + 0(X,)dB,, s<T; (4.12)

Xo=x £ exp,*(2).
where (0, b) are local coefficients of A /2 satisfying the relation (4.3) with a = o70.
We give a representation of X that will be used frequently in the sequel.

Lemma 4.8. On the event {T =t}, one has

X, " o(X,)dB, [T 1
T :x+t/0 %+t/0 ﬁ(b(Xm)—FQ(t(l—n),th))dn, r e [0,1).
(4.13)

Proof. We introduce the integrating factor z, = ¢t — s (s € [0,¢]), which satisfies

1
dry = — reds € R.
t—s

Setting Z, £ r; ' X, one finds that

dZ, = %(b(XS) +Q(t —s,X,))ds + iJ(XS)dBS.

By integrating both sides from 0 to s and noting that Zy, = x/t, one has
X *o(Xy,)dBy |
_:§+/ o (Xu) +/ (b(X.) + Q(t — u, X,,))du.
0 0

t—s t t—u t—u

The result follows by taking s = tr. O
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A semimartingale decomposition for ¢(odXy,)

On the event {7 = t}, the signature component 7, S?(X"*¥) is given by

7Tn5¢>(Xt,x,y) — / ¢(odX81) R ® ¢(OdXsn)
0<s1< <5<t
_ / $(0dXm ) @ - ® dlodXy. ), (A14)
0<r1 < <rp<1

where X satisfies the SDE (4.12). To relate it with the ¢-signature of the min-
imising geodesic

%Lfvy 2 exp((l — T)X), 0<r<l,

an important step is to factor out the geodesic component in the semimartingale

decomposition of ¢p(od X}, ). We summarise the main structure in the lemma below.
Let (I';)o<r<1 be the E-valued path defined by I', £ [ ¢(dy*Y).

Lemma 4.9. On the event {r = t}, one has the following decomposition of

gb(odXtr)-' i
¢(0Xy) = Lydr + VE(Aldr +dM), re€0,1), (4.15)

where {AL M! : 0 < r < 1} are E-valued stochastic processes satisfying the
following properties:

(i) {AL} is a continuous, {FB}-adapted semimartingale such that

Cvp
Atll) < . VYrelo,1), p=2, 4.16
450 < L e, p (416)
where || - ||, denotes the LP-norm.
(i) {M!} is an {FB}-martinagle whose components satisfy

(M"),. < Cr, Vrel0,1),i=1,---,N. (4.17)

In the above inequalities, C' denotes a geometric constant depending only on M, ¢
and the localisation V.

Proof. We write ¢ = ¢;da’ on V and also set Q(u,z) £ b(z) + Q(u,z) to ease
notation. According to the SDE (4.12) and the Ito-Stratonovich conversion, one
has
X,
¢(odXs) = _¢Z(Xs)t — SdS + (¢Z(X5)Q (t - S7Xs)

F 50,6,(X2)a8 (X)) ds + 61(X.)o% (X.)dB
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for s € [0, 7). By taking s = ¢r and substituting (4.13) into the first term, it is
easily seen that the decomposition (4.15) holds with

‘A TAtT U&<Xu)dB3 (r/t)Ar 1 .
A2 = (X (VE [ PR [T i - ). X))
(4.18)
(¢z( T/\t’r) ¢z((1 - r)x))$i + \/¥(¢1(X7Atr>c?l(t(1 - ’l“), X‘r/\tr)
+ ianﬁi(XT/\tr)aij (XTAtr>) (419)
and
A (/9 L t,o
M2 [T (X)X
0

where Bh* £ B /y/t is a rescaled Brownian motion. Since ¢;, 0%, € Cp°(U), it is
clear that the bound (4.17) holds.

We now estimate each term of A’. Since Ql is also uniformly bounded on U, the
entire expression of (4.19) is uniformly bounded by some deterministic constant
which is in turn trivially enlarged to the form of (4.16). To estimate the first
term of (4.18), one notes from the Burkholder-Davis-Gundy (BDG) inequality
(cf. [CK91, Theorem A| with BDG constant 2,/p) that

v [ <oyp H\/ [ S, =

which is dominated by (4.16) since r < 1. The second term of (4.18) is uniformly
bounded by C|log(1 — r)| which is also trivially enlarged to (4.16). The desired
bound (4.16) thus follows. O

The signature remainder estimate
In the decomposition (4.15), let us denote
dY? & T.dr, dY! & Aldr + dM!,

where we omitted the script ¢ to ease notation. Then on the event {7 = ¢} one
can write

/ P(0d X, ) @ -+ @ P(od Xy, )
0<ry<---<rp<1

n—l|1]
IT=(w1, wn) 0<r < <rp <1
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where the summation is taken over all words I = (wy, -+ ,w,) with w; = 0,1 and
|I|o denotes the number of zero’s in I (the number of geodesic components).
Given such a word I, we set

Jn(p;f)é/ odY @ --- @ odY ", pel0,1]. (4.21)
0<r1 < <rn<p

A key step for proving Theorem 4.1 is a proper estimate of J,(p; I) that respects
the number of geodesic components in I. The main result for this purpose is
stated below. In what follows, | - | denotes the Hilbert-Schmidt tensor norm and
|- 1l, = E[| - |P; 7 = t]'/P denotes the LP-norm on {7 = t} for tensor-valued random
variables.

Proposition 4.10. There exists a positive constant A depending only on M, ¢, N
and the localisation V', such that the following estimate holds true

(Ap)nik HFHk—var; , n—k

foranyp > 2p€0,1], anyn € N, 1 < k < n and any word I = (wy,--- ,wy)

Remark 4.11. A delicate point in the proof is to make sure that one only introduces
an exponential factor like C"*||T||¥ .. (as seen in (4.22)) instead of something
like C™. This is the key point for reducing the lifetime scale ¢,, to polynomial
dependence in n in Theorem 4.1; a more “standard” signature estimate would
introduce a factor C™ forcing ¢, to decay exponentially in order to make (4.2)

work.

To prove Proposition 4.10, we first recall a basic result of Kallenberg-Sztencel
(cf. [KS91, Theorem 3.1]) which leads to a dimension-free BDG inequality. This
also avoids the introduction of C™ when estimating moments of E®"-valued mar-
tingales.

Lemma 4.12. Let S = (S',---,S") be a collection of continuous local martin-
gales. Then there exists a two-dimensional martingale T = (T, T?) defined pos-
sibly on an extended filtered probability space, such that

S| =T, {S) =(T),

where

[S] & V(812 4+ (892, (8) = (ST) + -+ (S)

and similarly for T.
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Next, we present a lemma that provide the basic estimates for proving Propo-
sition 4.10 by induction.

Lemma 4.13. There exist positive constants K, Ko, K3 depending only on M, ¢, N
and the localisation V', such that the following estimates hold true for any p >
2,n €N and any word I = (w1, -+ ,wp41):

(1) If w41 = 0, then one has

P .
s Dlly < [ Wl I IEdn, g € 0,1 (4.23)

(i1) If w11 =1, then one has

1 r 1/2
dn+ K Jo(m: IN|2d
o+ Ko [ 1,057 )

p
+K3/ | Jne1(n; I") || pm, (4.24)
0

p
|mmmm<mﬁAWMﬁm

where q,r are any positive numbers such that 1/p = 1/q+ 1/r and I’ (resp. 1")
is the word obtained by removing the last entry (resp. last two entries) of I.

Proof. If w,4+1 =0, one has

P .
Jn+1(p;1)=/ Jn(n; 1) @ T'ydn
0

and the estimate (4.23) follows immediately. If w,; = 1, one has
p P
Jns1(p; 1) = / Jn(; ') @ Aydn + / Jn(1; 1) @ od M,
0 0
P p
= / Jn(n; I') @ Ay dn + / Jn(n; I') @ -dM))
0 0
1 P / t
+ 5 | dJu(g 1) ®-dM,

2 Jo
=: I, (p) + IX(p) + L(p).

where -dM denotes It6’s integral. We now estimate each term on the right hand
side separately. Note that the last term comes from the It6-Stratonovich correction
and is present only when w,, = 1.
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Estimation of I!. According to (4.16) and Young’s inequality, one has

p p 1
I g/ T I |G| AL || dn < K 7“/ Jo(: 1) || g——=—=d
12, (P)l i 1T (o D)o AGlledn < Ka/r i [[Jn(n )IIqmn

Estimation of I?*. We are going to applying Lemma 4.12 to the multidimensional
martingale

p
)2 [ hin) s dip e @),
0

By the definition of the Hilbert-Schmidt norm, one has

N

p
’[Z(p>’ = ( Z (/(; Jn(n;I)il’m’indM;’in+1)2)1/2'

il:"‘:in+1:1

According to (4.17), one also has

(I2), = Z / fesin) g MLy,

7‘7L+1 =1

NC/ZZ

in=1

i 2 P 2
bt dp = NC i | Ju(m; 1) |"dn.

It follows from Lemma 4.12 as well as the 2D BDG-inequality that
12 (0)lp < 4V2i/BIKEY, 2N, VD > 2

Here the constant 4\/5\/]3 is easily derived from the 1D case whose BDG constant
is 2,/p (cf. [CK91, Theorem A]). Therefore, one finds that

Il < 4VENCVH| ([ |1 Pan)

In addition, note that

p p
D an) ), = | [ s anlls < [t

Consequently, one arrives at

12(0)]l < / a1 i) (4.25)



with K £ 4V/2NC.

Estimation of I3. This is only relevant when w, = w,,; = 1. In this case, by
(4.17) one has

1 [ p
()| < 5/ | Juca (g I7)| - [d(M*, @M*), | < Ks/ | Tt (5 ") |dy.
0 0

It follows that )
0l < Ko [ st 1)

By adding up the previous three inequalities, one obtains the desired estimate
(4.24) and concludes the proof of the lemma. O

We are now in a position to prove Proposition 4.10.

Proof of Proposition 4.10. We are going to prove the inequality (4.22) by induc-
tion on n. Consider first the base case n = 1. If I = (0), then one has

P
D] < [ Eoldn = IPlvarion
and the estimate (4.10) holds trivially with n = k = 1. If I = (1), then
p
Ji(pi 1) = / Aldn+ M.
0

The first term is estimated by (4.16) as

P P dn
Aldr|| <C p/ =20p(1 —+/1—p).

| [ aarl, < ov [ e —20vi - VI

The second term is estimated by the BDG inequality and (4.17) as

|, < VZNCpy/p.

It follows that

12(0s D)l < (2C(1 — /T p) + V2NC/p)p.

To make the estimate (4.22) work with n = 1,k = 0, it suffices to require A to
satisfy

Cl—/T—p)+V2NC\p<A(1—/1—p)"* Vpelo).
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Such a A clearly exists.
In what follows, we fix the choice of

N 201 —/1—p)+V2NC\/p
A = max { sup e
pe[0,1] (1 — 1 - p)
where K, Ky, K3 are the constants appearing in Lemma 4.13. We just showed

the base case n = 1 and are going to establish the induction step with the same
A. Suppose that the estimate (4.22) is valid for all words with length < n. Now

e Ky + V2K, + 4K}, (4.26)

let I = (wy,- -+ ,wpi1) be a given word of length n 4+ 1 and let £ be the number of
zero’s in I. We write
A . . H Hl var;[0,p]
Li(p) = |F7"1"" e ..dk_T
0<r1 < <r<p :

Case I: w,,1 = 0.

According to (4.23) and the induction hypothesis, one has

p (Ap)n k+1 S )
||J7L+1(p; I)Hp < \/m Y, - 77) 2 Lk(n) ’ |F77|d77

ot (- T=p) /Okaw)-\Fn}dn

Case II: w,, 1 = 1.

In this case, we apply the induction hypothesis to each term on the right hand
side of (4.24). Recall that I’ (resp. I”) is the word obtained by removing the last
entry (resp. last two entries) of I. Firstly, one has

NG /”wnw;mu \/11Tndn
1

AC] )k n—k
KM—M L4l / (1 - YT ) 2

(n—k I—n
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By evaluating the last integral explicitly, it is easily seen that

4K A n—k nt+l—

(n—k)l(n+2—k)

(p)- (4.27)

We now choose r = p(n+1—k) and ¢ = M (so that 1/p=1/q+1/r). 1

%
follows that
1-— n—
Vi = ol TR (AR
n—=k
1

:pn—k+1/2 /TL—}- 1— ]{3(1 + _k)n—k < e /_n+ 1 — kpn—l—l—k.

By substituting this into (4.27), one obtains that

n—k,n+1l—k

[ < 4dek, b (1—/1—p)" 5" Li(p). (4.28)
(n+1—k)!

Next, we estimate the second term in (4.24); one has

I Kz\/ﬁ(/op o 1)) *
n—=k
(1= T L))

<K2@</op N
Kayp <( 2 om0 VTt

The last integral is estimated as
p p 1
(1= VIt < [C - VIma iy
/0 0 L=n
2 _
. /1 _p)n+1 k'

S —
n+1—k(

Therefore, one obtains that

n—k 1 1ok
Anfk n+1—k

< V2K, (1 -1~ p%"“mp). (4.29)
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Finally, we estimate the third term in (4.24), which is denoted as

p
IIIéKg/O [ Tara (0 1) || .

Note that this term comes from It6-Stratonovich correction and is present only
when w, = w,y1 = 1. In particular, there are k geodesic components in " for
this scenario. As a result, by the induction hypothesis one has

14 A n—1—k Y
11 < K (Ap) (1— /1) 5" Li(n)dn

0 V(n—1-=k)!

Anfkpn+1fk bl
< 4K (1=+1—=p) = Li(p). (4.30)
(n+1—k)!
By putting (4.28), (4.29), (4.30) together, one sees that
n—k, n+l—k .
[Tus1(ps D, < (4K + V2K + 4K3) : fl o VI= )5 Li(p).
n+1—k)!

In view of the choice of A given by (4.26), the right hand side of the above
inequality is further bounded by

(Ap)"*
(n+1—k)

This completes the induction step.

(1= VT= )% Lilp)

4.2.3 Localisation II: the remainder

Our aim here is to estimate the term E[WnSd’(X by < t} and the main result
is stated as follows.

Proposition 4.14. There exist constants Cy,Cy,0 > 0 depending only on x,y, M,
such that

CF —coyi (4.31)

|E[mnS (X ) 7 < t] || 4 < N

forallm > 1 and t € (0,9).

The main idea of the proof is to estimate the probability of the event {r < t}
and moments of 7, S?(X5%Y) separately. For the first part, we rely on Hsu’s large
deviation principle for the Brownian bridge. For the second part, we make use
of several heat kernel estimates in geometric analysis. In what follows, we divide
our proof of Proposition 4.14 into several steps.
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The exit probability

We first estimate the probability that the Brownian bridge exits the chart V' before
its lifetime ¢.

Lemma 4.15. There are constants 6, K > 0 depending only on x,y, such that
P(r <t) <e Kt vt e (0,6).

Proof. Let Q' denote the law of the process {X;™" : s € [0,1]} on the path
space
Quy = {w :[0,1] — M‘w continuous, wy = T, w; = y}.

It is obvious that
P(r <) < QL ({w € 0y Dw,y) > par/2 — <))

where D(w,y) = sup{d(ws,y) : s € [0,1]}. According to the large deviation
principle for {Q¢ ,} (cf. [Hsu90, Theorem 2.2]), one has

@ tlogP(t) < @ tlog Q. ,({w € Quy : D(w,y) > pa/2 —€})

< — inf Ty (W),

WEN y
é {
€ L*([0,1]) and D(w,y) = par/2 — €, one has

D(w,y)=pnr/2—e
/ i [2ds > / inlds)® > (par/2 — <)

(e, 5" ~ 5(ous /2~ )"

where
(Sl livs|?ds — d(x,9)%), || € L2([0,1]);

, otherwise.

8[\3“—

/‘\

For those w with ||

It follows that

lim <
11_1}101 tlogP(r < t) <

N —

The result follows by noting that the right hand side is a negative number. O]
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Signature moment estimates of Brownian bridge

Next, we estimate moments of 7,S?(X%*¥). The main result is stated below.
Here we also use the Hilbert-Schmidt norm on tensors.

Lemma 4.16. There exist positive constants A, L depending only on M and ¢,

such that )
10} t,T,y < (Ap)n/ L/pt
| S?(XP™Y)|| < ——=—e

2 m

forallp>1,neNte (0,1 and x,y € M.

The argument is quite similar to the proof of Proposition 4.10. Since the
estimate here is global, we take an extrinsic perspective and make use of a well-
known estimate for the logarithmic derivative of the heat kernel.

I. Extrinsic construction of the Brownian bridge

Let M be isometrically embedding in some Euclidean space R™ (which is always
possible due to Nash’s embedding theorem). A tubular neighbourhood of M in R™
is defined by the normal bundle

B.2 | | BY(x,e).

zeM

Here BY(r,¢) £ {2/ € R™: w7 € (TyM)*, |z’ — x|gm < €}. Since M is compact,
it is a standard fact in differential topology (cf. [Lee06, Chap. 10]) that when ¢ is
small, B; is diffeomorphic to the e-neighbourhood of M in R™. We fix such an ¢.
There is a canonical projection 7 : B. — M taking x € B, onto its unique closest
point m(x) in M.

Functions on M can be extended to R™ by using a bump function on B.. More
precisely, let 1 : [0,00) — R be a smooth bump function such that 0 < n < 1,
n=1on[0,e/2] and n =0 on (g,00). Given any function f € C*°(M), we define

f(z) 2 n(dgm(z,7(2)))f(r(2)), =€ B..

It is clear that f € C>°(R™). Vector fields and one-forms on M are extended to
R™ in a similar way. We always use the notation - to denote the extended object.

For each x € M and 1 < oo < m, let V,(x) be the tangent vector to M defined
by orthogonally projecting the a-th canonical basis vector of R™ onto T, M. Then
V., defines a smooth vector field on M and we take its extension V,, to R™ as before.
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Note that the Laplacian on M can be expressed as Ay =0 V2 Given fixed
t € (0,1] and z,y € R™, let {X.*¥ : 0 < s < t} be the solution to the SDE

dX, =Y Vu(X,)dB, + Vap(t — s, X, y)ds, Xo = .
a=1

Here V denotes the Euclidean gradient in R™. Equivalently, X*¥ is a Markov
family with generator

- 1 m B _ _
L =SS VR Vaplt—5,0y) V.
a=1

The following fact is of no surprise.

Lemma 4.17. Suppose that x,y € M. Then with probability one, the process
X4 lives on M for all time. In this case, XY has the same law as the Brownian
bridge from x to y on M with lifetime t.

Proof. Consider the function F(z) £ dgm(z, M)? on R™. For x € By, one has
F(z) =0iff x € M. Define

o =inf{s € [0,t) : X! ¢ B.jp}.

By our choices of extensions, it is easily seen that (LYY F)(X5®¥) = 0 on [0, 0]. It
follows from the martingale characterisation that

E[F(XZN] =F(z)=0 = XtV e M as.

