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Abstract

The main goal of this article is to derive a two-sided estimate for hitting
probabilities of a hypoelliptic stochastic differential equation (SDE) driven by
fractional Brownian motion (fBM) with Hurst parameter H € (1/4,1) in terms of
Newtonian-type capacities that are defined with respect to the (sub-Riemannian)
control distance associated with the vector fields. As a starting point, we first
establish the existence and smoothness of joint densities for the finite-dimensional
distributions of the solution in the general context of hypoellitpic SDEs driven by
Gaussian rough paths. We then turn to the fBM setting and derive a local upper
bound for the joint density in terms of the control distance. As an application
of these results, we establish our main estimate on hitting probabilities which
generalises a well-known elliptic result of [6] to the hypoelliptic case.
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1 Introduction
Consider a stochastic differential equation (SDE)
dY, = V(Y;) dXy + Vo(Vy) di, Yo =yo € RY, (1.1)

where X is a certain stochastic process in R? and V;, - - - , V,; are suitably regular vector
fields on RY. When X is a semimartingale (e.g. Brownian motion) with the stochastic
integral being interpreted in the sense of Ito, the SDE (1.1) has been well studied within
the framework of [t6’s calculus. In a non-semimartingale setting, a typical situation
which has gained much interest is when X is a fractional Brownian Motion (fBM). If
the Hurst parameter H > 1/2, the stochastic integral in (1.1) can be defined in the
sense of Young’s integration, and the well-posedness of the SDE was established in
[20, 23]. If 1/4 < H < 1/2, the well-posedness of the SDE (1.1) requires techniques
from rough path theory, which was originally introduced in the seminal work of Lyons
[24] in 1998. Controlled differential equations of the type (1.1) with driven process X
being a general rough path are more commonly known as rough differential equations
(RDEs). Over the past decades, applications of rough path techniques to the study of
quantitative properties of RDEs have been extensively developed by various authors
in the literature.

On the other hand, as a counterpart to this analytic development there has been
growing interest in the study of probabilistic properties of the SDE (1.1). An impor-
tant aspect of this is the nondegeneracy and regularity of solutions. In the 1960s,
Hoérmander [19] proved the existence and smoothness of fundamental solution to the
heat equation associated with a hypoelliptic second order differential operator. Later
on, in the 1970s Malliavin [25] obtained a probabilistic proof of Hérmander’s result
by showing that the solution to the SDE (1.1) driven by Brownian motion admits a
smooth density under Héormander’s hypoellipticity condition on the vector fields. Along



this pathway, Malliavin developed a powerful technique known as the Mallivian cal-
culus, which has far-reaching applications to various regularity problems in stochastic
analysis. A quantitative version of the Doob-Meyer decomposition was obtained by
Norris [27] which simplified Malliavin’s proof and served as a key ingredient in this
methodology. In the context of fBm with H > 1/2 and elliptic vector fields, Nualart-
Hu [20] established the existence of a smooth density for the soltuion. This result was
extended to the hypoelliptic case by Baudoin-Hairer [2]. More recently, by using rough
path techniques Cass-Friz [8] obtained the existence of density under hypoelliptic vec-
tor fields where the driving process X can be realised as a wide range of Gaussian
processes, including fBM with H > 1/4. The smoothness of density was established
by Cass-Hairer-Litterer-Tindel [10] utilising a pathwise Norris’ lemma in [18| together
with a novel interpolation inequality.

A natural stream of questions along this direction are related to the study of quanti-
tative properties of solutions. For instance, in the diffusion context, the seminal paper
of Kusuoka-Strook [22] established global upper and lower estimates for the transition
density under Hormander’s condition. Cass-Litterer-Lyons [9] derived the integrability
of the Jacobian flow of the solution to RDEs driven by Gaussian rough paths, resulting
in a well-known Weibull-type upper bound on the tail distribution of the solution. In
a complementary direction, Boedihardjo-Geng |7| showed that the Cass-Litterer-Lyons
estimate is optimal by proving a matching lower bound for a large class of rough inte-
grals. For systems driven by fBm with H > 1/4 under elliptic vector fields, Baudoin-
Nualart-Ouyang-Tindel [6] obtained a global Gaussian upper bound on density of the
solution, while a local lower bound was later obtained by Geng-Ouyang-Tindel [17]
in the hypoelliptic case. In [6], the authors also obtained existence, smoothness and
quantitative estimates of the joint density (over a pair of times) in the elliptic case,
which enabled them to establish a two-sided estimate for hitting probabilities of the
solution in terms of Newtonian capacities.

In this article, we consider a hypoelliptic differential equation driven by fBM in the
rough path regime H € (1/4,1). Our main objective is to establish a quantitative re-
lationship between hitting probabilities of the solution and Newtonian-type capacities
associated with the sub-Riemannian metric induced by the vector fields. This is a nat-
ural generalisation of the elliptic result obtained by Baudoin-Nualart-Ouyang-Tindel
[6]. In what follows, we provide an overview of our main results towards this goal. The
main theorem is stated in Theorem 1.9.

1.1 Existence and smoothness of joint density

Consider an RDE (1.1) driven by fBM with Hurst parameter H € (1/4,1). While the
existence and smoothness of density at a fixed time t is well-known under Hérmander’s
condition, a natural question arises: does the joint distribution (Y;,,...,Y; ) admit
a (smooth) density? If so, what quantitative estimates can one obtain for the joint
density? As seen in |6, 11] for instance, joint density estimates play an important role
in the analysis of hitting probabilities, which is often studied using potential-theoretic



techniques in the Markovian setting.

Our first main result provides an affirmative answer to this question. We should
point out that the existence of joint density is not an immediate consequence of the
existence of marginal density, due to the lack of Markovian properties in the current
setting. To formulate the result precisely, we first present the basic assumptions.

Hypothesis 1.1. The vector fields Vj,---,V; belong to Cg°(RY;RY) (i.e. smooth
with bounded derivatives of all orders).

To state the key non-degeneracy condition, we need to introduce some notation.
Given a word I = (i1, -+ , i) over the letters {0,1,2,--- ,d}, we set

‘/}:[‘/117[‘/127[‘/; V;]Hv

k—1)

where [V;, V;] denotes the Lie bracket between two vector fields; as a differential op-
erator it is defined by V;V; — V;V; and one identifies a vector field with a differential
operator (taking directional derivatives). The length of a word I is denoted as |I|. For
each [ > 1 and z € RY, we introduce the following family of vectors at z:

Wiz) ={Vi(z): |I|=k<Il, 1<iy<dand 0<i, <dfor 1 <r<k—1}.

Hypothesis 1.2. There exist an integer [ > 1 and a positive real number \ such that

> (Wow)in = Alullgs
WeWr(x)

holds uniformly for all z,4 € RY. The number [ is referred to as the hypoellipticity
constant.

This is often known as the uniform Hormander condition which plays a basic role
in studying regularity properties of the solution as well as quantitative estimates for
the density. Our first result is state as follows (see Theorem 3.1 for a more precise
formulation).

Theorem 1.3. Consider an RDE
AY, = V(Y,) dX, + Vo(Y;) dt, Yo = yo € R, (1:2)

Here X is a Gaussian rough path including fBM with Hurst parameter H € (1/4,1),
Ornstein-Uhlenbeck process, Brownian bridge as examples (the precise conditions on X
are provided in Section 2.1 below). The vector fields V = {V;}L, are assumed to satisfy
Hypotheses 1.1 and 1.2. Let 'Y be the solution to the the RDE. Then for any m > 1
and 0 <ty < -+ < t, < T, the distribution of (Yi,,---,Y:,, ) admits a smooth joint
density with respect to the Lebesque measure on R™Y,



1.2 Local upper bound for joint density

A crucial ingredient in the analysis of hitting probabilities is a precise local estimate
for the joint density of solution over a pair of times (s,t). In what follows, we assume
that V5 = 0 and the driving process is a d-dimensional fBM with Hurst parameter
H € (1/4,1). In other words, we consider the following RDE

dY, =V (Y;) dB,, Yy=y,€R", (1.3)

where B is the canonical rough path lifting of B. It is known from Theorem 1.3 that
(Y;,Y;) admits a smooth joint density. To state our second main result, we need to
introduce the following essential definition.

Definition 1.4. The control distance function associated with the vector fields {V;}4_,
is defined by

d(x,y) := inf {HHHLQ([OJD My (x,h) = y} : (1.4)

Here II;(x, h) denotes the solution to the equation (1.3) at time ¢ = 1 with driving
path h and initial location z. The infimum ranges over all those A : [0,1] — R? which
are absolutely continuous with L2-derivatives and satisfy the condition in (1.4).

We use By(z,r) = {z € RV :d(z,2) <r} to denote the ball centered at x with
radius r under the control distance d and |By(x, r)|vo to denote its Lebesgue measure.

Our second main result provides a (sharp) local upper estimate of the joint density of
(Ys, Y2).

Theorem 1.5. Suppose that the vector fields V = {V;}%_, satisfy Hypotheses 1.1 and
1.2. Let Y be the solution to the RDE (1.3) on [0,T] and let p(s,t,z,y) denote the
joint density of (Ys,Y;). For any 6 > 0, there exist constants C,e > 0 depending on
H,V, T, such that .

s, t,x,y) <
P20 S B =9
holds uniformly for all s < t € (§,T), x,y € RN with d(x,y) < (t — s)7 andt — s < e.

(1.5)

Remark 1.6. If the vector fields are elliptic (e.g. [ = 1 in Hypothesis 1.2), the control
distance is locally equivalent to the Euclidean distance: there exist C',§ > 0 such that

1
alle = yller < dlz,y) < Cllz = yller, (1.6)

for all z,y € RY with ||z — y|[g~y < 6.
Some related quantitative density estimates in the literature are discussed as follows.

e In the diffusion context (B is the Brownian motion), Kusuoka-Strook [22] ob-
tained a global upper and lower bound for the transition density p(¢, z,y) under
the uniform Hormander condition:

1
M|Bd($, t1/2)‘\/01

—Md(z,y)?/t < M —d(z,y)? /Mt
e NyZ t? x,y < € :
G0 8) S By, ) v



e For the fBM driven case with elliptic vector fields, Baudoin-Nualart-Ouyang-
Tindel [6] established the following upper estimate for the joint density p(s, ¢, z,y)

of (V.. Vi) o
CM |t—8|

p(s,t,r,y) < < /\1>
stoy) S g ey

for all z,y € [-M, M]N.

e For the fBM driven case with hypoelliptic vector fields (i.e. under the uniform
Hormander condition), Geng-Ouyang-Tindel [17] established the following local
lower bound for the density:

C

p t7x7 > T 7/ LNl
( y) 2 | Ba(, t7) |vol

for all (¢,z,y) € (0,1] x RY x RY satisfying d(x,y) < t¥ and ¢ small.

If one attempts to replicate the argument in [6] for the hypoelliptic case, one would
only obtain a non-sharp upper bound for the joint density which does not yield optimal
capacity estimates for hitting probabilities. We will use Kusuoka-Stroock’s method in
[22], which respects the sub-Riemannian metric associated with the vector fields and
hence yields sharp estimates.

1.3 Hitting probabilities and hypoelliptic capacities

Finally, as an application of Theorem 1.5 we establish a quantitative relationship be-
tween hitting probabilities of sets in RY by the solution to the RDE (1.3) and the
associated Newtonian-type capacities. A classical problem in potential theory is to
derive conditions under which a process hits a given set A with positive probability.
Typically, such conditions are described in terms of certain capacities. In our setting,
we shall look for the following type of relations:

P(Y([0,T])) N A#0) >0 iff Cap,(A) > 0.

Here Cap,(A) is a suitable notion of a-dimensional capacity, which is defined in terms
of the control distance function d (see (1.4)).

Let us now define the capacity precisely. Given any real number «, the a-dimensional
Newtonian kernel is defined by

r—, if a > 0;
Ko (r) == ¢ log(No/r), if a = 0; (1.7)
1, if a <0,

where Ny > 0 is a suitable constant whose value is not particularly important. Let
m(-,-) be a given metric on RY. For any probability measure p on RY with compact
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support, its a-dimensional Newtonian energy with respect to the metric m is defined

by
Euli)i= [ Kalm{a.9)) ) u(dy). (18)

Definition 1.7. Let A be a Borel subset of RY. The a-dimensional capacity of A with
respect to the metric m is the reciprocal of the minimal energy:

—1
Capa(4) = ng(fA) sa<u>] ,

where P(A) denotes the set of probability measures that are compactly supported
within A.

To relate the capacity to dynamical properties of the process, the choice of the
metric m(-,-) is connected with both the dimensionality of the state space and the
way the process propagates. For elliptic systems, the process diffuses uniformly in all
directions, and therefore the Euclidean distance accurately measures its propagation.
Taking m to be the Euclidean distance, i.e. m(x,y) = ||z — y||[grv, a considerable
amount of work has been done to characterise hitting probabilities for a wide range of
stochastic processes (see [16] and references therein).

In the Markovian setting, this is effectively studied by means of techniques from clas-
sical potential theory. In a non-Markovian setting, Baudoin-Nualart-Ouyang-Tindel [6]
proved the following quantitative estimate. Let Y be the solution to the RDE (1.3)
driven by a d-dimensional fBM with Hurst parameter H € (1/4,1). Suppose that
the vector fields are uniformly elliptic (i.e. satisfying Hypothesis 1.2 with [ = 1). Fix
0<a<b< 1, M >0andn > 0. Then there exist positive constants C', Cy depending
on a,b, M,n, such that the estimate

Cy Capy_yju(A) <PV ([a,B) N A #0) < G Capy_yjy(A) (19)

holds uniformly for all compact sets A C [—~M, M]". Here the capacity is defined
with respect to the Euclidean distance. This generalises the well-known result that “a
d-dimensional fBM hits points iff d < 1/H” (see [30] and references therein).

On the other hand, for hypoelliptic systems, the geometry induced by the dynamics
is not uniform in all directions since those directions along Lie brackets of the vector
fields are harder to explore. The control distance d defined by (1.4) captures the
underlying sub-Riemannian geometry through which the process propagates. We now
define the intrinsic dimension associated with this geometry (see |1, Section 20.1]).

Let V = {Vi,---,Vy} be a family of smooth vector fields which satisfies Hypothesis
1.2. Let D denote the C*°(R";R)-module generated by V. For each k > 1, we define
the submodule D¥ of C*=(RM; RY) recursively by

D' .= D, D! .= DF 4 [D, D"



We also set DY := {W, : W € D*}. The uniform Hérmander condition ensures that

for each € RN there is a smallest integer 7(z) < [ such that D™ — RN, This gives
rise to a canonical flag of D at x:

{0}::DggDig...gD;(w):RN'

The list {dim DF}1<p<r () of integers is called the growth vector of V at z. The vector

fields in V are said to be equiregular if the growth vector is constant when x varies over
RV,

Definition 1.8. Suppose that V is equiregular. The homogeneous dimension of V is
defined by
r(z)
Q=) k(dimD} - dim D),
k=1
which is independent of x by assumption.

We now state our final result which is also the main theorem of the present article.
In what follows, we choose m(,-) to be the control distance d in Definition 1.7 of the
capacity.

Theorem 1.9. Suppose that the family V' of vector fields satisfies Hypotheses 1.1, 1.2
and is equireqular with homogeneous dimension (). Let Y be the solution to the RDFE
(1.3) driven by a d-dimensional fractional Brownian motion B with Hurst parameter
H € (1/4,1). For any fized real numbers 0 < a <b, M > 0,1, >0 and 0 <ny < 1/H,
there exist positive constants

Cl = Cl(aa ba V? H7 M7 m, Q)7 02 = 02(a7 b7 Va H7 M7 72, Q)
such that the estimate
Gy Capg-yymim(A) < PIY([a,l)NA£0) < G Capg_ym_p(4)  (110)

holds uniformly for all compact sets A C Bg(o, M). In addition, if Q = N one can
take no = 0.

Remark 1.10. Theorem 1.9 is a natural extension of the elliptic result (1.9) of [6].
In view of (1.9), the estimate (1.10) is nearly optimal since 7y, 7, are arbitrarily small
numbers.

1.4 Summary of contributions

In what follows, we summarise the novelty and contributions of the current work.

(A) To prove the existence and smoothness of joint density for (V;,,Y;,, -+ ,Y;, ), in-
stead of successively conditioning on F; ,---,F;, with step-by-step applications of
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Malliavin calculus, we analyse the joint Malliavin covariance matrix directly. Then, by
a suitable change of variable, the required nondegeneracy of the joint Malliavin matrix
is seen as a consequence of the nondegeneracy of the vector fields over finitely many
points, which is ensured by Hypothesis 1.2.

(B) By invoking a disintegration formula from Riemannian manifold, we are able to
relate the joint density of (Yi,Y;) with the distribution of the truncated signature
process B, on free nilpotent Lie groups. The problem thus reduces to establishing a
smooth upper bound for the conditional density of the signature of fBM which is more
manageable due to its explicit structure.

(C) We employ the control distance (1.4) (rather than Euclidean) in Definition 1.7 of
the capacity. It accurately captures the hypoelliptic behaviour of the dynamics and
therefore effectively controls the hitting probabilities through the main estimate (1.10).

(D) In the hypoelliptic case, the Newtonian kernel K (d(z,y)) lacks translation invari-
ance which prevents the use of Fourier analysis and invalidates the elliptic argument.
To address this, we slightly increase the energy dimension to o + n under which one
can effectively estimate the energy of smoothened measures.

Organisation. In Section 2, we discuss some basic notions and preliminary tools that
are needed for our later analysis. In Section 3, we prove the existence of smooth joint
densities for the finite-dimensional distributions of the solution. In Section 4, we derive
a local upper estimate for the joint density, which is a crucial ingredient for establishing
our main hitting probability estimate. In Section 5, we develop the proof of the main
Theorem 1.9.

2 Preliminaries

In this section, we first review some basic notions on Gaussian rough paths and then
restrict to the fractional Brownian motion setting where more tools are discussed.

2.1 Gaussian rough paths

We begin by recalling the following definition. Given a mean-zero, real-valued Gaussian
process {Z; : t € [0,T]} in R, let R(s,t) := E[Z;Z;] denote its covariance function.

Definition 2.1. Let 1 < p < 2. The covariance function ¢ is said to have finite (2D)
p-variation if

V,(R;[0,T] x [0,T7)" := sup Z ’R(s,t;v,u) ’p < o0,

where R (s, t;v,u) := E[(Z; — Zs)(Z, — Z,)] and D, D’ are any finite partitions of [0, T'.
The function ¢ is said to have finite (2D) Holder-controlled p-variation, if there exists

9



C > 0 such that
Vo (R; [s,t] x [s,]) < C(t — s)"/*

forall 0 <s <<t < T.

Theorem 2.2 (see [14]). Let (Xi)ocicr = (X}, -+, X2) be a mean-zero Gaussian
process with i.i.d. components. Let R denote the covariance function of any of its
components. Suppose that R is of finite 2D p-variation for some p € [1,2). Then the
process X admits a canonical lifting to a geometric p-rough path X for all p > 2p.
In addition, its (intrinsic) Cameron-Martin space H can be embedded into the space
Crvar((0, T, RY), more precisely, one has

| h’ | p-var; [OvT]

e _
VYR 0,77 % [0,7)

Remark 2.3. Writing Hp for the Cameron-Martin space of fBm for H € (1/4,1/2),
the variation embedding in [12]| gives the stronger result that

Hp — CT([0,T],RY)  Vqg>(H+1/2)7"

In what follows, we always assume that (X;)ocscr = (X}, -+, X?) is a mean-zero
Gaussian process with i.i.d. components. Let R be the covariance function of any of
its components. To study regularity properties of rough differential equations driven
by a Gaussian process, one needs the following standard assumption.

Condition 2.4. We assume that R has finite Holder controlled p-variation for some
p € [1,2). In particular, X admits a canonical lifting to a geometric p-rough path X.
We also assume that H, the Cameron-Martin space associated with X, has Young com-
plementary reqularity with respect to X in the following sense: one has the continuous
embedding

H — CT ([0, T], RY)

for some ¢ > 1 satisfying 1/p+1/q > 1.

Remark 2.5. Complementary Young regularity for {BM holds when H > 1/4 by
taking p € [1,3/2).

The following two conditions are fundamental in the study of non-degeneracy (ex-
istence and smoothness of density) for RDEs driven by a Gaussian process (see [10]).
Let Z; denote any component of X; (recall that they are i.i.d. Gaussian).

Condition 2.6. We assume that there exists a > 0 such that

oségf@ (t—s)>

Var(Zy | Fo.s V Fir) > 0. (2.1)

The index of nondeterminism is the smallest « for which (2.1) is true.

10



Condition 2.7. For every [u,v] C [s,t] C [0,S] C [0, 7], one has
Cov(Zsy, Zy | Fos V Frs) = 0.

Remark 2.8. It was shown in [10, Lemma 4.1] that for fBm with Hurst parameter
H € (0,1/2), the relation (2.1) holds for any a € (1,2]. The case when H € (1/2,1)
was handled in [29] where « is shown to be H + 1. For the Ornstein-Uhlenbeck process
and the Brownian bridge, one has o = 1.

Definition 2.9. Let § € (0,1). A path X : [0,7] — R? is called 0-Hélder rough if
there exists a constant ¢ > 0 such that for every s € [0,7], every ¢ in (0,7/2], and
every unit vector ¢ in R?, there exists ¢ in [0, 7] such that €/2 < |t — s| < & and

(¢, Xoa)| > e’

The largest such constant is called the modulus of 0-Hélder roughness and is denoted
as Lo(X).

Remark 2.10. It was proven in |10, Corollary 5.10| that under Condition 2.6, one has
Lo(X) € L? for all p > 1.

2.2 The Mandelbrot-van Ness representation

Let B = (By)o<t<r be a one-dimensional fBM with Hurst parameter H € (0,1). Its
canonical Hilbert space (non-intrinsic Cameron-Martin space) Hp is defined to be the
completion of the linear span of {14 : ¢t € [0,T} with respect to the inner product

(Logs Lps))ms = Ru(t,s), (2.2)

where
Ry(t,s) == (" + s — |t — s")

denotes the covariance function of B. Note that the canonical Hilbert space of the
standard Brownian motion W = (W,)er is Hw = L*(R) with

(Lo, L(0,6]) 24,y = min(z, s).

The fBM admits the so-called Mandelbrot-van Ness representation which will be
useful to us. More precisely, the covariance Ry admits the integral form

RH(t,s):/ SkJH(t,u)kH(s,u)du, (2.3)

where kg is the kernel defined by
it w) = ey (= w2 = (—)f77)
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and cpy is an explicit constant ensuring (2.3) to hold. This leads to the representation

t
Bt:/ ku(t,s)dW,, 0<t<T (2.4)

which expresses B; as a Wiener integral with respect to W. This representation defines
an isometric embedding of H g into Hy via

%(1[(“}) = k‘H(t, ) 1(foo,t](')7 O < t < T.
Indeed, according to (2.3) one has

(Lo, Lo, s = (K (L), £ (Lj0,6))) 2y -

For any step function g = >_"" | a;1y, ) on [0,T], we define

n

I(.g) = Zai(Bti - Bti—l)‘

=1

By the definition of the inner product (2.2), one has

E[Z(f)Z(9)] = (f, 9)ns (2.5)

for any step functions f,g. As a result, the map Z can be extended to an isometry
T :Hp — L*(Q). The (intrinsic) Cameron-Martin space Hp is defined to be

Hp:={h|h=E[BZI(h)], 0<t<T, h€Hp},

where the inner product in Hp is induced by (f, g}z, = (f. 9)u,- For any h € Hp, we
use h to denote its corresponding element in Hp.

To avoid ambiguity, we adopt the notation Dy (resp. Dp) for the Malliavin deriva-
tive with respect to W (resp. B), and denote the corresponding Sobolev spaces by D];{,p
(resp. D%P), where k is the differentiability index and p is the integrability index. Here

F e ID)]%’,’) means
b j » 1/p
(B (1D} Pl o] ) < o0,
5=0
and analogously for D%p . The connection between D];]f’ and ]D)’gp is described by the
following result.

Proposition 2.11. Let (W,,)_cocus<r be a Brownian motion on the canonical Wiener
space (2, FV,P). Given fized H € (0,1), we define the process (By)ocu<t by

Bu:/ ky(u,s)dW,, 0<u<T,

— 00

where kg is the Volterra kernel associated with the Hurst parameter H. Then the
following relations hold true:

12



(i) Dy’ = ()7 (Dy);
(ii) For all F € Dy, one has Dy F = #DpF.
We shall consider the Malliavin calculus with respect to the filtration
FV = o(W,, —0co<u<s)

and define the following conditional Malliavin-Sobolev norm:

k 1/p
| F s = (ZE (D3 i, e |f3V]> , (2.6)
§=0

where Hys := L*([s,T] for any 0 < s < T
To ensure compatibility with the Hilbert space Hy, we introduce the kernel

Ly(t,s) = cy(t— )12 forall 0 < s <t <T.
This defines an operator
Z (Loy) = Lu(t, ) 1og(), 0<t<T,

and the associated Volterra-type process
t
Ly = cH/ (t —r)I=12aw,, 0<t<T.
0

Note that for any 0 < s <t < T, one has the identities
H (L) = ZL (1) on [0,7T]
(A (Lpa), H (L)), = (L Lpa) £ Apal) )y, -
This immediately leads to the following result.
Proposition 2.12. For all F' € ]D}E;Q, one has
Dy F =% (DgF)
as a L*([0,T])-valued random variable.

Proof. This follows directly from Proposition 2.11 and (2.7). O

The following two lemmas are taken from [3, Proposition 9 and Lemma 2 respec-
tively|. Two processes are said to be equivalent if their laws are mutually absolutely
continuous.

Lemma 2.13. For any H € (0,1), the process (By)o<t<r s equivalent to (Li)o<t<r-

Lemma 2.14. Let X!, X? be Gaussian processes and assume that they are equivalent

on [0,T]. Then there exists Cp > 0 such that
T 2
([ reaxz) ]
0

( /0 ) f(s)dX;)2

for any step function f.

E < CrE

13



2.3 Conditional decomposition of fractional Brownian motion

Let W, = (W}, ..., Wg) be a d-dimensional Brownian motion defined on (—oo,T]. The
Mandelbrot-van Ness representation defines an fBM with Hurst parameter H € (0,1)
as a Volterra-type process given by

t
Bt:/ kp(t,u)dW,, 0<t<T.

For any 0 < s < u < T, we decompose the increment B;, := B, — B; into two parts
according to their F}V-measurability:

Bs,u = Ls,u + Qs,ua

where

L, = CH/ (u —r)T=12 aw,.,

Qs = cCH /8 [(u — )72 (5 — T)H_I/Q] dW,..

oo

Clearly, (Ls.4)s<u<r is independent of FY while (Qs.)s<ucr is FY' -measurable.
The following simple observation will be used for several times in the sequel.

Lemma 2.15. For any € > 0 and s > 0, the joint distribution of the process

(Ls,s—i—au ) Q8,8+Eu>0<u<1

coincides with that of
(EHLO,ua €HQ0,u)0<u<1 .

Proof. This is a simple consequence of scaling invariance. O

To compare the Malliavin derivative of functionals of Gaussian processes, we intro-
duce the following notion of equivalence.

Definition 2.16. Let X and Y be random variables defined on the Wiener space
(Q, FV P). We say that X and Y are equivalent in the sense of Malliavin and simply

write X 2 Y, if one has
d
D% X0 = (DY 00

for every integer k > 0 provided that both sides are well-defined. Here D%, denotes
the k-th Malliavin derivative with respect to the Brownian motion .

The following lemma provides a sufficient condition under which two random vari-
ables are equivalent in the above sense.

14



Lemma 2.17. Let &', ®?: C([0,1]) — R be measurable functionals such that ®'(Ly.)
and ®*(Qo..) are smooth in the sense of Malliavin, i.e.,

E (D@ (Lo )|[yee ] < 00, E [[|DE@2(Q0,)|[5e0] < o0
forall k>0 and p>1. Then for any s > 0 and € > 0, one has
®'(Lo,) = ' (M Lysre), D%(Qo) = @ (e Quure).
Proof. To ease notation, we write L, = Lo, and K, = e H L s4ey for u > 0. It suffices

to show that, for any integers [ > 1, k > 0, any f € C>°(R%;R), and any finite sequence
0<ty <ty <---<t; <1, the following two random variables

> Oua f(Liyoo o Ly) DLy, ® - @DyLy,

1<i1,0 g <l ok
1 2% HW
and
N O J(Kiys o Ky) DK, ® - © DyK,
1<iy,...,ix < H®k

are equal in distribution. But this follows from the facts that both processes L; and
K, are Wiener integrals with respect to the same Brownian motion (W,)_s<u<r, and
that

(Lyy, .. Ly) 2 (K, K.