SAo SAo

By continuity, the process lives on M for all time before o At which also indicates
that o = ¢ (i.e. no exiting B,/ occurs). For the second part of the lemma, one
first notes that the process

S F()_(;f’x’y) — F(x) — / E_f’yF()_{:’m’y)dr
0

is a martingale for all F' € C%(R™). In addition, the law of the Brownian bridge
X4%Y on M is characterised by the fact that

i FOX) = f(@) = [ (GAwF) + Tt 7, X7, ) - 9 P
0

is a martingale for all f € C?(M). The result follows from the fact that Xt*¥ € M
as well as the relation that

T 1

The proof of the lemma is thus complete. O

45



I1. Heat kernel bounds and a moment estimate for the Brownian bridge

Our proof of Lemma 4.16 relies on a few heat kernel estimates which we now
recall.

Proposition 4.18. Let M be a compact Riemannian manifold.

(1) (cf. [Hsu02, Theorem 5.3.4]) There are positive constants Ky, Ko, K3 such that

K.
Kie K2/t < plt, 2, y) < tdifﬂe—d(ac,yP/zt V(t,z,y) € (0,1] x M x M. (4.32)

(i1) (cf. [STIS, Inequality (1.1)]) There exists a positive constant Ky, such that

1 dzy)
V.1 tr,y)| < Ky(—
V. log p(t, z, y)| < 4(ﬁ+ .
The following moment estimate of the Brownian bridge will also be needed for
us. It is not in the sharpest form but is enough for our purpose.

) V(t,z,y) € (0,1] x M x M. (4.33)

Lemma 4.19. Let § € (0,1/2) be a given fized parameter. There exist positive
constants Ks, K¢ such that

(X", y)ll, < Ksy/pe/(t — 5)°
forallp>1,s<te(0,1] and x,y € M. Here K, is the same constant appearing
Proof. According to the transition density formula (2.9), one has

1
E[d(Xo™Y, y)P =—/ d(z,y)"p(s, , 2)p(t — s, 2,y)dz
[ } p(t, 7, y) Ju
] J
— +
P2, Y) Sy < pi-98)  Jzdg)s vt-s)8)
d(z,y)"p(s,z, 2)p(t — s,2,y)dz

K. _
VP )P Dl K e

where D), is the diameter of M and we also used the semigroup property as well
as the estimate (4.32) to reach the last inequality. One can assume without loss
of generality that K; < 1 and K3 > 1. Since p > 1, one obtains that

o—(t—5)2071/2

t,x, B —1 Ko /pt
Hd(Xs y,y)Hpg \/}_?(t—S) +DMK1 K3€ /p m
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The desired estimate follows by noting that

o= (t=5)2"1/2 ;
Gy S Caslt=3)

for all s <t e (0,1]. O

ITI. Proof of Lemma 4.16

We now proceed to prove Lemma 4.16. The argument is similar to (but not as
fine as) the proof of Proposition 4.10 and some repeated calculations will thus be
omitted. Recall that 5 € (0,1/2) is a fixed number appearing in Lemma 4.19.
For simplicity, we just write X = X*®¥ (which is also the process X = X*¥¥ by
Lemma 4.17). We postulate the following estimate on signature moments of X
and will prove it by induction on n:

_ _ _ B A n/2 "
H ; ¢(OdXtr1) R ® ¢<OdXtrn>Hp < %eKz/Pt(l _ (1 _ p)ﬂ) /2
<rp<--<rp< vnl
p (4.34)

forall p > 1,n € N, t € (0,1], p € [0, 1]. Here K, is the same constant appearing
in Part 11 and A is a universal constant that will be determined in the induction
argument. Lemma 4.16 follows immediately by taking p = 1. We set

Jn(p) é / &(od)?trl) ® e ® (E(OdXtrn)~
0<r1 < <rp<p

Semi-martingale decomposition:

From the extrinsic perspective in Part I, one can write
P(0dX ) = Vigi( X )V Xy )dBL + = ajgbz(Xﬁ) 9 (X )dr
+ tq51<Xtr)a 10gp< ( )7 Xt?“; y>dr7 re [07 ]-]7 (435)

where B! £ By, /vt and @ £ V - V. Note that ¢,V,a € C> by our choice of
extension. In what follows, we will use C; to denote constants depending only on

M, ¢, and the embedding.
Base step:
By using the BDG inequality, one has

Vi [ 6V asl, < G i (436)
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It is also obvious that
Pt
||/ iﬁjqﬁi(Xtr)d”(Xtr)dTHp < Cop. (4.37)
0

For the last term of (4.35), by using the Stroock-Turestsky estimate (4.33) and
Lemma 4.19, one has

o _
| [ toxEantonstt(1 = ). Koo,

g 1 1d(Xer, )l
<0315/0 K4( t(1—r) + t(1—r) )dr

P dr P Ksy/pef>/P(t(1 —r))°
< 3K, + C3K / dr.
3 4/0 m 344 ; 1—r r

After evaluating the above integrals explicitly and combining with (4.36, 4.37),
one finds that

120l < Cay/Be™ ™/ (1= (1= p)°) " (4.38)
with suitably chosen constant Cy.

Induction step:

Suppose that the induction hypothesis (4.34) holds. According to the decom-
position (4.35), one can write

Jn+1(p) - /pJ (T) ¢(OdXtr)
t [P N P
Vi / ) © Gu(Xur)V*(KerJdBL 4 L /0 Tu(r) @ 0564 Kur)a (Xiy)dr
vy /0 Tor(r) @ Gi(Xr) ® by (Xur)a¥ (X )dr

+t /Op Jo(r) @ ¢i( Xy, )0; log p(t(1 — 1), X4, y)dr
= L(p) + I3(p) + L;(p) + L,(p)-

By using the dimension-free BDG inequality (the same way leading to (4.25)),

one has )
1/2
12Dl < Cv/A( / () 2dr) 2.
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By substituting the estimate (4.34) into the right hand side and evaluating the
resulting dr-integral explicitly, one obtains that

C A"/%URTJrl ntl
11 (p)]lp < ﬁ e (1= (1—p)f) 7 (4.39)

The estimation of I2(p) and I3(p) follows the same route and one finds that

n/2 n41
120} v 1201, < % (1= p)f) L (4a0)

We now consider I(p). By using the gradient estimate (4.33), one has

16 < Ca( [ Il + [ {2 1dr) - () ). (440

After applying the induction hypothesis (4.34), the first integral is majorised as

(Ap)”/2 ntl

2 K
S L ket (1—p)f) .
By/(n+1)! (1= ’)
For the second integral in (4.41), one applies Holder’s inequality
d(Xer,y) - Tu()llp < N XKer, ) llpy - (1)1

with p; £ p(n +1) and py £ p(n + 1)/n. After further applying Lemma 4.19 and
the induction hypothesis, it follows that

n/2, 2l n
2K5ve A /2p™e eRalrt(1 — (1_[)),3)71‘
g (n+1)!

p
[ ) el <

Therefore, one arrives at

CoA"/2p™5 1
11 (p)|lp < Nl e (1 — (1= p)7) 7. (4.42)

Putting the estimates (4.39), (4.40), (4.42) together, one concludes that

A"/2 n+1 nt1
[Jns1(p)llp < (Co + 2C7 + Cy) - m ML= (1= p)?)
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By taking the base step estimate (4.38) into account, one only needs to choose
A= maX{Cf, Cs 4+ 2C7 + Cy}.
It then follows that
[P < (Ap) 2 (1 = (1= p)?) "

and )
(Ap)"s 1
(n+1)! .

This finishes the induction argument.

[ Tn1(p)llp <

Proof of Proposition 4.14

We now complete the proof of Proposition 4.14. Let p,q > 1 be such that 1/p +
1/q = 1. According to Lemma 4.15, Lemma 4.16 and Holder’s inequality, one has

|E[m,S?(X5Y); 7 < t] < HﬁnSd)(Xt’x’y)Hp P(r < t)l/e

s

S Vil Vn!

One can choose (and fix) p, g so that K/q— L/p > 0. The desired estimate (4.31)
thus follows with C; = /Ap and Cy = K/q — L/p.

n/2 n/2
< (Ap)™/ Cel/pt | o—K/at _ (Ap)™ e~ (K/a=L/p)/t

4.2.4 Completing the proof of Theorem 4.1

Putting together all previously developed ingredients, we are now in a position to
prove Theorem 4.1. We will continue to use the notation introduced earlier.
Let us define

by (t) £ nl||E[m,S%(X""Y)] ”HS, L & |Tl1varpo.1)-

Recall that in the isometric embedding context (i.e. ¢ = dF') one has L = d(x,y).

Our goal is to estimate b, (t)'/™ — L. To this end, one writes
1 by (t
by ()" — L = L(exp (= log #) —1). (4.43)
n n

The proof of Theorem 4.1 will be completed as long as the following lemma is
established.
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Lemma 4.20. There exist positive constants k, K, Ry, Ro, such that

b (t)

o < [R1, Ro]
for alln > K and t € (0, kn™°).
Proof. One begins by expressing
n! || 7, 8¢ (=) bn(t) — n!||m,S¢(y2Y)
Ln Ln Ln

Since v is smooth, the following asymptotics for the first term is a direct con-
sequence of [HL10, Theorem 8| (see also [CMT23, Theorem 22|):

| @ wy
tim " O s e(T), (4.45)

n—00 Ln

where ¢(I") > 0 is some explicit constant depending on the geometry of I.
Our task is now reduced to estimating the second term on the right hand side
of (4.44). Trivially, one has

b, (t) — n!||7rn5¢(7 Y
| Ln

) n! ;
HS| S EHE[WnSd)(Xt’ y>] TS (y HHS

—AL(t) + Ba(h), (4.46)
where

A,(t) 2 Z—LHE[%S%XW) = SP (YY) T < ] ||y

Bo(t) 2 T [B[maS?(X) — 1,8 )i = 1] s

According to Proposition 4.14 and Lemma 4.15, one has

Anlt) € T B[S (X )57 < 1) s + el 07 s Bl < 1

s +

n!  CV _. nl L™
< .2 Gty 2 Ca/t
STV T e
< (Vnl(Cy/L)" + 1) e~/ (4.47)

for all n > 1 and ¢ € (0,9) with some positive constant 0.
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To estimate B, (t), we first recall from (4.20) that on the event {7 = ¢} one
has the decomposition

TSP X5 = 1, 8% (™) +Z Z t

k=0 IeZ,(k

where Z,,(k) denotes the set of length-n words I with |I|g = k and J,(1;1) is
defined by (4.21). According to Proposition 4.10 and (4.20), one finds that

n—n Z DR PACH] N

=0 I€Z, (k)

[ -1 n—k koo 3

2 Vo S () v

To analyse the last expression, let us define

where one takes x = 2A\/1_5/ L in our context. Setting

N (n) nlx”
a, = —_—
' r) (n—r)rl’

one easily sees that

Ar41 (n— T)Q 2
o R ST
forallr =1,--- ,n — 1. By requiring
2ANZ\/t L .o
‘v = <1 t< (5)n 4.48
n-x 7 = ( 5 A) n°, (4.48)
one concludes that {a,}"_; is a decreasing sequence, thus yielding that
2An°\/t
F.(z) < na; =n’z = r \/_
L
Therefore, one has
2AN3\/t

(4.49)



for all n and ¢ satisfying the relation (4.48).
By substituting the estimates (4.47) and (4.49) into (4.46), one obtains that

by (t) — n‘HﬂnS¢
’ L

oY) 2An3\/t

HHS| (\/H(Ol/L)“Jrl)e_C“/tJr nL\/__
for all n,t provided that (4.48) holds. Note that the right hand side is of constant
magnitude if ¢ = O(n%). More specifically, there exist positive constants x, K
such that

1) 507 _
for all n > K and t € (0,kn"% (the relation (4.48) is also satisfied with such
choice of t). Here ¢(I') is the Hambly-Lyons limit appearing in (4.45). Now the

conclusion of the lemma follows from the decomposition (4.44), the asymptotics
(4.45) and the inequality (4.50) (with enlarged K if necessary). O

—¢(T) (4.50)

Proof of Theorem 4.1. Under the situation of Lemma 4.20, one has

bu(t)
|log In }

< max {|log Ry|,|log Rs|}.

for all n, ¢ such that n > K, t < kn~%. Tt follows from the relation (4.43) that

0]

1
1/n _ -
|ba(t) L| = L}exp(nlog -

with a suitable constant C'. The proof of Theorem 4.1 is now complete.
O

5 Small-time expansion and its connection with
curvature properties

Theorem 4.1 shows that the Riemannian distance can be recovered from suitable
signature asymptotics of the Brownian bridge. In this section, we are going to

show that curvature properties of the manifold M (both intrinsic and extrinsic)
can also be recovered explicitly from the small-time expansion of the signature.
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5.1 The main theorem

From now on, we consider the Brownian loop based at z € M (i.e. the Brownian
bridge X*®?). Recall that an isometric embedding F' : M — E = R¥ is given
fixed. For each n > 1, we define (with ¢ = dF here)

Un(t, ) £ E[m,S%(X"")] € E®", t>0,z€ M.

This is the n-th level expected ¢-signature of the Brownian loop X%,
Let us denote S, £ m,S?(X"**). Since [; ¢(dX"**) = F(X}"") — F(x), it is
clear that

S) = F(X[™) = F(z) = F(z) = F(z) =0 = ¢y(t,z) = 0.

From the symmetry of the heat kernel, it is easily seen that X*®* has the same law
as its time reversal s — ?g“ 2 X" As aresult, the paths I'. £ F(X5®7) —

F(z) and its reversal ? have the same law. Since the signature of ? is the inverse
of the signature of I' (in the tensor algebra T'((F))), it follows that

SO (Xhoe) T go(xta), (5.1)
By taking its second level projection, one has
—Sy 4+ 51 ® 5 =S,

But one already knows S; = 0. Therefore, ¥»(t,x) = E[S;] = 0. Similarly, the
third level projection of (5.1) gives

—53:—53—1-51@524—52@51—5?3 lg/5'3 = P3(t,x) = E[S3] = 0.

The above calculation suggests that, in order to extract nontrivial geometric
information, one has to at least consider ¥4(¢, z). A similar calculation shows that

Ya(t,z) = E[Sy] = %E[Sz ® Sa). (5.2)

This needs not be a zero tensor; indeed it contains the second moment of Lévy
areas of the path I'.

In this section, we study the small-time expansion of the function 4(t, ).
We first define a contraction on 4-tensors to reduce dimension. Let & € E®* be
a given tensor. Being viewed as a 4-linear map £ : Ex F X Ex E — R, we
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define €€ : E x E — R to be the 2-tensor obtained from & by taking trace on the
(2,4)-positions. More precisely,

(€§)<7> £ Zf("gaaUga)? (53)

where {e, : @« =1,--- N} is any ONB of E. One also needs to recall the basic
curvature quantities introduced in Section 2.1.3. Our main theorem for this part
is stated as follows.

Theorem 5.1. One has the following small-time expansion:
Cy(t,z) = O, -2 + 5, - 2+ O(tY) ast — 0F.

In addition, the coefficients ©,, =, € E®? are symmetric 2-tensors that admit the
following explicit representation.

(i) The tensor ©, recovers the Riemannian metric tensor g,. More precisely, one
has

d—1
7<7rxv,7rxw>TzM, v,we F, (5.4)

where m, : B — T, M denotes the orthogonal projection onto the tangent space
T, M.

O, (v,w) =

(i1) The tensor =, encodes both intrinsic (Ricci curvature) and extrinsic (second
fundamental form) curvature properties of M at x. More precisely, its restriction
to T, M x T, M as a symmetric bilinear form on T, M 1s explicitly given by

= S, — 8PH,[5 49420 (5 dd)d
Sy X - T .~ NIC,  on
TeMXT: M 8640 Y 8640 480

Here g, is the metric tensor, Ric,, S, are the Ricci tensor and scalar curvature,
B, H, are the second fundamental form and the mean curvature vector, and (-, )
1s the Fuclidean inner product in E.

Remark 5.2. It can be shown that the 4-tensor 14(¢, z) is anti-symmetric on the
first-two components and also on the last-two components. Therefore, the opera-
tion (5.3) is basically the only nontrivial way of contraction into a 2-tensor.

To prove Theorem 5.1, we will actually compute the third-order expansion of
the 4-tensor

Pa(t, ) = O,8% + Z,t° + O(tY) (5.6)
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with explicit tensor coefficients @m,jw (cf. Propositions 5.9, 5.16 below). By
some elementary algebraic manipulation, it is possible to recover all the quantities
Ricy, S,, (By, Hy)p and |H, | in (5.5) separately from the coefficients ©,, 2, (cf.
Remark 5.23 for a discussion). But the corresponding formulae are more involved.
For simplicity, we choose to present the formula in the form of (5.5) through the
contraction €i,(t, x).

In the following sections, we develop the proof of Theorem 5.1. Our strategy
follows the same spirit as the proof of Theorem 4.1; we perform local calculations
in the normal chart around x based on the local SDE representation of X“%?,
The actual calculation turns out to be so involved that it is impossible to achieve
entirely by hand. Therefore, our full calculation is computer-assisted (by Wolfram
Mathematica). We will develop the explicit analysis for a few representative cases
in the computation of the coefficients (:)x, éx and leave all other parallel cases to
the appendix with documented Mathematica codes provided in GitHub.

5.2 Some basic expansions

As in the proof of Theorem 4.1, we will localise the analysis in a normal chart
V around z (cf. Section 4.2.1 for the construction with x = y in the current
situation). As we have seen in Section 4.2.3, the case that X»** leaves the chart
V before its lifetime gives a negligible contribution (it is of order e~¢/* which is
smaller than any power of ¢; cf. Proposition 4.14). Therefore, one only needs
consider the situation that X»** remains in the chart V' for all time (and we will
always assume this is the case). In this case, the analysis reduces to Euclidean
stochastic calculus.
We will use the relation (5.2) to compute 14(t, z). Namely, we write

alt, ) = SEIT @ 11, (5.7

where
2 [ ([ steaxt) @ os(oax)
= [ ([ stotxiz) & ooteaxiy®),

and we made the change of variables v = tp, u = tr to normalise the processes on
the unit interval. To evaluate the expectation (5.7) (in particular, its expansion
in t), one needs to compute the semimartingale decomposition of ¢(odX;"") in

the chart V.
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5.2.1 SDE representation of X’%*

Recall that the SDE representation of X*** in V (in terms of coordinates in
U £ exp,' V) is given by (4.12) with Q(u,z) defined in terms of the Malliavin-
Stroock expansion (2.3) (cf. (4.11)). For our purpose of computing small-time
expansion, one needs to extract one more term from Q(u,z), i.e. by writing

V. logp(u,2,0) = —= + V.G1(2,0) + Q(u, 2), (5.8)
where Q(u,z) £ 577 V. Gry1(z, 0)u satisfies
|Q(u,2)| <Cu Vue(0,1],z€U (5.9)

with some geometric constant C' depending on the localisation V. Correspondingly,
the SDE (4.12) for X** is rewritten as

Xs
dXs:(_t—s

+b(X,) + Q(t — 8, Xy))ds + o(X)dDBs, (5.10)

where

b(z) 2 b(z) + V.G(z,0). (5.11)

5.2.2 Decomposition of II;

By using the SDE (5.10), one can easily compute the semimartingale decompo-

sition of ¢(odX"™*) and thus an associated decomposition of II;. This is sum-

marised in the lemma below. Recall that ¢ = ¢;dz’ and a = oo™

Lemma 5.3. Under the chart V', one has

¢(OdXt’r') = d[tr + thr + thT’ + stT7

where i
dl, = —qﬁi(xtr)ﬁdr, dJ = tp( Xy, )dr, (5.12)
Ay 2 V1gi( X))ol (X )dBY®, dLy 2 tQ(tH(1 — 1), Xy )dr
with

o() 2 () (2) + 507 (2)0161(2) (5.13)
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and Bt = B,,./\/t being the rescaled Brownian motion. In addition,
1 p
I} = / (/ Ay + dJy + dKy + dLyy) ® - (dLy, + dJy, + dKyy, + dLyy)
0o Jo

t [ g
45 [ o) @ 6,000 (X, ), (5.14)
0
where the “” in the above double integral means Ito’s integral (of course, only the

dK -term is relevant).