The same argument applies to the processes (Qo.u)o<u<i and (677 Qg o1 cu)o<u<t, Which
completes the proof of the lemma. O

2.4 Conditional small ball estimates

Integrability of the modulus of #-Holder roughness plays an important role in the study
of the existence of a smooth density. In our study, we need a conditional version of
this property and in this subsection, we first derive some related conditional small ball
estimates.

Lemma 2.18. Let (By);>o be a d-dimensional fBM with Hurst parameter H € (0,1).
Then there exists a positive constant C' such that for any § > 0, any unit vector ¢ € R%,
and any x € (0,1), one has

P ( SUup |<¢7 Bu,v>| < ’ ]:(YV) < exp (—C5x_1/H) ’

u,v€(0,4]

where B,, = B, — B, denotes the increment of the fBM.

15



Proof. Firstly, by the scaling property of fBM, one has

X
IP( sup |<¢,Bu,v>|<x\ng> :]P’( sup (¢, Buo)| <5—H\f§V>.

u,ve(0,6] u,v€(0,1]

Secondly, for any ¢ € R? with ||¢||ge = 1, one notes that

(<¢> Bt>)t>0 i (B;)tzo’

where (B})i>0 denotes the first component B. Therefore, it suffices to establish the
desired bound in the case § = 1 and ¢ = ey, i.e.

P ( sup |B,,| <z ng) < exp (—Cax ™M)

u,v€(0,1]

for some constant C > 0.
Fix 2 € (0,1). We define a partition of the interval I = [0, 1] in the follow way. Let
n = \_.CE_I/HJ > 1 and define the partition sequence 0 =ty < t; < --- <t,41 =1 by

t; =iz, fori=0,1,...,n.

Since By = 0, it is obvious that

]P’( sup ‘lew <x}fgv> <P<sup !Bﬂ ga:‘]-"gv>
u,v€[0,1] u€[0,1]

(2.9)

=1,

<7 (g |1 <2 |7

To estimate (2.9), we successively condition on the following filtrations in order:

‘/—-;512/71’ ‘/—_?2/72"” ? ‘FOVV
According to Lemma 2.15, the distribution of B} _ , conditional on F}" is equal to
the distribution of (t; — ¢;_1)# B, conditional on FV. Furthermore, one has Bj, =
Ly, + Q(l),l. Here L(IM, Q.. are Gaussian variables, where L(l)’1 is independent of FJ¥
and Qé,l is measurable with respect to F)V. If we denote o2 as the variance of L(l),p
then one has
P (’B}_

i—1,0

<o |FY) BB (i~ 1) |By| < | AY)

< [T Ly
_U(ti—:i—l)H 27
Here we used the fact that for a Gaussian random variable with fixed variance, the

probability P(|Z] < x) is maximised when the mean is zero. Note that the right hand
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side also serves as an upper bound for P(|B}| < x| F}" ), since B}, can be viewed as
the increment Blz;l’ti shifted by BlH, and the bound depends only on the variance.
By iterating the above estimate, one obtains that

IP’(_IrllaX }B ‘ :E‘}_O)

o tn—tx _H 1 2
<P max B1 x| FV (ntny) Y2
= (1—1, n—1 ’ | | 0 ) z V2 Y

o(tn—typ_1)H

- o(tn— txn 1) 1 2
eV 2y,
H V2 Y

‘7<t”ﬂ tn l)H

Since m < % by the construction of the partition, one has

v ('“fax B! .| <z|FRY ) Se e (2.10)
where C':= —log [~ 1{7 \/Le v/ 2dy. The desired estimate thus follows. O

Proposition 2.19. Let (B;)i>0 be a d-dimensional fBM with Hurst parameter H €
(0,1). Then there ezist positive constants Cy,Cy, such that one has

P( inf  sup [(6,Buu)| <

¢llga=1 wu,vels,s+6)

FV ) < Cyexp (—Coda™VH)

for alld >0, s >0 and x € (0,1).
Proof. As in the proof of Lemma 2.18, it suffices to prove the desired bound in the case

0=1and s =0, ie.

P ( inf  sup [(¢, Bu.)| <z

léllza=1 w,vel0,1]

]:(YV> < Chexp (—ng_l/H) .
Since By = 0, one first has

P( inf sup |6, Buu)| <z

18llga=1 woe(o,1]

)

ng <P inf  sup [(¢,B.)| <z
[#llga=1 ue(o0,1]

The right hand side is what we aim to control in the following argument.
According to (2.8), the process (B;)to can be decomposed as

By = Loy + Qoy,

17



where (Lo ¢)i0 and (Qo+)i=0 are Gaussian processes, with (Lg;)¢>o being independent
of F¢V and (Qq)=0 being measurable with respect to F¥. For any unit vector ¢ € R?,
we define

<¢7 Bt> = <¢7 LO,t> + <¢7 QO,t> = L? + Q?
It follows from [18, Equation (3.12)] that

Fo' | <Crexp|—Cy sup |Qf] |P| sup |LE| <,
u€0,1] u€el(0,1]

where C},Cy > 0 do not depend on B and ¢. Due to the scaling property of L?, the

same argument leading to (2.10) shows that

P ( sup (¢, By)| <z

u€el0,1]

sup P ( sup ‘Lﬁ‘ < ZL‘) < exp (—Cg,x_l/H)

”¢I|Rd:1 ue[ovl}

for some C5 > 0.
Combining the above estimates, it follows that

P ( sup [{(¢, B,)| < x

u€[0,1]

Fo' | <Crexp | —Cy sup |Qf] - Cyz VH | (2.11)
u€(0,1]

One can now apply the compactness argument as |18, Lemma 2|, specifically the steps

following Equation (3.13) there, to bound the right hand side of (2.11) uniformly over

all unit vectors ¢. This yields the estimate

P( inf sup |(6, B.)| <a

lléllga=1uefo,1]

.7-‘8”) < Cyexp (—C5x_1/H) ,

which completes the proof of the result. n

3 Existence and smoothness of joint density

Our goal of this section is to prove the existence of a smooth joint density for the
solution to the RDE (1.2) over multiple times under the hypoellipticity assumption.
The main result is stated as follows.

Theorem 3.1. Let (Xy)iepr) = (X7, s X{)iepor) be a continuous Gaussian process
with i.i.d. components. Assume that every component of X satisfies Condition 2.4 for
some p € [1,2), Condition 2.6 with index o« < 2/p and Condition 2.7. Consider the
RDE

Y, = V(Y;) dX, + Vo(Yy) dt, Yy =yo € RY,

where X is viewed as geometric rough path with roughness p > 2p. Suppose that
the vector fields {V;}¢_, satisfy Hypothesis 1.1 and 1.2. Then for any m > 1 and
0<ty <--- <ty <T, the joint distribution of (Yz,,---,Ys,,) admits a smooth joint
density with respect to the Lebesque measure.
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The rest of this section is devoted to the proof of Theorem 3.1.

As a standard route from the perspective of Malliavin’s calculus, the crucial point
is to investigate the non-degeneracy of the Malliavin covariance matrix which we first
define.

Definition 3.2. Let F' € DY*(RY) be a random vector in RY. The Malliavin covari-
ance matriz (or simply Malliavin matriz) of F is the N x N random matrix v(F)
whose (i, j)-entry is defined by

’)/”(F) = < DxFi,Dij >7‘1X'

The Malliavin matrix of the solution Y; is closely related to the Jacobian flow. Let

Y,

us first recall that J, := 8;; (Y;® denotes the solution to (1.2) with initial value x) is

the unique solution to the linear equation

t d ¢
Jt:Idn+/ D%(}{j’)JsderZ/ DV;(YZ)J, dX7,

and that the following result holds true (see [10]).

Proposition 3.3. Let Y; be the solution to equation (1.2) and suppose that the vector
fields {Vi}&_, satisfy Hypothesis 1.1. Then one has Y; € DE(RY) and

(Dg];)Yt)(s) =J1Vi(Ys), forallk=1,---,dand 0<s<t,

where Dg?) means the k-th component of Dx and J, s = Jth_l.

We are now in a position to introduce the Malliavin covariance matrix.
Given 0 < t; < -+ < t,, < T, let I = (Y, - .,Y; ) being viewed as a N X m-
dimensional column vector. We write its Malliavin matrix as a block matrix

<DX1/;17DX}/;‘1>HX <DXK17DX}/;§M>HX
V(F) = : : (3.1)
(DxY:,,DxYi)uy ... (DxYi,.,DxYi )uy
with blocks
d
DYDY = 3 [ B © 3 (V)
k=1 [O,ti]X[O,tj]

According to Proposition 3.3, (Dg’;)Yti)(s) = J4.sVi(Ys) 1, (s), and the inner product
within Hx is understood as a 2D-Young integral with respect to the covariance func-
tion R(u,v) := E[X!X!]. The following result establishes the non-degeneracy of the
Malliavin matrix y(F').
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Proposition 3.4. For any g > 1, there exists Cy > 0 such that

P (”illr|1f1<a,7(F)a) < 5) < Ot

for all e > 0.

Proof. We only consider the case m = 2 (the general case only involves more notation).
Let the random variable Rx be the corresponding quantity R in the pathwise Norris’
lemma (see |10, Theorem 5.6, Equation (5.8)]). According to Remark 2.10 and Cass—
Litterer-Lyons [9], Rx possesses finite moments of all orders. Our proof is divided into
the following four steps.

Step 1: Lower bound for (a,~v(F)a). We first derive a lower bound for (a,v(F')a)
in terms of the supremum norm. Let a* = (a}, a}), where each a; (1 = 1,2) is a column
vector in RY and the superscript * means transposition. By the definition of (F)
n (3.1), it is readily checked that

(a,v(F)a) =Y A* ~ where AF:= / e dR(u,v),

(0,77

B
Il o
—

with
fk o (CL*{Jtl’o + CL;JQ’()) JO,st<Y:<;>; 0<s<
° GEth,tlJtl,st(Ys), t1 < s <t

To simplify notation, we write (aj, a3) := (ajJds, 0 + a3y, 0, a3d, 4, ) and one has

a7JosVi(Ys), 0< ty,
k:{al 0, k( ) <S (32)

<
s .
aQJtl,SVk(YtS): t s < t2

By applying [10, Corollary 6.10], one sees that || f*||s i ..« is upper bounded by the
maximum of

1/2

2Var (X, _, 4, | Fory V ]:ti,T)_l/z ( fE e dR(u, v))
[0,T]?

and

kkd k2v+a
C(/[OTff R(uv> A

where C' > 0 is some constant and v+ 1/p > 1. In particular, to obtain a upper bound

on H f ’“” [ty 1€ needs to control the following three terms separately:
k k -1
Hf H’y [ti_1,ti] A", Var (Xt'f tio1 V ‘Fti7T)
1. It is easy to see that kaHv,[ti_l,ti] is bounded by Rx according to the definition
of Rx.
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2. A* is bounded above by (a,y(F)a).

3. Var (Xy,_, 4| Fos \/.Fti,T)il is bounded above by a positive constant due to
Condition 2.6.

As a result, there exist constants C, g1, g2 > 0 such that

1 g < Clasn(F)a) B

Combining this with (3.2), it follows that

Q3 Vi(Y)| < Cla,y(F)a)® RE (3.3)

00, [tim1,ts]

forany:=1,2and k=1, --- ,d.
Step 2: Iterating the bound (3.3) to Lie brackets. The next observation is that

d t t
a3 Vi) = avi(Ye, )+ / a7 1 Vi (Y dX )+ / a7 3ty Vo) (Ya)du
k—1 Y ti-1 ti—1

forall I € Aj(I—1),i=1,2and t;_; <t < t;. This is easily obtained through the
integration by parts formula. Together with Norris’ lemma (see [10, Theorem 5.6]),
the above formula implies that there exist constants C, ¢q, g2 > 0, such that

C

&:Jtifly"/(k’l)(yﬂ‘

d;thzfly‘/I(Y)HZ; RS

<
00, [ti—1,t;] tiort] X

for any i = 1,2, k = 0,1,--- ,d and I € A;(I —1). Starting from the base estimate
(3.3), an induction argument shows that

Q3 Vi(Y)| < Cla,y(F)a)® R (3.4)

oo, [tim1,ti]

for any ¢ = 1,2 and I € A;(]).

Step 3: Nondegeneracy of (a,v(F)a)Rx. We are going to apply Hypothesis 1.2
to find a constant lower bound for (3.4). Indeed, if one evaluates a;J; ,.V;(Y.) at
the starting points of every interval [¢;_1,¢;], the estimate (3.4) implies that there are
constants C, g1, g2 > 0 such that

sup [aVi(yo)l* + sup [azVi(Yy)l* < Cla,y(F)a)” R%.

IcA: (D) IeA ()

According to Hypothesis 1.2, one has

sup [aiVi(yo)l* + sup |a3Vi(Ye)|* = A (llaallgn + llazllzr) -

IeA: () IeA ()

Recalling (a7, a3) = (ajJy, 0 + a3J¢,0,a3J4,4,), one can write

aq _ JO,tl 0 : dl :Q dl
as -1 Jt1,t2 &2 ’ btz dg ’
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and one has

1= [las[lzx + llazllzy < 1Qu o llzren (lanllgy + llaallz)

Assembling together the above estimates and taking infimum on both sides, one con-
cludes that

L AC | Quul R i (0.9(F)a) < G BY inf (09(F)a)" (35

for some C4,q1,qa,q3,q1 > 0, where we also used the fact that ||Qq, s ||lrvxy < C'R%
for some p > 1.

Step 4: Integrability of v(F)~1. Let ¢ > 1 be given fixed. As a consequence of (3.5),
one obtains that

P ( inf (a,v(F)a) < 5) < P(1 < C1R%e™) < Cye’E[R%]

llall=1
for suitable constants Cs, g5 > 0. The desired estimate thus follows. O]

Proof of Theorem 3.1. Proposition 3.4 implies that the Malliavin covariance matrix of
(Yi,, -+, Y, ) has inverse moments of all orders. The desired result thus follows from
standard regularity theorems from Malliavin’s calculus (see [28]). O

4 Local upper estimate for the joint density of (Y5, Y})

In this section, we prove Theorem 1.5, which provides a precise local upper bound for
the joint density of (Y5, Y;) and will be essential for establishing capacity estimates for
hitting probabilities in the next section.

Our approach is inspired by Kusuoka-Stroock’s technique in [22]. The main idea is
to approximate the actual solution by its stochastic Taylor expansion, whose nonde-
generacy can be obtained from the nondegeneracy of the truncated signature process
of X together with the hypoellipticity of the vector fields V.

4.1 Free nilpotent Lie groups and Lie algebras

To study the truncated signature process, we shall first recall some basic notions on
free nilpotent Lie groups.

The truncated tensor algebra of order [ over R? is denoted by 7). Under addition
and tensor product, (T”, +, ®) is an associative algebra. The set of homogeneous Lie
polynomials of degree k is denoted as Ly, and the free nilpotent Lie algebra of order [
is denoted as g¥). The exponential map on T® is defined by

exp(a) := Z

22
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where the sum is indeed finite and hence well-defined. T® is equipped with a natural
inner product induced by the Euclidean structure on R% and the Hilbert-Schmidt tensor
norm on each of the tensor products. To be more precise, the inner product on (R4)®*
is induced by

<U1 R QU W Q- D ’wk>(Rd)®k = <U1,1U1>Rd ce <’l}k,wk>Rd.

The components (RY)®* and (R?)®™ (k # m) are assumed to be orthogonal. The
Hilbert-Schmidt tensor norm is denoted as || - ||us-
The following algebraic structure plays a fundamental role in rough path theory.

Definition 4.1. The free nilpotent Lie group G® of order [ is defined by
G0 .— exp(g(”) cT®,

Note that the exponential map is a diffeomorphism under which g is the Lie
algebra of G). We define the operation x to be the multiplication on g induced from
G® through the exponential map, namely

v % u = log(exp(v) @ exp(u)), wv,u € g?.

It will be useful in the sequel to have some basis elements available for the algebras
introduced above. Let A(l) (respectively, A;(l)) denote the set of words (respectively,
non-empty words) over {1,...,d} of length at most [. We set ey := 1, and for each
word I = (i1,...,1,) € Ai(l), we define

e(1) = € K- ®e, and ey := [eip T [67;7"727 [eir717 eir“ o ']7

where {ey,...,eq} denotes the canonical basis of R?. Then {e( : I € A(l)} forms an
orthonormal basis of T7® under the Hilbert-Schmidt tensor norm. In addition, one also
has

Ly =Span{e;: |I| =k}, g® =Span{e;: I € A (1)}

As a closed subspace, g inherits a canonical Hilbert structure from 7® which
makes it into a flat Riemannian manifold. The associated volume measure du (the
Lebesgue measure) on g) is left invariant with respect to the previously defined product
*. In addition, for each A\ > 0, there is a dilation operation &y : T — T® induced
by 6x(a) £ Xea if a € (RY)®* which satisfies the relation 6y o exp = exp ody. One can
easily show that

l
duody! = \N"du, where v:= Z kdim(Ly).
k=1

The number v is known as the homogeneous dimension of G,
We always fix the Euclidean norm on R? in the remainder of the article. As far as
the free nilpotent group G is concerned, there are several useful metric structures.
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Among them we will use the extrinsic Hilbert-Schmidt metric pgg induced from 70,
namely we set

pus(91,92) = llg2 — aullns, 91,95 € GV
Another important metric which we will use is the intrinsic Carnot-Carathéodory metric

(or just CC metric). For a bounded variation (BV) path w: [0, 1] — R?, its truncated
signature up to level [ is defined as

!
W((){)l = Z/ dwy, ® --- @ dwy, € GU.
0 J0<ti<<tr<1

It is known that every element in G is the truncated signature of some BV path. The
CC-norm of g € GU, denoted as ||g||cc, is the minimial length of all those BV paths
whose truncated signature is g. Given g1, g» € G, their CC-distance is defined by

pcc(91, 92) = [lg7" ® ga|ce-

For u € g, we set |lullcc == || exp(u)||cc-

4.2 Truncated logarithmic signatures of fractional Brownian
motion

To define the truncated signature path of fBM, we need some definitions from rough
path theory. Recall that the order-I truncated signature path of a BV path w: [0,T] —
R? is the functional defined by

l

(s,t) = Wy = Z/ dw, ® -+ @ dw,, € lellN
k=0 s<t1 <<t <t

It is a multiplicative functional in the sense that wy, ® w,; = w,, for any s < u <.

Definition 4.2. Let a € (0,1). A multiplicative functional z : {(s,t) € [0,T]? : s <
t} — T/ is called a weakly geometric a-Hélder rough path if it takes values in

G/ and satisfies
[1/a]

[
|Z||a:ms == Z sup ———— < 00

“— o<s<t<t [t — s

It is a basic result in rough path theory (Lyons’ extension theorem) that given a
weakly geometric rough path z, its truncated signature paths of all orders are well-
defined (see [24]).

Now let (Xy)o<t<r be a d-dimensional fBM with Hurst parameter H € (1/4,1)
(viewed as a y-Holder weakly geometric rough path for v < H; see Theorem 2.2). Let
[ > 1 be given fixed. We use Xgl% to denote its truncated signature path of order [ and
also set

U, = exp ' (XY) € g¥,

s,t
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The process Us; is known as the truncated logarithmic signature path of order [. It is
well-known that Uy, satisfies a hypoelliptic RDE on the Lie algebra (see [15, Remark
7.43]) g® and thus admits a smooth density with respect to the Lebesgue measure du
on g (equivalently, the Haar measure on G®).

The aim of this section is to establish the following upper bound for the conditional
density of the logarithmic signature Uy .

Proposition 4.3. Let
psp(w) =P Uy, €du | FIV), we g (RY)

be the conditional density of U, given F)V. There exist a constant C' > 0, depending
only on d and H, and a family of positive random variables {Ws+}o<s<t Such that

c lullc
< — -
psi(u) < i) exp ( it — )2 U, 4,

for all 0 < s <t < T, where the Malliavin-Sobolev norm of Vs, does not depend on s
ort, and v = 22:1 kdim(Ly,) is the homogeneous dimension of g (R9).

The starting point for proving Proposition 4.3 is the following inequality:

P (U € dul 7)) < CuP (Use 2 uf FY) " [H(U) 1 s, IDW Uil g,
(4.2)
This is obtained in the same way as [6, Inequality (24)]. Here n is arbitrary and C,, is
a positive constant depending on n. The event {U,,; > u} is understood coordinate-

wisely with respect to a given basis of g¥). Our task is now reduced to estimating each
individual terms on the right hand side of (4.2).

4.2.1 Estimate of P (Usﬂg >u | .7:8W)

Let X denote the canonical lifting of X as a (random) geometric rough path. We first
define its Besov norm which is served as a smooth upper bound for the Hélder norm.

Definition 4.4. Let v < H and ¢ > 1 be given fixed. The (7, ¢)-Besov norm of X
over [s, t] is defined to be

D XuU,X
NHX / dudv, 0<s<t<T,
]v — ul"
where
[1/H] Lk
D(Xy,) = Z / dX, @ ®dX,,
k=1 ULS1 <SS <Y HS
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A benefit of working with these Besov norms is that they are smooth in the sense
of Malliavin. In addition, standard Fernique-type estimate shows that there exists a
constant 1y > 0 such that

E [exp (no (ML (X)) q)] < . (4.3)

By using the Garsia-Rodemich-Rumsey inequality in Carnot groups, for any ¢ € (0, H —
7) one has the following estimate

o 1/2
X | msngen < C (NS (X)), 0<s<t<T (4.4)

Y+€,2q

See [15] for a discussion of these facts.
The goal of this part is to prove the following lemma.

Lemma 4.5. There exist a constant C' > 0 and a family of positive random variables
(\Iji’t>0<s<t, where the Malliavin-Sobolev norm of each \I/;t does not depend on s ort,
such that

U 2
(U 0| 7)o (il Y, (45)

forallueg(l) and 0 < s<t<T.
Proof. For any given € > 0,s > 0, by using the decomposition (2.8) the conditional

probability P (U, .- > u ‘ FI¥) can be viewed as a functional of (Qgsteu)ocuci. Ac-
cording to Lemma 2.15, there exists a functional F': C(]0, 1]) — R such that

P(Ussie 2 u| FY) = F(Qssre) and P (6.6Ugy >u|F) = F(e"Qo,)
By applying Lemma 2.17, one has

P(Usvt > u|fsW) gp(é(tfs)HUO,l P U|]'—8/V)

for any 0 < s < t, where the equivalence notion M is introduced in Definition 2.16.
Now it suffices to show

W [[ullé.c 1
P (5(t—s)HUO,1 Zu ‘ ‘/_"0 ) < exp <—m \\J (46)
for certain random variable U! with bounded Malliavin-Sobolev norms. We assume
without loss of generality that each coordinate u® > 0. An argument justifying this
reduction can be found in the proof of [4, Theorem 3.13]. We also assume that ||u|/cc >
0, for otherwise there is nothing to prove.

Let us define the homogeneous norm on g by ||ul| 2 max,|u®|"/%  where q, = k
if u® is the coordinate of u along a basis element in L£;. For any random variable
Z:Q — g¥, one has

E2u} = {802 > g} S {1l > 1650l }-

CcC

26



The above inclusion uses the assumption u® > 0 for all a. Since all homogeneous
norms on g) are equivalent, there are positive constants C;, Cy such that

Cill-llee <11/ < Gl - llee on .
In particular, ”5||u||5éuH > (. It follows that
(=2} < {18,021 > O} = {lullcIEN = €1} € {CulElice > Cullullec }-

(4.7)
Now let us apply (4.7) to Z := §_suUq1. One finds that

C
P (64-suUopy = u| Fy') <P (||5(t—S>HU0,1||cc Cl [ullcc fw)
Cillullcc
—p(|U > ulitlice .
(IWsllce > 90 | 7

Recall from our convention that ||Ug1|/cc = ||Xo1]|cc. By the Chebyshev inequality
and the Besov-type bound (4.4), one concludes that
Cillullec

w
Cg (t — S) JT- )
2
S Cexp <_O(’lUJ (;C)QH) E [GXP (77 (Nvo,élq( l/q ‘}_W}

for some C' > 0,q > 1, n € (0,n] and v < H. The estimate (4.6) thus follows by
taking

P (||U0,1||Cc >

vl —E {exp (77 (N$7’21q(B))1/q)

To complete the poof of the lemma, observe that W! is a functional of the process
(Qouw)o<ust, 1.e. U1 = F(Qo.) with some path functional F': C(]0,1]) — R. We then
set

F } : (4.8)

\I];,t =F ((t — S)_HQS,SJr(t,S).) . (49)
According to Lemma 2.17, ¥' and W}, have the same Malliavin-Sobolev norms for all
s,t € [0, T]. The desired estimate (4.5) thus follows. O

4.2.2 Estimate of |DyUs4||kp.s
Our next step is to estimate ||Dy Usg¢||x,p.s and the main result is stated as follows.

Lemma 4.6. For any mteger k > 1 and any real number p > 0, there exist a family
of random variables (V% t)0<s<t (dependmg on k and p) whose Malliavin-Sobolev norms
do not depend on s ort, such that

HDWUs,tHk,p,s < (t— S)H\I’it
forall0 <s<t<T.
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Recall that U, = exp_l(Xgl}). In particular, each component of Uy, is a polyno-
mial of components of B,;. As a result, it suffices to estimate the components of B, ;.
Note that the m-th level component of By, is

m ;:/ By, - @ dB,,
' <t <Lt <t

We first need the following lemma.

Lemma 4.7. For any qiven 0 < s <t < T, one has

112 les = (6 = )™ 15 o

Proof. Clearly, it is equivalent to proving that
1/p
F) T et (B (Dl 1

for any s > 0 and € > 0. To this end, let us write

(£ ivi

8,54¢€ || ’HW )®k

fOW} ) P @)

1|| (Hw,0)®F

P (e Q) = < E [||Dh I

ss—i—a” HW ®k
(QO |:HD 1”(’}-{ 0)®F fw]

with two path functionals @', ®%: C([0,1]) — R, where Q, L; are defined in (2.8). We
prove (4.10) by showing

d

O e Qi) L D2(Q0,.). (4.11)
Indeed, according to Lemma 2.17, it suffices to show that ®! = ®2. This is straight-
forward, since for any n € C(]0, 1]),

(1) = B |IIDk (e 1 )y, yon o Qure = 1|
(4.12)
—E [HD 01 e | Qo = 7,,] — ().

The second equality holds because conditional on {Qo. = 7.} and {e 7 Q, ¢1c. = 1.},
there exists a functional F,, : C([0,1]) — R such that

—-H —Hm m
F77<€ LS,S"‘E') =¢c Is ,s+er

and  Fy(Lo.) = I,
Since (Qu)us0 and (L, ),>0 are independent, Lemma 2.17 implies that

—Hm tm
[s ,8+¢€

e = Fy(e M Logie) = FyLo,) = I}

on the event {Qo. = 1.} N {e"# Q1. = n.}. This completes the proof of (4.12). [

Now we give the proof of Lemma 4.6.
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Proof of Lemma 4.6. 1t suffices to prove that for any fixed k, p, there exist a family of
random variables (¥2,)o<s<; whose Malliavin-Sobolev norms do not depend on s or t,
such that

12l ps < (8 = 5)™ 0,

To this end, we adopt a similar idea as in [21]. Let W be an independent copy of

W, and we use E and Fj/ to represent the expectation and filtration with respect to
W. Define B by

t
Bg‘:/ ku(t,u)dW!, 0<t<T, 1<i<d.