Proof. This is explicit [t6’s calculus based on the semimartingale decomposition
(5.10) together with the change of variables v = tp,u = tr. O
5.2.3 Expansions of &= and f(X,)

In order to compute E[II¥ & II¥], in views of the decomposition (5.14) one needs
to know suitable expansions of £ and f(X,.) with respect to t. These are
summarised in the lemma below.

Lemma 5.4. Under the notation in Lemma 5.3, let us define

T 1 T 1 7
G,tﬂ £ \/7_5/ U(th)dBrtp Hﬁ = t —b(th)dU
o 1—n o L—=7n

Then one has
Xtr

1—7r

and for any f € C°(U) one has
f(Xer) = £(0) + 0 f(0) - (1 — ) (G7* + HF)

%a,zl £(0) - (1 — r)PGURGEF 4 4(r). (5.16)

=GL+ H! + & (r) (5.15)

Here the remainders E'(r), £4(r) satisfy the following estimates:

sup ||E(r)||» < OF, sup 1€ () |r < Ct*/? (5.17)

0<r<1 0<r<

forallp > 1,t € (0,1]. The above constant C' depends on p, f and the localisation
V.
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Proof. The first expansion (5.15) follows easily from Lemma 4.8; in fact, one
explicitly has

e =t [ 1@ = ), X

where we recall that @ is defined through (5.8). The first estimate in (5.17) follows
immediately from (5.9). The second expansion (5.16) follows from the standard
Taylor approximation of f, where

€3] < Clif oz 1€ + (1= )*(|GL] + [ H]) - | Hy
+ (1 =) (IGy| + [H] + [E(r)]) ]

Note that
(1 =G s = ( %mﬁmp
" dn ,
< CVi(1—7) S <OVt (5.18)
0 (1 - 77)
and

(1—7)H|=(1- r)}t/or ﬁb(){tn)dn‘ < Ct(1 —r)|log(l —7)| < C't.

The second estimate in (5.17) thus follows. O

Remark 5.5. The point of Lemma 5.4 is to collect those specific terms in the
expansions of ‘f%; and f(X;,) that have order < t (this is enough for our purpose
of computing the expansion of 1,(¢, ) up to order ¢*). Note that the term G has
order v/t and the term H has order ¢. Both £'(r), £4(r) are remainders that will
be ignored in the asymptotic evaluation. We also remark that although G% and
H! contain singularities as r 7 1, they will always be eliminated after performing
integration in (5.7).

5.2.4 Summary of structure and order-counting

The computation of the coefficients ©,,Z, in (5.6) essentially boils down to se-
lecting different terms in the decomposition (5.14) with specific orders in ¢. For
this purpose, it is useful to recapture the basic structure we already derived. First

59



of all, the decomposition of II¥ @ II¥ has the structure

H@H:[/(/dl+dJ+dK+dL)®(d1+dJ+dK+dL)+P}

®[/(/d]+dj+dK+dL)®(dl+dJ+dK+dL)+P],
(5.19)

where [, J, K, L are as in Lemma 5.3 and

[ 5
P=P = §/ ¢i(Xip) ® ¢ (Xep)a (Xi,)dp
0

is the last term (the Ito-Stratonovich correction) in (5.14).
The key observation is that the individual terms I, J, K, L, P have the following
t-orders respectively:

I~V J~t, K~y Leot?, Pt (5.20)

This is clear from Lemma 5.3 and Lemma 5.4. As a result, in order to compute
O, and Z, one only needs to collect and combine terms in the expansion of (5.19)
that have total orders of t? and ¢* respectively. The principle here is easy and
mechanical, but the computation is extremely huge (we have to rely on computer
assistance for computing ém)

5.3 Computation of the t>-coefficient O,

In view of (5.19) and (5.20), the #*-term in the expansion of v,(t,z) precisely
comes from the following 25 combinations:

(IT;11),(IT; 1K), (IT; KI), (IT; KK),
(IK;ID),(IK; IK),(IK; KI),(IK; KK)
(KI,II), (KL IK),(KL; KT), (KT, KK),
(KK 1), (KK IK),(KK; KI),(KK; KK)
(I1; P),(IK; P),(KI; P), (KK; P)
(P;II),(P;IK),(P;KI),(P;KK), (P; P).
Here e.g. (I K; K1) means picking dI ® dK in the first line of (5.19) (i.e. the first
ITin T®II) and dK ®dI in the second line of (5.19) (i.e. the second IT in IT®II);

this produces a term dI ® dK ® dK ® dI of order \/¥4 = t2. Similarly, (P; 1)
means picking P in the first Il and dI ® dI in the second II; this produces a term
of order t x \/¥2 = t2. The (P; P) means picking P in both II’s which produces a
term of order ¢ x t = t.

(5.21)
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Notation 5.6. In what follows, we write X, z Y; for random variables X;,Y; if
E[X; — Y;] = o(t?) as t — 0T. In fact, in our problem it will always be the case
that |[E[X; — Y;]| < Ct? (one does not see the t*/?-term because the expectation
of an It6 integral is zero) and || X; — Y;||z» < Cpt*/2. This notation is used to only
keep track of terms up to the desired order t* and ignore all higher order terms
in the expansion.

5.3.1 The (/I;1]) term

Here we demonstrate the computation of the (I7;11)-term in detail. According
to Lemma 5.3 (the expression of dIy,.), the t?-coefficient of this particular term
comes from the expectation of

s (U [ X}, X},
Arnr = ( ¢i(Xer) 1_ Tdr) ® ¢; (ti) 11— dp
0 0 P

l

1 0 )(k X
®/O (/0 Or(Xis) T25d0) @ 1(Who) 750, (5.22)

Since we are extracting terms of order ¢, in the expansions (5.15, 5.16) for the
¢’s and X'’s the only possibility is freezing all the ¢’s at the origin and taking the
G'-term for the X’s (recall from (5.18) and Remark 5.5 that G* is of order /1).
Namely, using Notation 5.6 one has

Arrir 2 $i(0) ® $;(0) ® ¢x(0) @ $(0)
1 p 1 0
t,i t.j t,k t,l
x/o (/O GHdr) G dpx/o (/0 G ds) Gl do
= ¢;(0) ® 9;(0) ® ¢x(0) @ ¢;(0)
X GLGY GGy drdpdsds. (5.23)

0<r<p<l1
0<i<o<1

To compute the t*-coefficient of E[A;r,;], one has to evaluate E|[GL'GLI Gy Gyl
This is contained in the lemma below.

Lemma 5.7. Consider the function

F(a,b,e,d;i,j,k,1) 2 E[GLHG GLEGY
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where 0 <a<b<c<d< 1 andi,j k,l are arbitrary coordinate indices. Then
one has

b
F(a,b,c,d;i, j, k1) =] :

(1 —a)(1-0)
a c—b

L FE AT 078" +o(t?) ast— 0" (5.24)

Proof. Since we are only considering the t*-coefficient and o(0) = Id (cf. (4.5)
and also note that a = 07 c), one has

(5ij5kl + §’ik‘5jl + 5ilé‘jk‘)

o | . | .
creyoay 2V [T ang) ([ any)
o =7 o =7
< ( / L apery( / "L gy,
o 1—n 7 o L=—n "
The right hand side is just the product of four Gaussian variables whose covariance
function is easily calculated from the relation that

’1 ° 1 P d 0
BI( | aBy)( | dm) = o [t = P
o 1—=7n o 1—=17 o (1—n) 1—pAN0
The result (5.24) follows immediately from the standard formula for 4-th moments
of Gaussian vectors. O

Lemma 5.8. One has
E[Arrr] = £¢:(0) ® ¢;(0) ® ¢x(0) ® ¢,(0)
X (35”’5“ + %5@"“5]‘5 + é&“&j’f) +o(t?) ast—0T. (5.25)

Proof. This is obtained by further decomposing the integral (5.23) according to
the actual orderings of (r, p,d,6) and applying Lemma 5.7 to each scenario. For
instance, the integral over the region r < § < 6 < p gives

/ F(r,6,0, pii, k1, )
0<r<d<f<p<l

) - r 0—9§ o
=t / S L 5% + o(t?
o<r<a<e<p<1((1—7")(1—5) 1—r(1-=06)(1-0) ) +ol®)
1 .. |
— 42(_—_ gkl = sik gl 2
t (36e + 245 &) + o(t?), (5.26)

where €78 £ §igkt  §ik5it 4 5167k Other scenarios corresponding to different
orderings of (r,p,0,0) are obtained from (5.26) by symmetry. Combining and
simplifying all these expressions gives the relation (5.25). O
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5.3.2 Final result

All the remaining 24 cases in (5.21) are treated by very similar kind of calculations
(elementary Ito-calculus). We will not present the separate results here and leave
them to Appendix A. The final result is summarised as follows. To ease notation,
we denote

Dijit = ¢i(0) ® ¢;(0) ® ¢ (0) @ ¢y(0). (5.27)

Proposition 5.9. The >-coefficient ©, in the expansion of (5.6) is given by
~ 1 ©4
Ou = 51 (Dijij — bugji) € B

Proof. By summing up the expressions (A.3-A.16) in Appendix A as well as
(5.25), one finds that

2
E[ll; ® 1] = %(¢ijij — ¢ijji) + o(t?). (5.28)

The result thus follows from the relation (5.7). O

Remark 5.10. Although 0, is computed in terms of local coordinates, it is appar-
ently an intrinsic quantity (since ¥4(t,x) is). Its intrinsic meaning is described as
follows. Since ¢ is an E-valued one-form on M, ¢(x) @ ¢(z) @ ¢(z) ® ¢(x) can
be viewed as an E®*-valued 4-tensor on T, M. Consider the E®*-valued bilinear
form on (T, M)®? defined by

To (T, M)®? x (T,M)®?* — E®*
(u®v,w® 2) = ($(x),u) ® ($(x),v) ® [(¢(z),w), ($(x), 2)],

where (-,-) denotes the cotangent-tangent pairing and [a,b] £ a ® b — b x a for
a,b € E. Then O, is the trace of T, with respect to the Hilbert-Schmidt structure
on (T,,M)®? induced from the Riemannian metric on T, M. The geometric signif-
icance of ©, will become clearer in the case when ¢ = dF and after applying the
contraction operator € defined by (5.3) (in fact, O, encodes the entire Riemannian
metric tensor at x; cf. equation (5.4) and Remark 5.18 below).

5.4 Computation of the {3-coefficient =,

From Proposition 5.9 and Remark 5.10, the 4-tensor ©, encodes information about
the metric tensor at the location z (the first fundamental form at x). However,
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it does not encode any curvature properties as the expression does not involve
differentiation of the metric tensor. To recover curvature quantities, one has to
look at higher order terms in the expansion.

The basic principle of calculating higher order coefficients in the t-expansion
of ¥y(t, z) is the same as the computation of ©,, which is in turn based on the
decomposition (5.19) and order counting. However, the calculation becomes much
lengthier and at some point unmanageable by hand (we thus have to rely on com-
puter assistance). It is quite straight forward that the t*/2-coefficient of E[II¥ @ I17]
is exactly zero for the obvious reason that the expected value of an It6 integral
is zero. Therefore, our next task is to compute the t3-coefficient =, of the ex-
pansion of ¥, (t,z). As we will see, =, encodes an interesting amount of explicit
information about both intrinsic (Ricci) and extrinsic (second fundamental form)
curvature properties at .

In the decomposition (5.19) of II7 ® II¥, we recall that the (lowest) t-orders
of the terms I, J, K, L, P are given by (5.20) respectively. Accordingly, we just
denote their degrees to be

degl =deg K = 0.5, degJ =deg P =1, deg L = 2.

Note that each of them also contain higher order terms; for instance one can
further expand ¢;(Xy.) in I (cf. (5.12)) by using (5.16) to get terms in I that
have orders t,432,--. . When one expands the product from (5.19), in order to
extract the t3-term in the asymptotic expansion there are three main scenarios to
consider:

1. Combinations with total degree 3. In this case, one extracts leading coeffi-
cients and there is no need to further expand any of the individual terms.
For instance, consider the combination JI; P. This means picking dJ ® dI
in the first line of (5.19) and P in the second. The resulting total degree
is 1 + 0.5 + 1 = 3. Therefore, one only needs to compute the leading coef-
ficient in the corresponding expectation without further expanding any of
the I, J, K’s.

2. Combinations with total degree 2.5. In this case, one needs to further extract
the v/t-term in the resulting product (because an extra order of V/t is needed
to yield a total order of ¢3). For instance, consider the combination JI; K
whose total degree is 2.5. One then needs to compute its v/t-order term
which can come from a further v/t-expansion from any of the I, .J, K's; e.g.
taking the v/t-order term

Orp(0) - (1 = r)(Gy* + H}¥)
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in the expansion of p(Xy,) in J (cf. (5.12), (5.13) and (5.16)) will yield such
a term and there are several other possibilities.

3. Combinations with total degree 2. In this case, one needs to further extract
the t-term in the resulting product. For instance, consider the combination
I1I; IK whose total degree is 2. One then needs to compute its t-order
term which can come from many possibilities, e.g. by expanding the first
I to order t*/? (note that I itself already has order v/t) or by expanding
the second [ and last K each to the order of ¢t but there are many other
possibilities as well.

In view of the above three scenarios, we aim at obtaining an expansion of the

form
2

t
E[Hf X Hf] = E( ijij — Qbijji) + (31 + S5 + 83)t3 + O(t3), (5.29)

where the t2-coefficient in (5.29) was derived in (5.28) and S; is the total coefficient
to be computed under the above i-th scenario (i = 1,2, 3). We now proceed to de-
rive the explicit formulae for 81, Sy, S3. Since the analysis is quite elementary and
mechanical, as before we will only discuss the details in one representative com-
bination in each scenario and leave the case-by-case discussion to the appendix.
We first introduce two convenient sets of notation.

Notation 5.11. We write X, 3 Y; for random variables X;,Y; if E[X;] and E[Y{]
have the same t3-terms in their t-expansions as t — 0%,

Notation 5.12. To state the final results in a more compact form, we will introduce
notation like

Gijin = 9i(0) ® $;(0) ® ¢4(0) @ ¢(0),
¢i,p|jk|l,q £ p¢1(0) & ¢j (0) @ ¢k(0) ® aq¢l<0)
Dijinpal = 0i(0) © ¢;(0) ® 92,1 (0) © ¢(0) etc.

This kind of notation (without the derivatives) was already used in the statement
of Proposition 5.9 before. We will also write 9;f = 9;f(0).

5.4.1 Total degree =3

All possible combinations in the decomposition (5.19) for this scenario is listed
below:

(JI, JI),(1J; JI),(JI; 1J), (IJ; 1), (JI; JK), (I.J; JK),
(JI,KJ),(IT;KJ), (JK; JI),(KJ; JI), (JK; L.]), (K J; 1.J),
(JK;JK),(KJ; JK), (JK; KJ),(KJ, KJ),(JJ;II), (JJ; IK),

(JJ; K1), (JJ; KK),(II; J.J), IK; JJ),(KI; JJ),(KK; JJ)(JJ; P), (P; JJ).

(5.30)
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A representative case: JI;JI

As a representative case, let us consider the combination JI;.JI in (5.30). The
resulting product is

7

1 P X
By ® / (t / P(Xir)r) © 04(Xiy) =y
0 0 -

1 0
X
® /0 (t /0 (X)) @ 65(Xug) 2L,

where ¢ is the function defined by (5.13). Since By;.;; already has order 3, to
extract its coefﬁcient the only possibility is freezing ¢, ¢;, ¢, ¢; at the origin and

replacmg - — % by their leading terms G” G” from the expansion (5.15). This

leads to

) 1

Birr 2 ©(0) ® ¢:(0) ® p(0) ® ¢;(0)

1 p 1 0 )
x / (t / dr)GLidp / (t / 45) G5 d.
0 0 0 0

It is straight forward to check that

pA0
1—pAN0

/ /dr G“dpx/ (/Oed(s)ngde}

- 2/ POE[GY G ]dpdd = 725ijt3+o(t3).
0,12

E[GYGy] = §9t4o(t) ast— 0. (5.31)

Therefore, one has

In view of the definition (5.13) of ¢ and Lemma 4.6, one also has ¢(0) = 1/20x¢x.
As a consequence, with Notation 5.12 in mind one finds that

7t3 3
E[Byr.1] = _¢7, iljlkok) T o(t”).

Summary of result

The results for all other cases in (5.30) are summarised in Appendix B. By adding
up all these expressions, one arrives at the following formula.

66



Lemma 5.13. The total t*-coefficient Sy (cf. (5.29) for the notation) of E[II} &
II¥] coming from all the 26 cases in (5.30) is equal to

1 1 ! L
St = 1 Pidlilikli + gz Pilidhtek — 3g Pidlislek — g Pilislk ki

5.4.2 Total degree = 2.5

All possible combinations in the decomposition (5.19) for this scenario include the
following 20 cases

(JI; P),(1J; P),(JK; P), (K J; P),
(JI;II), (1J;I1), (JK; IT), (K J: 1),
(JI;IK),(IJ;IK), (JK;IK), (K J; IK), (5.32)
(JI;KI),(IJ;KI),(JK; KI),(KJ; KI),
(JI;KK),(IJ:KK),(JK: KK),(KJ; KK),

as well as the corresponding 20 cases obtained by swapping the (1,2) and (3,4)
tensor slots for each case in (5.32) (e.g. (P;JI) etc.)
A representative case: JI; P

We consider one representative case from (5.32): the combination JI; P. The
resulting product is

1 P Xz
Crrp 2 —t2/0 (/0 P(Xi)dr) @ ¢i(Xyp) 7 _tppdp

©1 / 6 Xup) ® n( Xag) ™ (Xeo)dO.
2 Jy

The order of Cjr.p is t*° and the extra order of V't comes from exactly one of the
following expansions:

(i) Take the v/t-order term (namely, 9,0(0)(1 — 7)G%P) in the expansion of ¢(X,,)

(and the leading order term in each of the remaining terms in their expansions,

namely ¢;(0), G%', ¢x(0), ¢;(0) and a*'(0) respectively).

According to Lemma 5.4, the resulting integral for this case is given by

Ol 2 2 120,0(0) © 6,(0) © 64(0) © 6x(0)3"

1 P ) 1
></ (/ (1—r)Gi’pdr)GZ”dpx/ db.
o Jo 0
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For r < p, we recall from the relation (5.31) that

tr

tpyti]
E[G} Gp}_l_r

57"+ o(t).
As a result, one has

E[CY)] = —570,0(0) © 6:(0) @ 64(0) © 6,(0)5"

t .
X / (T—r)( Lot o(t))drdp
O<r<p<1 L—r

3

_ _f_ZamO) ® ¢:(0) ® ¢1(0) ® ¢ (0) + o(t).