We also set .
@1:2/ .--dBy, , ®dB,, ® dB,,,, ---
=1 J0<ti<-<tm<1

i-th
To simplify notation, we denote I"™ := I". For any h € Hp, one has

m

(DlB[m) (h) = Z/ dBy_, ® dht ® dBterl T (D%@l) (h>’
0<ty < <tm<1

where h is the corresponding element of & in the intrinsic Cameron-Martin space Hp.
Therefore, DLI™ = D%@l. It follows from Proposition 2.12 that

Dy, I" =2 (DRI™) = .2 (D56,) = D}; 6,

holds almost surely as a functional from @ — L?([0, 1]).
Since all ID)]é[’,Q—norms are equivalent on a fixed inhomogeoneous Wiener chaos, one
has

||D11/V]m||7'lw,0 = ||D117V®1||HW0 ~ ( [62‘fw]>

In addition, by Holder’s inequality, one has

1 N
(=] #])" < (e2[er
for all p > 2. As in Inahama [21], one can similarly define ©, for 1 < k < m and show
that

v R

1 ™m
Dy 1™y

1/p

(B [IID% 171, ngD”” < (BE |of| 7" v AY])

for all p > 2. It follows that for any k£ > 1, p > 2, there exists a constant C}, such

that i
177 lp0 < Cu Y, (EE [ ©F

r=1

w VFXVDW, (4.13)
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0, = Z /U "‘®déti1"'®déti2®"'®déti,,."' (4‘14)

1<i1 < <ip<m ¥ 0<t1 <o <tm <1 i1-th ia-th cee ir-th

and the omitted terms are filled with ® dB,.
To eliminate the dependence on W, we take LP-norm with respect to the conditional
probability P( - |F)V) on both sides of (4.13). This gives

k
12 s 2 (&= )™ [ ko < Crplt — 5)™ Y (B [O2|FF])". (4.15)

r=1

We thus define ¥? := Cj,, (E [@f‘}"g‘/})l/p. According to the definition of ©; in (4.14),
each ©; is in fact a component of the signature lifted from the 2d-dimensional fractional
Brownian motion (B,, Bu)@(). It is easily seen that ¥? is smooth in the Malliavin sense.
The random variable W?, is now defined in a similar way as in (4.9) from ¥?. This
completes the proof of the lemma. n

4.2.3 Estimate of y(U,,)™!

The last ingredient for estimating the right hand side of (4.2) is the inverse Malliavin
matrix of Ug,. The main result for this part is summarised in the lemma below.

Lemma 4.8. For any integer k > 1 and any real number p > 0, there exist a constant
a >0 and a family of random variables (\IJZ’J)O@Q (depending on k and p) such that

HV(US,t)_lHk%S < m 5.t

where the Malliavin-Sobolev norm of each \Ifit does not depend on s ort.

The proof of Lemma 4.8 is quite technical and therefore postponed to the appendix.

4.2.4 Proof of Proposition 4.3

We now combine Lemmas 4.5, 4.6, and 4.8 to derive an upper bound for the conditional
density of the logarithmic signature process Us,.

Proof of Proposition 4.3. Based on Lemma 2.17, one can apply a similar argument as
in the derivation of (4.10) to show that

P(Usgie €du | FYYZEP (5.6Ugy € du | FY).
for any € > 0 and s > 0. By the change of variable u = 0.1, one obtains
P (6.4 Upy €du | F') = ™P(Upy € da | FY).
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It follows that

prsre() =P (Uy e € du | FIV) 2 e py, (0)

for all u € g (RY) with @& = 6. nu.
By applying Lemmas 4.5, 4.6 and 4.8 to the inequality (4.2), one finds that

A 112 3
poa () < Cexp (__||U(|/Lcc> H(l + Ph*

for some constants C, k > 0. As a result, for any 0 < s <t < T, one has

C lulZe \ T P\
psi(u) < mexp (—m H (1+w,)",

i=1
where we define ,
1\ ::H(I—F\Ifi)k,
i=1
and Wy, is defined in a similar way as in (4.9) from W. It is clear that the Malliavin-
Sobolev norm of ¥ is finite, which completes the proof of the proposition. O

4.3 Proof of Theorem 1.5

We now proceed to develop the proof of the local upper bound for the joint density of
(Y5, Y;) (Theorem 1.5). More specifically, we consider the RDE (1.3). Given smooth
vector fields {V;}4_,, we set Vy = 1 and for each word I = (i, - ,i,),

‘/(I) =V (""/irfl(‘/ir)"'% and Vj:= [‘/iu"' I:‘/i'r‘72’ [‘/Z‘r717‘/irj|]..‘]'

Here we identify a vector field with a first order differential operator (directional deriva-
tive) in the obvious way. The following definition plays an essential role in our analysis.

Definition 4.9. For each [ > 1, we define the Taylor approzimation function Fj :
g x RN — RY of order [ associated with the RDE (1.3) by

F(u,z) = Z Viey(z) - (expu)®, (u,x) € g¥ x RY, (4.16)
acAq(l)

where the exponential function is defined on 7 by (4.1) and (expu)® is the coefficient
of expu with respect to the tensor basis element e(,). We say that u € g joins x to
y in the sense of Taylor approximation if y = x + Fj(u, x).

Let [ > [ be given fixed, where we recall that [ is the hypoelliptic constant appearing
in Hypothesis 1.2. According to [17, Corollary 4.9], there exists a constant r > 0 such
that for each x € RY and y € {z + Fi(u,z) : |ulus < 7}, the "bridge space"

M, , = {ucg¥: |ullus <rand z + F(u,z) =y}
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is a submanifold of {u € g : |lu|lus < r} with dimension dimg® — N. In addition,
since both g and RY are oriented Riemannian manifolds, the manifold M, , carries
a natural orientation and hence a volume form which will be denoted as m,,. The
following result is a standard disintegration formula in Riemannian geometry.

Proposition 4.10. For any ¢ € C*({u € g : |lullus < 7}), one has

/ otuydu= [ ay  E@)p() me(d),

where the kernel K is given by
K(v,z) = (det(JF(v, x) - JE(v,2)*) 2, (4.17)

JFl( ,x) 1 g» — RY is the Jacobian of Fy(-,z) at v € g and we define m,, = 0 if
=0.

The above disintegration formula immediately leads to the following formula for
the localised conditional density of the Taylor approximation process Y(s,t, z) =

Jf+ E(Usta )

Lemma 4.11. Let r > 0 be given as before. Let n : g — [0,1] be a smooth bump
function such that n(u) = 1 when ||ullns < /2 and n(u) = 0 when ||u|lus > r. Let
P/(s,t,-) be the conditional measure defined by

P} (s,t,A) = E [n(Us ) lgyi(srareny| Fe ] |y, A€ BRY).

Then P}(s,t,-) is absolutely continuous with respect to the Lebesque measure and its
density is given by

pl(s,t,y) = / n(u) K (u, x)ps,t(u)mx,y(du)‘xzys, (4.18)
M,
where ps, is the density of Ug, conditional on FV and K is given by (4.17).
The following result is taken from [22, Lemma 3.23].

Lemma 4.12. There are constants 0 <ry <ryand( € (0,1] such that for any x € RY
and y € {z+ Fi(u,z) : ue g, |ullus <r}, there is a diffeomorphism Sy, between
My {ue g":||ullus <} and M, N {u € g : ||ullus < 2}, which satisfies

C Mgy < (K(-y2) myy) o S % My on {Szy(w); v e My, and ||ullus < 71}
(4.19)
and
1
¢ (ISey(w)llce +d(z,y)) < [Jullec < E'(HS%yOOHCC‘+CK$,y» (4.20)

for any u € M, , with ||u|lgs < 1.
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We are now in a position to prove Theorem 1.5. In fact, we will prove the following
more general result which will be used in the next section.

Theorem 4.13. Suppose that the vector fields {V,}3_, satisfy Hypothesis 1.1 and
Hypothesis 1.2. Let p,.(z,y) be the joint density of the random vector (Ys,Y;) defined
by the RDE (1.8). For any 0 > 0, there exist constants C1,Co, 7 > 0 depending only
on 6, H, N and the vector fields {V,}¢_, such that

¢, ( i, )’
iz y) < exp [~ =V
Peal®8) S B = v P\ TGt = 527

) + Cylt — 8 (4.21)

for all (s,t,z,y) € (6,T] x RN x RN. Moreover, if one restricts to the cone region
dz,y) < (t—8)" and (t—s) <7,
then Cy can be taken to be 0.

Proof. According to Lemma 4.11 and Lemma 4.12, one has

Pl(s,t,y) = / ()9 (W) K (11, 2y, ()
My yn{ueg®: ||ullus<ri } =Y

< ps(w) K (u; )mg, (du) (4.22)

/M-r,yﬂ{ueg(l)i ||“||HS<"’1}

r=Y5

9

ps7t(5’;;v)mx,x(dv) L

\/J\Jz,zm{veg(l): HUHHS<T2}ﬂIm(SZ,y)
Thanks to Proposition 4.3, one has

C [lul[c
[ — - Y~
ps,t(u) = (t — S)HU exp( C(t — S)zH) st

with some FY-measurable ¥, ; which is smooth in the sense of Malliavin and whose
Malliavin-Sobolev norms do not depend on s,t. By applying (4.20), one obtains that

C C da? | ClvlEe
paalpyt) < [T gt e ST, (4.23)

for all v € Im(S,,). Combining (4.22) and (4.23), it follows that

g
e ct=""Tm, . (dv)

/]\41@(7{1169(1): ||v||Hs<r2} z=Ys

C _ Cdy)?
—5)2H
e C(t—s) \Ijs,t

(s, t < —
pl( ) 7y)\ (t—S)HV
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The integral on the right hand side can be estimated as

_ Clelide
e C(t—s)2H

My (dV)

=Y

/J\/[I,Im{vegu); llo]lus<ra }

_ Cllvlide
< e C¢t=""m, . (dv)
Mz zN{|lv[lco<1}

r=Ys

SRR
+ / e =" m, . (dv)
MaaN{llvllce>1, [Jollus <r2} v=Ys
=NL(Y;) + L(Y)).
By Fubini’s theorem, one has
2<—2 [e'e) B 2,2
hiw) = W/o ue ST my , ({v € My : [Jofloc <un1})du
2(2

o0 2,2
= / re_chx,x({v € My, : ||v]|cc < (t—8)r A1})dr,
0

where we used the change of variable u = (¢ — s)r to obtain the second equality.
According to |22, Equation (3.33)], there exists K € (0,00) such that the estimate
Mo o({v € Myy : |J0]lcc < (= s)Tr A1}
< KrA(t_s)7H+1mr,x({U € Myt |Jvlloc < (¢ — S)H})

holds for all r € (0,00) and # € RY. In addition, by [22, Equation (3.32)], there exists
§ € (0,1) such that for all (n,z) € (0,1] x RY, one has

N 'Mye({v € My : |Jv]loc < n})|Ba(w,n)|va € [6,1/6].
It follows that

I(x) Cex mxm({v €M, : ||U||CC < (t— S)H})

) ) (4.25)
Cers (t— )™ |Ba(z, (t — )™MV

<
<

plida 2

On the other hand, note that e =27 is upper bounded by e <27 on {||v||cc > 1}.

2

&
As a result, Iy(z) < e ¢@=°" holds for some strictly positive constant ¢, and in
particular, Iy(z) is upper bounded by C,(t — s)* for all &« > 0 and s,t € [0,7]. By
choosing a small «, it follows that

L) S (t =)™ |Ba(x, (t = 5)") N,

where we used the simple relation r* < |By(x, r)|vo for some small o when r is small.
By substituting (4.25) into (4.24), one concludes that

(s, t < ¢ _C?(Iyy));H v 4.26
t—s
b (8’ ,y) N ’Bd(‘rv (t - S)H)‘Vole = IZYS. ( ‘ )
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On the other hand, by applying a similar argument as in [17, Proposition 4.23| but
with P( - ) replaced by P( - |F), one can show that

| B(Y; € dy | F¥) — pf(s.1,9)] < [t — 5| x @, (4.27)

where @, is smooth in the sense of Malliavin and its Malliavin-Sobolev norms do not
depend on s,t. By combining the estimates (4.26) and (4.27), one obtains that

C _ d(z,y>22H
e C-s) \Ij&t —i—|t—s|><CI>s7t.

W1 _ ") <
E[,(Y)IF ] =P, e dy | F") < 1Ba(z, (t — 8)7)|var o=,

It follows that

< ¢ S R (V)] + (= SE (D, )
B € t—s)2H z\1Ls s — S z\1Ls s,t]s
|Ba(z, (t — 5))|vol ! !

where W, and ®,; are two random variables whose Malliavin-Sobolev norms do not
depend on s, .

Following the notation and the integration by parts formula in |28, Propositions
2.1.4, 2.1.5], one has

E[ézv(Y:s)\Ij&t] - E[l{Y5>x}H(l,~-,N) (Ysy \Ijs,t)]'
For 1 < p < ¢ < o0, there exist constants 3,y > 1 and integers n, m such that
[ Ho(F.G)llp < cpg I det vz 5 IDF G 1 Gllkg-

Because the Malliavin-Sobolev norms of Wy, are independent of s,t, |Us,|/x, only
depends on k,p. In addition, for any s € [4,T], it is well-known that (see [10]) the
following three quantities

P(Y, > ), |detry'

217 HDWYSHZ,w

are uniformly bounded above by a constant depending on . The same argument applies
to the other term E[0,(Y;)®,:]. Now one can integrate (4.28) by parts to obtain that

C __d(zy)?
S ) < C(t—s)2H C t — .
p ,t(x y) |Bd<$, (t . S)H)’Vole + ( 8)

If d(z,y) < (t — s)¥, the first term grows faster than the second one, hence yielding
the desired upper estimate (1.5).
Now the proof of the theorem is complete. ]
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5 Hitting probabilities and Newtonian-type capaci-
ties

In this section, we develop the proof of Theorem 1.9, which establishes a two-sided
estimate for hitting probabilities of a hypoelliptic SDE driven by {BM with Hurst
parameter H € (1/4,1) in terms of Newtonian-type capacities. A main novel point
here is that the capacities used to control the hitting probabilities effectively are the
ones induced by the sub-Riemannian control distance d (rather than the Euclidean
metric as in the elliptic case). We recall from Definition 1.7 that they are defined by

Capo(4) = | inf Ea)] (5.1)

for a € R, where

Ealp) = / / Ko (d(x,y)) p(de) uldy) (5.2)

and K, (d(x,y)) is the kernel defined by (1.7).

The strategies for proving the upper and lower bounds in (1.10) are quite different,
and we present them in separate subsections. The two main theorems are stated in
Theorem 5.4 and Theorem 5.8 respectively.

As a preliminary tool, here we recall a standard ball-box volume estimate from sub-
Riemannian geometry which will be used in both parts of the argument. A detailed
proof can be found in [1, Lemma 20.17|.

Lemma 5.1. Let V = {V,}¢_, C C(RY;RY) be a family of equiregular C$°-vector
fields on RN. For every compact set K C RY, there exist positive constants £y and
CI,V,K < CQ’VJ(; such that

Cryke? < |Ba(g, €)lvor < Cape? (5.3)

for all g € K and ¢ < €y, where Q) denotes the homogeneous dimension (see Definition

1.8).