On the other hand, it is seen from Lemma 4.6 that
_. 1
dip(0) = 9,/ (0);(0) + §3i2j¢j(0)-
By using Notation 5.12, one obtains that
. 1, - 1
E[O((]]);P} = (- ﬁaibjﬁbjz‘kk - ﬂ¢j,ij\ikk)t3 +o(t?).

(ii) Take the y/t-order term in ¢;(X,,).

Similar to Case (i), the resulting integral is

Cﬁ;P £ —~20(0) ® 0,0i(0) ® ¢4(0) ® ¢1,(0)

1 P

1
([ ar)1 - p)atrctidp x / o,
0 0

N | —

X

S—

As before, with the relation ¢(0) = 1/20;¢;(0) one computes that

B[] = ~576(0) © ,6,(0) © 64(0) © 6x(0)

X/o p(l—p)(ltfpépijLo(t))dpxl

3 5
= — g Piiligle + o(t7).

(iii) Take the t-order term in 1XT“; (note that the leading term of 2 is G* which

1=p
has order /7).
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In the expansion (5.15) of f(%’;, it is not hard to see from Lemma 4.6 that the
term H! actually has order t*/? (because b(0) = 0). As a result, this particular

case gives zero contribution: ]E[C’b(,?}) p] = o(t?).

(iv) Take the v/t-order term in either ®(X;p) 2 dx(Xy) @ d1(Xpp)a™ (Xi).

The resulting integral for this case is

1
Oty £ —51%0(0) © 6:(0) © 9,9(0)

1 p ) 1
></ (/ dr)Ggldpx/ (1—0)GyPdo.
0 0 0

According to the relation (5.31) and Lemma 4.6, its expectation is given by

E[C0] = 51 % 50,6,(0) © 6,(0) @ (3,04(0) @ 64(0) + 6x(0) © 8y0%(0))

— pAb ip
// (1-6)( 1_p vl +o(t))dpdf

= (¢u| kilk T Dililkika) + o(t).

(v) First take the leading parts of all terms and then expand the expectation to
the order of /.

This means taking the v/t-order term for the function

s —5t0(0) @ 6:(0) © 61(0) © 61(0)5"

xf([mmmﬂ@xﬁb&

But this function is identically zero since Gt is an Ito integral. Therefore, this

particular case gives zero contribution: E[Cf,l) p] =0.

To summarise, by adding up the above results one concludes that the #3-coefficient
of E[C).p] is given by

1 . 1 1 1
— =0V Gjirk — —Djijlikk — = Piiljilkk — == Pjjlilk.ilk — = Piililklk,i-
12 Djikk 2492597 jlikk 12¢ Jilg,g1kk 24¢J,JI |K,i|k 24¢J7J| K|k,
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Summary of result

The results for all other cases in (5.32) are summarised in Appendix B. By adding
up all these expressions, one arrives at the following formula.

Lemma 5.14. The total t*-coefficient Sy (cf. (5.29) for the notation) of E[II} &
IT¥] coming from all the 40 cases in (5.32) is equal to

1 1 1 1
Sy = —4—8¢z‘,i|j,k|jk + 4—8¢i,i|j,k|kj — 4_8¢i,j|k:,k|ij + E@‘,ﬂk,kui
1 1 1 1
— g Puilikkli g Pidlisnk + g Pilsdlekli = g Pilsdllhk
1 1 1 1
- 4—8¢,~ju,j|k,k + 4—8¢z‘j|j,z‘|k7k - @%k,mm + @Qﬁmk,km

5.4.3 Total degree = 2

All possible combinations in the decomposition (5.19) for this scenario is listed
below:

(ILID),(I;IK),(II;KI), (I I K), (IK;II),(IK;IK),(IK;KI),(IK;KK),
(KI;II),(KI;IK),(KI;KI), (K K), (KK;II),(KK;IK),(KK;KI),(KK; KK),
(II;P)v(I ) )7(KI§P)7(K )7 (P’ ) (P IK) ( ’KI)v( KK) (PP)

(5.33)
We consider a representative case given by the combination of I7; 1] in the de-
composition (5.19). The resulting product is

1 P X X]
Dirrar Z/ (/ ¢z‘(Xtr)1 _tr ) ® ¢J(ti)1 - d,o
o Jo

(o iy Xée
®/O (/o Or(Xis) _5d5) ® P Xep) T 50

The order of Dyyy is t2. There are five possible ways of expansion to produce a
t3-term:

(i) Take the t-order term in exactly one of the ¢’s (and the leading order terms
for all remaining terms).

(ii) Take the y/t-order terms in exactly two of the ¢’s.

(iii) Take the ¢*?-order term in one of the ¥t=’s.

(iv) First only take the y/f-order term in exactly one of the ¢’s, then expand the
expectation of the resulting integral to an extra order of v/t.

(v) First take the leading terms for all terms and then expand the expectation of
the resulting integral to order t.
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The computation here is essentially the same as before. However, the complexity
gets substantially higher and we have to rely on computer-assistance (also for all
other cases in (5.33)). We directly present the final result for the current scenario;
the case-by-case computations are given in Appendix B.

Lemma 5.15. The total t*-coefficient Sz (cf. (5.29) for the notation) of E[II} &
II¥] coming from all the 25 cases in (5.33) is equal to

S3=8 + 87 +8Y + 88,

where the above four quantities are defined by the following expressions respec-
tively:

1 1 1 1
3 60¢ Jkljik 60¢ -gk|jk + 120¢ Jkkl|gij 120¢ Jkk|jg

1 1 1 1
~ g0 Qildaklik T 5 Piliarik T Tog Pilikkli — Tog Pilikkii
. ¢ - ¢ . ¢ ! ¢

60 ij|i,5k|k 120 ij i, kk|j 60 ijj,ik|k 120 ij7,kkli

1 1 1 1
+ Eoﬁbiji\j,kk - m¢ijj|i,k;k - @@'jk\i,ﬂc + @(bijklj,ika
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1 1 1 1 1
3 Ta0 Pidliklit T g iliklki — 5pqPudliklik + 50 Pigliklie = 515 Piilimlk
n 1 4 1 é i 1 " . 1 6 1 4
240 i,k|i,7]7k 240 i,k|7,iljk 240 1,k|7,ikj 120 i,k|7,7|ik 120 i,k|7,7|ki

1 1 1 1 1
+ %@,ku,kw - %¢i,k|j,k|ji — %Qsz’,i\j\j,kwc + %@,ﬂﬂk,ﬂk + %¢i,i|j|k,k|j

1 1 1 1 1
- ﬁ(ﬁi,jlimlﬂk + @@,jw,mk - ﬁ(bi,jlﬂk,ﬂk - %(bz}ﬂﬂk,kﬁ + ﬁo(bz}klﬂj,ﬂk

1 1 1 1 1

+ %%k\ilyyk\j + E@,kljli,jlk + E@ykmi,ku - %@,kljljﬂ'lk - %@,kljla‘,kli
1 1 1 1 1

- %@,kljlkﬂ‘lj - %@,kmk,ﬂi - ﬁoﬁf)m‘lmk,k + %%mku,k - m%mk\m

1 1 1 1 1
- 770¢i,j|ij|k,k + %@,j\ji\k,k — @@,j\jkﬁ,k + %¢i,j|jk|k,i — 770¢i,k|ij|j,k

1 1 1 1 1
+ %@,kw\k,j + %@,kuﬂj,k + %@,kuuk,j - £¢i,k|jj|i,k + %¢i,k|jj|k,i

1 1 1 1 1
— E@',kljklm + %%kwm + %@mu,uk - ﬁo@mklmk - ﬁoﬁbz’h,klmku
L atath e Bttt + ity + e Ly
180 1|Jﬂ|]7k|k 360 Z|Jﬂ|k»J|k 360 Z‘Jﬂwﬁkb 360 Z‘J:J‘lvk‘k 720 l‘]y]‘kvdk

1 1 1 1 1
- ﬁo@u,ﬂk,ku + %¢i|j,k|i,j|k + %¢i\j,k|i,k\j - 4_5¢i|j,k|j,i|k - £¢i|j,k|j,k|i
b Gty + Bkl o il + o L
90 i|7,kk,i| 90 i|7,klk,gi 720 ili,5 51k k 720 ild,k|j]5,k 360 ili,k|7|k,j
Lk + b L e + o) L
360 115,15k, K 180 1|74l k|5,k 360 1|73l k|k,j 720 115,514k, k 360 i15,5|k|i,k
o Gt + - Ly Ly
720 i|7,51k|k,i 45 i|7,klil,k 90 i|7,kli|k,j 90 i|7,k|5]i,k 90 i|7,k|71k,i
1¢ L 1¢ n 1 4 L 1¢ L 1 4
90 1|5,k ki, 45 1|5,k k7,1 120 i]4,5)k,k ) iji,k|5,k 240 ij]3,k|k,j
1 1 1 1 1
- 1—20<Z5ij\j,i|k,k - %¢z‘jlj,k|i,k - %(bijlj,klk,i + %Qbij\k,i\j,k - %sz‘j\k,i\k,j

1 1 1 1
- %¢ij\k,j\i,k + goqbij\k,ﬂk,i - qubiﬂk,kﬁ,j + Ho@ﬂk,kum

1 1 - 1 1
S A _— Wb+ — 00 bisin — —— Opbi i — —— O3 b
3 = 1ag Ok G+ 77 O3 Gigin — 7370k b — T 0" i

1 1 - 1 - 1

1ag Ot Pk = T3 00" buiges & 7 OWY P + 3700 Dy, (5.34)
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, 11 , 11 ‘ 11 ;
3354) é_allajk¢ijik - —allam¢ijjk - —3”@]%@']'1%‘ + _allamﬁbijkj

1440 1440 1440 1440
+ majlalk(bijkl - anjkazl(bijkl ~ 120 0a?" Gijra + maikaﬂ(bijkl- (5.35)

5.4.4 Final result
To summarise, we have obtained the following result.

Proposition 5.16. The t3-coefficient =, in the expansion of (5.6) is given by

[1]>

1
x = 5(81 +82 —|—83> € E®4,

where 81, 8o, Sz are explicitly given by Lemmas 5.13, 5.1/, 5.15 respectively.

Remark 5.17. Although the expressions we give here are in terms of local quanti-
ties, the intrinsic meaning of =, (in particular, its explicit connection with curva-
ture properties) will be clear after suitable geometric reduction (cf. Proposition

5.22 below).

5.5 Completing the proof of Theorem 5.1: geometric reduc-
tion

We now specialise in the situation where ¢ = dF and F' : M — E = RY is an
isometric embedding. Despite the complicated expressions of O, and Z,, in this
case they simplify substantially after performing suitable dimension reduction.
More precisely, we are going to consider the contraction ¢ : E®* — E®? defined
by (5.3) (i.e. taking trace over E with respect to the (2,4)-position).

5.5.1 Reduction of @1,

Recall that A
0, = €0, € E®? = L(F x E;R)

is the corresponding t2-coefficient of €,(¢, ). Since F is an isometric embedding,
the metric tensor admits the following local expression under the previous normal

chart U:

gi;(x) = (0;F(x),0,F(x))p, xe€U. (5.36)
According to Proposition 4.5, one has (0;F(0),0;F(0)) = §;;. In particular,
{0;F(0)}1<icq is an ONB of T,M. We also note that ¢;(x) = 0;,F(x) in the
current setting.
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Proof of Theorem 5.1: expression of ©,. According to Proposition 5.9, one has

0, = 214 (0,F ® 0;F @ O;F ® O;F — O;F ® 0;F ® 0;F @ O;F),

where all the derivatives are evaluated at x = 0. Since {0;F }1<;<q is an ONB of
T, M, one finds that
1

d
O, =5 > (O F.0uF)*0F @ O.F

k=1
d—1
On the other hand, let 7, : £ — T, M denote the orthogonal projection. Then
for any v, w € E, one has
(@F & &LF) (U, U)) = <U, @F)E(w, 81F>E = <7Tx?), ﬂxw>TxM-

The relation (5.4) thus follows.
[l

Remark 5.18. The 2-tensor O, allows one to reconstruct the tangent space T, M;
indeed it is clear from (5.4) that

e (T,M)" < O,(v,w)=0VYwe E.
As a result, the formula (5.4) shows that the Riemannian metric tensor g can be
explicitly reconstructed from the 2-tensor ©,.
5.5.2 Reduction of ém

Recall that the t3-coefficient Z, is given by
A 1
E, =CZ, = 5(@31 + €8, 4+ €83) € L(E x E;R). (5.37)
To simplify its expression, we are going to write
= == =L

where E7 and =} are defined by taking tangential and vertical (2,4)-traces of

=, respectively. Namely, let {€1,-++ ,e4} be an ONB basis of T, M and let
{e4:1, -+ ,en} be an ONB basis of (T, M)+ respectively. Then one defines

d N
Ef(? ) S ZESL‘(':gia .751)a :i( 7') £ Z Ea:('7€i7 '7€i)'
=1 7=d+1
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In what follows, we shall compute ZX, =1 and obtain their intrinsic forms respec-
tively.

First of all, one has the following basic observation.
Lemma 5.19. The family {0;F(0) : 1 < i < d} is an ONB of T, M. In addition,
one has 95,F(0) L T, M for any fived pair of indices i, .

Proof. The first part was already seen before. For the second part, let i, j, k be
given fixed indices. Then one has the following relations on the normal chart U:

01O F, O F) (x) = (04 F, 0k F) p(x) + (0,F, 0% F) (x).

According to (5.36) and Proposition 4.5, the left hand side of (5.38) is zero at
x = 0. Therefore,
(05, F, 0uF) p(0) = (03, F, 0;F) p(0) = (0;,.F, 0,F) 5(0) = 0.

Since T, M is spanned by {9,F(0) : 1 < k < d}, one concludes that 9;;F(0) L
T, M. O

Next, we compute intermediate expressions of =1 =L in the lemma below.
Throughout the rest, unless otherwise stated all quantities are evaluated at x = 0
and this will be omitted to ease notation (e.g. 97 F means J;;F(0)). We will also
omit the subscript E for the inner product on F.

Lemma 5.20. One has

=T __ 1 3
o _(86408’” * 120<‘9 E, ajkkF>)aF ® O;F

d+ 34

+( 8640 Ric;j — 240 <8 F, 833kkF> ((9 F, Oy F >)82‘F®3jF
d 2 2 2 8d—7 2 2

+ 14408“F®8 F+ 40 OLF @ OLF
d—

T 210 S(OF @ O F + O, F © 00F), (5.39)

where Ric;; are the Ricci curvature coefficients and S, is the scalar curvature at
x. Respectively, one also has

7
— ({0 (O F O3 F) + %@2 F,04,F))0:F @ 0, F. (5.40)

1)



Proof. This follows from explicit calculation based on the formulae for &;,Ss, S3
provided by Lemmas 5.13, 5.14, 5.15 respectively as well as Lemma 5.19. The

curvature quantities appear because there are terms like 0;b, 81-23-6’1, (91-2]-@ in 83(,3),8§4)

inside Sz (cf. (5.34), (5.35) for their definitions and also recall (5.11) for the
definition of b). These quantities are explicitly related to curvature coefficients by
Lemma 4.6. We will leave the routine and lengthy details to the patient reader. [

To further simplify the expressions of =L and =, we first prepare a lemma

which computes the inner products of certain derivatives of F.

Lemma 5.21. (i) One has
(0% F. 0} F) = d2| H, | (5.41)

J

and
2

where H, is the mean curvature vector at x (cf. (2.6)).

(i1) One also has

<a§jF, OnF) = d - (B,(0;F,0,F), H,), (5.43)
(0.F, 05, F) = gRicij —d - (B,(0;F,0;F), H,), (5.44)
(05.F, 03, F) = —Rici; + d - (B, (0:;F, 0;F), Hy), (5.45)

where B, is the second fundamental form at x (cf. (2.5)).
Proof. (i) Let us denote

X £ (0;F, 05, F), Y £ (03 F, 05, F), Z = (0},F, 05 F).
Direct calculation shows that
(0, F, 0, F) = 2X +2Y, 05(0;F,0F) =2X +Y + Z. (5.46)
According to Proposition 4.5, one has (at x = 0)
2 2

Op{ 0 F, 0,F) = Ogrgyy = —3 Bk = =35
and 1 1
050, F, OkF) = Ojgih = _§Rjkkj - §Sx.
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By substituting this back into (5.46), one finds that
2
X:§Sx—Z, Y =-S,+7%

The relation (5.42) thus follows from the fact that Z = |AF|? = d?|H,|* (cf.
(2.7)).

(ii) To obtain the relation (5.43), recall that 82, F(0) = d - H, € (T,M)*. Tt
follows that

(0F, 0}, F) = (V5 0, F,d - H,)
= (V5 p0;F — V}.0,F,d- H,)
= (B,(0:;F,0;F),d - H,), (5.47)

where V¥ (respectively, V) is the Euclidean connection on E (respectively,
Riemannian connection on M) and the last equality follows from the definition
(2.5) of the second fundamental form. This gives (5.43).

For the relation (5.44), one first writes

(OiF, a?kkF> = aj@iF, al%kF> - <3i2jF» al%kF>' (5.48)

The second term is just given by (5.43). By using the relation

1

—ngk

(0;F, 03, F) = Ongin — 5

as well as Proposition 4.5, the first term on the right hand side of (5.48) is com-
puted as

2

The relation (5.44) thus follows.
Similarly, for the last relation (5.45) one first writes

J

The second term is given by (5.44). To compute the first term, one has

<aiF, 8]2kF> = (Gkgij + ajgik - aink)-

N | —
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It then follows from Proposition 4.5 that (at x = 0)

1
Ok (O:F, 02 = 5(51%91'9' + O 9in — Ogin)
1 2. 1. 1. 1.
= 5( — gRlCij + ERICU — gRlCij) = —gRICij.
By substituting this and (5.44) into (5.49), one obtains the relation (5.45). O

Finally, we consider the restriction of 21 and = on T, M x T, M and derive
their intrinsic expressions based on Lemma 5.20.

Proposition 5.22. The restricted 2-tensors =L, =+ € L(T, M xT,M,R) are given

by
49d — 62 198, & (d—2)d
—T . €z 2
=T 2 T i (22 g 2y, — g 5.50
¢ = —gea0 e+ (ggz0 ~ 1301H=)9 0 ) (5.50)
and 9d%|H,|? — 8S 7 d
—_1 r| T .
=l _ i Ric, — ——(B,. H,). 5.51
2 20 9=t Tzt — 160 ) (5:51)

Proof. Let v,w € T,M be given vectors. We first evaluate =% (v,w) by using

(5.39). This is a simple task based on Lemma 5.21 and the following basic rela-
tions.