5.1 Lower bound for hitting probabilities

We first demonstrate in a general way how certain estimates on joint densities will lead
to a lower bound of hitting probablities in terms of capacities. After that, we show
that our hypoelliptic SDE satisfy the presumed density estimates.

Let (uy)o<t<r be a stochastic process in RY with continuous sample paths. Suppose
that (us,u:) has a joint density function ps (-, -) with respect to the Lebesgue measure
for all s #t € (0,7]. We make the following assumptions on the process wu;.

(A1) For any 0 < a < b < T and M > 0, there exists a positive constant C; =
C(a,b,T, M) such that

b
/ pi(y)dt = C
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holds for all y € By(o, M).

(A2) Let a < @ be given fixed (@ is the homogeneous dimension as before). For any
0<d<Tand M > 0, there exists Cy = C(d,T, M, ) > 0 such that

b b
/ / ps,t(x7y) dS dt < CQ Ka(d(l‘,y))

holds for all § < a < b < T and z,y € By(o, M).

Lemma 5.2. Let (u)oi<r be a stochastic process satisfying assumptions (A1) and
(A2). Let 0 < a <b< T and M > 0 be given fizred. Then for any n € (0,Q —
a) (if a < 0, we further require « +n < 0), there exists a positive constant C' =
C(a,b,T,M,a,n,V) such that

P(u([a,b]) N A # 0) > C Cap,,,(A) (5.4)
holds for all compact sets A C By(o, M)

Proof. Let A C By(o, M) be a given compact subset such that Cap,,(A4) > 0.
Case 1: o < 0.

In this case, &« + 7 < 0 and by the definition (1.7) of the kernel K,, one has
Cap,,,(A) = 1. Therefore, one only needs to prove that

P(u(fa,b]) NA#0) >C (5.5)

with some positive constant C' depending only on a,b, M, «,n. In what follows, we
always use C' to denote such a constant which may differ from line to line.
Let us consider the following random variable

1 b
L) = oo [a)an ce )
|Aclvol Ja

where A, := {x € RV : d(z, A) < ¢}. We claim that the estimate
P(J.(4) > 0) > C

holds uniformly for all € € (0,1) and compact sets A C B,y(o, M), where the constant
C > 0 does not depend on ¢ or the set A. Indeed, by Assumption (A1) one has

E[J.(A)] zm/ / pely) dydt > C.

On the other hand, Assumption (A2) (also noting that o < 0) shows that

E[J.(A) / / / / pst(z,y) dedydsdt
’A |Vol e e
Ky (d(x,y))dxdy < C.
|A |V01/ /




By the Cauchy-Schwarz inequality, one obtains that
P(J-(A) > 0) = E[17, (a)s0y] =

Observe that
{w: J.(A) >0} C{w:u([a,b]) N A # 0}.

Therefore, one has
P(u((a,b)) N A, £ 0) > B(L(A) > 0) > C.
The inequality (5.5) now follows by taking ¢ | 0.
Case 2: 0 < a < Q.
For any € € (0,1) and u € P(A), we define the random variable

b 1 Lo (u b
70 = [ wlaz) Loalm) gy [ ety

a |Bd(2,5)|vO1

where the mollified density j.: RY — R is given by

)= [ Leyeol®) |y

N | Ba(z, €)|vol

It follows from (5.3) and assumption (A1) that there exists a positive constant C' =
C(a,b, M, V) such that for all € € (0, 1),

ELJ.(1)] = /R ) % /B . ( / o) dt) dy > C. (5.6)

Moreover, one has

E[J.(1)%] = /RN /RN pie () pe(y) (/ab /abps,t($7?/) det) dx dy (5.7)

<Co | Kaldw,) peldo) neld) = Co Ealic)

where the inequality follows from Assumption (A2) and the last equality is due to
the definition of the energy functional (by abuse of notation we write . for both the
measure and the density).

Recall that Cap,, +17(14) > (. The main observation is that there exists a probability
measure i € P(A) such that

_ C’M a,V
&, .) < _ —mesvn 5.8
(i) Can ) (A) (5.8)
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holds for all € € (0,1), where Cpsq,v,, is a positive constant independent of € and the
set A. We postpone the proof of this technical fact in Lemma 5.3 below. Presuming
the correctness of (5.8), one can deduce by using the Cauchy-Schwarz inequality along
with the estimates (5.6, 5.7, 5.8) that

=
o
==

]2
B (2~ CC&W; )

for all € € (0,1) with some positive constant C' = C(a,b, M,n,«,V,n). The desired
estimate (5.4) follows by taking € | 0.
Case 3: a = 0.

By definition, one has Ky(d(z,y)) = log(No/d(x,y)). It is straightforward to see
that there exists a positive constant C' = Cyy,, n, such that

P(u([a,b]) N Ac # 0) = P(J(1) > 0) = E[1{, 5)50] =

Ko(d(z,y)) < Cd(z,y)"* = C Kyp(d(x, y))

for all z,y € By(o, M). The desired estimate follows from the same argument as in
Cast IIL. 0

Now we come back to prove the existence of i1 used in the above proof.

Lemma 5.3. Fiz a real number M > 0 and a compact set A C By(o, M). Suppose that
a>0,7>0,a+n<Q@Q and Cap,,(A) > 0. Then there exists a probability measure
f € P(A) such that

_ CMaV
E ) < ——=220 5.10
() < G (4 (5.10)

holds for all € € (0,1), where Chra,v,, i a positive constant independent of ¢ and the
set A.

Proof. Without loss of generality, we only consider the case when M > 2 and A C
By(o, M —1). According to the definition of the capacity Cap,,(A), there exists a
probability measure v € P(A) such that

2
0<&in(v) <2 inf &Eup(p) (5.11)

PEP(A) - Cap,,(A)

Let us write
Fim E0pn(v) = / / Az, y)~ ) b (dy v (dx).

Step 1. In this step, we provide the following sufficient condition for (5.10) to hold.
More precisely, suppose that there exists a probability measure i € P(A) such that

fi(Ba(x, 7)) < Cpyy - Cop - 6F - 4°71t forallz € RN, r >0, e>0  (5.12)
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and

_ (N -1
€ X 2 y L) :
f(R™) < Cpy, - Coy forall e € (0,1) (5.13)

where C y, Cyy are given by the volume comparison (5.3). Then we claim that (5.10)
follows.
Indeed, one first notes that

/RN d(z,y) “fic(dy) = /000 fi. ({y: d(z,y)™ > u}) du
2/00 e (Ba(z, u™"*)) du
fo
[
= L(z) + Lr(x),

[e.e]

fic (Bg(z,r))dr

Il
Q

o0

fie (Bg(x,r))dr + « /ZM = i (By(z, 7)) dr

=

for all x € R", where the first equality follows from Fubini’s theorem and the third
equality is due to the change of variables 7 = u~*/®. By the assumption (5.12), one

has .
nAIN
— hi(z) < / r1tdr = 2M
017V'C2,V'6F.4a+77'05 0 n

for all € RY. If one further assumes z € A., then

I o 2M MM
- 2(13) < / Tfafl(zM)aJrndr — )
Cl,V . 027‘/ -6F - 4ot . o oM (6

To reach the above inequality, we used the fact that A. C By(x,2M) and thus
fic(Ba(z,7)) = fic(Ba(x, 2M))

for all » > 2M. It follows from (5.13) and (5.11) that

Ealiic) = / (1(2) + Do(x)) . (de)
<6-Cry-CFy - 220 (an™ ' +1)- M"- F
_ 12.C1 - CFy - 229030 (o™t 4+ 1) - M7
h CapaJrn(A)

for all € € (0,1). This proves the desired estimate (5.10).
Step 2. We will verify (5.13) and (5.12) in this step. Define the set

B:= {x €A :/ d(z,y)~ @ p(dy) < 3F} Cc A
RN
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We claim that v(B) > 1/2. Assuming the contrary, one has

F= [ dw.py e i)

> [ vtdo) [ w0 viay)

3
2/ 3F v(dx) > 3F - :§F,

1
2
which is a contradiction. Therefore, one must have v(B) > 1/2.

Let 4 := v(- N B) be the restriction of v to the set B. For all x € B and r > 0, one
has

(B ) < [ dag) T u(dy) < 3F

By(z,r)

Now we define

o wenB) )
)

Since v(B) > 1/2, it follows that i € P(B) and
f(By(x,r)) = v(B) 'u(By(x,r)) < 2-3F -yt = 6 Frotn (5.14)

for all z € B, r > 0. In fact, the estimate (5.14) holds for all z € RY and r > 0 which
is seen as follows.

o If By(x,r) N B =1, then fi(By(z,r)) = 0 trivially.

e Otherwise, there exists some z € By(z,r) N B. By applying (5.14) at z with
radius 2r and noting that By(x,r) C By(z,2r), one has

f(Bg(z, 7)) < fi(Ba(z,2r)) < 6F - 20F1pt, (5.15)

Thus, the estimate (5.15) holds uniformly for all z € RY and » > 0. Now we proceed
to prove the estimates (5.12) and (5.13) for the mollified measure fi..

e (ase 1: 0 <r < e. In this case, one has

1,0
fic(Ba(x,T) / / —Balzed) i(dz)
By(z,r) RN |Bd Z, € |V01

< Coyr@- CpLe @ 6F - 20%netn
= Cyy - Oyt - 6F - 2040 . pon, (5.16)

where we used the volume comparison (5.3) and the fact that o +n < Q.
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e (Case 2: r > ¢. By using Fubini’s theorem and the triangle inequality, one has

]-B 2,€)
fic(Ba(x,7) / / Ba=) ) nigs
By(z,r) RN |Bd 2 |V01 ( )

el
= = 1,ze)(y) dy
/Bd (z,2r) |Bd<z7€)|V01 By(z,r) 1
< [L(Bd(l’ 27‘)) . 01_11;6_@ : 02 VEQ
<

Cry - Cay - 6F - 410t (5.17)

where we used (5.15) and the volume comparison in (5.3) to reach the third line.
Since [ is a probability measure, one also has from the third line of (5.17) that
fi-(RY) < Oy, - oy
Combining (5.16) and (5.17), one obtains the estimate
fie(Ba(x,7)) < Cpyy - Cay - 6F - 400t (5.18)
for all # € RY and r > 0, which completes the proof. O

We now specialise in our SDE context and prove the following main result of this
section.

Theorem 5.4. Assume that the family of vector fields V = {V,}2_, is equiregular on
RY and satisfies Hypotheses 1.1 and 1.2. Let Y; be the solution to the RDE (1.3) where
B is the canonical lift of a fractional Brownian motion (By)o<i<r with Hurst parameter
H e (1/4,1). Fiz0<a <band M > 0. Then for anyn € (0,1/H), there exists a
constant C = C(a,b, M,Q, H,V,n) > 0 such that the estimate

P(Y([a,0]) N A#0) > CCapg_yp4y(A)
holds for all compact sets A C By(o, M). Here () denotes the homogeneous dimension.

Proof. According to Lemma 5.2, it remains to verify conditions (A1) and (A2). The
density function p;(-) of ¥; is known to be continuous (see [10, Theorem 3.5]) and
everywhere strictly positive (see [17, Theorem 1.5]). In particular, one has

b b
> ] = .
/a pe(y) dt > yeéﬁf,m/ﬂ pe(y) dt =: C(a,b, M) >0

This verifies condition (A1).
To establish the upper bound in condition (A2), recall from the joint density upper
estimate (4.21) that there exist constants ¢y, ¢a, ¢z > 0 such that

Psi(7,y) < “a exp <—02(6i(x—w) +ooslt — s

| Ba(, (t = 5)) ol t—s)*H
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holds for all s,t € [a,b] and x,y € RY. If one further restricts to z € By(o, M), by
Lemma 5.1 the volume of the ball By(z, (t — s)) is comparable to |t — s|#?. Namely,
there exist constants ¢y, c5 > 0 depending only on M and the vector fields V, such that

ey (t —5)9 < |By(x, (t — 8)T)| <5 (t — 5)@H. (5.19)
It follows that

C d(z
Psi(@,y) < %exp (_OQ,M,V%) + Cs |t — s

holds uniformly for all s,¢ € [a,b] and x,y € By(o, M), where C; pry (i = 1,2,3) are
positive constants depending on a, b, M,V .
Our aim is to show that

b rb
/ / ps,t(x7 y) dsdt < CKQfl/H(d(w7 y))a

with some positive constant C' = C'(a,b, M,Q, H, V).
First of all, one observes that

b b
/ / |t —s|dsdt < C Kg_1/u(d(z,y)). (5.20)

This is a trivial consequence of the fact that Kqg_1/u(d(z,y)) is bounded away from
zero for all x,y € By(o, M) (in the case () = 1/H, one needs to choose a suitaly large
Ny depending on M; recall (1.7) for the definition of the kernel K). Now it suffices to
establish the following estimate:

/ab /jﬁe}(p (—Cg,M,v%) dsdt < C Kg_1/u(d(z,y)), (5.21)

where C' = C(a,b,M,Q, H,V) > 0. To this end, one first obtains by some simple
changes of variables that

/ / ——exp(— CQ,My(d(x—y))d dt

t—s)2H
1 r?
< 2(b—a) i QHGXp( CQVM’VUIz_H) du
G-a)ff
2(b - a) T Q-141/H 1
oo /o q exp(—Cyary qQ) q
ob—ay [ 1
— a ™ _ _1
= @ —C —)d 5.22
oo /0 q exp(—Cany q2) 4q, ( )

where we set r := d(z,y) < 2M and a := @ — 1/H. We now verify the inequality
(5.21) by considering three separate cases.
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e Case 1: Q < 1/H (i.e. a <0). We split the integral (5.22) as follows:

b-a)f

2(b—a T e 1
ot [ e ()

(—a)f (b—a)f

20b—a W 1 R
< iﬁql / q 1wp(4hMy3>mrﬁ/ L 4N
r 0 q e

20— {ga,b,M,a,H,w 1 (( e (2M)° )1

Hre —a \(b—a)*® (b—a)*H
2(b—a)
H

<

1
a @ 2M - )
{5 ,0,M, ,H,V( ) + —a- (b _ a)aH}

where
—a)H
2M

ga,b,M,a,H,V = / q 1 exp <_02»M7Vq_2) dq
0

Since K, (d(z,y)) = 1 in this case, the estimate (5.21) holds with

2(b—a)
H

1
C = |:£a,b,M,a,H,V(2M)a + } .

(=a)(b—a)*H

e Case 2: Q=1/H (i.e. a =0). In this case, one has

b—a)f

b—a
2(b—a v _ 1
%/0 q ! €xXp (_02,M,V?) dq

b—a)f (b—a)f

2(b—a M 1 v _
< % / q 1 exp (—027]\/[’];—2) dq —|—/ u q 1dq
0 q O3

2(b—a 2M
= ( T ) [Ca,b,M,H,v + log <—>] )
r

where
(b—a)"

2M _1 1
Ca,b,M,H,v 3:/ q €Xp _CZ,M,V? dq.
0

By setting Ny := eSevMHV . 20| one obtains that

/ab /ab e (‘CZM’V%) st < 2 g (d(ﬁl)) ’

which matches the definition of Ky(d(z,y)). Therefore, the estimate (5.21) holds

. _ 2(b—a)
with C' = =
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e Case 3: Q> 1/H (i.e. a > 0). In this case, one has

(b-a)"

2(b—a) v 1 1
W/o q exp (—Oz,M,v?) dgq

2(b—a o 1 2(b—a
< g/ g * lexp (_027M,V?) dq = ( >77a,M,v T
0

Hre
OO —a—1 1
Na, M,y ‘= q exp _CZ,M,Vq_Q dg.
0

Since K, (d(z,y)) = d(z,y)~“, the estimate (5.21) holds with C' = 2(1)};“) Ne M.V -

where

Now the verification of the condition (A2) and thus the proof of the theorem is com-
plete. ]

5.2 Upper bound for hitting probabilities

We now proceed to establish the upper bound in Theorem 1.9. As in the lower bound
argument, we first establish a general result and restrict to the RDE context.