(i) It is obvious that
(O F @ O;F)(v,w) = (v, 0, F)(w, 0;F) = (v, w).
In other words, one has 0;F ® 0;F = g,. In addition, one also has
Ric;;0,F ® 0;F (v, w) = Ric(v, w).
(ii) Since v,w € T, M, it is a direct consequence of Lemma 5.19 that
(04 F ® 0;;F)(v,w) = (0;;F ® 0;;F)(v,w) = 0.

(iii) According to Lemma 5.21, one has
2
(0:F, 05 F)(0;F @ 0;F)(v,w) = gRic(U,w) —d - (Bgy(v,w), Hy)
and
ij3

(OF @ 0%, F)(v,w) = ;Ric(v,w) —d-(B.(v,w), Hy).

By substituting all the above relations as well as (5.42) into (5.39), one obtains
the expression (5.50) for ZZ. The derivation of (5.51) for =} is similar and is left

to the patient reader. O
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Proof of Theorem 5.1: expression of Zq|r, mxr,am- The relation (5.16) follows by
adding up the two expressions (5.50) and (5.51).
O

Now the proof of Theorem 5.1 is complete.
Remark 5.23. Recall that

Trg, = d, TrRic, =S,, TrB, =d - H,,

where Tr here means taking trace over T, M. After taking trace on both (5.50)
and (5.51) one obtains a linear system for the variables S, and |H,|*>. By solving
such a system, one obtains the representations of S, and |H,| in terms of Tr=T
and Tr=1. Once they become known, one can then view (5.50) and (5.51) as a
linear system for the (tensor) variables Ric, and (B,, H,) (recall that g, is already
known from ©,). Solving this system gives corresponding representations of these
two tensors. As a consequence, the quantities

9u: Ricy, Sg, (By, Hy), | Hal

can all be reconstructed explicitly from the the tensors ©,,=%, 2. We will not
present these formulae here.

Remark 5.24. One can of course consider higher level signatures and higher order
expansions. We stopped at level four and order ¢* because (i) the computation
is already highly involved and (ii) the encoded curvature properties are simple
and rich enough to reveal in this case. Higher order expansions will contain more
complicated mixtures of covariant derivatives of the curvature tensor and of the
embedding map F', whose information becomes harder to unwind. It is not unrea-
sonable to expect that the entire Riemnannian curvature tensor and the second
fundamental form are both encoded in the small-time expansion of the expected
signature E[S"(X"®)]. This is an interesting question to investigate, which is
not obvious at all due to the complicated nature of the current computation.

Appendix A Remaining cases for t*-coefficient

Here we present the results for all remaining cases listed in (5.21). We continue
to use Notation 5.6 and (5.27). Also recall that B! 2 B,./+/t which is again a
Brownian motion.
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A.1 The (II;IK) and (IK;II) terms

We first consider

1 i XJ
Ak 2 —\/5/ /p ¢i(Xir) )%r dr) @ ¢;(X,) pd/)

1-—
/ / or( Xté

By applying the expansions (5.15) and (5 16) one has

4 dBL P dB%
Arrrx 2 _Vi Dijkt X / (/ = )(/ )drdp
o<r<p<1l Jo l—u o 1—w

X /01 (/09(/05 f%’;)da)ngl. (A.1)

Computing the expectation of the right hand side of (A.1) is just routine It6
calculus. One finds that

d5) & 61(Xio)(7(Xig) B}

D ik i 1 .
ElAix] = (- ﬁyk(w — ﬁ61l6]k)¢ijklt2 + o(t?). (A.2)

To compute the (I K;11) case, one can make use of the symmetry

Arrar = P(Arnik),
where P : E®* — E® is the tensor permutation induced by
Pv; ® vy @ w; @ wa) & wy @ wy @ vy @ vy, w;,v; € E.

By applying this permutation to (A.2), one immediately obtains that (after suit-
able renaming of indices)

5

o |
E[A[K;I]] = E[A[[;]K] = ( — ﬂélkéﬂ — ﬁ51l5Jk>¢ijklt2 + 0(t2)‘ (Ag)

A.2 The (II;KI) and (KI;II) terms
Target:

J

1 p Xz X
Arrgr = —\/’_5/ (/ 0i(Xir) T dr) @ 5(Xo,) T—dp
0 0 p

l

1 0
®/0 (/0 Cbk(Xté)(U(Xt&)ng)k) ® ¢1(Xg) 1)269619-
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Reduction:

T dBb P AR 1 0 dBt,l
At 2~ VE b X/ (/ g )(/ T )drdp x / ng(/ ke
<r<p<1l Jo o 1=V 0 0

0 1—u 1—mn
Result:

1 ... 11 .., . T .
E[Arsr] = ElAxrar) = (= 5098% = 20767 — —6"0%) gigut® + o). (A4)

A.3 The (I[; KK) and (KK;II) terms
Target:

X Xj
[ ) © 65(Xy) T dp

Auna £V [ | [ a0

1 0
® / ( / 6k(X5) (0(X15)ABY) © é1(Xup) (0(X0)dBL).

Reduction:
4 r dBt,z‘ p dBt,j 1
Arrrr =VE by / ( / ) ( / ) drdp x / B*dBY.
o<r<p<1l Jo l—wu D 0
Result:
3 . . 1 .., .
E[Airxk] = E[Akk.11] = (gdlkéﬂ + gélléjk)gbijkth + o(t?). (A.5)

A.4 The (IK;KI) and (KI;IK) terms
Target:

1 P % .
AIK;KI £ \/?/0 (/0 Cbz'(Xtr) 1)§Trd7“) ® ij(ti)(U(ti)dB;)]

®/0 (/0 ¢k<Xt5)(U(Xt6)dB§)k) @ di(Xyp) 1)299659-

Reduction:
4 1 p T dBt,i ) 1 0 dBt,l
Apsecs 2V 6 / ( / ( / W) dr)dB'Y x / Bl ( / ) dp.
0 0 o l—u 0 o 1—v
Result:
1 .., . 1 .
E[A[K;K[] = ]E[AK];]K] = (Zézkéﬂ + Eézlajk)gbijkltZ + O(t2). (AG)
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A.5 The (IK;KK) and (KK;IK) terms
Target:

. 1 %
Arcae 2 V8 [ [" X)) @ 6,(X,) (0(Xi)aBLY

-

® / ( / 61(Xi5) (0(Xia)dBY)) @ du(Xig) (0(Xeg)dBY)'

Reduction:
4 1 p T dBH ) 1
AIK;KK i —\/% gbukl X/ (/ (/ 1 u )dT)dBZ’j X/ Bg’kng’l.
0 0 o L—u 0
Result:
|
]E[AIK;KK] = E[AKK;IK] = _162k5]l¢ijklt2 —+ 0(t2>. <A7)

A.6 The (KI;KK) and (KK; KI) terms
Target:

J

1 e . X;
Akrxr = —\/#/0 (/0 ¢i(Xur) (0(Xir)dB,)") @ d(Xip) 1 —ppdp

® / ( / Or(Xis) (0(Xig)dBLYY) @ (i) (0(Xi0)ABS)L.

Reduction:
2 4 ' ti dB} ! tk 7t
Axrrx = —Vt Dijrl X / B, (/ 1 )dp X / B, dB,".
0 o +—T 0
Result:
1 .., . 1 ..
E[Axrki] = E[Axk.k1] = ( — §5Zk5jl — Zélléjk)qﬁijklﬁ + 0(t2). (A.8)
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A.7 The (IK;IK) term

Target:
A 2 ! r XZT t\j
Ak = Vit ( ¢i(Xtr)1 Tdr) ® ¢j(Xip)(0(Xe,)dB,)
0 0 -
1 0 Xk
o [ (] 0nx){2508) @ X (o X))
0 0
Reduction:
4 1 P T dBt,i )
Ark.ax =NG Dijki X/ (/ (/ “)dr)dB}’
0 0 o 1—u
1 0 é dBt,k:
X v _)ds)dBY'.
L[ (] Zamas;
Result:
1 .. .
E[A]K;[K] = 652k5]l¢ijklt2 + O(t2). (Ag)

A.8 The (KI;KI) term
Target:

Xj
tp d/)

IL—p

l

1
®/0 </0 Ok (Xis)(0(Xis)dB5)") @ u(Xio) X0 g

Ascrat & VP / ( / " 5(Xe) (0(Xar)ABLY) © 5(Xsy)

1—-6

Reduction:

4 Y owig [0 dBL ! ? dB}!
Agrkr 2Vt Gijrl ></ B;’Z(/ )dp X/ Bg’k(/ ) df.
0 0 0

Result:

- 2 . |
ElAgrxi] = (676" + gé“‘“éﬂ + 5cS’%SJ"f)qbij,.dt? + o(t?). (A.10)
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A.9 The (KK;KK) term
Target:

Axk. kK S \/#/0 (/0’) @(Xtr)(a(Xt,,)dBﬁ)i) ® ¢j(ti)<U(ti)dBZ)j

® / ( / 6k (Xi5) (0(Xig)dBL)®) @ $y(X1g) (0(Xi)dBL)'

Reduction:

1 1
4 . .
AKKKK i\/E Gijrl X/ BZ’ZdBf{] X/ ngdB;’l'
0

0
Result:

1 .. .
ElAxk.xK] = éélkéﬂ@jklt? + o(t?). (A.11)

A.10 The (II;P) and (P;II) terms

Target:
1ot X X}
AII;P é Et/o (/0 ¢’L(Xt7“) 1 _t rd?“) & QSJ(ti)l _ppdp
1
® / 61(Xi0) © d1(X10)a™ (Xop) .
0
Reduction:
1 " dBtt. [P dBLI
Amrp 2 2820, / / u / > Ndrdp x §M.
D! Pijkt 0<T<p<1( 0 1_U)( 0 1_U) e
Result:
1 ..
E[Arrp| = E[Ap,1] = 151J5k1¢ijklt2 + o(t?). (A.12)
A.11 The (IK;P) and (P;IK) terms
Target:
a1y ' g X, t\j
Ancr 2 =50 [ ([ 00017 dr) @ 05(X, ) 0(X, ) B
o Jo

1
®/ Or( X)) ® ¢1(Xt9)akl(Xt0)d9-
0
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Reduction:

1 p T t,i )
A[K;p i _%t2¢ijkl X / (/ (/ fBu )dT)dBZ’J X 5kl.
0 0 0

—Uu

Result:

E[A[K;P} = E[AP;IK] = 0(t2). (A13)
A.12 The (KI;P) and (P; K1) terms

Target:

1 1 P . Xj
Agrp 2 _§t3/2/ (/ ¢i( X ) (0( X )dB,)") @ d(Xip) 1 _tppdp
o Jo

1
®/ o1 (Xeo) ®¢l(Xt9)akl(Xt9)d9-
0

Reduction:

1 Lo e dBti
Agrp = —§t2¢ijkz X / Bf,’l(/ “Ndp x 6.
0 0

Result:

1 ...
E[Akrp] = ElAp.k1] = _55”5kl¢i]‘klt2 +o(t?). (A.14)

A.13 The (KK;P) and (P; KK) terms

Target:
a1, ! g t\i £\j
Axrr = 5t ([ 6:(Xu)(o(Xu)dB))") ® ¢;(Xy,)(0(Xy,)dBy)
0 0
1
® / O1(Xe9) ® 1(Xp)a (X5) 6.
0
Reduction: )
1 A .
AKK;p i _§t2¢ijkl X /0 BZ’ZdBZ’] X (Skl.
Result:

E[AKK;p} == E[AP;KK] = 0<t2). (A15>
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A.14 The (P;P) term

Target:
1 1 y
AP;P = thz/ ¢i(ti) ® qu(ti)a” (ti)dp
0
1
© [ uX) © 61X} (Xin)d.
0
Reduction: )
Ap.p = Zt2¢z’jkz5ij5kl-
Result:

1.
E[App] = Zléwékl@jkl252 +o(t?).

(A.16)

Appendix B Remaining cases for t3-coefficient

In this appendix, we summarise the results for all remaining cases in the compu-
tation of the ¢3-coefficient =,. Recall that the function ¢ is defined by (5.13).

B.1 Total degree =3

Here we discuss all remaining cases listed in (5.30). We continue to use Notation

5.11 and 5.12.

B.1.1 The (/J;JI) and (JI;1J) terms

Target:
A 42 ! P XZT
Brygr =1t ( ¢i(Xr) 1 rdr) ® @(Xy,)dp
0 0 -
Y X,
® ( @(Xtd)da) ® ¢j<Xt9)1 0d9.
0 0 -
Reduction:

Bry.r 2 £¢;(0) ® p(0) ® (0) ® ¢;(0)

r t,i 1 0 t,j
x/ (/ 4B, )drdpx/ e(/ B’y 4p.
0<r<p<l1 0 l—u 0 0 1—w
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Result:

1
E[Brs.1) = ﬂﬁbkﬁ,ﬂj,j\kt?’ + o(t?),

1
E[Bsr1s] = ﬂ¢i,i|kk\j,jt3 +o(t*).  (by symmetry)

B.1.2 The (/J;1J) term

BIJ;IJ ét / / gbz Xtr
/ / ¢] Xt5
Reduction:

Bry.1s 2t°6,(0) ® (0) @ ¢;(0) ® ¢(0)

dB% S 1Bt
x/ (/ )m@x/ (/ v dsd.
0<r<p<1l JO 1 - 0<s<o<1 Jo 1—v

Target:

d?") ® o(Xy,)dp

d5) ® o(X19)do.

Result:

1
E[B1s.14] = ﬁ(ﬁkh,i\k\j,jtg + o(t?).

B.1.3 The (JI;JK) and (JK;JI) terms

Target:
A ,5/2 ! P Xtip
Bk =—1 / (| e(Xi)dr) ® ¢i(Xy) 1_ pdp
o Jo
1 9
o [ (| e(Xis)ds) © 65(Xu) 0N}y
o Jo
Reduction:
5 1 P ti 1 .
Birox = —t°0(0) ® ¢;(0) ® ©(0) ® ¢;(0) x / P(/ 1 u)dp X / 0dBy’ .
0 o 1— 0
Result:

5
E[Bjrix] = —4—8¢i,i|klj,j|kt3 +o(t?),
5
E[Bjk.1] = _E¢i,i|k|j7]‘|kt3 +o(t*).  (by symmetry).
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B.1.4 The (/J;JK) and (JK;IJ) terms

Target:
BIJ;JK é - t5/2/ ( ¢z Xtr dT) ® QD(ti)dP
/ / P(Xi8)d5) © 5 Xin) (0(Xio)ABY)'.
0
Reduction:
Brr.ok 2 £°¢;(0) @ ¢(0) ® (0) ® ¢;(0)
" dB}; R
X ( )drdp X 0dB," .
0<r<p<t Jo 1 — 0
Result:

1
E[Brs x| = _E¢k|i,z’|j,j|kt3 + o(t?),

1
E[Byx;rs] = —Eﬁbi,ﬂkku,jt?’ +o(t*). (by symmetry)

B.1.5 The (JI;KJ) and (KJ;JI) terms

Target:
1 p X
B L _5/2 X, )d (X)) —2 d
s £ =0 [ ([ el © 010, 2 a0
1 [
o [ ([ 6o txany) o o(xads
Reduction:
Birxs = — t%9(0) @ $;(0) ® ¢;(0) ® ¢(0)
1 dem 1 0 y
/Op(/o @ )dpx/o (/0 4B do.
Result:

1
E[Bjrxi] = _E¢i,i|kk|j,jt3 + o(t?),
1
]E[BKJ;JI] = _Eqskli’ilj’jlkts + O(t3). (by symmetry)
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B.1.6 The (/J;KJ) and (KJ;1J) terms

Target:
Bryrs & — t5/2/ / o4 ( Xtr dT) ® p(Xy,)dp
® / ( / 0 (X, (0/(Xis)ABLY) © p(Xg)l.
0 0
Reduction:
Bryws = — 6:(0) ® 9(0) ® ¢;(0) © ¢(0)
dBY -
></ (/ )drdpx/ (/ dBy’)do.
0<r<p<l 0 1- 0 0

Result:

1
E[B1s.xs] = _ﬁ¢k|i,z’|k|j,jt3 + o(t?),

1
E[Brk ;1] = —ﬁﬁbku,ﬂku,ﬂ?’ +o(t*).  (by symmetry)

B.1.7 The (JK;JK) term

Target:
By 243 / ( / (Xip)dr) © 64(X,,) (0(X;,)dBL)

/ / (Xi5)dd) ® ¢j(Xp)(0(Xs9)dBj) .

Reduction:

1 1
Bk 2%0(0) @ 64(0) ® 0(0) © 6;(0) x / pdBY / 6dBLI.
0 0

Result:

1
E[Bk.k] = E@;i\k\j,j\ktg + o(t?).
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B.1.8 The (JK;KJ) and (KJ; JK) terms
Target:

Bk.kJ ét?’/ (/P (p(XtT)dr) ®gbi(ti)(J(ti)dBZ)i
" 10 ) '
®/0 (/0 ¢j(Xt5)(0(Xt5)dB§)J) ® p(Xip)do.
Reduction:

1 1 0
Bir.xs =t>p(0) @ ¢;(0) @ ¢;(0 0 dB* dB27)df.
JKKJ @()®¢()®¢()®@()X/OP px/()(/o 5)

Result:

1
E[Bjk.ks] = ﬁ@,ﬂkku,ﬂg + o(t?),

1
E[Brj.ik] = ﬂ¢k|i7i\j,j\kt3 +o(t*).  (by symmetry)

B.1.9 The (KJ;KJ) term

Target:
1 p )
Bresws 28 [ ([ X o(X)aBLY) © X,y
® /1 (/9 ¢;(X15)(0(X15)dB5)) @ p(Xig)dO
. ; At t 5 t .
Reduction:
Brsxs =t26:i(0) @ ¢(0) ® ¢;(0) ® ¢(0)
1 p ) 1 0 y
x/o (/0 dB,;)drx/O (/0 dB;”)do.
Result:

1
E[Bk.ks] = E¢k|i,i\klj,jt3 + o(t?).
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B.1.10 The (JJ;II) and (I/I;JJ) terms

Target:
1 p
Byyr étQ/ (/ o( Xy )dr) @ o(Xy,)dp
0 0
1 0 Xz Xj
®/ (/ ¢i(Xt§)1 t55d5)®¢j(Xte)ﬁd9-
0 0 - -
Reduction:
Byyr 243 ©(0) ® ©(0) ® ¢;(0) ® ¢;(0)
dBY .\ , [? dBY
/ ,odpx/ / v )(/ v )déd&.
0<s<o<1 Jo 1—u o 1—v
Result:

1
E[Byy.11] = —¢i,i|j,j|kkt3 + o(t?),
16

1
E[Bj11] = _¢kk|i7i‘j7jt3 +o(t*).  (by symmetry)
16

B.1.11 The (JJ;IK), (IK;JJ), (JJ; KK) and (KK;JJ) terms
Target:

1 P
Bk & — t5/2/ (/ p(Xpp)dr) @ p(Xi,)dp
0 0

1 0 i
o [ ([ 0Xi)7555) ©6,(X) o(Xn)aB .

If one freezes ¢(X;,) and p(X;,) at the origin, the resulting expression is an Ito
integral. The same pattern occurs for the (JJ; KK) term. As a result, one sees
that E[BJJ;]K], E[B]K;JJ],]E[BJJ;KK], E[BKK;JJ] are all Of order O(ts).

B.1.12 The (JJ;KI) and (KI;JJ) terms
Target:

1 p
Byykr & — t5/2/ (/ (Xpr)dr) @ (X, )dp
o Jo
J

o [ ([ 6.0 o(XaB) @ 0,(X) 00
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Reduction:

BJJKI__tSO 0) ® »(0) ® ¢;(0) ® ¢;(0)

Bt
/pdpx/ /dB“ / 4B, )do.

Result:
1 3 3
E[Bys k1] = —gPuilsglrt” + o(t”),
1
E[Bkr.55] = _§¢kk|i7z‘|j,jt3 +o(t*).  (by symmetry)

B.1.13 The (JJ;P) and (P;JJ) terms

Target:
A 1 3 ! L
Byp =§t / (/ (X )dr) @ o(Xy,)dp
0 0
1
®/ 0i(Xi9) ® ¢j(Xig)a" (Xyg)db.
0
Reduction:
1, 1 3 1
Bysp =5t ©(0) @ p(0) ® ¢i(0) ® ¢;(0) x [ pdp x5 [ db.
0 0
Result:

1
E[By.p| = E¢i,i|j7j|kk:t3 + o(t?),

1
E[Bj.p] = E(bkkh,i\j,jtg +o(t*).  (by symmetry)

B.2 Total degree = 2.5

Here we present the results for all remaining cases listed in (5.32). The corre-
sponding results for the permuted cases (i.e. interchanging the (1,2) and (3,4)
tensor slots) are obtained directly by tensor permutation and will not be displayed

here.

The calculation for this part is computer-assisted by Wolfram Mathematica.
We only present the final expressions; all source codes and documentation are
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provided at the link !. The displayed tensors are always evaluated at the origin;
for instance

0ii ® © ® ¢; ® d; = 0;:(0) @ (0) ® ¢;(0) ® ¢;(0).

B.2.1 The (/J;P) term
Target:

1 1 p X@ 1
— 5152/0 (/0 ¢i<XtT)1—trrdr) ®g0(ti)d,0®/0 O1(Xio) d1(Xig)a™ (Xi)db.

The extra order of v/t comes from one of the following four possibilities: expanding
®i, ©, ¢ or ¢;. Here the possibilities of expanding % or a* are not considered
because the extra order gained from further expanding these two terms is ¢, which

exceeds the needed /7.
Expand ¢;: the resulting expectation is that

1
_EMZ' ® @ d; @ it® + o(t?).

In what follows, we will only display the t3-coefficient and omit the symbols “x#3”
and “+o(t3)".

Expand ¢ :
1
—ﬂﬁbi ® 0ip ® ¢; ® B;.
Expand ¢y, :
1
_ﬂ(bi ® e ® 0;0; ® ¢;.
Expand ¢;:

1
—ﬁ@ R Y ® ¢; ® 0;p;.

B.2.2 The (JK;P) term

Target:

1

§t5/2/0 (/Opgo(Xtr)dT) ®¢i(ti)(adBt)2®/0 Dk (X9) dr(Xup)a™ (Xyg)d6.

https://github.com/DeepIntoStreams/ESig_BM_on_Manifold
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Expand ¢y, :

1
ﬁ@ ® ¢ ®az¢3 ® (bj'

Expand ¢ :

1

217 ® ¢; @ ¢ ® 0;d;.
Freeze both: the result is 0.

B.2.3 The (KJ;P) term

Target:
1 1 p 4 1
51&5/2/0 (/0 ¢i(Xir)(0dBY)L) @ o(Xy,)dp ®/0 D (X1g) 1 (Xeg)a* (Xyg)db.
Expand ¢ :
DU ® D6,
Expand ¢y, :
RPN
Expand ¢;:

1
E¢i ® @ ® P; QD¢

Freeze all: the result is 0.

B.2.4 The (JI;1I) term

Target:

4 /01 (/Op ¢ (X, )dr) ®¢j(ti)

!
dp® / / On(Xi5) 2 05) 901 (X10) .

1-
Expand ¢:
25 . 55 . . 1 ...
) ) 3( il cjk ik sjl ij skl 3
Dip @ ¢; @ by, @ ¢ x t*( 1330 0" — 30" — 5070 ) + o(t?).
Expand ¢;:
19 ., . 19 .., 1_.
D - _ 5115jk _ 5zk5]l _ _5z]5k;l ]
90®az¢j®¢k®¢lx( 216 216 6 )
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Expand ¢y:

T o
PR P ® Oy @ Py X (—ﬁyl(vk
Expand ¢;:
| | A9 gk
90®¢]®¢k®81¢1><( 144(55

B.2.5 The (/J;II) term

Target:

35 ik Sjl 7 ij Skl
ol — 6T,
g L gijom
S0k — = 5gM).

l
Xt9

/ / i( Xy _tr dr)e(Xy,) dp®/ / o Xt6 X5 d5)®¢z(Xt9) 9d9-

Expand ¢:
W Gice
¢i®aj90®¢k®¢l X (—@5 0
Expand ¢;:
|
i @@ P ® ¢ x ((— ﬁédéﬂf -
Expand ¢y:
|
D QPR qubk ® P X (— E(S”(S]k —
Expand ¢;:

P @ p @ ¢, @ Oy X (_36

B.2.6 The (JK;II) term

Target:

2 ' 8 t Xt
t* /o (/O (X )dr)@¢i(Xy,) (0dBY)), / /cbk (Xts) 65d5)®¢z(Xt9)1 7

95

igil(;jk —

17 ik 57l ij skl
530" 24535 ).
Ao L sijom
570 — M),
Lo L gijom
S0 o — o 06M).
i(sik(sjl . iéz](gkl)
16 36

l
Xt0




Expand ¢y:

¢®@®@@®@X(B&wk 8&%%+%qu

Expand ¢;:
GRS 72 18 ‘
Freeze both and expand ¢:

. . il ]k ik gjl
8]w®¢z®¢k®¢lx(m455 4855).
Freeze both and expand ¢;:

7

© ® 0;0; ® P, @ Py X (55”5” + ﬁézkéﬂ).

B.2.7 The (KJ;II) term

Target:

Xl
t3/2/ / i(Xer)(0dB"),) @p(Xp) d,o®/ / Ol X)g d5)®¢l(Xw)1 Hde’
Expand ¢:

6 00 @ 6y © X (b6 4 1L gikgit 4 Lsia gy
i J k l 16 144 8 '
Expand ¢y:
b 0 ® 0y, @ by x (Lol6% 4 Lgikgit 1 L giighy
i JPk @1 g 12 12 '
Expand ¢;:

1 .. 1., 1 .
; ) _5zl63k _5zk6]l _51]5kl )
¢®¢®¢k®8g¢z><(18 +3 + 13 )
Freeze all and expand ¢;:
0;0i ® ¢ ® P, ® ¢y X (iéiléﬂ"f + iéi’“aﬂ)
s PR 24 '
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B.2.8 The (/J;IK) term

Target:
1 P X 1 0 Xk
/7 / ( / 0i( X ) Tdr) @p(Xip)dp® / ( / Or(Xis) —d0) @1 (Xip) (0d B
0 0 -r 0 0 1-9
Expand ¢:
i @ 0jp ® ¢, ® Py X (2165”5ﬂc 1 5ik5jl).
Expand ¢;:

5Zl5jk 1 6lk5jl)

9j9i @ ¢ ® Pp @ P1 X (108 103

Freeze both and expand ¢:

¢i @ ® 0P ® P X (%5”67"“).
Freeze both and expand ¢;:

$i @ ¢ & Pp @ iy X (%5”6”).

B.2.9 The (JI;IK) term

Target:

1 p
Iy / ( / (Xtr)dr)m(xtp) dp® / / 60X dé)@gbl(th)(adB)

o Jo
Expand ¢:

17 1 e
Ojtp @ 6 ® b1 @ &1 X (760" 0" + 528",

Expand ¢;:

5zl5]k’ 7 61kz5]l)

P ®0;0; @ Pp @ P X (216 516

Freeze both and expand ¢y:
T il gk
PR P R0 D Py X (@5 o’ )
Freeze both and expand ¢,
5
PR G R Pk R 0P X (Eyl(sjk).
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B.2.10 The (KJ;IK) term

Target:

—t? /0 ( /0 p¢1(Xtr)(UdBt)7i~>®S0(ti)dp® /O ( /O or(Xis) f&éda)wl(xw)(ady)g.

Expand ¢:
| R 1
i . _ _5zk5]l . —5Zl§]k )
¢®aj90®¢k®¢lx< 36 = )
Expand ¢;:
L i o
0j; @ ¢ @ ¢, @ Py X (—%5 o).
Expand ¢y:
1 ..
¢ ® 9 ® i ® ¢ X — ﬂélléﬂ“).
Expand ¢;:

1 ..
$i © 0 ® ¢ ® iy X ((— %5”&’“).

B.2.11 The (JK;IK) term

Target:
. 1 P o Xk
5ttt [ ([ o) @ 66, © ([ oW = dn) © X,
Expand ¢:
Do ® ¢ ® P @ ¢y x (— %5”5%).
Expand ¢;:
P i @ Pp @ P X (— %5“5”).
Expand ¢y:
0 ¢ ® 0 ® Py % (— é(S“(Sjk).
Expand ¢;:

1 .
@®¢i®¢k®aj¢l X (_ 1_85115%)'
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B.2.12 The (IJ;KI) term

Target:

o | Y / " 5i(X)

Expand :

5
0 ® 050 @ G @ Py X (—=0"07* +

108
Expand ¢;:

7T
00 @ p @ P ® Py X (—5”53k +

108
Expand ¢;:

) A iil ik Ezk 4l
¢Z®¢®¢k®aj¢lx(7255 + g0+

Freeze all and expand ¢y:

13
216

10

Sik§It

7

1

5

1 _erdr)®80(ti)dp®/0 (/0 Or(Xi5)(0dB)5) @u(X1)

12

_5zk5jl _61]5kl )
8 * 6 )

ij skl
5898).

1 ., . 1 ...
0 © ¢ ® 0jr, ® Py X (ﬂ&’“dﬂ + Eé”d’“).

B.2.13 The (JI;KI) term

Target:

(2

1 p 1 0
£3/2 /O ( / so(Xtr)dr)m(ti)lXt”pdp@a /0 ( /O O(Xi5)(0dB')5) @¢1(Xep)

0
Expand ¢:

19 . .
0,0 ® ¢y @ P, @ Py X (—5”5ﬂk +

108
Expand ¢;:

31 ., .
P ® 0 @ Pp @ 1 X (520" +

216

Expand ¢;:
13
PR P D P ® 0P X (5

Freeze all and expand ¢y:

_6zk6jl _57,]5kl )
216 * 6 )

31
216

51l5]]€ 5zk5]l
+ g0 o+

R %505“).

1
7

R
ij Skl
—agH).

PR P; @ 0jpr ® Py X (65”(5kl + gélkéﬂ).

99

5ij5kl) )

Xl

Xi
1-46

to
de.
1—6

do.



B.2.14 The (KJ;KI) term
Target:

_t2/0 (/Op @(X”)(UdBt)i)®¢(ti)dp®/0 (/0 ¢k(Xt5)<‘7dBt)§)®¢l<Xt0) 1)299&9.

Expand :

| | 1 ...
¢i ® a]SO ® ¢k ® ¢l ™ ( _ 55115]76 o gdzkéjl o 15”5“)~
Expand ¢;:
i QP& o R 0P X ( — 35”5” — Eéikdﬂ — 36”5’“)
' ’ 36 24 36 ‘
Freeze both and expand ¢;:
1., 1 .,
0,0 R @ ¢, @ Py X ( — §5ll5jk — Eélk(sﬂ).
Freeze both and expand ¢y:

1. 1,
@®¢®@m®@x<—gwm_ﬁwmy

B.2.15 The (JK;KI) term

Target:
l

1 o . ,
_tQ/o (/0 ('D(Xtr)dr)®¢i<ti)(adBt);®/o (/0 Oe(X15) (0dB)5) @ (Xio) 1X_t09d6,
Expand ¢;:

1., 1 .., 1.
0RO @ Pp ® 0jy X ( _ 55115% _ g5zk53l _ 55235/%1)'
Freeze ¢; and expand ¢;:
5 1 ..
b, __51[5]k__5zk6]l
¢ ® ;0 ®¢k®¢lx( 36 19 )
Freeze ¢; and expand ¢y:
1 ... 1 .., .
) ) . _51]6kl . _5zk6]l
PR ¢ ®0jdp @ Py x ( B G )
Freeze ¢; and expand :

1 ... 1 ..
0;p ® ¢ ® P, @ Py X ( — 55115% _ ﬂazkéﬂ)

100



B.2.16 The (/J; KK) term

Target:

—? /0 ( /0 ’ bi(Xer) XZTTdr)®g0(ti)dp® /O ( /O Or(Xis)(0dB")§) @¢y(Xeg) (0dBY)y.

1—
Expand ¢;:

0;0i ® e @ b @ Py x (— 2—175“c5jk — 2—175“"5ﬂ).
Expand ¢:

i ® 0;0 @ ¢ Q@ Py X ( _ 5i45il5jk . 1%5%5]‘1)‘

Freeze both and expand ¢;: the result is 0.
Freeze both and expand ¢;:

1 .,
Qbi@@@(bk@aj(m X (_ 1_86@léjk).

B.2.17 The (JI; KK) term

Target:

1 p i 1 0
—? /0 ( /0 (X4 )dr) e (Xe,) Xty dp® /0 ( /0 o1 (Xis) (0dB")§) @¢y(Xeg) (0d By,

L=p
Expand ¢:
00 ® ¢ @ Py @ ¢y X ( — %yw B 2%5%5]1).
Expand ¢;:
P ® 06 ® b @y x (— %5”51% - %5ik5jl).

Freeze both and expand ¢: the result is 0.
Freeze both and expand ¢;:

T
@®¢i®¢k®aj¢l X (_ %5215%)‘
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B.2.18 The (JK;KK) term

Target:

L 1 0
255/2/0 (/Op (p(XtT)d’r‘)®¢1(ti)<0'dBt)i®/0 (/0 Or(Xi5) (0dB")5) @u(X19) (0d B")g.
Expand ¢:
Djp ® ¢ ® r @ P1 X (%ywk)
Expand ¢;:
P ® 0;p; @ P ® P X (%M‘Sjk)

Expand ¢y: the result is 0.
Expand ¢;:

5
PR i ® P ® 0Py X (%ywk)

B.2.19 The (KJ; KK) term

Target:

t5/2/0 (/Op Cbz‘(Xtr)(UdBt)i)®¢(ti)dﬂ®/0 (/0 ¢k(Xt6)(UdBt)§)®¢1(Xtﬂ)(0dBt)i"

Expand ¢:
1 . 1
; a _52l63k _5zk5]l )
¢ ® g¢®¢k®¢lx(18 + 25 )
Freeze ¢ and expand ¢;:

1.,
0j0i ® ¢ @ o @ P X (§5ll5jk)~

Freeze ¢ and expand ¢y: the result is 0.
Freeze ¢ and expand ¢;:

|
$i Q@ @ @ P, ® ;¢ X (56”6”).
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B.3 Total degree = 2

Here we present the results for all cases listed in (5.33). The calculation for this
part is also computer-assisted by Wolfram Mathematica. We only present the
final expressions; all source codes and documentation are provided at the link 2.
Again, we only display the results for half of the list because the corresponding
results for the permuted cases (i.e. interchanging the (1,2) and (3,4) tensor slots)
are obtained directly by tensor permutation.

We first introduce some notation. We fix the following list of products of Kro-
necker deltas that goes through all possible different combinations of the indices
1,7, k,1,p,q in a specific order:

A & (§UgHsra siigtrsla giighagte giksitgra sikgirsla sikgiagte sitsikgpa sitsivgka,
sllsiagh sirgikgla givgitgka givsiaght giagikste giagilghe 5iagipghty,
This list of product Kronecker deltas is regarded as a basis, so that one only

needs to record the list of coefficients to represent the final results instead of
writing down full expressions. For instance, the vector

(2,2,2,0,0,0,0,0,0,0,0,0,0,0,0),
represents the expression
A-(2,2,2,0,0,0,0,0,0,0,0,0,0,0,0) = 259577 4 25 5kP§a 4- 25 gRas'P.

We will also use Notation 5.12 exclusively. Recall that b is the function defined
by (5.11).