According to |6, Theorem 5.12|, the upper bound stated in (1.10) can be obtained
under a general criterion involving Hausdorff measures. We first recall some basic
definitions. We continue to assume that the collection of vector fields {V,}¢_,, each
belonging to Cp°(RY; RY), is equiregular throughout RY, with the corresponding ho-
mogeneous dimension denoted by ). The metric d(-,-) refers to the control distance
defined by (1.4). Given any non-negative real number «, the Hausdorff measure of
dimension o for a subset A of RY is defined by

— 1 6 .
Hoc(A) T 1;1{)1 HQ(A)a

HO(A) =i f{Z@ ) AC|JBa(zi,m) .<5} :23)
o =1 T : =L d\Ti,T5), Slzl‘pTZ NS .

(3

For any Borel subset A C RY, we define the order-a weighted Hausdorff measure as

— 1 6
)\a(A) - l(g(I)l )\oa(A>7

(5.24)
M (A) = inf {ZcZ d(E;)® : 14 < Zci lg, ¢ >0, supd(Ei) < (5} .

. . 1
(2 1
where for each set F, the diameter d(FE) refers to the greatest distance between any
two points in E with respect to the metric d.
In order to apply Hausdorff-type criteria to control hitting probabilities, we will
need a generalised version of Frostman’s lemma adapted to compact metric spaces.
We refer the reader to [26, Theorem 8.17] for its proof.
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Lemma 5.5 (Frostman’s Lemma). Let U be a compact metric space and fixr 0 < o < 00,
0 < § < 0o. Then there exists a Radon measure ji on U such that u(U) = X (U) and

w(E) < d(E)Y  for all EC U with d(E) < 4. (5.25)

In particular, if Ho(U) > 0, then there exist 6 > 0 and a Radon measure pu satisfying
(5.25) with p(U) > 0.

Let (ut)o<t<r be a continuous stochastic process taking values in RY. We consider
the following assumption.

(A3) The estimate

P (u([s,t]) N Ba(z,€) # 0) < CeP (5.26)
holds uniformly for all z € By(o, M), ¢ > 0, s,t € [a,b] with |t — s| = e/, Here
O<a<b<T,p>0 M>0,He(0,1) are suitable constants and C' > 0 possibly
depends on them but not on s,1, z.

Assuming condition (A3), we will first derive the desired upper bound for the
hitting probabilities. The justification of (A3) in the RDE context will be addressed
in a later part.

Lemma 5.6. Let (w)oci<cr be a continuous stochastic process satisfying assumption
(A3). Fiz 0 >0,0<a<b<T and M > 0. Then the following statements hold true.

e There exists a constant C; > 0 such that
P(u(la, b)) N A #0) < Cr Hg_1/u(A) (5.27)
for all Borel sets A C By(o, M).

e For everyn > 0, there exists a constant Cy > 0 depending additionally on n, such
that
P(u([a,b]) N A #0) < Cy Capg_1/p_y(A) (5.28)

for all compact sets A C By(o, M).

Proof. We assume that A # () for otherwise there is nothing to prove. We proceed by
considering two cases.

Case 1: B < 1/H. From the definitions of the Hausdorff measure and capacities in
(5.23) and (1.7), one has

Capg_q1/g_n(A) =1 and Hg 1/u(A) =00

for any A C By(o, M) and any n > 0. Hence, both upper bounds in (5.27) and (5.28)
are satisfied in this case, with constants C7; = Cy = 1.
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Case 2: > 1/H. We first establish (5.27), which is an easier consequence of (A3).
Fix ¢ € (0,1) and consider a partition {Ij };>1 of the interval [a, b], where each subin-
terval I, has length e"/# and the intervals have pairwise disjoint interiors. Then

P(u([a,b]) N Ba(z,) #0) < > P(u(lx) N Ba(z,2) # 0)

k:I;N[a,b]#0

b—a _
< (LWJ + 1) Ch ef < Coppa ef-1/H,

It follows that for any countable collection of open balls {By(x;, r;)}52, such that A C
Ufil By(x;,1;) and sup, r; < 0, one has

P(u([a,b]) N A #0) < Z]P b]) N Ba(zi,7;) # 0)
. (5.29)
< Ca,b,B,H . 21/H76 Z(QTZ')Bil/H.

=1

Taking the infimum of both sides of (5.29) over all such coverings { By(z;,7;)}52, with
sup,; r; < 0, one obtains that

P(u([a,b]) N A #0) < Cy Hy_y/u(A), (5.30)

where the constant is given by C; = 2Y/#=AC, , 5 ;. Since the left hand side of (5.30)
is independent of ¢, sending ¢ | 0 yields

P(u(la, b)) N A #0) < Cr Hg_1/u(A).

This establishes (5.27).
Next, we proceed to establish (5.28). We assume that

v :=P(u([a,b]) N A # 0) > 0.

To prove (5.28), we propose the following sufficient condition. Suppose that for some
d > 2M, there exists a probability measure i € P(A) such that

A(E) <y 1Cy - 30 YH L q(E)PVE for all E C RN with d(E) < 6. (5.31)
We claim that the estimate (5.28) follows from this assumption.

e Sufficiency of (5.31). Fix n > 0 such that o :==  —1/H —n > 0. Recall that
the a-energy of the measure ji is defined by

) = [ [ ey atde) atay)
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One has
[t atdn) = [ ity dey > upda
= [ Bt du I [T (Bt ) dn

= a/o =t @(By(z, 7)) dr + a/m: =V i(By(w, 7)) dr
= Ul(x) + UQ(SC)

For the U;-term, (5.31) implies that

U (x) . /2M —ant gy g 9021 ) I
< r . T r = —
~~1CY - 309t - o 0 n

for all x € RY, where we used the fact that d(By(x,r)) < 2r. For the Us-term,
(5.31) implies that

Us(z) /OO ol 9a+2n )\ [
< =l gyt gr = =
1 300 o S Lo (M) dr

M Q
for all x € A, where we used the fact that A C By(z,2M) for any = € A, so that

I

i(Bg(x,r)) = @(Bg(z,2M)) for all r > 2M.

As a result, one has

Ealit) = / (U1(2) + Us(2)) fi(de)
< "}/7101 . 300&+77 . (0”7*1 4 1) X 201+277M77
= 7_102a

where Cy := Cy - 30T - (ap™! + 1) - 222107, Tt follows that
-1
P(u([a, b)NA# (Z)) =7 <Gy [ lg(fA) Es—1/m-n(1) =Gy Cap,@—l/H—n(A)'
This completes the proof of (5.28).

Now we come back to construct a measure i that satisfies (5.31). According to
(5.30), one has

0<y=P(u(fa,b) NA#0) <CLH)_,,u(A), foralld>0. (5.32)

A key tool is |26, Lemma 8.16], which states that for any compact metric space U and
real numbers 0 < § < oo, 0 < a < 00, one has

H3O(U) < 30\ (V). (5.33)
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Combining (5.32) and (5.33), one finds that
0 <7 <Y E(A) <30°YHCI NG p(A), forall § > 0. (5.34)
Fix a ¢ sufficiently large (say, § > 2M). Applying Lemma 5.5 to the set A and the
measure )\g_l /H> one obtains a Radon measure p such that
p(A) = X)_,u(A), and supp(p) C A,
wW(E) < d(E)P~YH  for all E C RY with d(E) < 6.
Since A C By(o, M) is a non-empty bounded set, the definition of \° ensures
One then define a probability measure i € P(A) by
~ w(-MNA
fi() = <—A>
p(A)
Duo to (5.34) and the relation u(A) = )‘55—1/H(A% one has
i(E) <570y - 307 ()P

for all E C RY with d(E) < §. This justifies the condition (5.31) and therefore
completes the proof of the lemma. n

Now we restrict to the RDE context and establish the main upper bound in Theorem
1.9. We first present a moment continuity estimate with respect to the control distance
d which may also be of independent interest.

Lemma 5.7. Under the assumptions in Theorem 5./, there exists a constant C =
C(H,V,p,T) such that

E[d(Y;, Y:)P] < Cilt — s ¥ s,t €0, 7).

Moreover, for any n € (0, H) and p > 1, there exists a constant Cy = C(H,V,p,T,n),
such that

d(Ys, Yi)P
sup —————

seelo,r] [t — s[Pn

E < Cs.

Proof. We assume without loss of generality that s = 0 and aim at proving the following
estimate:

E [d(yo, Y;)P] < CtPH,  for all t € [0, T], (5.35)
where the constant C' depends only on H, V, p, and T. To this end, consider the
rescaled rough differential equation

d
dZ, =" "Vi(Z,)dB,, Zy=z €R", (5.36)

i=1
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and let (Y)?),>¢ denote its solution. By the scaling property of fBM, it is obvious that

T

d(yo, YZ) - d(y0> Ylt)

for all ¢ € [0,7] where Y{ is the solution at time 1 to the equation (5.36) with e = t.
Therefore, the estimate (5.35) is equivalent to the following bound:

E [d(yo, Y{)?] < C*" vt € [0,T). (5.37)

To establish this estimate, we localise the expectation on the events {w : ||Y{ —yo||zgy >
1} and {w : ||Y{ — wollrv < 1} separately.

Case 1 : Localisation on {w : ||Y{ — yol[rv = 1}. To proceed, we need a comparison
result between the control distance d(z,y) and the Euclidean distance ||z — y||g~ in
RY. According to |22, Equation (3.22)], there exists a constant K > 1, depending only
on the vector fields, such that

1 —
el = ylley < d(e.y) < Kllz — yllg (5.38)

for all 2,y € RY with ||x — y|lgy A d(z,y) < 1, where [ is the hypoellipticity constant
appearing in Hypothesis 1.2.

Using (5.38), one can derive an upper bound for d(z,y) when ||z — y|lgv > 1.
Fix such z,y and let m > 1 satisfy m < ||z — y|lgv < m + 1. Consider a partition
{z;}7, C 7y, the line segment between x and y, such that o = z, ||z — Tp_1||gy =1
for 1 < k < m, and ||z, — y|lgv < 1. It follows from the triangle inequality and the
upper bound in (5.38) that

=0

<Vm+ 1(Km+ K) = K(m +1)*2

Since m + 1 < 2||2 — y||r~, the right hand side can be further bounded by 232K || —

y||§§/]3 . It follows that

d(z,y) < 222K|lz —y| 25

for all z,y with ||z — y||gv > 1. By applying this bound to the random variable Y7,
one obtains that

3p
(Yo, YY) Lyt —golin 1y < (2P KPNYY = gollgn Ly —yollon =11

1 % (5.39)
| veras,

<@PEpET ,
0

where the last inequality is due to the definition of (¥;'),>; in (5.36).
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Case 2: Localisation on the event {w : ||Y} — yo|lgv < 1}. By (5.38), one has

d(yo, V) < K [V = yollgy < K.
Hence,
(Yo, YLy —yollon <13 < (%0, Y Liago, vy <k} (5.40)

We now insert the Euler scheme approximation &£x)(yo, d;#B) for Y{, which starts
from the initial point yy and runs up to time 1 (see [13, Definition 10.1]) to obtain that

d(y(b Yf) < d(y(b Yo + S(V) (y07 5tHB)) + d(y() + g(V) (y07 6tHB>7 }/1t)7 (541>

where B denotes the step-l signature of the fBM (B,)o<,<1 and d,u is the dilation
operator. According to [13, Corollary 10.15], one has

|90 + Ew) (Y0, 01 B) = Y{| < Coaldm Bl rio.y = vl Bl ot -

p-var;[0,1] p-var;[0,1]

To obtain an appropriate upper bound in (5.41), we localise on the event

p-var;[0,1] ~

L= {[Boslloc " < 1} 0 { GBI, 0 - 70 <1}
On this event, by using |22, Equation 3.21] and (5.38) one finds that
d(yo, 0 + Evy (Yo, 61 B)) < Cy[l6mBosllcc = Oy Boallce - t7, (5.42)
and

d(yo + Eo) (o, 6,1 B), V) < K |yo + oy (o, 0, B) — YiE[!
(%o V) (?JO wB), Y, |?JO (yo 1 B) 1} (5.43)
<K

1/l||B|| (I+1)/1 tH(Z+1)/[

p-var;[0,1]

Combining (5.40), (5.41), (5.42) and (5.43), one obtains that

Ao, V)P Ly —yol<1y < d(Wo, YT Liaovi)< k)
d

(%o, Y ) 1iagyo, vi)<KinL T KP1pe
< 22 (Cy|Boalleot™ + KO B tHU“)/l)

p-var;[0,1]

<
<

(I+1
+ K7 ([ Boglct™ + 3 B i 10
Since 0 <t < T and ||Bo,1||cc < ||B||pvaro,1], there exists a constant Cs := C(H,V,p,T)
such that

i
A0, VI Ly <ty < Cs (1 B ) 67 (5.44)
Now one concludes from (5.39) and (5.44) that

d(yo, Y )P = d(yo, Y ) 1{|Yf —yol<1} T d(yo, Y )P 1{|Yf —yo|>1}

3p

1 2

< (PR / V) dB,| +Cs (14 [BILE ) 1
0

p-var;[0,1]
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Clearly, ||B||p-var[0,1) has finite moments of all orders. The rough integral fol V(Y!)dB,
also has finite moments of all orders (uniformly in ¢ € [0,7]) due to [13, Theorem
10.36, Theorem 10.47|. One therefore arrives at the following estimate

E [d(yo, Y:)"] = E [d(yo, Y)"] < Cuypr ¢,

This proves the first part of the lemma. The second part follows from Kolmogorov’s
continuity theorem. O

We are now in a position to state and prove the main result of this section.