B.3.1 The (I/I;1I) term
Target:

/ /@ X)X )2 ()

Expand ¢; to order ¢:

Xl
/ / ¢k Xt(; d5)®¢l(Xt9)1 Hdﬁ

1 37 37 533 37 37 257 37 37 257 533 1 257 533 1

Pispalskl X (ZS 3456 3456 ° 17280 3456 3456 17280 3456 3456 ° 17280 17280 48 17280 17280’ 48)

Expand ¢; to order t:

1 1 1 253 253 253 157 157 157 1 1 1 1 1 1

Piljpalkt X (72 1287128 17280 17280 17280 17280 17280 17280 128 128  72° 128 128’ 5)

’https://github.com/DeepIntoStreams/ESig_BM_on_Manifold
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Expand ¢, to order t:

15'18°18° T7280° 3456 3456° 17280 17280° 3456 17280° 3456 3456 3456° 17280° 3456)"
Expand ¢; to order t:

b (111 253 253 253 157 LL 157 LL 157 LL)
ikllea X 790 797 79" 17280 17280 172807 17280 128 128° 17280° 128 128’ 17280 128 128

Expand both ¢; and ¢; to order Vit

1 1 1 533 37 37 257 257 37 533 37 37 37 533 37
Pijlkpall X (750 720 720 Troan’ Tire”

. ><(1 347 233 347 347 101 233 233 101 115 115 i 233 347 i)
©.pldalkl 48’7 17280 17280 17280 17280 3456 17280 17280 3456 3456 3456 ° 16° 17280 17280 48

Expand both ¢; and ¢, to order Vit

i’ X(13111113133731111)
plilkall = A48 457 807 270 45" 54" 54’ 80’ 54’ 80 360’ 80’ 54’ 270" 457"

Expand both ¢; and ¢; to order Vit

(2 23 23 23 11 23 11 1 23 11 1 97 97 1 11 23 )
1440° 1440’ 1440’ 576’ 720" 576’ 80 1440’ 576 20" 2880 2880 80’ 576 1440

Expand both ¢; and ¢, to order Vit

(BB 9T 1B L1112 97 2 11123
14407 1440° 2880 576 720° 576 80 20’ 80° 1440’ 2880 1440’ 576 576 720

Expand both ¢; and ¢; to order Vit

7 7 7 19 17 19 1 7 1 7 7 7 1 1 7
®il4,plkll,g X (77 o T Tror mAn Thar ) TR mon oA mon T A AN R oAl 7)
540 320 540 1080 360 1080 96 320 96 320 540 540 96 96 320

Expand both ¢, and ¢; to order Vit

bs y (i i i 347 101 347 233 233 115 101 347 347 233 115 233 )
ilk.plla 487 167 487 17280 3456’ 17280 17280 17280 3456 3456° 17280 17280 17280 3456 17280

Pi,plikli,q X

Pilj,plk,all X

XJ Xk X
Expand = Xir op 1% or 145 or 1'% to order t15:
’il ekl | 19 ik T ikl *‘111@1 il sk ik 5l
Guna X |Ob' (578778 +%5J 61 4 T a7RGP) 0, (8o 4 68 4 okl

7
8,b" Waﬂ T _gilgiv 5”511’ Bpb sivgit 4 __gikgi 5”5’“’
o (o S0P 4 58P 4 O, (S5 4 gk 4 66k |
Expand a to order t:
) 1 ..
biji X [85,1(11 (— 5’“15“0 +7 Walq + 65“5?@) —0—83(10,“%6”5”‘1
) ) ) 1
82 gtk §iaglp §ipgla §itspa 82 Il _—_§ikgpa
+pga (240 +240 +240 )+ 050" 5o

. 23 23 1

82 g slagkr 4 =2 sipgka §ik spa 82 gk _—_silgpa
+ g (2880 * 2880 * 2880 )+ 040" T
23 23 o

82 a'* stagte 4 —=_girgle 4 = §i16P9) 4 92 atl — 57k Pa
+ gt (2880 + 28 0 * 588000 ) + % g

31 e 1
azqakp 6zk6kq 6'Lk6pq 62 ik 76‘7Z6Pq
(4320 + 4320 + 1440 ) + O 288

o ey 1 .. 1
82 okl (——_g§tagip 751135111 - §iigre 92 4t —gsklspa| .
+ gt (108 * 108 * % ) + 054 5

2
+ qua]
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B.3.2 The (II;IK) term

Target:
1 p Xz Xj 1 0 Xk
V[ i) ) w0y ()= dps [ ([ ou(Xi) {5 d0)m0(Xo) (0B,
0 0 1 -7 1 —pP 0 0 1 — 5
Expand ¢; to order ¢:
53 53 329 53 53 53 53 53 53 329 53 329

70’_

. oo X 07 [ 70 .
i, pal g * ( T7280" " T7280" ")

T 172807 172807 17280° 172807 17280 17280° 17280 17280° 172807 17280
Expand ¢; to order t:

47 47 221 221 221 53 53 53 a7 a7 0 a7 a7 0)
17280° 17280 518407 51840° 51840 514807 51840° 518407 172807 17280 ' 17280 17280  /°

¢ilj,pq\klx(07 -

Expand ¢, to order t:

® x (0,0,0 29 0,0,— L ! L o2 0,2 0)
ijlk,pall T 14407777 2407 2407 24077 14407 7 144077
Expand ¢; to order t:
¢ x (0,0,0,— 2 0,0, 1 11 LI -1 0)
ijk|l,pq Y T9607 7 T 28807 28807 2880 0 8640 8640°

Expand both ¢; and ¢; to order Vit

167 53 167 167 53 53 53 53 227 227 0 53 167 0)
172807 172807 172807 172807 17280 ° 172807 17280° 17280 ° 172807 17280° ~ 17280° 17280 /'

¢i,p\j,q\kl>< (07

Expand both ¢; and ¢, to order v/t:

11 7 1 1 11 1 47 1 7

ipli X (0,0, ==, — 52,0, ==, T oen "o 0 — oo 0, — oo = 2=, 0).
Pipljlk.all ( 720" 270 270° 270" 720 270 720 270" 270 )

Expand both ¢; and ¢, to order v/t:

7 79 11 11 7 11 43 11 79
¢i,p‘jk|l,q X (0707 e e e o o 0, 0, _770)
720 4320 2160° 2160° 720 2160 1440 2160° 4320

Expand both ¢; and ¢, to order Vit

17 73 73 1 13 1 17 73 73

AR >< O 0 R oA AN 0 777777777777 7777077777770 .
Piljplk.alt X (0,0, 960° 8640’ ° 8640’ 540’ 720" 540 960 8640" 8640 )

Expand both ¢; and ¢; to order Vit

43 53 53 11 17 11 43 11 11

K] X0707_77_7? _7?_77_77_7? 7_7707_7’_770'
Pilj.pliita X ( 43207 4320 43207 4320 1440’ 4320 4320 1440° 1440 )

i
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Expand both ¢, and ¢; to order v/t:

0,0,0,— > 0,0, —
160

1
180’

1
180’

1 3 47

Bijlkpltg X ( _%’0’_ﬁ’0’0’_@’0)'

Xi Xj Xk
Expand == or —2 or =% to order t'®:
1—r 1—p 1-46
_ 13 . 1 . . 5 5
il X | Opbt (— ——=87lgkP — —_§Tk§IP) 4 9 b7 (— ——§ieRP — = gikgip
Pigki {p (-~ 216 216 )+ (= 57 216 )

_ 1 ] o
+8pbk( _ mézlékp _ ﬁyk&ﬂ) .

Expand a to order ¢:

: 1m 1m 1 , 1
ox 0. .att (= slagkr _ §irgka _ §ik spa Oroad®(( — ——g§ilsra
Piki ["qa (~ 280 2880 2880 ) +0pa”™ (-~ 35 )
. o 7 13
) gl _ 6'Lq5kq _ 51p5kq _ 75”@5;’3(1
+ 90" (~ gos 8640 960 )
) 5 . - 1 1
Bpqa'® (— —==3§716P9) + dpga®d ( — —=skslP — —_g5krsla)|.
+Opa0™ (5 ) +0paa (= o5 432 )

B.3.3 The (II; KI) term

Target:
1 p X Xj 1 0 X!
. tp t\k t6
—Vt ( ¢i(Xtr) dT) Jon (ti)id/)@’ ( o (Xt5)(0dB )5)®¢I(Xt9) df.
0 0 L—r L—p 0 0 1-0

Expand ¢; to order t:

1 317 317 737 317 317 461 317 317 461 737 1 461 737 1
$ipaliet (= 500 = 7oe0" " Trzs0’ " Traso’  17280°  17280° 17280 17280°  17280° 17zs0’ ITrzso’ 24’ Irzso’ 17280° 24
Expand ¢; to order t:

223 223 379 379 379 283 283 283 223 223 1 223 223 1

)

Dil4,palkt X (=

36’ 17280 17280 17280 17280 17280 17280 17280 17280 17280 17280 36 17280 17280 36’

Expand ¢, to order ¢:

1 19 1 1 19 23 1 23 1

Gigthpalt X (= 5000 = 5 =55 190 T720° %% 1220’ 520 "1aa0’® 52)"
Expand ¢; to order t:

5 5 5 73 73 73 19 1 1 19 1 1 19 1 1
Piititpe* (“ T~ 7220 141 2880’ asso’ 2880' 960° 54’ 54° 960’ 54’ 54’ 960’ 54’ 54
Expand both ¢; and ¢; to order Vit

527 413 527 527 877 413 413 877 923 923 1 413 527 1

1
Piplisalkt X (=50

).

T 172807 172807 17280 ° 17280 17280 17280 17280 17280 ° 17280 17280 8 17280 17280 24
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Expand both ¢; and ¢, to order v/t:

1 1 13 1 11 17 11 1 1 17 13 1

) j >< _77_77 7_77_ b b 77_ 777 7_77_77_77_7'
Piplilkalt  ( 24’ 40 2707 40’ 540’ 540 540" 20 16’ 540’ 270 24)

Expand both ¢; and ¢, to order v/t:

11 13 11 293 13 293 59 11 293 7 41 41 59 293 11

A A S S = )

2887 240 288 8640’ 240 8640° 2160° 288 8640’ 80’ 576 576’ 21607 8640 288

Expand both ¢; and ¢, to order Vit

Bi,pljklt,g < (

29 37 1 37 77 77 29 1 137 137 1

1
i) 7 X S S A YY) ) ) Tonn’ D T T oAan? aaan T 0T Soan’  aoan’ 1~/
Gililkalt % ( 367 1440 2160° 30" 21607 4320 43207 1440 367 43207 4320 16)

Expand both ¢; and ¢; to order Vit

25 109 25 61 19 61 91 31 91 109 25 25 91 91 31

864’ 28807 864 2160° 240° 2160° 4320° 576’ 43207 28807 864’ 864’ 4320° 4320 5767

Expand both ¢, and ¢; to order v/t:

Bilj,plklt,g X (=

1 1 1 7 1 11 11 73 17 17 11 11

y x(-—,0—-————— - ——— 0, ———  —— ——— ——— 0, ———).
Pijliplta X 2477 247 457 2407 457 4807 4327 7 1440 4327 4327 480" 432)

J

Xi X Xl
Expand {*= or 2 or % to order 15
. 1 25 13 1, 23 23
ikl X |Opbt((— —= 7Pkl — ——gilgkr _ _Z gikslp) 4 9,07 (— =6kl — Zgilgkr _ ZZ sikglp
Pijht { w5 (- 35 216 216 )+ 050 ( 6 216 216 )

_ o 1 o 1 ..
+ opb' (— 4385“’5” - ﬁa“ﬂaw - gaw’w) :

Expand a to order t:

) 1 . 1 . 1 . 23 23 . 23
x |02 atk(— —_giagle — _—_girgla _ _—_gilspa 82 oIk (— 22 _gstagle _ _ =2 gipgla _ =2 silgpg
ikt { bat" (~ 130 120 120 )+ %49 (~ 100 1440 1440 )

1 . . 1 . 1 .. . 7 7 1
82 gtk (— —_gtagir _ _ —_ §P§ia _ —_§i3§P9) 4 92 ot (— —_gkagle _ __"_gskpgla _ — sklspa
+ Opga" ( 54 54 48 )+ g ( 432 432 48 )
; 7 . ' ' . 43 . 43 . 17
82 o — _giagkr _ __° gsipgka _ ___ sikgpa 92 I — stagkp _ _ sirgka — —L sikgpa
+ 000" (— 575 576 576 )+ 900" (— 755 1728 576 )

. 1 i i 1 . i 1 1 i
+ 0pga’ (= 07 0") + 5ga - (= 5(SJ’C(SW) + 02,0 (- 47;(51’9<51"?') + 0p,al* (— 5970

+ 92,07 (- %5“5?(1) + 92,0 (— éaﬂapq) :

B.3.4 The (II; KK) term
Target:

1 p i th 1 0 , .
[ o dnee () des ([ oK odB @0 (Xo)edB,

107



Expand ¢; to order ¢:

37 37 121 37 37 37 37 37 37 121 37 121
¢'L,pq\jkl X (07 A AEr? arrr’ aAre’) arra’ aAre’ asrr’ airr’ aira’ aica’ 7907 YT 770)
3456 3456 3456 3456 3456 3456 3456 3456 3456 3456 3456 3456

Expand ¢; to order t:

1 1 59 59 5 23 23 23 1 1 _ 1 1
Pilipalkt X (0 Toos Toos e Time aire Bare 3ar6” 34r6’ 1o’ 198" % To5° To5° )"
128’ 128’ 3456 3456’ 3456 3456 3456’ 3456 128" 128 128 128’
Expand ¢, to order t:
1 1
bijik,palt X (0,0,0, 33707 0, %70,0,07 0,0,0,0,0).
Expand ¢; to order t:

17 7 7 43 743
klipg X (0,0,0, —,0,0, —,0,0, —, —— .0, —, ——.0).
Pigkltpg X ( 576 576 576" 128" 576 1728 ")

Expand both ¢; and ¢; to order Vit

79 79 79 79 101 37 37 101 115 115 37 79

ipli X — e T e e e e e e 0 0, ——, ,0).
Gipliait X (0, 3456 3456 3456 3456 3456 3456 34567 34567 128 128 3456 3456 )

Expand both ¢; and ¢ to order \/E:

Bi,pljlk.qlt % (0,0,0,

11 1 1 1 )
27’ 1087 108 108’ 108’ 27

Expand both ¢; and ¢; to order Vit

o X(ooiﬂoiiiioﬁoiﬁo)
i-pliklla " 1447 8647 7 4327 4327 1447 432 ° 288" 4327 864’

Expand both ¢; and ¢, to order Vit

5 5 1 1 1
I 707 707 030
4327 7 432 216

216 510500
Expand both ¢; and ¢; to order Vit

. X(0013110117137 13 110)
ilgplklla 43274327 7 432 864 288’ 864" 432" 48748 7'

Expand both ¢, and ¢; to order v/t:

1 1 1 1
%l X 07070777070777770707770707070'
Pijlk.pll,q ( 36 79" 79 24 )

®il5,plk,alt X (070707

» Uy

Expand Xir o Xt” to order t'®:

Bijut X [apbl( 85115’“?+ Lsiksiry 4o, ¥ (3og 5”5kp+ 5““5”’)]
Expand a to order ¢:
a7 Jjaq skp v Jpska 7 Jk §paq Jk L it Pq
¢ijkl>< 8pqa (75 ) +576 ) +76 5 )+8pqa —6 1)
1 )
+a,,qaﬂ( 5“15’CP+ o8 51P5’W+ 5“@51“1) + Opga®™ ( 2aﬂapq)

+ Opga™ shagty 4 —5’“1’51‘1) :
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B.3.5 The (IK;IK) term

Target:
¢>X>er 26;(Xi) (0dB)] <z>X 8)@1(Xio) (0dB").
z tr r VACS 7 A\ k\Ats (5 I\ A9 ) O 0
Expand ¢; to order t:
23 23 23
Gi pqlikt % (0,0,0, — Tazo ' 9,0,0,0,0, =75, 0,0, 1440,0).
Expand ¢; to order t:
7 11
bilj,palkr X (0,0,0, —— 730" % 0,0,0,0,0, 2160’0’0’T60’0)'
Expand ¢, to order t:
23 23 23
Fijik,pal X (0,0,0, —— 110 % 0,0,0,0,0, ==, 0,0,@,0).
Expand ¢; to order t:
7 11
bijklipg X (0,0,0, —— 720’ ,0,0,0,0,0,0, —— 160" o,o,m,o).
Expand both ¢; and ¢; to order Vit
19 29 19
Giplsalkt X (0,0,0, —— Tiio° ,0,0,0,0,0,0, —— 10 o,o,m,o).
Expand both ¢; and ¢, to order v/t:
1 1 1
¢i,p‘j|k,q|l X (0707 07 570707 070707 07 %70707 Z570)
Expand both ¢; and ¢, to order v/%:
19 29 19
Bi plikltg X (0,0,0, — 1110’ ,0,0,0,0,0,0, 1440’0’0’@ ,0).
Expand both ¢, and ¢, to order Vit
29 19
Gil4,plk,qlt X (0,0,0, —— T2’ ,0,0,0,0,0,0, —— 1110’ o,o,m,o).
Expand both ¢; and ¢; to order Vit
7 11
Bilj.plkltg X (0,0,0, — 360’ ©0:0,0,0,0, 1080,0,0,@,0).
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Expand both ¢, and ¢; to order v/t:

29

19 19
| 0,0,0,——,0,0,0,0,0,0, ——, 0,0, ——, 0).
Bijlkpllg X ( 240’ 1440 )

1440

Expand Xiv op 212 % to order 15

1 . 1
O,b" — §15FP 4 9 b’f—azpaﬂ}
Gigkt X | Opb oy MY
Expand a to order t:

7T . L1
6'Lq6kp 6zp6kq 62k§pq 82 ik 75]l6pq
* 70 ) 0 25

% 192 @It
Piki [an (2160 2160

B.3.6 The (/K;KI) term
Target:

! P X , 1 0 X!
L e oy (Kpeate [ ([ oK) B oo X 5

Expand ¢; to order t:

¢ ><(000700100170170)
ipalikl 79887 1207 1207 2887 1207 2887
Expand ¢; to order t:
5 11 1 11 11 11
1|7 X 07070’7707077707077777 7777’0'
Giljpalkt X ( 288 1440 1440° 864"’ 1440’ 864 )
Expand ¢y, to order ¢:
D ><(00010017100 11 Uililoi)
iilkpall = 555 T 4™ 14407 14407 2167 14407 2167

Expand ¢; to order t:
1 11 7 5 5 7 5 5 7T 5 5
¢ijk|l,pq X (07070777777777777777777777777)'
96’ 96’ 96 1440 864" 864 1440 864 864’ 1440’ 864 864
Expand both ¢; and ¢; to order Vit

7 1 1 13 1 70)

o x (0,0,0, =—,0,0, —,0,0, —, ——,0, —, —,
i plialkt X ( 288 90 407 288" 90’ 288

Expand both ¢; and ¢, to order v/t:

1 1 1 1 1

1
. . X 0,0,0,f,o,o,*,0707770a7’7’77 .
Dipljlk.all ( 36 90 40" 48 90 36 )
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Expand both ¢; and ¢; to order v/t:

1) X(oooioiioiiﬂﬂiio)
i-pliklla " 576 5767 1807 576 30 576° 576" 180° 576

Expand both ¢; and ¢, to order Vit

1) x(000i00£00£0i£i)
daplhalt = U5 T g0 T 790 7207 727 7207 3677
Expand both ¢; and ¢; to order Vit
5 5 11 11 31 11 11 11 11
. % (0,0,0, —2—.0, — ——_ 0, — o= ).
Piljpitia X (0,0 288" 288" 1440° % 864’ 1440’ 864’ 564’ 1440” 364"

Expand both ¢, and ¢; to order v/¢:

1 1 11 1 31 1 1 11 1

Gijlk,plt,g % (0,0,0,

707 ) ) 707 ) ) 777077 .
144 144" 1440 216 1440° 54 54 1440 216)

l
Xt9

1.5.
% to order ¢:

X,
Expand = or
I 1 . 1 1 ., .
O,b (= 87F st 4 —_sIlgkPY 4 9 bt (— §P§Tk + — 5tk 5IPY |
¢J’”X[” (7 ET )+ 00 (5 * 36 )]
Expand a to order ¢:

11 . o1 .
6’Ll 5P 62 il 76]k5pq
100 )+ et g

T 1n
ikl X |02 a7k (—==gt5tP 4 ——_§iPsla
Pijhkt { ba® (1120 + 1440 T

g, 11 11 5 o1
82 gl 76“16}“7 76”76}“1 761]{36;}(1 82 ik 76]l6pq
90" (55 " 364 T 288 )+ 000 55

1 . 1 .
92 kil ___g§tagir ——_§"P§Iq |
900" (31 * 916 )

B.3.7 The (IK; KK) term
Target:

1 i S B
0 ([ i aryoo, (X edB e [ ([ ouXis) odB)) oo (X odB,

Expand ¢; to order t:

7 7

7
 palier X (0,0,0,———0,0,0,0,0,0, ——,0,0, ——, 0).
¢7,,pq|jkl (7 ) Yy 2887 » Uy, Uy, Uy, U, Uy 288’ s Uy 2887 )
Expand ¢; to order t:
5 11 11
- x (0,0,0,-—-,0,0,0,0,0,0, — ,0,0,— 10).
Piljpalkt < ( 288 864 864 )
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Expand ¢, to order t:

1
¢ij\k,pq\l X (07 0,0, _@7 0,0,0,0,0,0,0,0,0,0, 0)

Expand ¢; to order t:

5 11 11
17 X 070707_77070707070707_770707_770 .
Gishitpa X ( 288 864 864 )
Expand both ¢; and ¢; to order Vit
7 13 7
o % (0,0,0,———,0,0,0,0,0,0, — —— 0,0, ———, 0).
Pisplgalit X (0 288 288 255"