Theorem 5.8. Under the assumptions in Theorem 5.4, let 0 < a < b and M > 0 be
given fized. For anyn >0 (if Q@ — 1/H > 0, we further require n < Q — 1/H ), there
exists a positive constant C'= C(a,b, M,Q, H,V,n) such that

IP(Y([a, b)) N A # (2)) < C Capg_y/i_y(A) (5.45)

for all compact sets A C By(o, M).

Proof. According to Lemma 5.6, it suffices to verify that (Y};)o<i<7 satisfies Assumption
(A3) for any fixed 8 € (0,Q). Fix z € By(o, M). For any ¢ € (0,1) and s,t € [a, )]
satisfying |t — s| = e/ we define

U:=d(Ys,z), and R:= sup d(V,,Y,).

r,wE[s,t]
One easily checks by using the triangle inequality that
P(Y([s,t]) N By(z,e) #0) <P(U <e+R). (5.46)
The right hand side is estimated as

PULe+R)SKPU<Ke+R, U2=22)+P(U < 2)
<

P(U/2 < R)+P(U < 2), (5.47)

where the second inequality uses the observation that if U < e+ R and U > 2¢, then
e < R, which further implies U < 2R and hence U/2 < R. Now for fix a € (0,1), one
has (5.47):

P(U/2< R) <P(U/2< R, R<e*)+P(R > &) (5.4
< < .

P(U/2<e)+P(R>e%).
Combining (5.47) and (5.48), one obtains the following estimate:

P(U<Le+R) <KPU2<Le)+P(R>e")+P(U < 2).

We will estimate the above three terms separately.

52



First of all, recall that Y, admits a smooth density for all 0 < s < 7. Then there
exists a constant C; = Cyp > 0 such that

sup |ps(z)] < Ch
z€Bg(o,M)

holds for any s € [a,b]. By using Lemma 5.1, one therefore obtains that

]P)(U/Q < Ea) < Cl |Bd(2, 2€a)| < 01027]/71\4 . 2Q6aQ,
P(U < 28) < Ol |Bd(2,28)| < 010271)7]\4 . 2Q€Q,

where Cyy p is the constant appearing in the volume comparison (5.3).
In addition, let ¢ € (0,1 — «) and p > 1. By using Lemma 5.7 and Chebyshev’s
inequality, one finds that

d(Y, Y, _
P(R>€a) éP( sup |U—(1"|—H(a1q) > € q> < Che®,

r,vE|[s,t]

where |s — t| = e/H and C, depends only on H,V, p,b,n. Now fix any 3 € (0,Q). B
choosing « and p sufficiently large such that a@) > 8 and gp > [, one concludes that

P (Y ([s,t]) N Ba(z,6) #0) <P(U < e+ R)
<PU/2<e)+P(R>e)+P(U < 2¢)
< QQC&CQ’V’M(éaQ + 6Q) + CQ&qp
< CeP,
where C' depends on C, Cs, and Cyy pr. This yields the desired result. O

A  Proof of Lemma 4.8

In this appendix, we prove Lemma 4.8. As a starting point, we make the following
observations.

e Using the stationarity of increments proved by Lemma 2.15, we may fix s = 0
without loss of generality. More precisely, Lemma 2.15, combined with Lemma
2.17, gives that

7 (Ussre) Mpe = [17(T0) 0

e By the scaling property of fBm, it suffices to consider ¢ = 1 by introducing the
rescaled dynamics over r € [0, 1]:

dU;" = ZAE (US*) dB: = ZEHA (U3 dB;, Uy"=zeg”(RY). (A1)

=1
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Here A; is the left invariant vector field on g (R?) induced by the canonical basis
vector e; and note that the vector fields {A;}¢ , satisfy Hérmander’s condition
on g (R9). The vector fields AS are defined by AS(u) = 7 A;(u). We use
o € g(R?) to denote the origin and to ease notation, we will use U¢ instead

of Uy? when the initial value is o. Note that U5 = §.#Ug; 4 Up.. This
formulation allows one to reduce the analysis to the unit time interval [0, 1], where
the dependence on ¢ encodes small-time behaviour in the original problem.

Based on Lemma 2.17, one can apply a similar argument as in the derivation
of (4.10) to show that

_ M _
H’Y(Us,s—ﬁ-s) ' Hk,p,s - HIY(Ui) ' ||k,p,0
for any s > 0,6 > 0, k > 1 and p > 0. Now the task is reduced to showing that

|v(UD)~ < Ce™ P (A.2)

d
k,p,0

for all 0 < ¢ < T with some smooth random variable V.

First of all, it is well-known that for any ¢ € (0,1] and ¢ > 0, the map x — U™ is
a flow of C* diffeomorphism. We denote the Jacobian of U;* by J;* = 9,U;™" and
let B7°(t,x) (I,J € Ai(l)) satisfy

I AU = Y B (z), 0<t<1. (A.3)
Je A (1)

The precise definition of {87°(-,-)}1.seaq) can be found in [5, Equation (3.5)]. We
define the Malliavin matrix M*®(x) by setting

M;,J = (Ma(x))I,J - <$(56’I("x))aj(ﬁ‘zj('?x)))%w,o (A4>
for any 1 < I,J < A;(l), where .Z is defined in (2.7) and $%/(-, z) means the column
vector (877 (-, x),---, 7" (-,x)). The following result is taken from [5, Lemma 3.9).

Lemma A.1. Let U* )¢ and M5 ; defined by (A.1), (A.3) and (A.4) respectively.

Then one has
Amax (Y(UT) ™) < CeM A na (M (2)) ™) Ammax (IT7(ITH)*) 7,

where C' is a positive constant independent of € and Apax(:) means taking the mazximal
eigenvalue of a matriz.

In view of the above Lemma, it remains to control the eigenvalues Apax((M?(0))™1)
and Ay ((J572(JT?)*)™!) individually. The latter is easier which we shall first address.

Proposition A.2. There exists a smooth random variable ¥ such that
Anax(JT7(IT7)) 71 < 0,
for any € € (0,1].
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Proof. Tt is enough to prove that each entry of (J7°)~! is bounded by certain smooth

random variable W. Note that U;* =z * U where x is the group law induced from

GW(RY). Since the inverse of x + z x U isy — y » (U7°)~! = H(y), it follows
that

@y = W)

dy ly=ui*

Observe that every component of UT” and (U7?)~! is a polynomial of

gHm/ dB;! ---dB," .
m
0<t1 < <tm<1

As in the argument of Lemma 4.5, this can be bounded above by the random variable
exp(n ( 70,’21q(B)) ) for some ¢ > 1, € (0,10 and v < H. O

The analysis of Apax((M®(0))™1) is more involved and we need several technical
lemmas.

Lemma A.3. Let I,J € Ai(l) with |I| < |J|. Then there is no (e,x)-dependence in
7€ and more specifically, one has

(1 ) ~)KIBK if J = (I,K) for some K € A;(l),
Ve (t ) =

0, otherwise.

Here BE denotes the projection of Bo, onto the tensor basis ey, ® -+ @ ey, for any
word K = (kyi, ..., kny).

Proof. This is just Lemma 4.2 and Remark 4.3 of [5] applied to the special context of
the truncated signature process. O]

We define the supreme norm

[/ lloo st = sup [Lf (u)l[ms

U€E|[s,t]
for any continuous f taking values in 7" (R%).

Lemma A.4. For any m € N and p > 1, there exists a smooth function ¥,,, such
that

<e|FV| <V,
00,[0,1]

H a]BtI
ZIeA( )“1—1 T€A(m

for all e > 0.
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Proof. When m = 0,1, one can use the same argument as in [5, Lemma 4.4|, with the
small ball estimate replaced by the corresponding conditional version given by Lemma
2.18, to show that

<e| R <Come?

00,[0,1]

sup P H Z arB!
Yreaim) a7=1 TeA(m)

with some constant C), y only depending on p, H.

We prove the general case by induction. Assume that the result holds for k£ =
0,1,---,m. We only consider the case ayp = 0; the case ay # 0 can be handled similarly
as in [5, Lemma 4.4]. Let f(t) = 3 ;c 4, (me) arB] with > reame1) @7 = 1. One can
write

7t = /0 ' ALdB.,

where B, = (B},---,B%) and A, = (O seam) @By 3 e agmy @rwaB). We
choose a k, 1 < k < d, such that >~ ;4 a%,. = 1/d. According to the pathwise
Norris’ lemma ([10, Theorem 5.6]),

H

oy SCR IOl o
JeA(m

where C',n > 0,

RS 1+ L7+ exp (¢ (M3,(B)) )
for some ¢ € (0,m0] (see (4.3) for ny) and Ly is the #-Holder roughness of B with
2y =460 ¢€ (H,2H). It follows that

Hf(t H [01]<5‘}—0>

<p (II X seam) aJ*kB locson _ . fow>
<P H < 57“/2 }-(YV +P (ORH > 6—r/2 | fé/v)
JEA(m) °0,[0,1]
aJ*k J r/2 W . o o
de? | RV | +P(CR" > FVY .
H JEA(m ZaJ k 00,[0,1] c 0 ( € ‘ 0 )

The first term is bounded above by e ¥, due to the induction hypothesis.
For the second term, one has

P (C’R" > e 7/? ‘ .7-"3,”) S e’E [Rgm

S e <1+E[

]
]+1E [exp< 26 ( m(B))l/q)
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One can use Proposition 2.19 (in the same way as Lemma 5.8 and Corollary 5.10 in
[10]) to conclude that

P(Ly <z |F) < Chpmexp (—CZP’H.?:_UH) , O<z<l

for some constants C , g, C2p g > 0. This further implies that

B[,

<G

Note that E [exp <2PC ( 0,1 (B))l/q>

7,29
choose 0 < ¢ < ”% and use the same argument as the one leading to (4.8) to show that
it is a smooth random variable. Therefore, the conclusion holds for £ = m + 1, which
completes the induction step. O

}"S’V} is similar to ¥! in Lemma 4.5, so one can

Corollary A.5. For any m > 0 and p > 1, one has
2 -p

1
E |inf / > wBl| dt; Y di=1 FV | <o, (A.5)
0 \zeA@m) I€A(m)

where U, ,, is a smooth random variable depending only on m, p.

Proof. An unconditional version of this result was obtained in |5, Corollary 4.5]. Here
we use a similar argument but with all the estimates replaced by the conditional ones.

We first show that
2

1
sup P / Y wBl| dt<e|FY | <0, (A.6)
ZIEA(m) a%:l 0 IeA(m)

for all € > 0 with some smooth random variable W, ,. Setting f(t) = > ;¢ a(m) arBl,
one has
2

1
]P’/ Za,B{ dt <e|Fg' | =P(If117: <e|F) =P(Ifllrz < Ve | F).
0

IeA(m)

By using the interpolation inequality in [10, Equation (6.5)], i.e.

1
11l < 20 e, AN

one finds that

{WM<¢ang“<fmeﬂm@

2r+1

<Jm;> < V2 Wl <51,
20717
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As a consequence,

P (| flle < vE | FY)
P(Ifl <2vE | B +P (11 <4 | AY)

2r 41
P(<2||fuﬁr“) > i foW)

P (Il < 2V | ) +P (1 fllo < 752

The first and second terms on the right hand side are estimated by Lemma A.4 and
the third term is upper bounded by smooth random variable due to (4.4).

To obtain the desired estimate (A.5) from (A.6), one only needs to apply a standard
compactness argument as in [28, Lemma 2.3.1]. ]

)+ (Il > 272 | A

Now we can derive the key nondegeneracy estimate for the Malliavin matrix M?(x).

Proposition A.6. For any p € (1,00), there exists a smooth function Vi, depending
only on l,p such that

E Do (M) )" | FV] < W,

Py

holds for all e € (0,1).
Proof. Recalling the definition of (M(z));.; in (A.4) and the definition of 8{(¢,x) in
Lemma A.3, one has
(M= (2))ry = (LB (,2)), L (B (-, 2))) g
- (_1>|I‘+|J|5zjll <$(BI)7$(BJ>>'HW0 = MLJ'

We first assume 1/4 < H < 1/2. For any multi-index a such that >, 4, a?=1
one has

Z (_1)|I|+|J|alaJMI,J

I

I,JEA1(Z)
d
S (2( X wnB™).2( ¥ awnB))
i=1 I€A(I-1) JEA(I-1) Hwo
d 2
>en S| S anBO cHz/ S aenBH |

i=1 || JeA(l-1) Hp JEeA(I-1)

where the second line follows from Lemma 2.13, Lemma 2.14 and the third line is
implied by the inequality ||f||3, = C| fllr2 for every f € Hp (see [5, P. 414]). Let k
be such that - ;. i 1) af, ;) = 1/d. Then one has

2

1
NE Z DI a0, My, > CH/ 3 Ak, ) B | ar.
0

I,JeA (1 JEA(I-1) \/ ZJeA(z’_n a%k,J)
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It follows that
E Amax (M=(2)) ™) | 7]

2 -p
1
<E |inf / S aBl | dt; Y aj=1p |RV| <,
O \rea® 1eA(l)
34+1/a
If 1/2 < H < 1, one uses the interpolation inequality || f||3, > C||||§|\‘\é+1” instead

(See |2, Lemma 4.4]). The similar analysis will be omitted for conciseness.

Proof of Lemma 4.8. The conclusion follows from Lemma A.1, Proposition A.2 and
Proposition A.6. n
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