Expand both ¢; and ¢ to order N
1 1
d)iyp\j\k,qu X (070’077%70»09070’01070’0,07*%,O)

Expand both ¢; and ¢; to order v/t:

7 13 7
i pliklg % (0,0,0,—=—.,0,0,0,0,0,0, = =—,0,0, — =, 0).
Piplikita ¥ (0:0,0,~ 52 288 25"

Expand both ¢; and ¢, to order Vit

1

il g X 0a0707_ )
Dilj,plk.qll ( 72

1
0,0,0,0,0,0,0,0,0,——,0).
36

Expand both ¢; and ¢; to order Vit

¢ x (0,0,0 5 0,0,0,0,0,0,— L 0,0, 1L 0)
i|7,p|k|l,q P Ty T T S T gy S T g B

Expand both ¢, and ¢; to order v/¢:

1

- x (0,0,0, ——,
®ijlk,plia ( 79

1
0,0,0,0,0,0,——,0,0,0,0).
36

Expand f(i to order t'®:
= L
Pijkt X [5;'51( - E‘s]l‘skp)]
Expand a to order t:

: 11 11 5 ; 1 .
. % 82 gl _ 6zq6kp _ 61p6kq _ 6'Lk6pq 62 ik ( _ leépq .
Gugm X | Fpqe” (= 567 864 288 )+ 0pga (= g870™)
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B.3.8 The (KI;KI) term
Target:

J

Lo tyi X Lo t
t/o (/0 ¢i(Xer)(0dB >r)®¢j(ti)1 - d“®/0 (/0 bk (Xs)(0dB")5) @1(Xe9)

—p
Expand ¢; to order ¢:

3 j X 7’7777777777777777070’07070’0'
¢ipalikt ¥ (33316 216 120’ 60’ 60’ 285’ 255 258 )

Expand ¢; to order t:

5 1 1 29 29 29 5 5 5 1 1 5 1 1 5

@itiwal X (73 332 53" 720" 720" 720" 144’ 144" 144’ 32° 32’ 72° 32 32 72"

Expand ¢, to order t:

7 1 1 13 A Y S 4

¥ X ’ ’ Y 00’ 'Y 900 0 ’ y Yy ST )
Pijlipalt % ( 120° 60 60" 288 288’ % 216’ 285" 216)

1
770707
12
Expand ¢; to order t:

5 5 5 29 29 29 5 1 1 5 1 1 5 1 1

1] X el el et man) ment men? a4 o0 o0 944 a0 00 244 oa on/”
Pikli.pa (72’72 727 720° 720° 720  144° 32’ 32’ 144’ 32’ 32’ 144 32 32)

Expand both ¢; and ¢; to order Vit

1 13 5 3 3 7 11 11 23 5 13 1

i plj X(mvo oy o o T mos g 500 0,0,0, —— —, —).
Pipljalkt (12 21671087 80’ 80’ 120 288’ 288’ 288 108’ 216 12)

Expand both ¢; and ¢, to order v/t:

T 7 1 1 1 1 1 1

1
pliialt X (5057700 550 300 500 75700 5:0,0,0, 22,0, ).
Giplilkalt X (T3 55 "60°30°30° 18" 36 36 21)
Expand both ¢; and ¢, to order v/t:
5 5 5 3 7 3 11 13 5 11 5 13
plikllg X (5o 7w 2oy T 2o o 5y £2,0,0,0, oy oy o).
Piplsklig (72’48’72 80’ 1207 80’ 2887 288’ 96 288’ 96 288)

Expand both ¢; and ¢, to order Vit

13 3 7 3 11 11 13 5 5 5 5

7272887 80’ 120° 80’ 288" 288’ 288’ ’72’96’%’&)'

Expand both ¢; and ¢; to order Vit

Bilg,plk,alt % (

29 53 29 1 2 1 37 53 37 53 29 29 37 37 53

L7 X ol erme) domt om?) e anl omadl rrmel omal erme? 200 100 o’ oma) meea)t
Pilsplkla (432 5767432720 157 20 864" 576 864 576 432" 432’ 864 864 576)
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Expand both ¢, and ¢; to order v/t:

& X(ioiiiiif’ (23 13 13 11 i)
ilk.plba = X797 197807 120° 807 2887 108~ 288’ 216’ 216’ 288 108’

Xp, Xl 15
Expand 2 or 4 to order ¢*:
—p 1-60
1 1. 11 SRS R | I
y B,b (= 5Pk 4 Zsipskl 4 siksivy 4 g pt(=§Psik 4 —§iksir 4 Z st gkpy |
¢13k:l><|:p (4 +6 +72 )+p(6 +72 +4 )

Expand a to order ¢:
2 ij( T skasl T skpsig L skl 2 ik L asi | L sipsig Lo
Gijl X [8pqa J(—E 6P 4 2—6 Pote 4 —6 6P + 97 a (—6“51? + —6“’6 94 —53 §P9)
+ 92,a" (—63‘16’“’ +3 Wakq +3 5]’“5?‘1) + 07 aﬂk( 5“15“’ + 5 5]%5@ +5 5”51”1)
+ 53(1&”( 5Zq5kp Jr 51p5kq + 52k5pz1) + 32 ( 52q51p + 51175%1 + 5%] 5;Dq)
+ 82,0 (- 667) +asqaf (—6*6%) + 8,0 <@aﬂw>

+ 050" (4 aﬂk(SPQ)Jra? ”C( 187107 + 05 ”’(2—145“51”1).

B.3.9 The (KI; KK) term
Target:

1 P ) Xj 1 0
= ([ X oaB ) oo, dps [ ([ on(Xig) 0aB5) oK) od,
Expand ¢; to order t:

1 1 1 7 7 7
] j X 07_ » T » T y Uy Uy » T » 707070707070'
Gipalnt X (0= 50 =51 5 288" 288 288 )

Expand ¢; to order t:

1 1 1 1 1 5 5 5 1 1 1 1

i\ X0, ——,—— o~ T ooy ras —aesr >~ 0,——,——,0).
Diljmalit X ( 54 547 36 367 367 288 288" 288 54’ 54 54" 54 )

Expand ¢, to order t:

1 1
¢>ij|k,pq|l X (07070’7%7070’7&7070’07070’07070)'
Expand ¢; to order t:
1 7 7 7 1 1
PG x (0,0,0,-—,0,0,——,——,——,0,——,0,0,——,0).
¢zgk|l,pq (7 T 2887 2887 2887 ) 277 s Yy 277 )
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Expand both ¢; and ¢; to order Vit

1 1 1 1 7 7 23 1 5

Bi,plj,alkt % (0, —

»

108’ 54’ 48 48 288 288 288 ' 54’ 108’ )-
Expand both ¢; and ¢, to order Vit

¢ x(ooofioofiofioooooo)
i,p|jlk,q|l P T Y T T g S S )

Expand both ¢; and ¢; to order v/t:

11 7 7 7 1
- ikle X (0,0, ——, ——,0,0, ——, ———, ———0,0,0,0, ——, 0).
iplikltg X ( 187 24777 288’ 2887 288’ 8 )

Expand both ¢; and ¢, to order Vit

¢ x (0,0,0 Lo~ L 000000 1 )
il7,p|k.q|l P T T g Y T e V)

Expand both ¢; and ¢; to order Vit

7 1 1 7 23 7 7 1 1

t| 7 X 070777777707777777777777 'V T Ao’ N T AT An? .
Giljpitia X ( 108" 24 24’2887 2887 288 108 27 27)

Expand both ¢, and ¢; to order v/t:

1 1 1
¢ij|k:,p|l,q X (01 0,0, ——,0,0, ——, —

1
7070)_ 7070?070)'
24 36

36 18
X} 1.5
Expand T to order t+°:
o, 77 15il6kp 1 5ik5lp
Dijhl X pb(*g 12 )

Expand a to order t:

- 1 1 ; 7T 7T T
sipl X |02, at (— —gkasle — —gskpsla 82 ot (— _giagkr _ ___girgka _ ___ 5ikgpa
Pight { e 54 ) + 05407 (~ 355 288 288 )

: 1 1 .. 1 . . 1 . 1 .
82 Jl( _ 757,q6kp _ 762p6kq _ 761k6pq 82 Jk( _ 762l6pq 82 ik ( 7§gl5pq .
+0pq0” ( o7 o7 BV ) + Fpqa”"( o ) + 050" ( 12 )

B.3.10 The (KK;KK) term
Target:

1 1 0
2 /0 ( /Op@(Xtr)(adBt):L)@@(ti)(adBt)z;@ /0 ( /0 on(Xis) (0dB'YE) @61 (Xi0) (0dBY)),
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Expand ¢; to order t:
1
¢i,pq|jkl X (07 0,0, ﬂ907 0,0,0,0,0,0,0,0,0, 0)
Expand ¢; to order t:
1 1 1
Gilgpalie  (0,0,0, 2,0,0,0,0,0,0, 2-,0,0, .0).
Expand ¢, to order t:
1
cbij‘k,pq‘l X (070707 ﬂ7070707 0,0,0,0,0,0,0,0,0, 0)
Expand ¢; to order t:

¢ ><(000100000010010)
ijk|l,pg 777247 » Uy Uy Uy Uy 7277 B 7277 .

Expand both ¢; and ¢; to order Vit
1 1
¢i,p‘j,q|kl X (07 0707 ﬂ70707070707 070707 07 E?O)
Expand both ¢; and ¢, to order Vit
¢i,p|j‘k,q‘l X (070707 T12707070707 070707 070707 0)
Expand both ¢; and ¢; to order v/t:
1 1
¢’L‘,p|jk‘l,q X (0707 0» ﬂ’0707 0’0707 0’0707 07 E70)
Expand both ¢; and ¢, to order Vit

1 1
i\ x (0,0,0,—,0,0,0,0,0,0,—,0,0,0,0).
d’l\a,plk,qll ( 2 18 )

Expand both ¢; and ¢; to order Vit
1 2 2
(bi‘j,p“c‘l,q X (07 0707 570707 070707 07 ?770707 570)
Expand both ¢, and ¢; to order v/¢:
1 1
d)ij‘k,p‘l,q X (0707 0, ﬂ’0707 0,0,0,0, E7070707 0)

Expand a to order t:

P 1 1 . I
2 l iq sk ip sk ik 2 ik 1
Gught X |O5qa7! (088 4 576k 4 —oh67) 4 Ot o7o
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B.3.11 The (/I;P) term
Target:

L rp i X7 1
[ i © 0,6 dp e [ 50u(Xu) © én(Xin)aH (Xin) .

1—
Expand ¢; to order ¢:

1) x(looooooooooiooi)
i,pq|jkl 487)77)77777’48’7748~

Expand ¢; to order t:

1 1

1
¢i|j,pq‘kl X (57070707 070707 070707 07 7270707 5)
Expand ¢, to order t:
¢ ><(100000000001001)
ij|k,pq|l 48’ S S Y qag Y T0g )
Expand ¢; to order t:
@ ><(100000000001001)
ijk|l,pg a8’ Y 19 B Tge )
Expand both ¢; and ¢; to order Vit
1 1 1
Sipljalkt % (35:0,0,0,0,0,0,0,0,0,0, 7,00, 2).

Expand both ¢; and ¢y, to order v/t:

1 1
~,0,0,—).
32 48

1
Gslslmalt X (35:0.0,0.0,0,0,0,0,0,0,

Expand both ¢; and ¢, to order v/t:

1 1

1
i ol —,0,0,0,0,0,0,0,0,0,0, —,0,0, —).
¢1,pljk\l,q X (487 32 48)

Expand both ¢; and ¢, to order Vit

¢ ><(100000000001001)
i|7,p|k,q|l 79 YA 5o Y M g )

Expand both ¢; and ¢; to order Vit

1 1

1
s X —,070,0,0,0,0,0,070,07 ,0,0,* .
Giljplkitg X (73 72 5
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Expand both ¢, and ¢; to order v/t:

1 1 1
¢ij‘k,p‘l,q X (ﬂ? 0,0,0,0,0,0,0,0,0,0, —

,0,0, ).
54 54
X X
Expand £ or —£ to order '
—r 1—p
biins X [3 5 Lsivghl 4 g gji(;ip(;kl].
* LY P72

Expand a to order t:

1 .. 1 . 1 .. 1
i 82 okl(—_gtagip 4 _—_§ip§ia 4 — 5t §5Pa 92 ot (=gklspa)|.
Pigkt X [ pa® (Tog * 108 s )+ 0407 (45 )

B.3.12 The (IK;P) term
Target:

1 ) 1
—t3/2 /O ( /O p(bi(Xtr)%dr) ® ¢;(Xip)(0dB')) @ /O %qﬁk(Xw)®¢Z(Xt9)akl(th)d0.

¢ X(UOOOOOUOOOO L 0,0 L
ij|k,pq|l s Uy Uy Uy Uy Uy UL Uy U U Y 4327 s Uy 432 .

Expand ¢; to order t:
1

i x (0,0,0,0,0,0,0,0,0,0,0, ———,0,0, ———).
¢zgk|l,pq (7 , U, U, U, U, U, 0,0, U, U, 4327 s Yy 432)

Expand both ¢; and ¢, to order v/t:

1
¢i,p|j|k,q|l X (07 0,0,0,0,0,0,0,0,0,0, 7%7 0,0, 0)

Expand both ¢; and ¢; to order iR

1
¢i,p|jk‘l,q X (07 0, 0>07 0, O>07 0, 0707 0, _%707 0, 0)

Expand both ¢; and ¢, to order Vit

1
¢i\j,p|k,q|l X (07 0,0,0,0,0,0,0,0,0,0, 7@7 0,0, 0)

Expand both ¢; and ¢; to order Vit

1
(z)i‘j,p”c‘l,q X (07 0,0,0,0,0,0,0,0,0,0, _m7 0,0, 0)

Expand both ¢, and ¢; to order v/t:
1 1

» x (0,0,0,0,0,0,0,0,0,0,0,——,0,0, ————).
d’u\’mp\hq ( 216 216)

Expand a to order t:

TR B
Dijit X [02,0" (— 1530 - 43—251P5M)].
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B.3.13 The (KI;P) term
Target:

J 1

1

*tppdp@ / 5 (Xt0) © 61 (Xip)a™ (Xsg) db.
0

1 p . X
0 [ [ 0 odBh) 6,060
Expand ¢; to order ¢:
1
d)i,pq\jkl X (_ ﬁ’0707 0,0,0,0,0,0, 0’07070’0’0)'

Expand ¢; to order t:

5 5

Biljpalet X (— %,0,0,0,0,070,0,070,0,—m,O,O,—m).
Expand ¢y, to order ¢:
1 7 7
bijlk,pall X (— Q,O,O,O,O,O,O,O,O,O,O,*@,0707*E)
Expand ¢; to order t:
Gijkiipg X (— i,o,o,o,o,o,o,o,o,o,o,—4—;,0,0,7572)-

Expand both ¢; and ¢; to order Vit
1 1
Diplialkt X (= ﬂ70707 0,0,0,0,0,0,0,0,0, 0’0’_ﬂ)'

Expand both ¢; and ¢y, to order v/t:

1 1
Gilsimalt X (= 57:0.0,0,0,0,0,0,0,0,0,0,0,0,— ).

Expand both ¢; and ¢, to order v/t:

1 1
Guplikita X (= 57+0.0,0,0,0,0,0,0,0,0,,0,0, = ).

Expand both ¢; and ¢, to order Vit

¢ x(fioooooooooofioofi)
i|7,p|k,q|l 1447 0SS E S T S Y T
Expand both ¢; and ¢; to order Vit
5 5 5
ilg X _77070a07070a07070a0707_770’07_7 .
Pilj,plkllq ( 144 144 96)
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Expand both ¢, and ¢; to order v/t:

1 7 7
. x (- —,0,0,0,0,0,0,0,0,0,0, ———,0,0, ——).
$ijikplta X (= T3 216 216/

X7
Expand {2 to order tho;
—p
_ 1.
. J . (— Zg§ipgkl
¢Z]le [apb ( 86 1 )]

Expand a to order ¢:

T 7 1 .. - 1
S 82 k(- —_gtagir _ __§ipgia _ — §i§5pa 92 i (— —gklgra)]|.
Pijht X { pa?" (~ 153 432 24 )+ 0500 (= 5 )

B.3.14 The (KK;P) term
Target:

1 P ) ‘ 1
t* /0 ( /O ¢i(Xur)(0dB);) ® ¢(Xep)(0dB')), @ /0 %m (X10) ® o (Xep)a™ (Xeg)do.
Expand ¢, to order t:

1 1
» x (0,0,0,0,0,0,0,0,0,0,0, —,0,0, —).
‘z)mk,pq\l ( 108 108)

Expand ¢; to order t:

1 1
” x (0,0,0,0,0,0,0,0,0,0,0, —,0,0, — ).
¢’L]k‘l,pq (7 s U, U, Uy, U, U, U, U Uy 71087 ) 7108)

Expand both ¢; and ¢, to order Vit
b415,plk,q1t X (0,0,0,0,0,0,0,0,0,0,0, %,0, 0,0).
Expand both ¢; and ¢; to order Vit

1
¢i\j,p\k|l,q X (0}07 0,0,0,0,0,0,0,0,0, %7 0,0, O)

Expand both ¢, and ¢; to order v/t:

1 1
—,0,0

(bij‘k,p‘l,q X (0707070707070707070707 547 ) 7574)

Expand a to order t:
1 . . 1 ..
» 82 kl _—_gstagip 5§ |,
Pight X { bat" (108 * 108 )
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B.3.15 The (P;P) term
Target:

t? /01 %‘Zﬁi (Xtp) ® ¢ (Xip)a” (Xip)dp @ /01 %@c (Xi0) @ ¢1(Xug)a" (Xig)db.
Expand ¢; to order ¢:
Gi paljkt X (%,o, 0,0,0,0,0,0,0,0,0,0,0,0,0).
Expand ¢; to order t:

bilj,palkl X (é,o, 0,0,0,0,0,0,0,0,0,0,0,0,0).
Expand ¢y, to order ¢:

Gijlkpqll X (%,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
Expand ¢; to order t:

Bijhll,pq X (%,0, 0,0,0,0,0,0,0,0,0,0,0,0,0).
Expand both ¢; and ¢; to order Vit

Gi plj,alkl X (i,o,o, 0,0,0,0,0,0,0,0,0,0,0,0).
Expand both ¢; and ¢, to order v/t:

B4, pljlkqll X (4—18,0,0,0,0,0,0,0,0,0,0,0,0,0,0).
Expand both ¢; and ¢; to order v/t:

Giplikllg X (%8,0,0,0, 0,0,0,0,0,0,0,0,0,0,0).
Expand both ¢; and ¢, to order Vit

1
Gulsplkalt % (45:0:0.0.0,0,0,0,0,0,0,0,0,0,0).

Expand both ¢; and ¢; to order Vit

1
(bi\j,p\k”,q X (@7 0,0,0,0,0,0,0,0,0,0,0,0,0, 0)

Expand both ¢, and ¢; to order v/t:

1
¢ij‘k,p‘l,q X (ﬂv 0707 07 0707 07 0707 07 0707 07 070)

Expand a to order ¢:
1 1 ..
2 1 kl 2 kil 1
bijhL X {apqa T gONOT O gatt L 5ire.
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